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Galilei Invariant Molecular Dynamics

By

Christian D. JAKEL™, Giinther HORMANN **

Abstract

We construct a model for a chemical reaction in the Heisenberg representation. The time
evolution exists in the thermodynamic limit, independent of the particle density and the initial state.
In mathematical terms. we establish a C*-dynamical system. Thus we can benefit from general re-
sults in algebraic quantum statistical mechanics, showing, for example, that equilibrium states exist.
Galilei invariance of our nonrelativistic model is demonstrated by defining it directly on the Gali-
lean space-time manifold, without reference to any coordinate system. PACS 05.30.Fk, 03.70.+k,
11.10.Cd, 11.15.Tk

§1. Introduction

Many of the properties typically attributed to relativistic field theories are
actually a common feature of every theory with a zero mean-particle density
and translation-invariant Hamiltonian [1]. Galilei invariant quantum field
theories provide a natural candidate for a comparison with relativistic models.
Especially the Galilei invariant Lee model has attracted much attention [2-4].
Most of the work in nonrelativistic field theory was based on the Hamiltonian
approach and constructed in the vacuum representation. More recently, thermo
field theories aimed at the construction of systems in an equilibrium state at fi-
nite temperature.

The usual procedure is to define a model in some kind of “box”, then let the
box go to infinity and show that the thermodynamic limit is independent of the
boundary conditions involved in the definition of the system. While one could
argue that a box is in agreement with the experimental situation, one should
keep in mind that for macroscopic bodies it is not possible to isolate the energy

levels completely — their widths are on the order of (macroscopic time) ~*, which
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is much larger than their spacing. So in order to avoid mathematical curiosi-
ties comming from periodic boundary conditions and a discrete spectrum it is
better to idealize macroscopic bodies as being infinite and having continuous
energy spectra, which comes closer to reality than does the fiction of a discrete
spectrum. But for an infinite sytem, even for a finite particle density, one has
to face the possibility of unitary inequivalent representations. In fact, if the
algebra of observables changes globally as time passes, as is expected for
almost any initial state, then a representation may change at any moment into an
inequivalent representation, and it is not possible to represent the time-evolu-
tion with a group of unitary transformations within the representation (cf.
[10]). Thus even for the free time evolution 7° one can not expect that a for-
mal expression like

Ho=ﬁfd3x a*(Vx)a(Vx) (1)

will exist as a selfadjoint operator acting on a certain Hilbert space for an arbit-
rary initial state. Nevertheless, at least for fermions, the free time evolution
exists as a strongly continuous automorphism t— 7 acting on a C*-algebra,
which describes the possibilities of testing the system experimentally. Only re-
cently it was demonstrated by Narnhofer and Thirring [5, 6] that pair interac-
tion can be added to the free time evolution. There one has to face a problem
known as “stability of matter”, which roughly speaking tells us that independent
of the initial conditions the system does not heat up and collapse.

In this article we demonstrate that even a chemical reaction can be added
to a system of fermions with pairinteraction. In §2 we define the appropriate
C*-algebra of observables & for our model. We deal with three different spe-
cies of fermions. Different methods for the construction of automorphisms of
the algebra of observables & are discussed, and some remarks on the super-
selection structure are added. In §3 we present our “C*-dynamical” model for
a chemical reaction, which was inspired by the Galilei invariant Lee model cited
above. As in the Narnhofer-Thirring model, the existence of the time evolution
is achieved by cutting off high relative momenta, thereby introducing a slightly
non-local character of the interaction. The time development is well defined
for arbitrary initial states, and in principle one could tackle problems of
nonequilibrium situations where the state changes globally with time and the
time evolution 7 can not be unitarily implemented in the GNS-representation
corresponding to a state at a fixed time. But work in this direction seems diffi-
cult and much remains to be done. Mixing properties will be discussed else-
where.

The advantage of formulating our model as a “C*-dynamical system” is that
the algebraic formulation of quantum statistical mechanics [7-10] and quantum
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ergodic theory [11-17] become applicable. We can only mention a few basic
results here, for further details and properties the reader is refered to the liter-
ature cited. In 85 we answer the question whether or not our model has
equilibrium states. The positive answer is based on a result by Powers and
Sakai [18]. By definition, ground and equilibrium states are time-invariant, so
in the corresponding GNS representation 7z the time evolution 7 can be repre-
sented by a Hamilton operator Hg,

(i (@) ="z (a)e ™™ | a€d , (2)

where the representations s are labeled by the inverse temperature 8=1/kT of
the equilibrium state’. This establishes the connection with the standard con-
struction starting from a system in a box mentioned above. The other vector
states now represent local excitations of the equilibrium state and differ only
locally, and thus do not change in time, from a global point of view. We will
also point out that equilibrium states spontaneously break Galilei invariance
and that even a local perturbation changes the number of parameters labelling
different equilibrium states.

While our model might well serve as an effective theory for a chemical reaction in
studying thermodynamical properties, we can not expect phenomenological ap-
plications. Although we consider molecules as the elementary objects, we have
resisted, in order to keep the notational amount acceptable, to include the
two-particle interactions responsible for the formation of molecules. It is not
hard to check that our model can be combined with the two-particle interactions
recently presented by Narnhofer and Thirring [5, 6] as well as similar two-
particle interactions between different species.

