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Global Existence of Small Solutions to Semilinear
Schrodinger Equations with Gauge Invariance

By

Hiroyuki CHIHARA *

Abstract
We present the global existence theorem for semilinear Schrodinger equations satisfying gauge

invariance. Combining the local existence results and a priori estimates, we construct global solu-
tions with small initial data.

§1. Introduction

In this paper we study the initial value problem for semilinear Schrédinger
equations

Om—idu=Fw,Vu), in (0,0)XR", (1.1)
u(0,z) =uo(x), in RY, (1.2)

where u (t,x) is complex-valued, i=4—1, 8,=8/0t, 0,=0/04, (=1, -, N), A
=2¥.,02 and NEN. We assume that the nonlinear term F (u,q) : C X C"—C
satisfies

F(u,q) €C*(R?XR¥), (1.3)
|F (u, q) | <C(lul*+gl**), near (u,q) =0, pn=2,3, . (1.4)

We see the second variable g corresponding to Vu= (0zu, ***,0zyu). We define
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The purpose of this paper is to prove the global existence of small solu-
tions to (1.1)-(1.2). Generally, Schrodinger type equations have so-called loss
of derivatives because of the first order terms and therefore we cannot obtain
classical energy estimates. More precisely, the classical energy estimates hold if
and only if

oF =0 =1 ...
Imaqj(u,q)——o,] 1, -+, N. (1.5)

It was difficult even to prove the local existence unless (1.5) holds. But recent-
ly, several results on the local existence appeared without the condition (1.5)
(see A. Soyeur [15], C. E. Keing-G. Ponce-L. Vega [9] N. Hayashi-T. Ozawa
[5] and H. Chihara [1] [2]). Then studies on the global existence have been
mainly concerned with the case (1.5) or the special cases without (1.5). These
results are the following.

(1) Assume (1.5). If N(p,—1)%/2p,>1, namely

5, ({)w=2),
N> 12 (pu=3),
1, (pw=4),

then (1.1) - (1.2) has a global solution with small initial data (see S.
Klainerman-G. Ponce [10] and J. Shatah [14]). They established so-called L?—
L? method and applied to several nonlinear equations. N. Hayashi [4] studied
some quadratic nonlinear equations in the case of N=3, 4. Using some operators
which have good commutation relations to ¢™‘, he proved global existence re-
sults (see also T. Ozawa [13, Theorem 1]).

(2) If N=1, the problem (1.1)-(*.2) is easier than the case of N>2, because
a gauge transform

w(t.2) = (62) = ) exp( 5 [ G (w0 (1.9 ay)

eliminates the bad first order term Im(9F/dq) @ (see N. Hayashi-T. Ozawa
[5] and H. Chihara [1]). Recently, S. Katayama-Y. Tsutsumi [8] studied the
global existence of small solutions without (1.5). If p,=3, F is gauge invariant
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(see (1.7)) and the cubic term of F satisfies “null gauge condition” which was
introduced by Y. Tsutsumi [17], then the global existence results hold. Even if
we assume (1.5) additionally, we can see their results as some extension of
[10][14] (see also Y. Tsutsumi [17]).

(3) If the nonlinear term satisfies

Bs (m% V) ) —ax,<1m%£ (0, V) ) =0,

for any u €C*(RY) and j, k=1, **-, N, which is equivalent to the condition that
there exists a real-valued function G (#) such that

00 () =Im O u, V) (1.6)
4qj
for any u€C*(RY) and j=1, --*, N, then a gauge transform
u(t,x) v @z) =ult,x) exp(—%G (u(t,x) ))

is available similarly to the case of N=1. Under this assumption, it is easy to
see that analogous results to [10] [14] hold. This fact appeared basically in A.
Soyeur’s work on Ishimori equations [15]. T. Ozawa [13] also studied the glob-
al existence for some quadratic semilinear equations with this type of nonlinear-
ity.
(4) Recently, N. Hayashi-T. Ozawa [6] studied radially symmetric solutions.
In this case, the difficulty coming from the loss of derivatives reduces to that of
one dimensional case. Then they proved the global existence of small solutions.
The above-mentioned works, except for [2] [9], delt with the case of (1.5)
or the case in which the gauge transform is available. C. E. Kenig-G. Ponce-L.
Vega [9] succeeded in getting local solutions to general semilinear equations
with small initial data. Analyzing local smoothing property of ¢, they con-
structed the inverse of Schrédinger type operators essentially. More precisely,
they proved that the operators 05/ (0;—iA),j=1, *-*, N were bounded in some
sense. To get the inverse of Schrodinger type operators by Neumann series, the
coefficients of the first order terms must be small. In semilinear equations, these
coefficients are functions of solution. Therefore the smallness of solutions is
essential for their method. It seems to be defficult to extend their results to
global existence. On the other hand, S. Doi [3] established a rather simple and
useful method for linear Schrodinger type equations. Actually, in [2], using his
method with some modifications, we proved the local existence theorem for
general semilinear equations with large initial data. In this paper we will con-
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struct a global solution to (1.1) - (1.2) with this local existence results and a
priori estimates. Our main results are the following.

