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Minimal Affinizations of Representations
of Quantum Groups:
the Rank 2 Case

By

Vyjayanthi CHART™

Abstract

If U, (g) is a finite-dimensional complex simple Lie algebra, an affinization of a finite-dimensional
irreducible representation V of U, (g) is a finite-dimensional irreducible representation V of U, ()
which contains V with multiplicity one, and is such that all other U, (g) -types in 7 have highest
weights strictly smaller than that of V. We define a natural partial ordering X on the set of af-
finizations of V. If g is of rank 2, we show that there is a unique minimal element with respect to
this order and give its U, (g) -module structure when g is of type Az or Ca.

Introduction

If g is a finite-dimensional complex simple Lie algebra, the associated ‘un-
twisted’ affine Lie algebra § is a central extension, with one-dimensional centre,
of the space of Laurent polynomial maps C*— g (on which a Lie bracket is de-
fined using pointwise operations). Since the cocycle of the extension vanishes
on the constant maps, we can regard g as a subalgebra of §. If V is any repre-
sentation of g, it is easy to extend the action of g on V to an action of § on the
same space. If a €C*, evaluation at a gives a homomorphism ev,: §— g (under
which the centre maps to zero) which is the identity on g, so pulling back V by
evq gives the desired extension. It follows from the results of [2] that, if V is
finite-dimensional and irreducible, these are, up to isomorphism, the only possi-
ble extensions.

Quantum deformations U, (g) and U, () of the universal enveloping algeb-
ras of g and § were introduced in 1985 by V. G. Drinfel’d and M. Jimbo. These
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algebras depend on a parameter ¢ €C*; we assume throughout this paper that ¢
is transcendental. It is well-known (see [5] or [10], for example) that, up to
twisting by certain simple automorphisms, there is a natural one-to-one corres-
pondence between the finite-dimensional representations of U, (g) and those of
g. Corresponding representations have the same character, and hence the same
dimension. However, the structure of the finite-dimensional representations of
U, () is not well-understood. A parametrization of these representations in
the spirit of Cartan’s highest weight classification of the finite-dimensional irre-
ducible representations of g is proved in the case g=sl, in [3], and in [6] in
general.

As in the classical situation, we may regard U, (g) as a subalgebra of
U,(§). If g is of type sly, the action of U, (g) on any representation V extends
to a representation of U, (§). However, if § is not of type slu, it is not usually
possible to extend the action of U, (g) on an irreducible finite-dimensional rep-
resention V to an action of U, (§) on V. Thus, it is natural to ask how V can
be ‘enlarged’ so as to obtain a representation of U, (§). To make this question
precise, we define in this paper a natural partial ordering on the set of iso-
morphism classes of representations of U, (g). By an affinization of a finite-
dimensional irreducible representation V of U, (g), we mean an irreducible rep-

resentation ¥ of U, (§) which contains V as a U, (g)-subrepresentation with
multiplicity one, and such that all other irreducible U, (g) -subrepresentations of

V are strictly smaller than V. (There is a clear analogy with the classical
Harish Chandra theory of (g, K) -modules here.)

We prove that any given representation V has only finitely many affiniza-
tions (at least one) up to U, (g) -isomorphism, and one may ask if any of them is
‘canonical’. A reasonable interpretation of this question is to look for the
minimal affinization (s) of V, with respect to our partial order. If g=sls, we
show in [4] that every finite-dimensional irreducible representation of U, (g)
has, up to U, (g) -isomorphism, a unique minimal affinization. In this paper, we
prove that, if g is of type C; or G, there is again a unique minimal affinization,
and we describe it precisely in terms of the highest weight classification of rep-
resentations of U, (§) mentioned above. In contrast to the sl, case, the minimal
affinization in these cases is not, in general, irreducible as a representation of
U, (g) In fact, in the C; case we describe the structure of all minimal affiniza-
tions as representations of U,(g); a consequence of this result is that the mini-
mal affinization of V is irreducible under U, (g) if and only if the value of its
highest weight on the short simple root of g is 0 or 1. Subsequent papers will
deal with the case when g has rank greater that 2.

The problem of constructing affinizations of representations of U,(g) is im-
portant in several areas of mathematics and physics, as has been emphasized by
I B. Frenkel and N. Yu. Reshetikhin, among others (see Remark 4.2 in [9]).
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As one example, recall that, to any finite-dimensional irreducible representation
V of U, (g) one can associate an R-matrix, i.e. an element R €End (V ®V) which
satisfies the ‘quantum Yang-Baxter equation’ (QYBE). There are many situa-
tions, however, in which it is important to have a solution of the ‘QYBE with
spectral parameters’. This is so, for example, in the theory of lattice models in
statistical mechanics, for only when the R-matrix constructed from the
Boltzmann weights of the model satisfies the QYBE with spectral parameters
can one prove the existence of commuting transfer matrices and deduce the in-
tegrability of the model. (See [5], for example, for an introduction to these
ideas.) Thus, it is natural to ask when R can be ‘embedded’ in a
parameter-dependent R-matrix R (x) €End (V® V). A sufficient condition for
this is that the action of Ug(g) on V extends to an action of U,(§) on V, for
then V itself can be embedded in a l-parameter family of representations of
U,(§) by twisting with a certain 1-parameter family of automorphisms of U, (Q)
(which correspond, in the classical case, to ‘rescaling’ the C* parameter in §).
A second example concerns the affine Toda field theory associated to §.
This admits U, (§*) as a ‘quantum symmetry group’, where §* is the dual affine
Lie algebra (whose generalized Cartan matrix is the transpose of that of g). It
is well known that the classical solitons of this theory correspond essentially to
the finite-dimensional irreducible representations of §. The solitons (or parti-
cle states) of the quantum theory should therefore correspond to the finite-
dimensional irreducible representations of U,(g*). Since not all representa-
tions of U,(g) are affinizable on the same space, the quantum solitons come in
‘multiplets’, and there are generally ‘more’ quantum solitons than classical ones.

§1. Quantum Affine Algebras

Let g be a finite-dimensional complex simple Lie algebra with Cartan subalge-
bra y and Cartan matrix A = (a;;) ijer. Fix coprime positive integers (d:) er
such that (diaij) is symmetric. Let R be the set of roots and R* a set of posi-
tive roots. The roots can be regarded as functions I — Z; in particular, the
simple roots a; ER™ are given by

a,(j)=a; , (G,jED .
Let Q= @ ;c;Z.a; Cy™ be the root lattice, and set Q= 2,/ N.a.
A weight is an arbitrary function A: I — Z; denote the set of weights by P,

and let

Pr=1{1€P. 1() =0 for all i €1}
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be the set of dominant weights. Define a partial order =on P by
A=p iff A—puEQRT .

Let @ be the unique highest root with respect to =.
Define a non-degenerate symmetric bilinear form ( , ) on y* by

(i, &) =diasj |

(9, 0), ago =2,

Do =

and denote by ( , ) also the induced form on Y. Set do=

and, for all 1 €1,

2 (6, C(,')

doi™ 6,6 - 10— (i, i)

Let 7=1 II {0} and A= (a;;)ijer. Then, A is the generalized Cartan matrix of
the untwisted affine Lie algebra § associated to g.

From Section 5 onwards, we shall be interested in the case when g is of
type C2. Then,

I= {]., 2} , d0=d1=2 , de=1, 0=a1+20{2 y
2 0 -1
2 —1 ~
A= , A= 0 2 -1,
-2 2
-1 —2 2

the rows of A being numbered 0, 1, 2.
Let g€ C* be transcendental, and, for v, n EN, n=>r, define

["]ngqzi-_qq_:;
[n] = [n] q [n—1] g (2] q (1] a5

If €7, let ¢;=q™.

Definition 1.1. With the above notation, U,(§) is the unital associative

algebra over C with generators ¥, k' (€T ), and the following defining relations:
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k,‘ki—l:ki-lki:]. , kikj=kjki )
kixf ki'=qf™ xf |

k,‘ _k—i—l

[xt, 7] =0y .

i—

1—ay 1— ij
2 [ aj]q @)z} @) r=0, iFj . (1)

r=0 4

The algebra with gemevators x¥, kf' (i €I) and the above defining relations
(with the indices i, j vestricted to I) is denoted by U, (g).

Note that there is a canonical homomorphism of algebras U,(g) — U, (8)

which takes xf — x¥, kf — kf for all i€1. The following result is well-known
(see [5], for example).