In quantum mechanics space and time coordinates do not refer to an indi-
vidual particle but refer to preparation and registration apparatuses. The
‘classical’ space-time structure is merely encoded in the net of local algebras.
This aspect is worked out in an appendix, where the algebra of observables is
equipped with the fiber-bundle structure induced by the structure of space-
time. The symmetry group of ‘nonrelativistic’ space-time is of course the
Galilei group [19, 20]. In fact, the Galilei group provides the transition func-
tions between different charts of the space-time manifold®. In 84 we show that
the time-evolution is Galilei invariant, i.e., it can be defined chart independently
on the new bundle. While this might look extraordinary for the first sight, we

!k denotes the Boltzmann constant.

% The representation theory of the Galilei group on Hilbert spaces is well established [19, 20]. Re-
cently there has been some interest in more abstract aspects of this group [21-26]. Nevertheless
the Banach space representations we construct in the appendix seem to have no counterpart in
literature.
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feel that it is the natural, coordinate free formulation of Galilei invariance.
That we are able to define a time-evolution in a coordinate-free way makes it
evident that only the spatial relationship between the preparation and registra-
tion apparatuses are relevant.

§2. The Algebra of Observables

We want to describe molecular dynamics involving chemical reactions such as
the dissociation of large molecules into two different smaller parts, for example
a four atomic molecule which dissociates into two simple molecules:

cc cc
>—-Raa aa4——<
bb bb

Since the difference between various isotopes are of no relevance for us we
assume that all the particles are fermions. The relevant C*-algebra is then the
3-fold tensor product of the usual CAR or Fermi algebra 4 for one species of
fermions. Uniqueness of this tensor product is guaranteed by the fact the Fer-
mi algebra & is nuclear [8].

Definition. Let & denote the unital C*-algebra generated by annihilation
and creation operators a(f), a*(f), b(f), b*(f), c(f) and c*(f), where f €

L?(R®). These operators correspond to three different particle species with
masses mg=m+m. and obey anticommutation relations

a(),a* @l =¢lo1,  Ha(),alg)t=0, (3)

and similarly for b and c¢. Operators corresponding to particles of different
species commute. Thus =4, ;@A A =Ar, x=a, b, c.

Note that we consider & as an abstract algebra — representations of & in cer-
tain Hilbert spaces will be state dependent and discussed in §5. If we are in-
terested in obtaining a Galilei invariant quantum field theory exhibiting produc-
tion processes, we have to include particles with mass values chosen in agree-
ment with the mass conservation law. This was done in the definition of .
As noticed by Bargmann [19], the mass operator M, appearing as an element of
the center of the extended Galilei group Lie algebra, gives rise to a superselec-
tion rule. In fact, as long as we have no chemical reactions the superselection
sectors are labelled by three charges, corresponding to the three different total
masses M =M, + M, + M,. The corresponding equilibrium states are labeled
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by three distinct chemical potentials. A chemical interaction will change the
superselection structure. Besides the total mass only one more parameter will
survive. If the particles are charged, then this parameter turns out to be the
total charge.

We list three different procedures for the construction of automorphisms 7
of . Their common feature is that 7(a (f)), y(®(f)) and 7(c(f)) are specified
on a total set 7 of functions FEJ CL?(R®). Then this definition is extended to
the whole generating system of & by setting y(1):=1 and 7@*(¥)):= (@ (f)))*
and similarly for b and ¢. If now 7 respects the defining relations among the
generators, it can be extended to a *-isomorphism of & (again denoted by 7),
because of the uniqueness of the CAR-algebra [8] and the involved tensor pro-
ducts.

(i) Coherent states

f, (x) :=T[—%e—%(z—q)2+m<z—q)ELZ (R3, &) | z=(g, p) ET*(R?) , 4)

explicitly relate to the classical picture. We may think of a; =a (f;) as an
operator destroying a particle centered at z= (g, p) in phase space. This cor-
responence between the classical and the quantum picture allows us to lift
group representations from ordinary phase space T* (R®) to groups of auto-
morphisms of &. For example, the kinematical automorphisms

T;(in (t) (az):=elma1+tma07z(t—s)+lmaU.Rqaz_ , 5= (Rq+1) (t—s) +l, Rp+mav) , <5)

g= (A4, s, I, v, R), define a representation of the extended Galilei group G' in
Aut(d). (The phase-factor was chosen in agreement with the cocycle relation
of the Galilei group extension.)

(ii) The standard procedure to lift unitary representations of groups from the
quantum mechanical one-particle space to quasifree automorphisms of the algeb-
ra was introduced by Bogoliubov [8]. Since the kinematical automorphisms
are quasifree we could as well use representations of the Galilei group in
coordinate-space [20]:

flz) — ezml—im%z(t—s)+tmv.(.z—l)f(R-l c—1—v(t—s))) | e’ ®®) ., (6)

for a construction of these automorphisms. The free time evolution 7} (a (f)):=

e
a (e "2ma'f) provides another example.
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(iii) Each hermitian element »=h* of o defines a so-called inner automorph-
: h
ism 7"

rh=¢lthge it | a€Ad , t€ER . (7

Since 4 is a Banach space, we are allowed to consider limits. The limit 7:=

liMy—7?* might exist even when {hat nen does not converge in &. Automorph-
isms which are not inner are called outer automorphisms.