Theorem 1.1. Let N2 3 and let m be a sufficiently large integer. Assume
that F satisfies (1.3), (1.4) with p»=3 and gauge invariance

Fle*u, ¢"g) =¢“F(u,q), for (u,q) ECXCY, 6ER. .7

Then theve exists a constant €0> 0 such that if uo € NXRH™2 satisfies
Iluo”mv:llm_u =g <eq, then the initial value problem (1.1)- (1.2) possesses a umique

solution w€ NIEC ([0, o°) ; H™277)  Here

1= {u€d (RN ulles < +29). s,p<R,
llass=<0* DY ulis, <> = (1+12f?) 2, <D>=(1—=2)"

H=HS. & and &' denote Schwartz class and its topological dual space respectively.

Remark 1.2. The infinum of the integer m is determined by two factors.
One is embedding and we require [m/2] > N+2. Another is concerned with the
properties of pseudo-differential operators and we need m>N/2+1* with some
I*€N. It may be sufficient provided that m =8N.

Our idea of proof consists of local existence and a priori estimates. Concern-
ing the former, let us consider

N N
Om—idu+2 b;(x) Ogu+ 2 6;(x) Opu=g (t,x), (N>2).
j=1 j=1

Im (b; () ) Ozm gives loss of derivatives and B;(x) 8z does not. But if we try to
use linear theory with some transformation X (see S. Doi [3] and S. Mizohata
[12]), then we can eliminate Im (b; (x)) @zu certainly but another loss of deriva-
tives comes from B; (x) Oz u because the transformation K generally has the

property Ku # Ku. To avoid this difficulty, we study 2 X 2 systems of (u,u) .
Combining diagonalization and S. Doi’s method, we can easily get local solutions
to (1.1) - (1.2) . Concerning a priori estimates, since our method is based on
linear theory, it is necessary that Im (8F/dq;), j=1, -+, N, which are imaginary
parts of coefficients of dzu, are integrable on any line segment in R¥ and these
integrals are uniformly bounded (see J. Takeuchi [16] and S. Mizohata [12]).
Then we need to introduce weighted Sobolev spaces. But direct estimates in the
weighted Sobolev spaces are useless for global existence because a commutator
[x>?, A] gives another linear terms. To avoid this difficulty, we assume gauge
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invariance (1.7). More precisely, we consider the following well-known oper-
ators

]k (t)u=e ilziz/4(l+t)2i (1 +t) a.l‘k (e —ilzl2/4(1+t)u> = (.’L‘k+2i (1 +t) axk)u,
forucSRN), k=1, -+, N. J=*(J,, -*-, Jn) satisfies
[at_iAs ]k] =Ov [aIn ]k] =6.ikv jv k= ]-‘ " N (1 '8>

Under the assumption (1.7), J acts on F as if it were the usual differential
operator, and then we can use chain-rule with respect to /. Hence we can get
estimates in the weighted Sobolev spaces without giving another linear terms
(see §3).

Before the end of this section, we present the organization of this paper. In
82 we study some linear Schrodinger type systems and obtain a sufficient condi-
tion of L2-wellposedness. §3 consists of preliminaries. We give the local exist-
ence theorem and consider the relation between the existence time and the reg-
ularity of initial data. Besides we prepare properties of nonlinear term and some
useful embedding concerned with J. Finally in §4 we will complete the proof of
Theorem 1.1.

§2. Some Linear Systems

In this section we will rewrite the results in [2, §2] as a convenient form
to apply to the global existence. Let us consider the following linear systems

(0,+iH(t))v=f(t.x), in (0,T) xRV, (2.1
v(0,x) =vo(x), in RY, (2.2)

where v (t,2) =' (1 (t,x), v2 (t,x)) is C*valued, f(t,x) = (f1(t,x), f2(t,x)), and
the operator H (t) =h (¢,x, D) is defined by

e, & =a(9) +b(t.z.8), a<s>=[‘i‘ —(l)ev]'
bu(t,x, &) b2t x, &) ] [bllj (t,x) b1zt x) ]§
bar (t,x, €) Do (t,x, &) borj (£, ) b2 (£, ) "
bmni (t,x) €C([0,T];B~), m,n=1,2 j=1, - N.