Proposition 1.2. U, (§) has the structure of a Hopf algebra, with comulti-
plication A, counit €, and antipode S, given by

Alx?) =z ®k;+1®x7
A7) =z7 ®1+k1®x; |
AR =kF ®FFT
eixf) =0, e@®=1,
S =—xf k', Ski)=—kxr, SEH=K",

for all i€T. Movreover, Uy (g) 1s a Hopf algebra with structure maps given by the
same formulas, but with the index i being restricted to the set I. [

It is well-known that § may also be described as a central extension, with
one-dimensional centre, of the loop algebra of g, i.e. the space of Laurent

polynomial maps C*— g under pointwise operations. Drinfel'd [7] and Beck
[1] give an analogous realization of U, (§):

Theorem 1.3. Let A, be the unital associative algebra with gemerators xi,

(€Lr€Z), kP GED, h,,GEIL rEZ\ {0} ) and c*V?, and the following defining
relations:

c*V2 ave central |

ktkt—l =kt—1k1= 1' CI/ZC_I/Z=C_1/ZCI/2:1

kiki=kik;, kihjy=hjy k, |

’
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ktxjrkt a" x;r ,
c"—c7
[him hi,s] = 51*,—37 [‘Vaij] o 4 >
q;—4q;j
1
[hi,r, -Z'Ji,s] = i?[raij] q, c¥In2 -Tji,r+s ,

*aij

+ + __ _ta + + + +
Xir+1 Xis—q1 " Xjs Tire1—4i xl r -rj s+1~ Ljs+1 Lir ,

—(r—s)/2¢_— .
i,7+s

(r—s)/2 4+
-1—=5C Giris—c
[x?:n -Tj,s] =0y 1 )
qi—qi
3 + + + .+ + —0) ffr
Z Z ( 1) [ ] Lirrwe Liraw Lh,s Lirnten--- L 7reem =0, 19&] ,

neZm k=0
for all sequences of integers 11,..., Tm, wheve m =1—aj;, 2im is the symmetric group

on m letters, and the QF, are determined by equating powers of u in the formal power
series

Zqﬁ,i uEr=p#! exp( Zh,,is uis> )

7=0

If 0=2icr mia;, set ke= Il ;e k™.  Suppose that the root vector T § of g corre-

sponding to 0 is expressed in terms of the simple root vectors T 7 GEI) of g as
ri=Alrhlx [Tk Ti].]
for some AEC*.  Define maps wi: Uy (§)— U, (8) by

wi (@) =z, a—kE akf' xi, .

Then, there is an isomorphism of algebras f: U, (§)— o, defined on generators by

f (ko) =kz", £ (ks) =k, f (&}) =xfo, GEI) ,
f(xa—) =Y Wiy... Wik (x;,l) kﬁ_l ,

fxg) =2Akg wh...wt, (x3_)

where uEC* is determined by the condition

—p-1
[cf, 23] =20 k0 kfl. O
qgo—qo
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Let U* (resp. U°) be the subalgebra of U, (§) generated by the x% (resp.
by the @¢%,) for alli€I, vEZ. Similarly, let U* (resp. U°) be the subalgebra of

U,(g) generated by the x¥ (resp. by the kf!) for all i€1. It is not difficult to
prove

Proposition 1.4. (a) U,(g) =U". U°. U*.

MU =000 O

It is clear that setting

deg (xt,) =deg (h.,) =7, deg(c*V?) =deg (kf') =0, (€I, r€Z)

gives Ug(d) the structure of a graded algebra. The following result is a more
precise formulation of this remark.

Proposition 1.5. For all t €EC*, there exists a Hopf algebra automorphism T,
of Ug(§) such that

Tt (xf,:r) =" (xz%r)y Tt (hi,r) =t"hi» ,

o () =k, () =2 |

Proof. It is clear, as we have already said, that there is an algebra auto-
morphism 7; given on generators by the above formulas. To see that 7; re-
spects the coalgebra structure, note that, by the formula for the isomorphism f
inl.3,

Tt(xti)zxii, 7, (kFY) =k, Gl

7 (xF) =T, . (kF!) =k3' .
Using 1.2, it is easy to check that both sides of the equations
(z:®7)04=A07, 1,08=S07,
agree on the generators in 1.1, and hence on the whole of U, (§). [
The 7; are the quantum analogues of the ‘translation’ automorphisms which
take a loop £ C*—g to the loop & given by & (u) =£€(tu).

We shall also need to make use of the quantum analogue of the Cartan in-
volution of §:
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Proposition 1.6. There is a unique algebra involution @ of U, (§) given on
the gemevators of the presentation 1.3 by

@ (x%r) = _xi—ry @ (hi,r) = _hi,—r ,
@ (PE) =di-r, @®FY) =k, )
& (Ctl/z) =,F12
Moreover, we have
(@®@)0A=A4" oG , 3)
@ los logoS=g , 4)

where A% is the opposite comultiplication of U, (§) and K is the Hopf algebra auto-
morphism of Uy (§) such that

k(xf) =q¢f? xf, cE) =k (G€I) .

Proof. That the formulas in (2) do define an algebra involution of U, (§) is
easily checked, using 1.3. To prove (3) and (4), we compute @ (x#). Note
that, for any a €U, (§),

@ wf (a)) =@ (xfo a—kF* aki xio)
=— (xFo @(a) —kF' & (a) kT xF0)
=—uwi (@) .

It follows from the formula for the isomorphism f in 1.3 that

@ (xg) = —p(—1) *wh... wh (xF-1) ks
=—2Tu(—1*g xy ,

and, because @ is an involution,
@ (xo) =—Ap™ (1) %% x5 .
Equations (3) and (4) are now easily checked on the generators in 1.1. []

It is clear that @ is compatible, via the canonical map U,(g)—U,(d), with
the Cartan involution w of U, (g) given by

w(xt)=—xf, o) =k (€I .



MINIMAL AFFINIZATIONS 881
§2. Finite-dimensional Representations

Let W be a representation of Ug(g), i.e. a (left) U,(g) -module. One says that
AEP is a weight of W if the weight space

W= lweW| k. w=q¢}* wl

is non-zero; the set of weights of W is denoted by P{W). We say that W is of
type 1 if

w=@P w, .

A€P(W)

The character of W is the function chw: PN given by chw(A) =dim (W,).

If W is representation of U,(g), one says that w € W; is a highest weight
vector if x7. w=0 for all i €L If W=U, (g) w, one says that W is a highest
weight representation with highest weight 4. Lowest weight vectors and repre-
sentations are defined similarly, by replacing x} by x7.

For a proof of the following proposition, see [5] or [10].

Proposition 2.1. (a) Every finite-dimensional representation of U,(g) is
completely reducible.

(b) Every finite-dimensional irreducible representation of U,(g) can be obtained
from a type 1 representation by twisting with an automorphism of U,(g).

(c) Every finite-dimensional irreducible representation of U, (g) of type 1 is both
highest and lowest weight. Assigning to such a vepresentation its highest weight
defines a bijection between the set of isomorphism classes of finite-dimensional irve-
ducible representations of U,(g) and P*.

(d) The finite-dimensional irreducible representation V (1) of U,(g) of highest
weight A € P* has the same chavacter as the irreducible vepresentation of g of the
same highest weight. []

By (a) and (c), if W is any finite-dimensional representation of U, (g) of
type 1, we can write

we @ V(l) Om, (W)

AepP+

for some uniquely determined multiplicities m; (W) €N. It will be useful to de-
fine m; (W) =0 for A€ P\P™.
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Proposition 2.1 (continued). (e) The multiplicities of the irveducible com-
ponents in the tensor product V() ®V (u), where A, p EP*, is the same as in the
tensor product of the irreducible representation of g of the same highest weight. []

We now turn to representations of U, (§). Note that such a representation
V may be regarded as a representation of Uq(g) via the canonical homomorph-
ism U,(g)—U,(§). We say that V is of type 1 if ¢/? acts as the identity on V,
and if k; acts semisimply on V for all i€I. Observe that V is then of type 1 as
a representation of U,(g); in particular, the multiplicities m; (V) (1 €P) are
well-defined.

A vector vEV is a highest weight vector if

i v=0, ¢&. v=0w, v=v ,

for some complex numbers @F,. If, in addition, V="U, (Q) v, then V is called a
highest weight representation, and the pair of (I X Z) -tuples (@%,).cr,ez its
highest weight. Note that @;, =0 (resp. ®i,=0) if <0 (resp. if »>0), and
that @ ®@ip=1. (In [5], highest weight representations of U,(g) are called
‘pseudo-highest weight’.) Lowest weight vectors and representations of U, ()
are defined similarly.

The following result is proved in [5].

Proposition 2.2. (a) Every finite-dimensional irreducible representation of
Us(§) can be obtained from a type 1 representation by twisting with an automorphism
of Ug (g)

(b) Ewvery finite-dimensional irreducible representation of U,(§) of type 1 is
both highest and lowest weight. [

Note, however, that in contrast to the case of U, (g) finite-dimensional rep-
resentations of U, (§) are not completely reducible, in general.