The Lie algebra of the extended Galilei group (see Appendix) tells us that
gauge transformations have to commute with time translations. We might
therefore think of the gauge group as representing inner symmetries. In addi-
tion we expect gauge-dependent quantities to be unobservable. Nevertheless a
chemical reaction, corresponding to an operator of the form a*bc, has to be
observable. This suggests the following choice for the action of gauge trans-
formations on 4.

Definition. The action of the gauge group U(1l) as a group of
*-automorphism of &, is given by the continuous, faithful representation A € S*
— 71,, defined by algebraic extension of their action on the generating elements

of A,

a (f) ®b (f) ®c (f) — etl(ma+ma+mc)a (f) ®p (f) ®c (f) , (8)

and topological closure®. The fixed-point algebra under the action of U (1) is
called the algebra of observables.

§3. A Thermodynamical System with Chemical Reactions

While the Narnhofer-Thirring model is concerned with pair interactions, of
similar molecules with (regularised) Van der Waal’s interaction for example,
the present effective interaction only includes vertex functions that model the
restructuring of the electrons once the molecules have got so close to one
another that their electron clouds overlap. In fact, our model describes only a
certain chemical reaction of diatomic molecules. The existence of diatomic mole-
cules is assumed and the forces responsible for the formation of molecules are
not dealt with.

We construct the interacting time-evolution in three steps, as proposed by
Guenin [27]:

3 That 72 is well defined can be easily checked by computing the new anticommutationrelations.
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(i) We “cut-off” the interaction in such a way that v, exists as an element in
4, thereby destroying Galilei invariance.

(ii) We define inner automorphisms 7" corresponding to the “cut-off” interac-
tion vy.

(iii) We construct the interacting time-evolution as a limit of inner auto-
morphisms by releasing the cut-offs and thereby restoring Galilei invariance.

Diatomic molecules are idealised as two atoms at a fixed distance § and with
equal momentum. The spatial orientation of the molecular axis should be of
secondary importance and is therefore neglected.

Definition. Let 7o =s— lim,_7?, where s —lim denotes the strong (i.e.,
pointwise) limit in B (/) — the Banach space of bounded operators acting on &

— of the following automorphisms 7¢:
n 0 S ik 0 0 0
2@=t @+ b [ ) [ ), Ll b, @11, e, (0)
k=1 .[O,slk

where d (t;..t,) denotes the time ordered integral (however over [0, s]* and
hence divided by k!) and

3
= 35 d3 b1 p2| |1 _ P3
vim [ TL0at [ 00 Vimeh ook [t 2] g,
= [ ey (a=al. =g, (Lo 22| [2—Lo) g 9,)
lgd.lpd <n |4 =const
* *k ES * * *
X <aq1'plaql+q-'plbq2’p2bq2+q‘pch3'pacqa+‘fvp3+C‘Is+4-P3643\P3b42+4'472b(h.)72a‘h+4-Plaqx,171) . (0

9, denotes the angle between (g1—gz) and (q1—gs) and 9, between (i—l—i—ﬁ
a
and (A__Pi

" m > and dO denotes the surface integral over the sphere |q‘|=const.
a (]

The vertex V (|rl, |7], |&l, 1], 94, 95) is assumed to be in L' (R, d3d% d%d’)
NC(R'), thus all Bochner-integrals exist.

The interaction is constructed so that there are two conservation laws: the num-
ber of a-particles plus the number of b-particles is conserved, and the number
of b particles minus the number of c-particles. The vertex function V should
be localised in a region of order of the atomic distances 4. The momentum de-
pendence of the vertex function is unknown, but we have only required integra-
bility and this seems to be a decent assumption. We have made no restrictions
on the angular dependence of the position and the momentum distributions since
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V will certainly depend on &, and 9. Furthermore, our six-particle vertex
will suppress dissociation with very high relative momenta of the molecules.
However, there will be no limit on the momentum cut-off and one expect that
for stable systems where high momenta do not occur in a reasonable subset of
states, our interaction gives a physically acceptable description.

One can interpret the presented model alternatively as one involving particle
creation and annihilation. In any case, it exists strictly on the C*-algebraic
level, without any renormalization or restriction to any representation. Before
we show that the limits involved in the definition of the time evolution exist, we
mention that the interaction is stable for both signs of the coupling constant. It
was argued in [14] that this is necessary, if the interaction defines a strongly
continuous automorphism. Furthermore it automatically ensures a reasonable
thermodynamical behaviour of the system by guaranteeing that the energy is an
extensive quantity, which is a basic assumption in phenomenological thermo-
dynamics.

Lemma 3.1. The interaction is stable®, i.., there exists a positive real num-
ber CER®, such that

B = (1) wt (03) wt (02) wtv,>—C((N2) wt+ (Np) 1) (11)

1
where (hZ)n=2—ma f lpl 890D a* (Vfas)a(fep) 20,

and (Ng)n= f il Snd3qd3p ags04=20, and similiar for b, c.