N
b(t,x, &)= =§:

j=1

B~ =% (R") denotes the set of C™-functions on RY whose derivatives of any
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order are all bounded. It is convenient to use the notations

bu (¢, x, &)

0 ] 0 blz(t,x, E)]
0 ba (t,x,8) | .

off —
bz, § [bma,x,@ 0

bdiag (t,l‘, E) — [

In applications to (1.1)-(1.2), we see (u,u) as (v1,v2).
We here prepare pseudo-differential operators. Let m €R and let S™ be a
class of symbols defined by

SmE{P(x, g ec”(RYXRY) |p|1(m><+oo, 1=0, 1, 2]

where

lplim = sup [p@ (x, &) <& ™+,

la+8l<i
x. EERY

ng)) (.1:, E)=agD£;b(xy E)v avBE (Z+>Ny D.Z‘J:_ial‘:v ]=1v ”.v N

S™ is a Fréchet space with respect to the family of seminorms | + |[{*, 1=0, 1, 2,
« I plx, &) ES™ is given, then p (x, &) defines the operator P by

Pu(x) =p (x,D)u(x)
=ffn~xn~ e' P p(x, §)u (y)dydé
= RNe”'Ep(x,E)ﬂ(g)dg' for u€J,

where d€= (27) Md&, and # (£) denotes the Fourier transform of u (x). Con-
versely, if the operator P is given, then its symbol a(P) (x,£) is calculated by

o(P) (z, &) =e™=fP (™).
The properties of pseudo-differential operators are the following.
Lemma 2.1.

(1) Letp(x, &) €S™ mER. Then P=p(x,D) €L (H*™ H") for any sER and
there exist ly=1(m,N) €N and C=C(s,N) >0 such that

IPulls<clplim ullsim,  for wems™,

where £ (X, Y) denotes the set of all bounded linear operators from the novmed vector
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space X to the normed vector space Y, and |- s is HS-norm.

2) Letpx,&)ES™and p (x, &) €S™, m, m €ER, and let a, o, B, € (Z,)".
We define

role, @ =0s— [ [ e~ (c &+ 0m)pa3 ey, Dayan, for 6<0,1],

where “Os—" denotes oscillatory integrals (see H. Kumano-go [11]). Then, {7} scion

is bounded in S™™ 1 aud for any IEN, there exist I’ EN and C1>0, which are
independent of 0€ [0, 1], such that

m’)

|1,0|l(m+m’—|a+a’|)<Cllp|§gn) ;r

b

(8) Letp(x, &) eS™and p' (x,&) €S™, m, m ER. Then ¢ (PP) (x, &) S
and

o(PP) @8 =0s— [ [ o=p(x &+ n)p xty, dyan.

(4) (Sharp Garding inequality) Let p (x,&) € S! with Rep (x, &) =0, for
|E| =R >0. Then there exist LEN and C=C (R,N) >0 such that

Re (Pu, u) = —Clpl " |ulP, for u€ S,

where (+,+) and || = | denote L*~inner product and L*-norm respectively.

Concerning the details on pseudo-differential operators, see H. Kumano-
go’s textbook [11].

A simple sufficient condition of L?-wellposedness for (2. 1)-(2. 2) is

Theorem 2.2. Assume that there exists a nomnegative and mnomincreasing
function 7 (s) €B=[0,00) NL*(0,00) with d?"*'y/ds?*1(0) =0, nEN and there ex-
ists a nonnegative function ¢ (t) EC[0, T] such that

| (mb; (t,x)) jor-wl <@ @) 7(|2]), n=1, 2. (2.3

Then (2.1) - (2.2) is L?-wellposed. Namely, for any vo (x) € (L?) 2 and for any
Flt,x) € Lhe (0,T3LY)2 (2.1)-(2.2) possesses a unique solution v € (C ([0, T];
L?%))2 which satisfies the following energy inequality
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b Ol<ce(ld+ [ @laz)., sor 1 (0,77,

with some constant C1>0. || + || denotes (L2)2-norm.

Our strategy divides into two steps. At the first step we diagonalize the
operator H(t) modulo bounded operators. Roughly speaking, its symbol

|12 +b1, (£, , &) bz (t, x, §) ]

h(tz, € =[
* b21(t,-T, E) _|E|2+bzz(t,1', E)

has two distinct eigen-values provided that |€| is sufficiently large. Thus we can
easily diagonalize & (¢, x, &) and therefore this system becomes essentially same
as two single equations. At the second step we apply S. Doi’s method [3] to this
diagonalized system.

Diagonalization. We define the following pseude-differential operators

) 0 Thult,z, ) ©
Az, 6= ) € (c([0,1];871)>,
_Eb?‘l t,x,8<H 2 0

Alt,x, &) =I+A(t,xz,8), Xtz &=I—2(z8 € (([0,T];S9)>?

where I is the 2 X 2 identity matrix. Using A (t,z, &) and A’ (t,x, &), we can di-
agonalize H (t) modulo bounded operators.