The next result gives a parametrization of the finite-dimensional irreduc-
ible representations of U, (g) of type 1 analogous to that given for U,(g) by 2.1
(¢). If P=(P;)ics is any I-tuple of polynomials P;EC [u], its degree deg(P) €
P* is defined by

deg (P) (i) =deg (P:) .

Let & be the set of I-tuples of polynomials with constant term 1, and, for any A
EP*, let

P={PEP|degP)=4} .
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Theorem 2.3. Let V be a finite-dimensional irreducible rvepresentation of

U,(@) of type 1 and highest weight (D%,).crrez. Then, there exists P= (P;) i/ €
P such that

oo . ,_2 =
Z‘D?fr urzqgegwdp};.((;)“) = E :@Er uw’, (5)
1 =0

r=0

in the sense that the left-and right-hand terms arve the Lauvent expansions of the
middle term about 0 and °°, respectively. Assigning to V the I-tuple P defines a
bijection between the set of isomorphism classes of finite-dimensional irreducible rep-
resentation of U, (§) of type 1 and 2. [

This result is proved in [3] when g=sl,(C), in [5] when g=sl,(C), and
in [6] in the general case. We denote by V (P) the finite-dimensional irreduci-
ble representation of U,(3) associated to P € ®. Abusing notation, we shall
say that a representation V as in 2.3 has highest weight P.

The next result describes the behaviour of the representations V (P) under
tensor products. If P= (P,) jer, Q= (Q:) ic1 E P, let P ® QE P be the [-tuple
(PiQ:) ier.  Obviously, deg (P ®Q) =deg (P) +deg(Q).

Proposition 2.4. Let P, Q EP be as above, and let ve and vq be highest
weight vectors of V(P) and V(Q), respectively. Then,in V(P) @V (Q),

xi, (vp ®vq) =0, ¢F. (vp ®uvq) = % (vr Ovgq) ,

where the complex numbers W% are related to the polymomials P;Q, as the OF, are re-
lated to P, (5). [

The proof is essentially the same as that given in [3] when g=sl,(C).
Corollary 2.5. IfP, QE?, V(P ®Q) is isomorphic to a quotient of the sub-

representation of V (P) ® V (Q) generated by the tensor product of the highest weight
vectors. []

Let A; (i€I) be the fundamental weights of g:
Ai(j)=0dy5  G.jED .

For any a €C*, let V(4;, a) =V (P), where

1_ -1 .f .=.’
P ={] O
1 if 751 .
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The V (4; a) are called the fundamental representations of U, (§). This termi-
nology is justified by the following consequence of 2.5:

Corollary 2.6. Every finite-dimensional irreducible vepresentation of U, (§)
of type 1 is isomorphic to a subquotient of a tensor product of fundamental vepresenta-
tions. []

§3. Minimal Affinizations
We propose the following definition.

Definition 3.1. If A € P, a finite-dimensional irreducible vepresentation V
of Uy (8) of type 1 is said to be an affinization of A if the highest weight P of V
satisfies deg (P) =A. Two affinizations V and V' of A are said to be equivalent if
V and V' are isomorphic as representation of U, (g).

Remark 3.2. It follows from 1.3 that, if V is an affinization of A, then

vz=vie @ vig™v

{ueP+|p<2}

as a representation of U,(g). Thus, V gives a way of ‘extending’ the action of
U, (g) on V (4) to an action of U, (§), at the expense of ‘enlarging’ V (1) by
adding representations of U, (g) of smaller highest weight.

If V is an affinization of A, we denote its equivalence class by [V], and we
write @7 for the set of equivalence classes of affinizations of 1. Note that there
is an obvious surjective map P*—2* given by P~ [V (P)].

One can easily describe 2% in case A is fundamental:

Proposition 3.3. For any i €1,

= {[v(, DIt .
Proof. We need the following lemma, which will also be used elsewhere:
Lemma 3.4. Let 0: U, (§)—End (V) be a finite-dimensional irreducible rep-

resentation of type 1 with highest weight P = (P;) ,e1. For amy t € C*, denote by
75(V) the representation 00T, Then, T (V) has highest weight P'= (P) je1, where
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Pt (u) =P;(tu) .

Proof. This is immediate from (5), since

. (¢F) =t*"¢f,  GE€Lv€Z) . O

If V is an affinization of A;, with highest weight P = (P;) ics, say, then
deg (P;) =2;(i) =6, so V=V (4, t) as representations of U, (3), for some tEC*.

But then ¥ (V) =V (4;, 1). In particular, V=V (4;, 1) as representations of
Ug(g). This proves 3.3. [

For arbitrary AEP*, we have
Proposition 3.5. For any AEP*, 2% is a finite set.

Proof. Let V be an affinization of A, let P €% be the highest weight of V,
and suppose that

A(1)

P =] a—ak) |

where a,,€C*. By 2.5, V is isomorphic to a subquotient of

A0
® < ® V(/Ii, ai,r))

1€l

(the terms in the tensor products may be taken in any order). By 2.1(a) and
3.4, V is isomorphic as a representation of U,(g) to a subrepresentation of

® V(A 1) 40

el

Up to isomorphism, this representation obviously has only finitely many subrep-
resentations, hence 3.5 is proved. [

The rest of this section is devoted to the definition of a natural partial
order on 2%, It is convenient to first define a partial order on a set which con-

tains all of the 2%. Namely, if f: P*—N is any function, let

supp (f) = 1A€P* | £ (2) >0}
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and define
F={fEN?"| supp (f)is finite} .
Definition 3.6. Let f, s€EF. We say that fXg iff, for all uEP*, either

(i) flu) <g(),or
(ii) there exists v>p with f(v) <g(v) .

Proposition 3.7. =<is a partial order on F.

Proof. That f<f, for all fEZ, is obvious. If f<g and g=<f, suppose for a
contradiction that there exists g € P* with f (#) # g (u). Note that, since
supp (f) U supp (g) is finite, there are at most finitely many such g, so we may
assume that ¢ is maximal (with respect to the partial order on P*) among those
weights for which f () #g («). Without loss, assume that f (¢) <g (¢). Since
g=<f, there exist v>p with f(v) >g (v); but this contradicts the maximality of s.

Suppose finally that f, g, R EZ are such that f<g and g=<h, and assume for
a contradiction that fX4. This means that there exists #EP* such that

() >h(u) and, for all v>pu, f(v) 2K (v) . (6)

If 3.6 (i) holds for f and g, then by (6), g (u) >h (¢). Since g=<h, there exists
V' >p with g (V) <n (V). By(6), (V) =n(V). Thus,

(i)’ there exists V' >pu with g (V') <n (V') <f (V).
On the other hand, if (3.6) (ii) holds for f and g, then by (6),

(i) there exists v>u with 1 (V) <f(v) <g (v).

Note that any v satisfying (ii) * lies in supp (g). Thus, if there exists v
satisfying (ii)’, we may assume that v is maximal with this property. Since g
<h, there exists V> v with g (') <k (V). Since v'>p, (6) implies that v/
satisfies (i)’. But since f<g, there exists V">V with f (") <g (v"). Then,
(6) implies that V" satisfies (ii)’. Since V">, this contradicts the maximality
of v.

Similarly, assuming that (i)’ holds for some V' also leads to a contradiction. []

If V is an affinization of A, define fy €F by
fr) =m,(V), (uEP) .
It is clear that fy depends only on the equivalence class of V, and that the map

P—F given by [V]—fy is injective. Thus, <induces a partial order on 2%,
which we also denote by X.
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Definition 3.8. If A€ Pt and [V], (W] €% we write [V] X [W] iff, for
all uEP*, either,

() mu (V) <m, (W), or

(ii) there exists v>p with my, (V) <m, (W).

An affinization V of A is minimal if [V] is a minimal element of 2* for the par-
tial order<, i.e. if[W] €2% and [W] < [V] implies that [V] = [W].

It follows immediately from 3.5 that

Corollary 3.9. For any AEP*, minimal affinizations of A exist. [

§4. The Rank 1 Case
In this section, g=sl>(C) and I= {1} .

Definition 4.1. Let r€EN, a €C*. The q-segment Sy, of length v and cen-
tre a is the set of non-zero complex numbers lag q wag” Y. Two g-seg-
ments Sy and Sy, of lengths vy and 72, ave said to be in special position if S; U S; is,
when suitably ordered, a q-segment of length strictly greater than max {ry, 75} ; other-
wise, Sy and Sy are said to be in general position.