Proof. We first show that x +x*<2 (x*r+xx*) 2% From (x—x*)*(x—
x*) >0 we infer

¥rtxx* >+ (%) . (12)
Thus 2 (x*r+zx*) > (x+x*)2 We simplify the notation,
2= (g1, p1) , zi=(git4, p,) . (13)

and recall that operators corresponding to different particles commute. Thus

—Up=— f d%21d%2,d %3 f do Vv(.) (ai’iazbzzbzzczacé;i-herm.canj.)

gl lpd <n gl =const.

* This result evolved from discussions with E. Lieb, D. Buchholz, H. Narnhofer and R. Verch.
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gﬁfdﬁzld532d523fd0 |V(l¢11_qzl, lth_q.zly ‘::L_L_!i. Al‘_&, 1941, 19»)'
a Mpl Mg M¢
|q.|,|P.|£n |q’1 =const.
172
X (c%’;cé‘;b?zb?:az‘laz,aiaﬁbzzbz-zcacéa+aé‘faészZbz-zczacz-acfacéibibiaz,az) (14)
Next we apply the operator inequality
abb*a*<aa™|o| ||lo*| (15)

and use the operator monotony of the square root. Once more it is crucial that
operators corresponding to different particles commute. We find

_’l)nsﬁ f d621d622d623 f do lV(|ql—q2|, 'ql—q3|, ey 19q, 19p)|(b2'§bzz+af,azl) 12

'q:HPrlﬁn |q‘|=const
<J2 47r|q”|zsup< f d%21d%;3| V (lg1—q2l, lg1—q4l, ... a, 191:)|> f d%z2 b3bzs
il <n <
+/2 477.'|q”|zsup< f d%2,d%4 V (lg1—q3l, lg1—qsl, ... a, 19»)|> f d%z1 afiaz,
1,9
B ol <n ool <
</ZandmiVh( [ amoibat [ dneden) (16)
Igal,|pel <n lgal, lpa| <n

In the last two inequalities we used the fact that P,=afa, and P,=bFb, are com-
muting projection operators and therefore (P,+P;)Y?<P,+P,.

Thus —vx <2 47lg*m| V] ((Na) s+ (N5) ), and similar

—a<y2 4algm VI ((Na) st (Ne) w).

Stability for the opposite sign follows by the same line of arguments. The ine-
quality (11) gives a bound on the chemical reaction rate, which depends on two
different processes. First, the heavy molecules can dissipate by their own,
without a partner for a reaction. Thus their number N, has to be included in
all bounds on the reaction rate. Secondly, the formation of the larger molecule
of type aa is limited by the more seldom reaction partner.

Theorem 3.2. 7 is well defined (as a strongly continuous ome-parameter
group of automorphism of A.)

Proof. We show that the perturbation formula (9) for z? (a») converges
for all zET*(R®) asn— . We proceed in three steps.
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(i) The number of terms does not increase too fast. The strategy is to rewrite
commutators in terms of anticommutators. The first order in the coupling con-
stant is

t
j;dtlfdemdﬁz'zdezsfdo V(gi—ql, lgr—q3l, Z—I—Z—Zb, %—;‘%,9(1, )
gl lp: <n gl =comst.
X [75, (@Fadbobscocateiedoiblazas), w@)] . (17)

As one can see from this expression, every new order in the coupling constant
introduces two products of six creation and annihlitation operators. Given a
fixed creation operator (resp. annihilation operator) only one of these two
terms has a nonvanishing commutator. For example, in the first order we find:

(75 (aZa®), 77 (ar) 1 76 (babacacs) = {14 (X)), 77 (a)} 7 (afbabacacs)
+ {z7 @F), © (ax)l 75 @Xbabacaca) (18)

Thus we are left with two products of five (=4+41) creation and annihilation
operators. If we expand the next commutator into anticommutators each of the
4+ 1 creation and annihilation operators has two non vanishing anticommuta-
tors with the interaction. Therefore in second order we have to compute
bounds for 2¢ (4+1) <2 terms of lengh 2:4+1. By the same line of arguments
the number of nonvanishing terms in third order is given by 2° (4+1) -2 (8+
1) +2. For arbitrary order k we find 2+ (4+1) -2- (2:441) -...- (k+4+1) -2 and
taking the factor 1/k! in equation (9) into account we arrive at

@+1)-(4+1) (441 <20 205)%

k
(19)

20 (4+1) 2 (2:44+1)-..-2- (k+4+1) 2 _ s,
1:2:3+..°k N

(ii) All 7 (ar) can be bounded uniformly in n €N and 2 €R®. First we note
that

+ 3 him 2 [ a0 [ei o), Lo e ), 75 @) 1.0

— m—oo
k=1 [0,£1

"Ttn (az') S"Tto (az')

(20)

for all nEN. The next step is to use the fact that the spreading of free cohe-
rent wave functions f» does not depend on the footpoint 2/ € T* (R?):
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Jatdies @), o2.a) = [ (letsta o7 |= (14 (5 1))

(21)
Explicitly the norm of the first order term of 7 (a.r),
t
| [an [ aonaonats [ a0 V() [ (@atbabacars
I 1HPxISn |‘|=cxmst.
" q ek, 7 w)]|  (22)
is bounded uniformly in # by
t
< 6, 16 16 f —] |[PL_ P2
——j; dtlfd Zld sz Z3 do IV lql qzl Iql qgl Mg mb ma 191;)‘

gl =const.