Lemma 2.3. Under the above assumptions, we have
c(AWHBA () (x,8) —a(§) =¥ (t,x,8) =n(t,x,§) € (C([0, T];5)) 2,
where A(t) =2 (t,z,D) and A'(t) =2 (t,z,D).
Proof. Direct calculations imply

cAWHOA®) @& =o( (+A0) U+BO) (—4()) .8
=o(A+A0A—2A0)~ A0 AL ) @.©)
+o(BO+AOBE -BOAE
—AW®)B@®)A (t)) (x,8)
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= (&) +a(ADA—AAD) (&, &) +b(t x, &)

+7,(t,x, ), (2.4)
n(tx, 8 =—c(AWAA®) &) +o(/1~ OBE—BHOAW
—AWBOAD) .0, (2.5)

We have

o ADA—AAW) (x,8) =A(t,x.8)a (&) —a () A(t,x, &) +rs(t,z, &)
== (t,z, &) |E<® 2473t x, )
=—pM(t, 2,8 +r(t,x, &) +r:(t,x, ), (2.6)

r3(t,x, &) =—%L1(Os—ffe"”'”a(j’ (E+61n) A6 (t,x+y,5)dyd1])d0, 2.7
74 (t,x, §) =0 (t,x, §) <© 2. (2.8)

Substituting (2.6) into (2.4) and putting r1=7,+75+7,, we obtain

c(AOHBOA () @, &) =a(8) +b(t,x,&) —b°"(t,x,8) +n(tx, &)
=q (€) +b%8E (¢, 1, €) +1 (t,x, £).

It is easy to check 7, (t,x, &) € (C([0, T];S9)?*2. [
Now we will diagonalize the system (2.1) in some sense. Note that
AOAR)=T—AW) U+AQ) =1—A2@).
Then

AWHO=AGH® A OAQ+A2C)
=AWHGA ) A{E) +A@) H () A2 (¢).

Using Lemma 2.3, we have

AWH® = (A+B% () +R, (1)) A1) +A ) H (1) A (t)
=(A+B% () A1) —iC @), (2.9)

where we put C(t) =i Ri () A(t) +A()H () A2(t)). By using (2.5), (2.7) and
(2.9), it is easy to see ¢ (t,x, &) € (C ([0, T];S°)?*? and there exist IEN and
C>0 such that
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le@®liP<c (maxl [bmni () llgt (maxllbma; () llg) “>. (2.10)
mmn,j m,n,j
Here

lhlly= 3 suplu ) |< +oo).

lal<t RY

#=8'(R) = {ucc' ®Y)

Operating A(t) on (2.1), we have
0:(A)v) HAGOHBv—A B v=A)f, (2.11)
where

o(A: @) (x,8) =04 (tz,8) =84 (t,z, &) € (C([0,T];S7Y))2*?,
8.4 (¢) {52 <CI’B’3§“61‘ —1 (2.12)

Substituting (2.9) into (2.11), we obtain
8, (AW)v) +i (A+B=E()) (AD)v) + (CE) —AW))v=A0F (2.13)
Our diagonalization is completed.

Proof of Theorem 2.2. The system (2.13) is a couple of single equations
essentially. Thus we can apply the theory of linear Schrodinger type equations.
The following arguments in this subsection are basically due to S. Doi [3].

First we define pseudo-differential operators which eliminate bad first
order terms in some sense.

p.2.8 =90 £(["10as) g0 eC(0.71: ),

[e —-pt, 3,8

k(tx, &)= ]E (€ ([0, T]55%) %2,

¢ b(t,z,6)

p(t,z,6)

€ (c([0,7];55%)%2,

y@ma=r

0 e —p(t,z,6)

where 7(3), (s€R), is extended to R as an even function. Since we assume

d?*y/ds?1(0) =0, n €N, the extension 7(s) belongs to B* (R). Properties of
the transformation K (t) A (t) =k (t,x, D) A (, x, D) are the following.
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Lemma 2.4. There exist 1EN and C1>0 such that
kl<cz® Q+c3®) (kO AGvI+l-) <ci@® Q+Ci@)pl,
for any v € (L?)2, where

Ck () =CleO1®, Cs(t) =C1(maxbma; (t) g+ max|0:bmns (t) lg:).
m,n,; mmn,;

Proof. Direct calculations give
I=A QK OKOA® +AG2+A OR()A{),
o(Ro(t)) (x, &) =0 U—K (K () (. &)
- —]_':21 L [ e ™% 6z, 6460k (-, ) dyana.
Then it is easy to verify Lemma 2.4. [J

Theorem 2.2 follows from the next energy inequality with standard argu-
ments (see L. Hsrmander [7, §23.1] for instance).

Lemma 2.5. Let vE€ (C[0,T]; H?) NCY([0,T];L?)? then there exists a
constant C1>0 such that

b l<c:(lb @1+ 1@+ @) @ lac), for 1€ [0.7].