—-r+1 —7+3
, @ )

We recall the main result of [3]:

Theorem 4.2. Let €N, a €EC* and write

Py (M> = H (1 _a—lqr—2k+1u) ,
k=1

so that the voots of Pyq ave the elements of Sya. Then:

(@) V (Pra) is irreducible as a representation of Ug(sly), and has dimension
r+1;

(b) a tensor product

|4 (Pn,ax) V (Prz,az) @ ®V (Prm,am) , (7)

where 1, 13,..., tTm €N, a1, az,..am € C*, is irreducible as a representation of Uy (5lz)
iff each pair of q-segments Sn.ax, Snaw for 1 <k <I<m, is in general position.
Moreover, two irreducible tensor products of the form (7) are isomorphic as representa-
tion of Uy (Sl2)iff one is obtained from the other by permuting the factors in the tensor
product;
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(¢) every finite-dimensional irreducible representation of U, (Sl2) of type 1 is iso-
morphic to a tensor product of the form (7). [

Corollary 4.3. For any rEN, 2" has a unique minimal element. This el-
ement is represented by V (P), where P is any polynomial of degree v whose roots form

a g-segment. If [W] €D is not minimal, then m_nz (W) >0.

Proof. The first part is immediate from 3.4 and 4.2. If [W] €2 is not
minimal, then by 4.2(c),

w=sv (Pn,m) ®® V(Prm,am)

where 71+ +7, =7 and m>1. By 2.1 (¢) and the well-known Clebsch-
Gordan decomposition for representations of slz (C), the second part of 4.3 fol-
lows. [

We record the following result here, as it will be needed later. It is an im-
mediate consequence of Proposition 4.9 in [3].

Proposition 4.4. Let 7, s€EN, a, b €EC*, and let v, w be Uy (§lz) highest
weight vectors in 'V (Pra), V (Psp), respectively. Then, W= U, (515). (v ®w) is a
proper U, (51,) ~subrepresentation of V=V (P,q) ®V (Ps;) iff b/a=q"S"*2 for some
0<p<min fr, st. In that case, W and V/W are irreducible as representation of
U, (Sly) and, as representations of U, (sly),

W=V (a+s)A) @V (r+s—2)A) &V ((r+s—2p+2) 1) ,
V/IW=V(r+s—2p) ) @V ((r+s—2p—2)A) @@V (r—sla) . O

§5. Classification in the Rank 2 Case
In this section, g is of rank 2 and I= {1,2}.

Theorem 5.1. Let A=r A1 +1d, EPY. Then, 9* has a unique minimal el-
ement. This element is represented by V (P), where P € P, iff the following two
conditions are satisfied:

(a) for each i=1,2, either P;=1 or the voots of P; form a q;-segment of length
7; and centre a; (say):

(b) if P1#1 and P,#1, then

ﬂ= dir1+darz+2dz2—1 v —(d171+d2r2+2d1-1)
as q or 4 .
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The proof of 5.1 will occupy the remainder of this section. If g is of type
A, it is proved in [4]. From now on, we assume that g is of type C; or Ga.

Proof of 5.1(a). To prove that 5.1(a) is necessary, we need the following
three lemmas.
To state the first lemma, we note that, for each 1=1,2, there is an algebra

homomorphism Uy, (51,) —U, (§) such that x§,—xE,, ki—k; hy,—h,, (this is clear

from 1.3). Let Uq be the image of this map; it is known [1] that U = U, (5l,).
The subalgebra Uy = U,, (sly) of U, (g) is defined similarly. For any u€P, let

L be the restriction of g to {il . Define Q=Z.c; and Q% =Z+.a;. Note that
Uw is a Hopf subalgebra of U, (g), but that fjm is not a Hopf subalgebra of

U, (g). We denote by 4 the comultiplication of (7m and Uq) induced by their
isomorphisms with Uy, (8l5) and Uy, (sly), respectively.
Now let A€ P, let PE%* and let M be a highest weight representation of

U, (g) with highest weight P and highest weight vector m. Let My = ﬁ(i).m.
Then, it follows from 1.4 that

Muy= @ M-y . )

"EQTA)

Similarly, let xEP*, QE%P* let N be a highest weight representation of U, (§)

with highest weight Q and highest weight vector %, and let Ny = ﬁ(i).n. Then,
we have

Mu®Ny= @ (M®N) 14u—n - )

”EQ’::)

Indeed, it is obvious that the left-hand side of (9) is contained in the
right-hand side. On the other hand,

(M ®N)1+”—-1]= @M)_n' ®N/_¢—n” y

n.n’

where the sum is over those 7', B” € Q" such that ' +7n"=7. But, since n €
Q{y, this clearly forces n’, n” €Q%), so by (8), (M ®N) 144-n My ®N. This
proves (9).

Now, My ® N,y admits an obvious action of ﬁ(i) by using 4¢); we denote
this representation by Mu ® ZWN). On the other hand, for weight reasons, the
action of the 4 (x#,), 4 (¢i), for all rEZ, obviously preserves @ ,eqt, (M ®N)
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i+u—y. This gives another representation of ﬁm on My ® N, using 4, which
we denote by M) ®N ).

Lemma 5.2. (a) Fori=1,2,

AxEse) —Aw (xia) € @ Us()  ®Ug (@)

n’n’

where the sum is over those 7', 1" €Q\Qu) such that ' +1" =t a;, and
Us@) = €U, @) lkuki*=q)? u forall jEI .

(b) The identity map M ® oNo— M ®Ng is an isomorphism of representa-

tions of (7(,').

Lemma 5.3. Let PE P and let ve be a highest weight vector of V (P).
Then, for each i=1,2, Uu).vp is an irreducible representation of Uy, (5l2) with high-
est weight Pi. Morveover, if ut=A—sa;EP for some s E Ly,

My (Vv(®)) =mu<s)(ﬁ(i)- ’Up) .

Lemma 5.4. Let AEPY, PEPA

(a) If Pi# 1 and the roots of P, do not form a qi-segment, then ma—a, (V (P))
>0.

(b) If Pi=1, or if P;#1 and the roots of P; form a qi-segment, then, for all v>
0, Mare, (V(P)) =0.

Assuming these lemmas, suppose that V (P) is minimal but that, for some i
€], P;#1 and the roots of P; do not form a g;-segment. Let Q= (Q;) jerEP* be
such that, for j=1,2, if Q;#1 the roots of Q; form a g;-segment. We claim that
V@Il<v®].

Let # € P* be such that m, (V(Q)) >0, u#A. By 5.3(b), u=A—s1a1—
sa20tz2, where s1, s2>>0. Hence, #<A—a;, and, by 5.4 (a),

Ma-a (V(P)) >0, my—a, (V(Q)) =0,

so u satisfies 3.8 (ii). This proves our claim, and hence also that 5.1 (a) is
necessary.

Proof of 5.2. (a) This follows in a straightforward manner from [1].
(b) The map obviously commutes with the action of U). From 1.3, it fol-
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lows that ﬁ(i) is generated as an algebra by the elements of U, the x¥, for r=

+ 1, and the ¢*'2 Since ¢'? acts as the identity on M and N, it suffices to
prove that, for all m' €My, n ENg), r= *1,

A (x;;r) (m ®n) — (P(i) ®p<n) (A (xzir> ). (m’ ®n') =0 . (10)

The left-hand side of (10) obviously belongs to M« ®N(,, since both terms in-
volved do. On the other hand, by part (a), the left-hand side also belongs to

@ U, (Q) n’. m’®Uq (@) n”-n’ ,

.’

where the sum is over those 7', ” €Q\Q such that ' +7"=*a,. We may

assume that m' € M;_y, n' € N,_¢+, where &, £ €QF). Then, the weight of the
first factor in a typical non-zero term in the above sum is A—& +7’. On the

other hand, by (8), its weight must be of the form A — n for some 7 € Qf.
Thus,

But this is impossible, since & —1n E€Q¢) but ' €Q7). Hence, the left-hand side
of (10) is zero. [

Proof of 5.3. Suppose that Uw. vp is reducible. Then, by 2.2 (b), there

exists veﬁ(,). vp, not a multiple of ve, such that v is annihilated by x7, for all »
€Z and is an eigenvector of k. It is easy to see from the relations in 1.3 that

the set of such vectors v is preserved by the action of the ¢f;, for all jEI, s€EZ.
Hence, we may assume that

Pfs. v=0fw (GEI s€Z)

for some @ €C. In particular, v is a common eigenvector of & and ks, and
since v € fjm. vp, its weight is clearly of the form A—ta, for some t€Z. Then,

x},v=0 for j #1 as well. This shows that v is a U, (Q) -highest weight vector,
which contradicts the irreducibility of V (P).
For the second statement, observe from 1.4 that

ﬁ(;). vp= @ V(P)z—m; .