X |[zi (@) 72 (@), =7 (ae) I i (o) 1125 () | Mz (ean) | Mz (ca) I

t
< fianfaaatatz [ 01V ln—al la—ad

|q'l =const.

x (Iea @1 e @2, 7 @I+ e e2), < @) i @)1

<2 Supfd622d623‘V )|X47T“Il2fd621f d| (farle™ g~ )|

q1,01
o\ 2\3/4
<saamelviid o1+ (=5) ) @)
2m

a

LL

mel’

)|

ma

Higher orders can be treated in a similar manner. We can assume that m,<m,,
then

=2

—\2\3/4\*
(smldemsiviie 22 (14 (5E))) . veere,
)

k=1

uniformly in » €N. By inspecting the perturbation formula (9) we establish
the convergence of limz? (ax) for |t|<t., with t. given by

L (1+(7ini)2>3/4=10~1 (25)

2+ (2m) "lgPmel v,
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(iii) The coherent states f; form a total set in L% (R®), thus 7; can be extended
to arbitrary a (f), fEL*(R®). 7, (b(f)) and 7:(c (f)) are constructed in exactly
the same manner and so limy—.7? (a), a € 4 exists for ¢ small enough by the
Banach-Steinhaus theorem. By inspecting (9) one can see that in a neighbour-
hood of t=0 additivity in t holds for all # €N,

thoth(a) =thin(a) , a€4, VHER , (26)
and since limy--7"(a,r) converges for |t| <t. we have,
7097y (a2) =Thsn(azr) |ta el <t . (27)
This allows us to define 7; for arbitrary tER:

Tt (az’>1=fn (ng (...(T;,(ay))...)) t=t1+t2+...+treR , |t,|<tu . (28)

*

It even defines a *-endomorphism, as can be seen from the (anti-) commutator

relations, e.g.,
fre (), la®* (@)t =1a(f), a* (@)} . (29)

Surjectivity is recovered from the group property: 7—; provides an inverse for
7;, which shows surjectivity and consequently 7; defines a *-isomorphism.
Thus Va€d, |z:(a) |=al. O

§4. Galilei Invariance of the Time Evolution

In nonrelativistic models we deal with nets of local observables (I, 6) —
(I, 4(@)), I an open intervall, O an open region in R® and o (0)
the C*-algebra corresponding to the respective region. We now equip

U toycrxr: (I, & (0))C* with the bundle structure induced from the space-time

structure (see Appendix). Recall that the kinematical automorphisms 7%

have been specified in §2 by setting
7K () (az) =etma1+irna”72(l—s)+1mav.Rqaz_ ' (30)
with 2= (Rg+v (t—s) +1, Rp+ma).

Definition. Let § and & be elements of the isochronous Galilei group®

® For further details we refer the reader to the appendix.
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G:=1{(, s, 1,v, R) €EGYs=0}. Furthermore consider the transition functions

Un R — Aut (o)

31)
b=y ors” ().
We define the Galilean field algebra bundle to be the fiber bundle
Ma=(Uieo:lgl xRx ) [~ . (32)

where the equivalence relation ~ is given by [, t, a] ~ [k, ¢, a’]: © t=¢ and
a =it a.

The set of transition functions {%; il siec! satisfies the necessary cocycle condi-
tion @5 =757 ;=idy and 50 Uij= TK‘"OrK‘”OTK‘”OTK‘"_ K’,"OhOh o= =7 so
My is well defined. Our intention is to show Ga111e1 invariance of the
time-evolution by defining it chart-independent on the Galilean field algebra

bundle. We will use the following

Lemma 4.1. Let 9= (A, s, 1, v, R) and 9= (A, s, I', v'.R’) denote two ele-
ments of G*, The composition law of the automorphisms

7o) @):=701E81om () @) ., VaEd (33)

is given by
7o(t+s) 01y (t) @) =70 (t) (@) ,  Va€EA (34)

where tER.
It can be verifed by restricting 7, to one parameter subgroups, that Lemma 4.1
reproduces the relations used by Narnhofer and Thirring [6] to characterise

Galilei invariance. We will see in a moment that this leads to a chart indepen-
dent description.

Proof. Let denote 9= (0,'s, 0,0, 1) og= (4, s, d, v, R). A straightforward
computation yields

o) 07y (1) (@) =10 (r207 (1) (0) +
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limZ% f d(tr..t) [T[’,co')’(Iﬁf%vm,o,awtk,v,R) (t+s"—tx) wa) |

n—oo ;. _
k=1 o5k

Lo [0 7B 0 avana (s — 1) (00), 220755 (1) @1.11)  (35)

Thus it remains to show that the spatial symmetry gets restored, limp—oo| [vn —

Tf’” ) (wn), al|=0, for all a €4 and tER. The following computation needs
some care: one has to make sure that simple substitution of variables does not

change the operator. This can be easily checked by computing {Tf‘" 1) (n),
ar} with the different expressions on the right hand side of the following ex-
pression:

75 (t) (va) = f d%21d°%,d°zs f dO V(g1 =g, ., 95)

lgil,lp <n |4l =const.