Proof. Put f= (0;+iH (t)) v, then f (t,x) € (C ([0, T];L») % Let N (v) =
IK (6) A () v|+ vll-,. Lemma 2.4 indicates that N (v) is equivalent to (L%)2-norm
for each t € [0, T]. Hence we have only to obtain the energy inequality with re-
spect to N (v). We denote (L?)?-inner product by (+,* ). We have

Lk (1) AWole=2re (0, (K (1) A()0), K () A 1))

=2Re(1<, OAQ KO8 AD), KA (t)v).

(2.13) gives

L (1) A @) ole=—2Re (i (¢) (A+B5 (1)) A ()v, K () A(1)v)
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2re( (K, () AW +K O CO ~A0))o, KO AG))
+2Re(K (VA ®)f, K AW)o),

where
N z —g TPETE) 0
o060) (8 =0k 2.8 =9 0 2( [ 7 6)as) [ . “]
o IR <Ig Olecx®. ¢=Ci(Ily+rl). (2.14)

Using (2.10), (2.12) and (2.14), we get

L) A@) ole< —2Re<iK ) (A-+B () A(E)v, K (1) A (t)v)

+(Cs () +l¢" D)) € () ol I (8) A (©) o]
+2lK (0 AOA K O A@)l, (2.15)
G (1) =(1+Ck(®) A+CE®) 1+C) 1+4(1)). (2.16)

We denote Poisson’s bracket by{ * , * }. Noting that & (x,€) and a (€) + %28 (x, £)
are diagonal matrices, we have

oK (t) (A+B (1)) (x, &)
=0 (A+B5 (1)K (1)) ()

+0<1,[e =p43D) D24y, (¢, 2, D) ] 0 ) -
0 i[e?®®P) —|DI2+ by (t,x, D) ]
=0 (A+B™" (1)K (1)) (x, &)
i[eP®ED), |D|2] 0 D

+ Ot x,

0( 0 l[eﬁ(tz‘D) _| |z] (x E) (t &)
=g (i (A+B¥ (1)K (t)) (x, &) +H{EP2 p} (t,x, Ok (t,x, &)
+r5(t,x, §) +rp(t,x, €)

=0(i(A+B% (1)K (1)) (x, &) +2¢ (t)ZT(x,) EHO % (t,x,§)

+

73(t,x, &) +77(t.x, )
=0 (a8 0) +26(0) 3 7G)DLD DKD) .0
+rot,x, &) +s(t,x, &) +17 (t x,8), (2.17)

where
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N ri i J 3
r(t . E) 21;211; (OS_ffg iyen (k(ﬂ (t,x, E+ 6n) b?j>8(t,x+y, 3
480 1z, 4 On) by (14, 8))  dydn )do,

=

~ - 1 0
rs(t,x,E)=—iZ]k(,-,~)(t,x,E), ]=[0 _1}.

re(t,x, &) =—2¢ () Zf{Os ff —Hen x,< 2 (Ej+06n;) <E+ 0> 10;

in=1

— (&+60)* (&t O12) <6+ 01> Joow (. z+y, &) dyan)af,
and they are estimated by

17,78, 19€ (C([0, T1;5°)%% | (D1, Irs @R, lre (1)< (1) C2 (0).

Substitute (2.17) into (2.15), then

d
SAlE O A@) [

2Re<(@ (A-+3%(0) +20) 7 ) D5, <D~ I)K(t)A(t)v KOA))
O+ 1 +Co ) ol KO A w20 ) AOA e ©) AG)ol,

Lemma 2.4 implies

Lk ) Al

< —2Re( (i (4 +B=s (t))+2¢(t)27’(x,)Dz,<D> DK@ AWD, KOAo)
+(¢(t )+ ()] +Cs () Ca t)N(v)IIK ) A@)vll+2lK &) A @A K @) A@) ol
=—2Re 2. (Z(2¢(t)r(x,)Di,<D> b (t,2) Dgy) (K ) A()) 5, (K () A(B)0) )

n=12

+ (0 +1¢' O +Ca ) CEON @)K () AW ol +2llK ) AW K @) A@)w].

Since (2.3) yields

Re% (2 (1) 1 (x;) E2<E) ' Hibu; (t,x) §) =0, for |E[>1,n=1,2,

sharp Garding inequality implies

743
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LI () A©olP< 30+ (O 1+C5 () RON W) I () AWl
+2K O ANOA I ) A@)],

namely

%“K O AD< (@ @)+l @) +Cs ) BON©) +HK O AN (2.18)

(2.18) will be very useful later. On the other hand, we can get

Lol <o ®) ll+ A< Co () BN @)+ (2.19)

Combining (2.18) and (2.19), we obtain

NG < @O +F O+ AONG +N (). O

§3. Preliminaries

In this section we present the local existence theorem, chain-rule with re-
spect to J and some embedding lemma.
Concerning the local existence, we have

Proposition 3.1. Assume (1.3) and (1.4) with p, = 3. Let m be a suf-
ficiently lavge integer. Then for any uoS NioH™ ' theve exists a time T
=T (Juo ||m= ams) > 0 such that (1.1) - (1.2) possesses a unique solution u €
Nj=oC([0, T); H™ ).