€L,
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Hence x7o. U vp=0 if j#i. The result now follows. [

Proof of 5.4. (a) By 5.3, U . ve is irreducible as a representation of
U, (Slz). By 4.3, there exists 07 v € U mve N V (P) z-a, such that zfov =0.
Clearly then xjov=0 for j#i so mi_q, (V (P)) >0.

(b) If P;=1, the statement is clear, since then A —ra; €P*. Let P;#1 be
such that the roots of P; form a g;-segment. If m_,q, (V (P)) #0, then, by 1.4,
we see that there exists 0FvE V (P) 1y, N ﬁm.vp such that z}v=0. But, by
5.3 and 4.2 (a), Uw.vp is irreducible as a representation of U, (sl5), so this is
impossible. []

Before showing that 5.1 (b) holds, we show that if one of Py, P; is equal to
1, say P; without loss, and the roots of P, form a g,-segment, then [V (P)] is
minimal. For, suppose Q@ € #* is such that [V (Q)] is minimal and [V (Q)]
<[V (P)]. Then @=1, and since 5.1 (a) is necessary, the roots of Q, form a
g>-segment. But then, for some t€C*, (V' (Q)) =V (P) by 3.4,s0 [V(Q)]=
[V(P)] and [V(P)] is minimal. This establishes 5.1 when 7;=0 for some i=
1,2.

From now on, we assume that P;#1, 1=1,2, and that the roots of P; form a
gi-segment with centre a; €C*, 1=1, 2. To complete the proof of 5.1, we need
the following two results.

Proposition 5.5. Let g be of type Ca or Gz, and let p=mn A1 +r, 1 €EP*.
Assume that, if Qi F 1, the roots of Q; form a qi—segment of length r; and centre b,.
(a) If Qi=1 for some i=1,2, then, for all s;>0,

Mpy—ssas (V(Q) ) =0, My-m-az (V(Q) ) =0 .

(b) Assume that Q;#1,i=1,2. Let M be a highest weight representation of
U, (§) with highest weight Q€ P* such that

My—ai—az (M) =0, My-a (M) =0, (11)
fori=1,2. Then,

_b_1= d171+d272+2d2—1

bz q or q—(d171+dzrz+2d1—1) i (12)

(¢) Assume that Q;#1 and define Q¥ €EP™ as follows:

(J):[Qi ’Lf1’=] ’
RS FEO
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Let v, be a U, (§) ~highest weight vector in V (Q®), and let M=U, (§). (v; ®v;) C
v(Q®) ®v(QY),i#j. Then

ml—a;—az(M) =0 7ff— —(d17'1+dzrz+2d; 1 .

If o: U,(§)—End (V) is a representation, denote the representation pO@ by
@* (V).

Proposition 5.6. Let g be of type Co or Go.  Let u=m Ay+7, 1, EPT, let Q
= (Qi) i1 EP*, and let

Qe =JTa-a =12 .
Define polynomials Q: (u) by

aw=[l0-¢am) .

r=1

Then, V(Q) =¥ @*(V(Q)) for some tEC*.

Assuming these propositions, we complete the proof of 5.1 as follows. Sup-
pose that [V (P)] is minimal but that a:/a, has neither of the values stated in
5.1(b). By 5.4(b), ms_a (V(IP))=0, so by 5.5(b),

Mi—a1—az (V(P) ) >0

Choose Q= (Q;) ;e1€ %* such that the roots of Q, form a ¢;~segment with centre
b;, where b1/b, has one of the values in 5.1(b). By 5.5(c),

Mi-ar-az (V (Q) ) =0 .

Hence, [V(Q)1# [V (P)]. If m, (V((Q)) >0, g2, then by 5.4 (b), u=21—
S1 & —sy Oy where s, 52>>0, and since g# A —a;—a,, we have u<A—a;— ..
Hence y satisfies 3.8 (ii), and [V (Q)] <[V (P)], contradicting minimality of
(v®)].

Conversely, suppose P is such that conditions 5.1 (a) and 5.1(b) are both
satisfied. Choose Q= (Q,) je; €P* such that [V (Q)] is minimal and [V (Q)]
<[v (P)]. Since conditions 5.1 (a) and (b) are necessary, the roots of Q;
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must form a g;-segment with centre b;, say, where bi/bz also has one of the
values in 5.1 (b). If ay/as=b1/bs, then, by 3.4, V(Q) =¥ (V(P)) for some tE
C*, and then [V (Q)] = [V (P)]. On the other hand, if ai/a, = g®"**7+2%71

(resp. q—(d1r1+dzrz+241—1)) and bl/bz=q—(d1rl+dzn+2d1—1) (resp. qd1n+dzrz+2dz—1> then
by 5.6, V(Q) =a&* (V (P)), and again [V (Q] = [V (P)]. In both cases,
[V(P)] is minimal.

We continue to assume 5.5 and prove 5.6.

Proof of 5.6. We first reduce to the case when V (@) fundamental. By 2.6,
V(@) is isomorphic to the unique irreducible subquotient of

® ® V(/Ii, ai,r)

iel

which contains a U, (g) -subrepresentation isomorphic to V (¢), and hence

@*(V(Q)) is isomorphic to the unique irreducible subquotient of

éj*(@ ®V(/L, atr) ® ®(B* z atr) (13)

which contains a U, (g) -subrepresentation isomorphic to V (the order of the fac-
tors in the tensor product on the right-hand side of (13) is the reverse of that
on the left-hand side). It is clear that the unique such quotient of

&R R v, taid)
r=1

1€l

is isomorphic to (z*) 1 (V(Q)).
To prove the result in the fundamental case, note that, by 3.3,

@*(V(ﬂi, a.)) =V (4, 61_;'), (i=1,2) ,

for some @; € C* (not necessarily the complex conjugate of a;). Assume that
ar/az=q C*4"D_ By 5.5 if v, is a U, (§) ~highest weight vector in V (;, a:),
and M="U, @). (1 ®v3), then Masis-a1-az (M) =0. Clearly, M'=U, d). (v2 ®v1)
C@* (M), hence Mma+as-a1—az M) =0. By 5.5 again,

gzq-uwm—n
ax ’
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Hence,
Garai=q¢aza, ,
so the result follows from 3.4. []

Proof of 5.5(a). We assume that d,=1.

The fact that m,_sq, (V (Q)) =0 follows from 5.4 (b). If Q=1 it is enough
to notice that £—a1—a €P*.

If Q,=1, we must consider separately the cases when g is of type C; or Ga.
Let vq be a U, (3) ~highest weight vector of V (Q).

If g is of type C,, then xg. vq has weight 71 43 — @1 — 2, which is Weyl
group conjugate to 1 A1 — a1 € P* if n>1 and to A; if n = 1. Hence, if
my(V(Q)) >0 and x¢. vq has a non-zero component in a Uy (g) ~subrepresentation of
V(Q) of highest weight v, then v=2; if =1 and if #>1, then v=r A; or 1 A,
—a;. But, mpu_a, (V(Q)) =0 by 5.4 (b), so 3. ve € U, (g). va=V (1, A1).
Similarly, if v§ is a U, (§) -lowest weight vector of V (Q), then x5. v6§ € U, (g) . v
=U,(g). vq. It follows that x§ preserve U, (g). vq, and hence that U, (g). vq is
a U, () -subrepresentation of V(Q). This not only proves 5.5 (a), but the fol-
lowing stronger result:

Proposition 5.7. If g is of type Co, where d2=1, and if rEN, then v, has
an affinization which is irreducible as a representation of U, (g) (this necessarily

represents the unique minimal element of 27). [

If g is of type G2 then xF 3. v@=0 since [z3, x§] =0. Assume for a con-
tradiction that x¢. vq has a non-zero component w in a U, (g) -~subrepresentation
of V (Q) isomorphic to V(r, Ai—a1—a,). Since x5. wEV (n li—a1—as), the
preceding comment shows that in fact 3. w=0. Now w is an element of weight
(n—1) A, in the U, (g) -irreducible module V (r; 21— a1 —a;) and hence cannot
be U, (g) -highest weight, thus forcing xf. w#0. This means that (n—1) A, +
ay, and hence also its Weyl group conjugate (r,—1) 2;+a; +3a,, is a weight of
V(nAdi—ay—a,). This is impossible because (n—1)A;,+ay+3a,>n L,—ay—
.

The proof of 5.5 (a) is now complete.

We assume from now on that Q,#1, i=12. To prove (b) and (c) we
shall need the following result.