~ 210k (magy—mogz—meqs) , %
X (e : : aRq1+v (t—s) +I,Rﬁ1+ma11“'CR (gs+q) +v (t—s) +1.Rps+mav

2R (magr— Mgz —megs) ok
te * TR (et g) o (=) HLRps Fmaw O (q1Hg) +o (t—5) +1LRpyHmav

= f d%2z,d52z,d%z; f dO V(R (g1—1—vt) —R ' (gz—1—vt)|, ..., 85)

R (g, —1—vt)|<n IRl =const.
(R (py—mw)|<n

% %
X (azla’z‘lbzzbz'2023cég+Cz*3€;‘,:b;:b;’§azlaz})

= [ dadzdz [ 40 Vn—gl, .. 9)) @ZSbubscoca+cleoiinas) . (36)

lgi—a—vt|<n ldl =comst.
[pi—mw|<n

The change of integration boundaries vanishes in the limit # to infinity. Due to
the strong continuity of 7° this implies

s—tim 25 [ dlente) TeaorE ), L, [er0rf (), 73011 =
k.

Nn—o0
k= 0,s]k

—s—tin >0 [t [, L o), 0101, G7)

PO k=1 g

and consequently (34) holds.

Together with the kinematical automorphisms 7%™ the time evolution provides a
representation of the extended Galilei group G' as bundle isomorphisms on J:
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Theorem 4.2. Let h= (4, 0,1, 4, R) EGand = (A, s, I, v, R) EG*. Then
I0: G'— Iso (My), with

g — i My - My

G tad — [ tts, 1(0) @] (38)

with W = (A, s, I, v, R) © g7\, defines a representation of G as fiber
bundle-isomorphisms on My.

Proof. (i) First we show that i, does not depend on the representant of
the equivalence class: Let [g tal ~ [gf’, t', a’] be two representants of the same
equivalence class. Then (by definition) t=t" and a’= @ (t)a, therefore t+s=
t'+s. Furthermore

7o®) @) =7, ) (Wi () @)
= (7o 07ion) (t4+5) 07, 4) (@)
=B 1+9) (0 @) | (39)

with h=, s, ', v, R)ogt and W' = (', s, I', v/, K’) 09~Y. From (39) and the
definition (38) we infer i, ([g, t, a]) ~i,([g’, ¢, a’]), and thus i, is well defined.
(ii) The group multiplication law holds:

191, ([, t, a]) =i, ([4, &', [, v, R) 0g’!, t+5', 1, () (@)])
=[(A st+s" v, R)0gog) ™ t+ (s+5), 70w () (@)]
=igey ([h, ¢, al) (40)
for all g, g’ EGL
Corollary 4.3. s defines a Galilei invariant time evolution.

Proof. The restriction of II to the time component, Iljsime: R — Iso (My):

s — is: M_qf - J”&f

Uital — [ its 2a(@)] 4

defines the time evolution independent of the chart. |



820 CHRISTIAN D. JAKEL AND GUNTHER HORMANN

§5. Equilibrium and Ground states

True (pure phase) equilibrium states are distinguished by strict invariance
under time translations and stability against local perturbations. If we add
some technical assumptions, then these requirements are equivalent [28-30] to
a characterising property first found by Kubo, Martin and Schwinger [31-32]:
A state w over & is defined to be a (7, B) ~KMS state, if

w (ab) = (bfi,g (a) ) (42)

for all a, b in a norm dense, T-invariant *-subalgebra of &/, where & denotes
the set of analytic elements for 7. The GNS-representation (#uw, Tw, Qu)
associated with an equilibrium state wg connects our state-independent results
with the more common equilibrium formalism. While the laws of physics have
to be Galilei invariant, the KMS condition distinguishes a rest frame [33]. The
breakdown of Galilei invariance is an unavoidable consequence of the
Tomita-Takesaki theory: Any symmetry not commuting with time translations
can not leave a KMS state (over a simple C*-algebra) invariant ([34], see also
[35, 36]). If we want to describe a KMS state from a different inertial frame,
we have to use the following covariant KMS condition,

w (ab) = w (be, (a)) (43)

where {£::erC 7.} sec1 denotes the one parameter group of automorphism cor-
responding to the central element U=H—P%/2m of the extended Galilei group
(see Appendix).

Once we have established our C*-dynamical system (R, &, 7), the exist-
ence of equilibrium states for our model follows from the literature. We short-
ly outline the line of results. The free time evolution respects the tensor pro-
duct structure of &,

@®®)=7"@®101) @ (105 ®1) ®7°(1®1]¢) , (44)
for all a € 44, etc. The unique (z°, B, Ua, s, tc) -KMS state [8], where B=

1/kT is the inverse temperature and (s, M5 fc are the chemical potentials for
the different species, is given by

s (@ ®b ®c) =W} (@) Wy (b) Wh e () (45)

for all a €4, etc., with
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4
e P ama
B( A )f2n+; 1=1n (46)
—B(5,,——ua
1+e % %ma =1k

wz?,ﬂa (a';kl---a;iﬂzn+1---azn+k) = 5n,kDEt(<fo

and simlar for b and ¢. In order to see how the three chemical potentials enter
one has to examine the role of the U(1) gauge invariance more closely [37, 38].