Proof. Following [2], we give the outline of proof. First we consider

Om— (e+i) Aut=F u®,Vu®), in (0,00) XRY, (3.1
u¢(0,x) =uo(x), in RY, (3.2)

with ¢ € (0,1]. We can easily solve (3.1)-(3.2) because the parabolic regular-
ization overcomes the loss of derivatives. The existence time depends on € €
(0,1]. But similarly to §2 (see also §4), we can show that there exists a time
T> 0, which is independent of € € (0, 1], such that {#*} cc(oyy is bounded in
NioL=(0,T; H™ ). Then using the standard compactness arguments, we can
get a solution u € N}_L> (0, T ; H™ /) provided € | 0. The uniqueness and the
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time continuity can be also proved by the same energy method. []

We shall prove Theorem 1.1 by a priori estimates besed on the energy ine-
quality obtained in §2. Then we need twice more regularity of the solution for
the validity of the energy inequality (see Lemma 2.5). Let us consider the fol-
lowing situation. Under the same assumption of Proposition 3.1, let uo €

Nlo H™'= and let u be a solution to (1.1)-(1.2). Proposition 3.1 gives

To=T (o

|ﬂ,‘=.,H'”"") > Tl = T (”uOl ﬂ,‘,oH"'“""’) > Ov
such that

! 1
u€ NC([0,To); H" ) and w€ NC ([0, Ty) ; H™7).

j=0 i=0

Moreover we obtain
Lemma 3.2. Under the above assumption, To= T holds.
Proof. Assume To> T, then Proposition 3.1 implies

lim ||’l/t (t) “ﬂ},nH”‘“'”: + o0,
tt T

We will derive a contradiction.
Put R=maxe,rsllu (t) | n1gmr. Let @r(x) and a€ (Z:)? satisfy

(1, (=0), _[m, (k=0),
(p”(x)_{xk, (k=1, --, N), la‘—{m—l, (k=1, -+, N). 3-3)

Let I be the same integer as in §2. Operating ¢, (x) 8% on (1.1)-(1.2) and us-
ing Leibniz’ formula, we have

N L N L NG o
0, (¢ (x) 02u) —iA (@i (x) 0Fu) —i 27 D, (@r (x) 0Fu) —i 27 -Da, (@4 (x) 00)
i=104i j=104;

b3 508 () on () 9Bt 3 5088 () n () 05 =G ().

n=0 B n=0 B

where 2N_2 5 means summing up on %, 8 satisfying (3.3). It is easy to see

sup. (g -+ 1018 ()l + 153 )+ 10038 60 o1 ) ) <Ce.

tel0,T1] k,a,n,8



746 SEMILINEAR SCHRODINGER EQUATIONS

Now let us consider the following system

N N
at'Wka _":Awmx —1 Zg—FD_z,wmx —1 Zg__FDzﬂI)ka
j=104; j=104;

S0 ) et 5 S5 () e =G* (). in [0,Ty] XRY.  (3.4)

n=0 B n=0 B

Wea=Qr (x) 0Fuo(x) in RY. (3.5)

We see (3.4)-(3.5)as a system of { (wea, Wra) ) ra Then similarly to the proof

of Theorem 2.2, we can show that (3.4)-(3.5) is H*-wellposed (s<1), namely
we get

hora )l < Ce(Jpe @) O2dh 7). +€ 0, ), wra= 04 ) 821 i C([0,7:); 7.

Hence we obtain lim sup; 7./l@s (x) 02u (t) [y < +o0. []

Now we consider the chain-rule of J.

Lemma 3.3. Assume (1.3) and (1.7). Let o, BE (Z.)". Then we have

OLPF (u, V) = ;(%)’“(%)7"(%)’%)} e V)
X 11 (6gepio) mandn
Bo<B

N
X I I (a}x"fﬁ’az,u)m(“”‘g’)

j=l1o<a
B<B

__1) 1Bolm(@o,B0) @o 780,
X L (—1)Bamaodn (5g0

B<B

) m(@o,B0)

N -
xII IO (_ 1) Iﬁ:lm(w,ﬂ:)(@gyﬁ:aﬁu
i=1a<a

Elgﬁ

)m(&;,ﬁ,)