Lemma 5.8. Let M be a highest weight U, (§) -module with highest weight
QEP, u=r A1 +r, Ay, and highest weight vector m. Assume that m,_q, (M) =0.
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Then,
(a) fori=1,2,v€Z,

hip. m=H,, m, x5, m=X;,Xi0. M ,

for some H;,, X;,€C. If, in addition, the voots of Q; form a q,~segment with centre
bi, then

Hin=q:" bitlrile, Xiai=bi'ql™

(b) Let WEM be the linear span of leT xz. m, x7 1. m}. Then, the follow-
g are equivalent:

( i ) X11 Xz0. MEW,
(ii) xiy xjs. mEW for all i#5€ {1,2}, 7, sEZ;
(iil) Mu-ar—az (M) =0

We assume 5.8 and complete the proof of 5.5.

Proof of 5.5(b). Suppose that (11) is satisfied. By 5.8(b), we can write
11 X270 m=CxTp Tz0. m+Dxzo 10 M |

where C, DEC. Applying xfo, x50 and x5, respectively, to both sides of this
equation, and using 5.8(a) and the relations in 1.3, we find the following sys-
tem of equations for C, D:

qr®2 (61" g1 Il o lare) o 41 02" g8 =Cn—arel w +D[nla
[re] o, 07! g1 =Clr s+ D[r2—aula |
b1 bz g5 12l gy g1 1—Cbz a5 [72] ot
7% (b2 g8 [re] oo a2l oa g3 BT @17Y) .

A straightforward calculation shows that these equations are consistent only if
(12) holds.

Proof of 5.5(c). We prove this when g is of type Cy; the G; case is similar.
By 5.4 (b), we know that, for all 4, j, m,_q; (V(Q®)) =0. Hence, m,_q M) =0
for i=1,2 and, by 5.8, proving that #,_a;_a; M) =0 is equivalent to proving
that [z, x71l e (i ®v;) = (gxj0 xia—q ' 271 x750) . (v, ®v;)is a linear combination
of the following two elements:
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Tio Xj0 Wi ®v;) =xr0. vi ®xjo. v;+47™ vi ®xro Xj0. V), (14)

Xj0 Tio (’U,‘ ®’Uj) =Xj0. Lio. Vi ®Uj+q,'_l Tro. Vi ®xjo. vj. (15)

Note that, by the isomorphism f in 1.3, we have x§ = [xz0 [xz0, 214l o]
(ky E2) 7!, from which one deduces that

[xF, 28] = (=1) 2 (¢®—4¢7?) [xjo, xial o (b1 k) 71

Using 1.3 and 5.8(a), one finds that

[xF, 23] (0, ®v;) = [xF, 23], v, Bk ko. v;+0v:® [xF, 2F]. v;

=(—1)%2(g*—q72) (b:' ¢~ " xj0 Tip. v: ®v;—bj " g1 Vi ®xip 0. vj)

It is easy to see that this element is a linear combination of the elements in (14)
and (15) if and only if

bl - —(dini+dara+ —-1)
-t d d 2d+—1
q 171+azr2 1 D

Finally, we give the

Proof of 5.8. (a) That m is a common eigenvector of the h,, is a consequence
of the fact that m is the highest weight vector of M and of the relation between

the @¢#, and the h,, given in 1.3. If the roots of @; form a g,-segment, then, by
using (5), it follows immediately that the eigenvalue of ki, is as given. To see

that x;,. m is a multiple of x;o. m, it suffices to note that, in view of the rela-
tions in 1.3, xfy kills a suitable linear combination of x;,. m and xi,. m.

(b) By 5.8(a), to prove that (i) implies (ii), it suffices to prove that x7, xjo. m
€W for all vEZ, i #j. By the following relation in U, (), and an obvious in-
duction on 7, we may assume that i1=1, j=2:

ST G2l = = — a2 = —T -
X2y X1s—q N Ths T2r=q > Tz27-1 TLs+1 LLs+l T2,r—1 -

Since we are given that x11 xzo. m € W, we are reduced to proving the following
statement:

if xTy 220. mE W for some ¥EZ, then xi,+1 xz0 mEW. (16)

To prove (16), note first that the relation
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[ - ] — _.l[ ] lrl/72 .—
Ra, Xisl = r YQijlq C Ljr+s »

in U, (§), and the fact that ¢'/? acts as the identity on M, imply that there exist
elements H, € U, (§), r € Z, which are linear combinations of 4, i =1,2, such
that, for all m €M, », sEZ,

(Hs, ziy]. m' = 0ui, s m’ .

Now, (16) will follow if we prove that Hy;. WS W. For Hi, this follows from
5.8 (a) and the assumption that xi1 xz0. m € W. For H-,, it suffices similarly

to prove that x1,-1 x20. m €EW. By assumption, we can write

IT1 Xz0. M=AxTo X50. m+Bxzoe Tio. m, a7

for some A, BEC. If A+0, applying H_; to both sides of (17) gives the de-

sired conclusion. If A =0, we use the same argument with H_; to get x1-1 Xz0. m
eEW.

To prove that (ii) implies (iii), note that, by 1.4, My—a,—a, is spanned by
o, xis. ml ije1orsez. Hence, My_qi—az = W. Since WS U, (g). m =V (1),
My—-a1-az (M) =0.

For (iii) implies (i), suppose for a contradiction that xi; xzo. m & W.
Then dim (My_a1—az) =3. But, dim (V (1) p—ar—az) =2. Since m,_q, (M) =0 for i
=1,2, we must have m,_a, o, (M) >0. []

§6. U,(g) -structure: a First Reduction
The purpose of this section and the next is to prove

Theorem 6.1. Let A € P* and let V (P) be a minimal affinization of A.
Then, as a representation of Uy(g),

int (%z @)

ve)2 @  v(a—22,) .

r=0

Here, for any real number b, int (b) is the greatest integer less than or
equal to b.
The proof of Theorem 6.1 is by induction on A (2). The case 4(2) =0 was
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proved in 5.7. Note also that the minimal affinization of Az is irreducible as a
representation of U, (g) since there is no #€P* such that £<2..

For the inductive step, we shall need the following lemma. Recall that, if
V is any representation of U, (§), its left dual ‘V is the representation of U, (§)
on the vector space dual of V given by

Cafwd=<fSa)»w, @EU,@vEV, fEYV)

where S is the antipode of U,(§) and < , » is the natural pairing between V
and its dual. The right dual V'’ is defined in the same way, replacing S by S~
Left and right duals of representations of U, (g) are defined similarly. Clearly
the (left or right) dual of an irreducible representation is again irreducible. In
fact, it is well known that, for any A € P,

V)=V =V(—wd) |
where wy is the longest element of the Weyl group of g.

We introduce the following notation: for any U, (g) -module W= & W; of
type 1, set

Wi= WwE Wilry. w=0 for all i€} .
Lemma 6.2. (i) For any a €C*,
V(A2 a)' =V (22, 00%), 'V(Az,a) =V (22,a47°) .
(ii) For any a, bEC*,
dim ((V (43, a) ®V (2, 0))§) =1 .

Moreover, if 0Fvo€ (V (A5, a) ®V (A, b)) ¢ and a/bFq*®, then xg. vo is a non-zero
multiple of va, vz,

Proof. (i) Since, for any representation V of U, (§), the canonical isomorph-

ism of vector spaces ‘V*—7V is an isomorphism of representations, it suffices to
prove the first formula. Since V (4;) is a self-dual representation of U, (g), we
have a priori that V (A, @)=V (A5, b) for some bEC*.

Fix v_3, =x7 xi X7. vz, Then, v_;, is a non-zero element of V (A, a) _z
and, for weight reasons,

+ —
0. v, = AV,
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for some A €C. Let 0#v5, €V (Ay a)b,. Then<vh, w> =0 if wEV (Ay as) —2s

Normalize v}, so that
<1)512, v_12> =1 ,
and let v ;,=x7 x7 xz. vi,. Again, for weight reasons, one has
xg. v, =Bvt;,
for some BEC. Moreover, from the formula for x¢ in 1.3, it is clear that
A=al¢, B=b1lc¢,

where ¢ €C* depends only on g, and not on @ or b. Thus, A/B=b/a. But A/B
may be computed as follows:

. vy v = Wk, STHxE) . v =<0k, —kot 2. va) .
Hence,
Blxz x7 x7. Y, vay> =—q %A
Since
S(xz x1 x3). vaa=—¢" x7 21 7. V2=—¢" V1, ,

we find that A/B=¢°® and part (i) is proved.
(i) Since V(4) is a self-dual representation of U,(g), it follows that

dim((V(As, a) ®V (A5, b)) ) =1 .