Even if we allow chemical reactions only in a local region, the situation
changes dramatically: The tensor product structure is destroyed and we lose
control over the relative particles densities. The chemical reaction itself will
abjust the equilibrium relative densities, depending on the temperature. Never-
theless, for each initial choice of (B, ta, s, ttc) and each n € N there exists
([8], Prop. 5.4.1 and Cor. 5.4.5) exactly one (r, 8)-KMS state w3, when we
switch on the interaction®. The existence of KMS states in the limit n — ©° fol-
lows from standard arguments: the unit ball in #F* is weak™ compact, thus
there exists a subsequence7 of {w¥ .en converging to some state wg. It re-
mains to show that wj satisfies the KMS relation. A priory one can not be
sure that the intersection of the sets of analytic elements for the different auto-
morphisms is dense, but this problem can be avoided by using a different for-
mulation of the KMS condition ([8], 5.3.12) emphasising the properties of
analyticity: Let 9 denote the set of infinitely differentiable functions with com-

pact support in R. If ]76 9, then the inverse Fourier transform f is an entire
analytic function and since lim,-.7" exists with respect to the strong topology
on the automorphism group,

S at 705 ) =tim [t 7O wh 0z ) =1im [ ot e+iB) o (zF (0)a)

f—o0™

= [Tarr+iBws(r®)a) = [t f ) st b)a)  Vabed, . 47)

Now choose f; €D such that 0<F, <1, fi (x) =1 if |x| <k and f; (x) =0 if |z|>F

~ Wk wk
+1. Since f,— 1€ %, it follows that f— 0. Thus, for any bounded, con-
tinuous function ¢,

tim [ at £ 09 1) =4 0) (48)

k— o0’

% The reverse is of course false. Different initial states can lead to the same interacting KMS state.
" Since dr is separable the weak™ topology is metrizable on bounded subsets of &z*.
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and hence wg (ab) =wg (-5 (b)a) for all a, bE .. Uniqueness in the thermo-
dynamic limit #— o can no longer be expected for all temperatures,
since phase transitions might occur. There is no uniform convergence

lim,,_.msupu,,”:l”r{‘ (@) —7, @) |=0. Consequently also the representations given
by the KMS state wz and wpg will not be quasi-equivalent, which means that
there will be no weakly continuous isomorphism between the corresponding von
Neumann algebras. wg is space translation-invariant and the extremal
translation-invariant components of wp will not admit another normal
translation-invariant state [6].

§6. Appendix

In non-relativistic classical as well as quantum physics it is a basic assumption
that the laws of nature have a Galilei invariant meaning i.e., they are indepen-
dent of the actual time, the position, the orientation and the center of mass
momentum of the described physical system. Two descriptions of a series of
physical events are equivalent if they can be connected by a coordinate trans-
formation induced by an element ¢ = (s, I, v, R) ERQ®R*®R3®0 (3, R) of the
proper Galilei group G:

r’'=Rx+vi+i , V=t+s . (49)

Starting from an arbitrary coordinate system we can label equivalent frames by
the corresponding group element § € G. Space-time, or more precisely, the
space-time manifold ¢ is constructed by gluing different frames together and
then identifying equivalent points in different charts. While in Aristotelian
physics both, space and time, were absolute, every event defined by an instant
of time and a location in space, in Galilean physics space becomes relative: the
space-like distance of two space-time points with different time components has
no a priori meaning. Time remains absolute and gives rise to a (fiber-bundle)
projection pg: ¢ — R, providing a universal synchronisation prescription for
watches [39, 40]. Once the watches are synchronised in different charts, the
group connecting equivalent charts is reduced to the isochronous Galilei group
Goo=1{(s, 1, v, R) EG|s=0}. This is the starting-point for our construction of
the space-time fiber bundle. Equivalent points in the charts ¢ and & € Gy are
identified by transition functions ¢y (t) acting in the fiber R® (= space) and
depending on the base point t€ER (=time).

Definition. Let g, # € G. and E; denote the Euclidean group in three
dimensions. Furthermore, consider the following transition functions
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i R — E
Ggi 3 (50)
t — g5 (t) toes (t)
where ¢; (t) r:=Rx+uvt+1. The space-time manifold /g,
M= (Ugec. 19} xRXRY) [/~ . )

is described by the equivalence relations [, t, z] ~ [h, ¢, z']: © t=¢ and 2’ =
¢ig (t) x. The bundle projection is given by p¢ ([g, t, x]) =t. Galilean
space-time is defined to be the fiberbundle (Mg, pe, R) with fiber R2

Although Jl¢ is split up into space and time components in every (uniformly
moving) coordinate system g: Me— R X R3 there is no canonical projection
from JMc— R® Mg is trivializeable, but not canonically trivial. By definition,
the set {¢il giec. fulfills the cocycle conditions ¢4i© ¢if= 37 and ¢5;=1id on
R?, the required compatibility condition for the construction of fiberbundles
[41].