: (3.6)

foru€C” (RN) , Where l, Z0. m (anuBn> , M (an, .Bn) EZ% I iv Oy, ‘Bny Oy, Bne (Z+> N,

n=0, 1, -, N and 2. means taking 21<10+70+,+7<,a+5| restricted to
N
Zm(ao,ﬁo) =l, X Zm(aj,Bj)=|l|,
A< a ji=1 ,Sa
Bo<B B<B
_ _ N _ -
Zm (@, Bo) =l, > Zmla;B;)=|ll, (3.7
aSa j=1 q,<a

Bo<B B<B
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Zm(a’o BO) [ ]+z:1 Zm(“]yﬂj) [Bl
+a§am (@0, Bo) L l+le Eam (@, B) [B;] L‘; . (3.8)

Proof. We have only to prove (3.6) with @ =0 because the usual Leibniz
formula extends (3.6) to the case of general a(#0).

Noting the gauge invariance (1.7) and differentiation to composition, we
get

e i6Uo+111—To—11D

P,

for (u,q) ECXCY, §€R.
Now we put 0=|x|?/4 (1+¢) for convenience. We have

JPF (u,Vu) = (2 1+1t) 0z ) *F (u, Vu)
=¢" (2 (1+1))¥05 (¢ *F (u,Vu))

=" (2 (141)) "0EF (¢ %, V) (by(1.7)).

Leibniz’ formula gives

JPF (u,Vu) =¢® (2 (1+1)) > [(

X I (ago( —i6, ))m(Bo)
Bo<B

(IR

0

ou

11 (aﬁ:( —tﬂaxlu))m(ﬂl)
I

B,<B

m%*i)

j=1

X II (65"( D) )m(wx it

Bugﬂ j=1

(G )"

By using (3.9), then

]BF (u, \v} u) =, i6(o+1—To—111) (Zi (1 +t) ) 181 Z (%) fo (%) l“(%)’((%) IF (u, q)
ﬁHB (ago( —16, ))m(ﬂo) X H I (aﬁ;( t&azju))m(ﬁz)

j= lﬁlgﬁ

x,é.g ,3(W> jﬂlﬁgﬁ (m) mB)
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Noting (3.7) and (3.8), we obtain

RS EALLIELI (LI

0q
N
X II (JPoy) ™ B X I IT ( JP0zu) ™®?
Bo<B j=18,<8
X II (__1) 1Bolm (Bo) (]Bou)m(ﬁo) X fII o <_1) 1Bilm(Bs) (Jﬁiaz,u) m(§i>. O
B<B i=1B,<8

Before the end of this section, we give some embedding lemma which gains
time decay.

Lemma 3.4. Let m be an integer satisfying [m/2) ZN~+2. Then theve exists
a constant C>0 such that

hell- < C (1 41) 72 . > 1l (3.10)
BI<[N/2]+1
logPull-<Cc1+8)¥2 3 |02 ul, (3.11)
la’|< [m/2] +1
1BI<N+1

for any u €S (RY) and for any a, BE (Z,) N with |a|<[m/2] +1, |BI<[N/2].
(Note m= [m/2] +N+2.)

Proof. We have only to prove (3.10) because replacing u by 0%/%s in
(3.10) and using (1.8), we can get (3.11). (3.10) is essentially a consequence
of Gagliardo-Nirenberg inequality

lel-<C 2 08 ulM 2l for w€SRY), n(EN)=N/2.
la’|=n

Put 6=|x|?/4 (1+¢). We have

o llz-= ll =,

<C Z “ag' (e —iﬁu) "N/Zn"e —iﬂu”l—N/Zn

la’1=n
=C 2 le*0g (=) V2|l 2"
la’|=n

<C (1 +t) —N/2 Z ”]a’u”N/ZnWt”l—N/Zn
la’|=n

<CA+4) 2 3 (| ul.
18<n

Taking n=[N/2] +1(>N/2), we obtain (3.10). [
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§4. Proof of Theorem 1.1

Finally we will complete the proof of Theorem 1.1. We have only to get a

priori estimates in NIHH™ ™ from a viewpoint of Proposition 3.1 and Lemma
3.2.

Let o, BE€ (Z,)" satisfying |a|+|8|<m, |8|<N+1. Using (1.8) and (3.6),
we have

0, (0% JPu) —iA (02/Pu )—126 -Dg, (08)Pu) —i (— 1)“3'2 2 (02TPu ) =G (u),
(4.1)

N N
Gas ) = 08°F V) — 2 9L 05, 05Pu) = (=1) 'ﬂ'g%;azx 2Pu) .

j=1

By putting vas=" (02, 82/% ) and fus ®) =' (Gas W), Gaz@)), (4.1) becomes
(@i (A+Bs (1)) vag=Ffas W), (4.2)

where

-5 w0 (1)'5'2 SR
b (t,x, &5 u) = = ]___ = .
<1>w'z Vg §7£<u,vu>s,

We will apply the method used in §2 to (4.2).
Concerning the diagonalization, we define

jg(t,x, E 5 M) =
0 —(—=1)" %ﬁ::ai(u Vu) & 2
— ()P T 0

s (b, E3u) =1+ A5t x, Eu), stz A;u) =I—2A5 (t,x, Eu).