If . vo=0, then C. v, is a U, (§) ~subrepresentation of the tensor product, and
hence by (i) we have a/b=¢*¢. []

For the remainder of this paper, we assume that A€P*, 1(2) >1 and that 6.1
is known for A — A, We shall also assume that A (1) >1. The proof when
A(1) =0 is similar and easier.

We also fix for the vest of the paper an element P = (P;) ;c; € %* such that the
roots of P; form a string with centre a; and length A (i), i=1,2, and such that
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a1 @A) +A@2)+3)
q .
az

Define an element QE%*~* by

A(2)-1

Q=P Q= H (A—az' ¢ *P# P y) .

1=1

By 5.1, V(P) and V (Q) are minimal affinizations of A and A —A;, respectively.
In particular, 6.1 is known for V(Q).
The main result proved in this section is:

Proposition 6.3. Let Au€P* and let V (P) be a minimal affinization of A
as above. Then:

() m, (V(P)) <1 if pis of the form A—r0—a or A—v0—a,— v, for some v
€N.

(ii) m, (V(P)) <2 if pis of the form A—r8 for some rEN.

(iii) m, (V(P)) =0 if p is not of the form A—r8, A—r0—az or A—10—a,—
a;, for some rEN.

(iv) ma—rg (V(P)) 21 for OSrSint(%l (2)).
We deduce this from the next two results.
Lemma 6.4. For any A€EP*,
VA ®V(A) EV(A+A) ®V(A+A—an) ®V(A+A,—ar—a,) ®V(A+1,—6) .

Proof. By 2.1 (¢), it suffices to prove the analogous classical result. We
leave this to the reader. [

Proposition 6.5. Let A€EPY, PEP QEP* be as defined above.

(1) V(Zz, az ¢*@7Y) ®V (Q)is generated as a representation of Uy (§) by the tensor
product of the highest weight vectors. In particular, V (P) is isomorphic to a quo-
tient of V(A3 a2 ¢ @V (Q).

(ii) Let Pqy= (Py,1). Then, there exists a surjective homomorphism of representa-
tions of Uy, (§)

T V(/Iz, asq 1(2)_1) ®V(/Zz, az qM)“3> .- ®V(/22, az q_l(Z)'H) ®V(P(1))_’V(P>

such that T (WP Qup,,) =vp.
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We assume 6.5 for the moment and give the

Proof of 6.3. Parts (i), (ii) and (iii) are easy consequences of 6.4 and 6.5
(i) since 6.1 is known for V(Q).

To prove (iv), we can assume that A (2) =2, since otherwise there is no-
thing to prove. Notice that, by 6.2, we can (and do) choose elements 0% ws €

(Vuz, az q1(2>—4s+3) ®V(lz, as qx(z)—4s+1)>3- such that

Xo. Ws=V2 vz, .
For lﬁrﬁint(%l (2)), consider the element

w=w; Qw; ®+w, ®v "7 Qup
EV(Az az @) OV (22, az ¢*P7%) @@V (22, a2 ¢ @) @V (Pw) .

Clearly, xfo. w=0 for i=1,2, and an easy computation shows that
()" w=q"""[r] 2 vE*? Qup,, .

Hence, 7 ((zg)”. w) #0 and so 7 (w)is a non-zero element of V (P)f_,6. This
proves 6.3(iv). [

Proof of 6.5. Assuming 6.5 (i) we give the proof of 6.5(ii). The proof is
by induction on A (2). The case A(2) =1 is just 6.5(). So if 21(2) >1, by the

induction hypothesis applied to 4 — A, we have a surjective homomorphism of
representations of U, (Q)

7'V (s as ¢P73) @ ®V (A3, a; ¢*P*) ®V (Pp)) 2V (Q) .
Consider
Ad®T: V(4 a2 P7) @+ BV (A, a2 @) @V (P)) =V (A2, a2 ¢ @V (Q).

By 6.5 (i), the right-hand side has V (P) as a quotient and so we get the re-
quired surjective homomorphism

T V(22 az ¢*@71) ®-®V (23, a2 ¢*P*) OV (Pw) =V (P) .

We now prove 6.5(i). Let M=U,(8). (v, ®vq). We first show that it suf-
fices to prove
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my (M) =m, (V (A3, azg?®1) ®V(Q)) for pu>1—0 . (18)

To see this, assume that M is a proper subrepresentation of the tensor product
and let N be the corresponding quotient. It follows from 6.4 and (18) that

m,(N) =0 unless u<1—0 .

On the other hand, dualizing the projection map

V(A az ¢ @V (Q—N
we get a non-zero (hence injective) homomorphism of representations of U, (Q)
V(Q—V (A2 a2 P71 ®N .
It follows that
mi—1,(V (22) ®N) 21

and hence by 6.4 that m;_g(N) >0.

Note that the preceding argument proves that, if M’ is any U, (Q) -subrepre-
sentation of V (15, az ¢*?~1) ® V(Q) containing M, and if N’ is the corresponding
quotient of the tensor product, then m;_g (N') >0. In particular, any irreducible
quotient N' of N must have m;_g (N') >0. Taking N’ to be an affinization V (R),
say, of A—6, we have a surjective map of U,(§) -representations

V(4 a2 P @V(Q—V(R)
and hence, dualizing, an injective map

VQ—V (2, a: P @V (R) =V (15, a2 ¢*®*) @V (R)

by 6.2. The highest weight vector in V (Q) must map to (a non-zero multiple

of) the tensor product of the highest weight vectors on the right-hand side.
But this is impossible, since a; ¢*?*5
(i) is proved.

We now prove (18). The statement is obviously true for g=2. For u=2
— ay, the statement follows from 6.4 and the fact that 6.1 is known for V (Q).
For g=A—a; or 1—2a,, notice that, by 5.2 (b) it suffices to prove the result
for U,(5l). But this follows from 4.9 (a) of [3] since

is not a root of ;. Hence, N=0 and part
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V(2202 PN 2@V (Q a=ZV(Q, a; 2 @V (21(2) —1,a2 47"

as representations of 172.
Finally, we must prove (18) for A—ay—a,. For this, it obviously suffices
to prove that

(V (/22. az ql(Z)_l) ®V (Q) ) - EM .

The left-hand side is spanned by
lrT 7. 2, ®vg, V2, ®xT 7. Vg, V2, ®x7 TT. Vg, T3. V2, BxT. vg}

Now, since m; (M) and m;_q, (M) are both strictly positive, M contains xz. vz, ®

vq and vz, ®xz. vq (since M contains two linear combinations of these vectors
which are nor scalar multiples of each other). Also, M contains

v, ®x7. vg=21. (2, ®vg) .
It follows that M contains the three vectors
x1. (X7 v ®vg), 1. (02,®x7.vg), xz.(02®x1.vg) ,

i.e. that M contains the three vectors

12,927 x7. vq ,
1 x7. 12, ®vqtq? x7. v, ®x7. vg , (19)
Z7. v2,9x7. v tq !t v2,®x7 x7. Vg .

Since these vectors are obviously linearly independent, it suffices to prove that
[x7, 23] (2, ®vg) (20)

is linearly independent of the vectors in (19).
To compute the vector in (20), we need the following formulas:

xi1 ve=ai! ¢?P7% x1. vg, (21)

xi1 x7. vg=ar! ¢#*V 2 27 x5 vq . (22)

By the formula for the isomorphism f in 1.3,
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(xF, x¢] =clxz, 211l ¢ (k1 k) 7,

where c€C*, and for any x, yEU,(§), we define

[z, yle=qxy—q¢7" yx .
Using this, we find that

~@RORD (s 271, 2, ®vg+v, ® [x7, zT1l e vq)

—@MHA@) [ —1  —AD+] — —
W (—az g @+ g1 7. v, ®vg

-1 22)-1 ,.— .— -1 _A2)-3 .— .—
+0,,® (a1 ¢?Y x5 27 vg—art PP 2125 vg))

[xF, 23] (02, ®Bug) =cq

=¢q

An easy computation shows that this is linearly dependent on the vectors in
(20) iff

a1 _ 22)+1@)+2
q )
az

contradicting our assumption that ai/a;=q @V +1@+2

The proof of (21) is easy since we know from 5.1 (a) and 5.4 (b) that

Xi1. vq must be a scalar multiple of x7. vq. As for (22), observe that by 5.1
(a) and 5.4 (b) again we know a priori that

11 X2. vQ=AxT x7. v+ Bxs x1. vg

for some A, BEC. Applying xi and x# to both sides of gives the pair of equa-
tions

A[A(2) —1],+B[2(2)]1,=[1(2) —1], aT! ¢¥PV~2 |
AR F1] o B (1) ] o=¢?P [A (1) ] ptaz! g 0H@+D

Using al/dz =q—(2/1(l)+1(2)+3)

=0. O

, we find that the unique solution is A =a;! ¢*%~2 B

§7. Completion of the Proof of Theorem 6.1
In view of 6.5, to complete the proof of 6.1, it suffices to establish

Proposition 7.1. Let A€ P* and let V (P) be a minimal affinization of A.