The Galilei group was analysed in detail by Lévy-Leblond [20]. We col-
lect a few facts relevant for a discussion of the present model. Each element of
the Galilei group G can be written as a product of a time translation (s, 0, 0, 1),
a space translation (0,1, 0, 1), a pure Galilei transformation (0, 0, v, 1) and a rota-
tion (0, 0, 0, Rg) with generators H, P, X, J respectively:

(s,a,vRg)=1(5,0,0,1)0(0,a,0,1)0(0, 0,v,1)2(0, 0, 0, Ry)

:e—tl'lse—zPle—tvae—iJﬂ , (52)

where @ denotes the three rotation angles. A scaling factor m € R* was intro-
duced in front of v, so that the notation is closer to the standard notation in
classical mechanics. So far space and momentun translations commute, as can
be seen from the group multiplication law. In classical mechanics the observ-

ables form an abelian algebra of functions over phase space T* (R®). The
generators P, X, J and H are identified with the momentum, position, angular
momentum and energy of the physical system.

In quantum theory this scheme is generalised by releasing the commutativ-
ity of space and time translations. Since Galilei invariance should not be
affected by gauge transformations, a central extension of the Galilei group seems
appropriate. U(1), the gauge group of classical electromagnetism, is the minim-
al choice.

Definition. Let m €R. The extended Galilei group (G™, ©) is the eleven
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parameter group 9= (4, s, a, v, R) ES*XRXR3XR3*X 0 (3, R) with the group
multiplication © defined by®
A, s, lv,R)o(X s, I'v,R)=

2 7
(,1 +,z'+m(22i+v.m'), s+s’ 1+RI'+vs', v+RY, RR’> . (53)

Let M denote the generator of the gauge transformations. Then the Lie algebra
of the extended Galilei group G™ is characterised by the relations:

., Jil =iede  [J;, HI=0 [P, P;]=0
[Ji, Xj] =1€; Xy [Ji, M] =0 [P, H]=0

Ji Pi] =1€; Py [Xiv X,-] =0 [P; M]=0 (54)
X, Pj] =id;; (X, M]=0 [H, M]=0
[mX,-, H] =iPi

As argued, the extension is central, so M commutes with all other Lie algebra
elements. The total mass M, the internal energy U:=H—P?/2m and the spin,
i.e, the internal angular momentum S*= (J—XXP)2=s5(s+1) generate a three
dimensional center of the group and are therefore chart independent properties
associated with a particle.

As pointed out in [19], the difference between Galilei and Poincare in-
variance is that, if we add an interaction V to the Hamiltonian H=H.+V, the
commutation relations are not modified in the Galilean case, provided that ¥
commutes with (P, J, K, M), while in the relativistic case any modification of
the Hamiltonian requires a subsequent modification of other elements of the Lie
algebra, since the Hamiltonian appears in the commutator of the generators of
space translations and pure Lorentz transformations.

All the quantities usually considered as physically relevant, namely the
energy, momentum, position, angular momentum and mass, appear as generators
of the (extended) Galilei group. The problem is that for systems with an infi-
nite number of particles quantities like the Hamiltonian or even the particle
number are not well defined without reference to a Hibert space representation.
Here we present a representation of the Lie algebra of G™ as an algebra of de-
rivations acting on 4.

Proposition 6.1. Each 7,(t), 9 EG™ can be written as a product of derivable
automorphisms,

8 Here m €R denotes a parameter labeling different extensions of the Galilei group. Note that the
factor mg (resp.m) in (4) (resp. (5)) has a somewhat different origin.
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70 =73.0.0.0.0°70.50.00°70.0.1.0.1°70.0,0.51) #) 07,000, R) - (55)

The corresponding derivations Om, Om, Op, Ox and O3 define a vepresentation of the
Lie algebra of G™ on a common dense set D,

(1., 03] =i€,, Oy, [0y, 0ul =0 [Op,, Op,] =0
(03, 0x] =i€iji, Ox, [0y, Om] =0 [6p, 0u] =0
(03, Op.] =i€ij, Op, [0x,, 0x,] =0 [Op, Om] =0 (56)

[0x., Op,] =i0y; [0x,, 6m] =0 [0m, om] =0
[0x,, Oul =i5P.

where the Lie-bracket is defined by [0, 6'] (a): =0 (0" (@) =0 (0()), VaEA.
(Note that 0y is the Kronecker symbol, while all the other 8's denote derivations.)

Proof. Let D= {bulbE A}, with
_(n\"? —n(s2+12+02) 3713
bw=(7) " ) Toarun ®e dsd¥ld ,  bEL . (57)

[ <[]l for all #, and b,— b in the norm topology as n — 0. It follows ([7],
2.5.22.) that each b, is an analytic element for 7,. For example, there exists a
derivation Jp,

(0 0 =tim| [ dpafat [ azpprt [ dzpctenns . (69)

m—oo
lql,lp| <m lal,lp| <m lql.lpl <m
b, €D, such that
10p) ¥ (b I|¥
70.0.1,0,1) (ba) = Z—( P)k!( ») and Z%Ila’;, (ba)|[<+o , VIEUCR®,
k>0 k>0
(59)
for some open neighbourhood U of the origin in R® The multiplication table
(56) can be established by direct computation. ]
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