Next we consider the transformation which eliminates the loss of deriva-
tives. We define

M (T) = sup 2 llogru @)
tel0,T1 |a|+|gl<m—1
18l<n+1
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Take 0<0<1. If M;(T) <KR<oo, then there exists a constant Cx>>0 such that
< Crllullid- (<)l + <> | V] ) FoCx> ~0+2 . (4.3)
And we have
(2 ful+ <2 | Vul <C (ul+] Vul) +C (xul+|z Vul)
<C(ul+|Vul) +C (|l +17Vul) +CQ+1) (| Vul|+| V%)
<C 1+ (blwz-+1ulls-)  (by (1.8)). (4.4)

Here

whe= W R) = fu €L R [lulrs-= 2 [ogulh- < +o0}.

lal<k

Substituting (4.4) into (4.3) and using (3.10), we have

aF 144 2 —(140)

Im?(u,Vu) ey <Cr (148) Y (bl ezt | Jullre) 2< >
SCr(14) MHHNMIT) <>~ for tE€ [0, T].
Hence we put
¢ () =Cr(14t) V0 2(T), 71(s)= (1452 +072

and we define £ (¢, x, &) as in §2.
Moreover we continue the preparation for a priovi estimates. Let

Nl(u<t))=|m+%=mllK () As (V) vasl, N (®))=N(u (t))+I ngi _Illaé’]“"u(t)ll.
1Bl<N+1 1BI<N+1

We define M (T) =suprero.riN ( (t)). Let I be the same integer as in §2. We take

m satisfying m >N/2+1+4 in order that H™ 'c_ B3 If M, (T) <R and if u is a
solution to (1.1)-(1.2), then

Cr (£) <Cr (hu (&) [B+ 100 (8) ) < Crlbe (8) oo <Cr (14+1) ¥ME(T),
Cx(t) SCr, C,<C, Co(t) <Cr(1+M3(T)),
> logru OI<C3ON@ @) <c3®) > ogPu @), for t [0, T].

lal+[8l<m lal+|8l<m
|BI<N+1 1Bl<N+1
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Using (3.11), we have

[ fas @) |=v2]|Gag ) |
<cR( by |og /8 u () II) > o Pu®]

| +HBI< [m/2) +1 lef|+1B1<m
|B1< [v/2] |BI<N+1
3
<Cr(1+1) ‘”( > og ) ||>
|+ |8 <m
|BI<N+1

<CrCE®) (148 "M* (T)N (1))

Finally we will carry out a priori estimates. Similarly to (2.18)-(2.19), we
obtain

%N (u(£)) <CRCLE) (148 N2 (T)N (u (1))
SCeMZ(T) A4+MP(T)) (141) NN (1)).

Note N—1—0>1 because N=3. Gronwall’s inequality yields
N () <C:(0)e exp (CeM?(T) A+M*(7))).
Since the size of initial data is sufficiently small, then there exists a constant Cs

which is independent of &, such that we can replace C; (0) by Cs. Taking
SUp¢ero, 11, We get

M(T) <Cse exp (CeM*(T) 1+M*(T))).

Since M (T) is continuous with respect to T, suprso M (T) < holds provided
that ¢ is sufficiently small. []

Remark 4.1. Let us consider the case of N=2, p,=3. Under the condition
(1.5) or (1.6), the global existence results hold as we mentioned in §1. On the
other hand, since our method gives the loss of time-decay rate 1+ 0, generally
we need to assume p,=>5 or another additional conditions, in order to get the
global existence results. We will explain this additional condition. We decom-
pose

F(MQ) =F3(14,4) +Fs (M 4),

where F3(u,q) is a cubic homogeneous polynomial and F5(x,q) is a higher order
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term. Assume that Im (an/aq,-) ,§=1, 2 satisfies null gauge condition of degree 2
(see Y. Tsutsumi [17]). Namely there exist constants a;: ER, j, k=1, 2 such
that

Im%{;js (u,Vu):k_zl:z a0z (ul?) = 21(1+t) Z e i —uf). (4.5)

In this case, the loss of decay rate in F3 is d and decay rate in F5 is —3+ 0.
Then we can also prove the global existence because the decay rate is —2+0
(<—1). For example

Flu.g) =iguai (ie. Flu,Vu)=i(0u) (0u)i)

satisfies (1.3), (1.4) with p, =3, (1.7) and (4.5). But it does not satisfy
(1.6) and then it cannot be treated by gauge transformation.
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