906 VYJAYANTHI CHARI

Then:

(i) mig(V(P))=114f oermt(%x (2)).

(ii) mu(V(P)) =0 if u is of the form A—r0— s, for some rEN.
(iii) m, (V(P)) =01f p is of the form A—r0—ay— s, for some rEN.

We need three lemmas.

Lemma 7.2. Suppose that there exists 0FvEV (P)} such that
i v=xf_1.v=0

(resp. x31. v=xF_1. v=0). Assume that mysa, (V(P)) =0 for i=1,2. Then, 2
:#’

Proof. We prove, by induction on #EN, that
xier. v=0 for all 1=1,2 . (23)

It is easy to see using the relations in 1.3 that the k; and hjs preserve the
finite-dimensional space

VP)F=weVP),: xtr. w=0for all i€, kEZ} .

It follows that there exists a U, () -highest weight vector in V (P) ,, which is
possible only if A=g.

It is obvious that (23) holds when #=0. We assume that it holds for &
and prove it for k+1. Using the relations in 1.3, we find that

xio Xiewrn EU§) 2o+ U, (§) xfer+ U, @)t en |

and hence by the induction hypotheses we see that x}su+n. vEV (P)f1a,. Since
Myra, (V (P)) =0 by assumption, this forces x7+u+p. v =0, establishing (23) for
r+1. [

Lemma 7.3. Let 0#v €V (P)} be such that xis. v=0if 0<s'<s or if s
<s'<0. Then
(i) (303 xfs v=0,

(ii) xtoxdo zfs. v=0,
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(111) xf,o (-’l?;,o) 2 xt& vEV (P) 2[+2a1+2az-

Proof. Using the quantized Serre relations in 1.3, we find that

(x30)° 2T+ €U, (@§). x50 . (24)

Part (i) is now immediate.
For (ii), it suffices to notice that the relations in 1.3 give

xto I;,o xtisEUq (Q)I{o‘*‘ Z U, (Q)Ifis' (25)

0<s'<s

if s>0.
For (iii), we use the following consequences of 1.3:

(xf0)? 230 €U, (@) xto | (26)
x;,o If,o (IEL,O) ‘e U, (Q) (IZO) S+ U, (Q)xfo+ U, (Q)xfo x{o . (27)

The result now follows from parts (i) and (ii). [
Lemma 7.4. Let uEP* be such that
Mury (V) =01if n#sb, s€Z, . (28)

Then, (x30) % 241 maps V(P)} to V(P)ve. Further, if v€V (P)} is such that
xti1. v#0, then

(xz())Z xfil. v¥#0 .

Proof. 1t is clear for weight reasons that (x3o)%ri+1 maps V (P); to
V (P) u46. Thus, it suffices to prove that

1';":0(1'-2*:0)2 l'ti-l. v=0ifvE V(P); .
For i=2, this is just 7.3(i). For i=1, the result is obvious from 7.3 (iii) and

(28).

Now suppose that (xfe) 2 zf1. v=0. By 7.3(i), xfo x50 zf1. v=0 as well
and (28) now forces

xio xt. v=0 .
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Now the quantized Serre relations in 1.3 give xf xf;. ¥v=0 and so by a final
application (28), we get

xt. v=0 .

One proves similarly that (x3,)2? xf_1. v =0 implies that xi-;. v =0, and the
proof of 7.4 is now complete. []

We are now in a position to give the

Proof of 7.1. All three parts are proved by induction on 7. If =0, the re-
sult follows from 5.1 (a). We assume that (i), (ii) and (iii) hold for 7 and
prove them for r+1.

(i) Suppose that mi_¢+ne (V (P)) > 1. Then, by 7.4, there exists 0 # vo €

V (P) f_-+16 such that x{;. v=0.
Suppose now that zi_;. v#0. For s=0,1,...7+1, define vsE€V (P) by

Vs= ((1'{,0)2 xf—l) Sv .

We claim that the vs have the following properties:
(i)s 0Fv€EV(P)} yr1-5 for all 0<s<r+1;
(ii)s xhe vs=0 for i=1,2, £>0.
Note that (i), holds by assumption and (ii) o by the choice of vo. Assuming
that these properties hold for s we now prove that they hold for s+1. Lemma

7.2 implies that xf 1. vs#0 if 0<s5s <7 and 7.4 now shows that vs;1 0. To
prove that (ii) s+1 holds, observe that, by the proof of 7.2, it suffices to prove

that xt;. v=0. Using the relations in 1.3 we find that
xf,l (xio) 2 Jfl+,—1G U, (Q)xfl 1{0 xf—l"*’Uq (§)1'2+1 rzo i1+ U, (Q)Ifo -‘C;,o If,-l .

The third term kills vs by 7.3 (ii); on the other hand, using 1.3 again, we find
that the first two terms are contained in

3 U@ xtot U @ty |

1=1

and hence kill vs as well. This proves the claim.
Note that v,+1=Awvp, for some A €EC*. Since dim (V (P) 1_a,) =1, it follows
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that
+ ot — Do
X2,0 X1,—1- ‘Uy—Bl'g,o. vp ,

for some BEC*. Applying x3; to both sides of this equation, and using 1.3 we
find

+ 4t — 2+ .+ .+
2,1 2,0 X1,~1. Vr—(q X2,0 X2,1 X1,-1. Vr

Eq* 230Uy (@) 281+ U, @) 230+ U, (§) ) xto. vy
Now, using (ii) ,, we get
0=B¢3s1 vp .
But this is impossible, because from 2.3 we find that

i vp=az" ¢z' (g5® —1)vp

which is non-zero since A(2) >0. This completes the proof of 7.1(i).

(ii) Suppose that Mmi—g+ns-ap (V (P)) >0. The induction hypothesis on 7 im-
plies that

V(P) ;_yg_,]=0 if =y, 20.'2, Baz, or d— Ay . (29)
Let 0#v €V (P)ft+16-a;. We shall prove that v is actually U, (§) ~highest
weight, which is obviously impossible. We first prove, by induction on &, that
zir. v=0. By (29), it suffices to prove that x{s+1. v € V (P)}s-32;,. Since
Xio 2T k41 € 2oss<i+1 Uqg (§) xis, we see that

+ + —
X1,0- L1,k+1. =0 .

To prove that x3e x74+1. v=0, define v'= (xo)? x{s41. v and v"=xTo. v". Then,

by (29),
7.3 (iii) "€V (P) o r—azra——0"=0 ,
7.3(i)==0'EV(P)fm-ar—v'=0 ,

7.3(ii)=x30 ti+1. vE V (P) Frpmsar——x30 i j41. v=0 .

To prove that x3;. v =0, we again proceed by induction on k. We assume
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that £=0; the proof for k<0 is similar.
Using 1.3 and the fact that xf;. v=0 for all k£, we see that

xtr 23k v=0, for r=—1,0,and 1 ,

+ o+ —
X2,0 X2,k+1. v=0 .

But now 7.2 implies that x3z4+1. v =0 (since A— (#*+1) 8# 2). This completes
the proof of 7.1 (ii).

(iii) Let v€EV (P) & ¢+16-au-az. Since

Mi-trano—a, (V(P)) =0, for i=1,2 ,

and since A#FA— (r+1) —a,— a, it suffices by 7.2 to prove that x5+ v=0.
To do this, note that by 6.3, it is enough to prove that x3:1. vEV (P) - 416—ar.
Clearly, by 1.3, x3o 23 +1. v=0.

To prove that xio x5+1. v=0, it suffices by 7.2 to prove that

zto. 321 VEV (P) 0 (30)

zfs xto 2341 v=0 for s=£1. (31)
The fact that (xto)%x3+1. v=0 is clear from the quantized Serre relations in 1.3.
By using this and the other relations in 1.3 it is easy to see that xi, xTo x4 +1. v

€V (P) 1—6—a1-az and hence must be zero by 6.3. This proves (30).
To prove (31), one checks first, using 1.3, that

(xzo)z xi",s xf,o IZ«_AE U, (@) . JCQL,O xf.o x;,tl—*'Uq (Q) 1‘{0 -r;,i—l .

It follows that (x3o)? xfs xfo x3+1. v=0 for s=0,1. Lemma 7.4 now implies
that in fact

xis 2o x5 v=0 for s= %1 .
This completes the proof of 7.1 (iii). [
The proof of Theorem 6.1 is now complete.
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