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On the K-theory of the Projective
Symplectic Groups
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Introduction

In this paper we compute the real K-groups KO*(PSp(n)) of the projective
symplectic groups PSp(n).

As for the complex K-groups, we have in [6, 8] two kinds of methods of
computing K*(G) in general for a compact connected Lie group G with finite
fundamental group of prime order and by using actually those methods its ring
structure is explicitly described. Neither of them deals with the projective unitary
groups PU(n) except the case when # is prime. In more general, however, the case
when 7 is a power of prime is investigated in more earlier times but not explicitly
[18]. The computation in any case is based on the fact [7] that K*(G,) (where
G, is simply connected) is an exterior algebra generated by elements of degree one
arising from the basic irreducible complex representations of G,.

It seems not easy to find a comprehensive method of computing KO*(G) as in
the complex case. So we proceed case by case and determined the KO-groups of
SO(n), PEg, PE,;, and PSp(2*")in [10, 11, 12, 13, 14, 15]. Then we also use
essentially the structure theorem on KO*(G,) [17] analogous to that on K*(G,).

We compute KO*(PSp(n)) by applying the modification of the method used
for the computation of KO*(PSp(2*")). Making use of the equivariant KO-theory
KO3/, especially the Thom isomorphism theorem for KO,/,-theory, we reduce the
structure of KO*(PSp(n)) to those of KO*(Sp(n)) and KO*(P% for a certain
integer £ > 0 where P! denotes a real projective f-space. Then we need
K*(PSp(n)) with a basis in the form conforming to our method and so we begin
by computing this group by a way similar to that used in computing
KO*(PSp(n)).

In 881 — 3 we collect materials for the computations of the K-groups of PSp(n)
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which are done in §84—6. The main theorem is Theorem 5.1.
Throughout this paper KO*(X) is identified with the Real K-group KR*(X)
in the sense of Atiyah [1] because the reality of all spaces is assumed to be trivial.

§ 1. Preliminaries

From now on, we denote by G = Sp(n) the symplectic group on quaternionic
n-space H" and by I” the center of G which is a cyclic subgroup of order 2 generated
by —I where I is the identity of G. Then PG = G/T.

By H we denote the representation space of the canonical nontrivial 1-
dimensional real representation of I" and by pH the direct sum of p copies of H. Let
B(pH @ R?) and S(pH ® R?) be the unit ball and the unit sphere in pH & R?
centered at the origin o, and let X*?7? = B(pH ® R*)/S(pH ® R") be the quotient
space with the collapsed S(pH @ R?) as a base point. These spaces are equipped
with the induced I'action and P* = S((k+1)H)/T, the real projective k-space.

Let L = H® C be the complexification of H. We write L for 2H in the
complex case since L = 2H as a ['-space.

Let pH C (p+q)H be the submodule consisting of the first p-tuples. Then the
assignment (x, ) — (x,y/iy!) (x EpH, yE gH) induces an equivariant
homeomorphism S((p+q)H)—S(pH) = IntB(pH)XS(gH). Taking one-point
compactification of the spaces on both sides yields an equivariant homeomorphism

(L.D S((p+)H)/S(pH) = T AS(gH).

where X, denotes the disjoint union of X and a single point + which is to serve as
the base point for X. .

To compute KO*(PG) we use the K-functor KSp in addition to K. Here
KSp(X) denotes the K-group associated with the quaternionic vector bundles over
X, and a quaternionic vector bundle means a complex vector bundle provided with
a complex conjugate anti-involution. Given two quaternionic vector bundles E
— X and F — Y, the external tensor product E @CF — X XY becomes a Real
vector bundle in the sense of [1], so that this can be viewed as a usual real vector

bundle. Thus any given z € f{\S/p(X Jandy € f{\S/p( Y) give rise to an element of

i{\é(X A'Y), denoted by zA,y, for based spaces X and Y.
Let f: X — Sp(n) be a base point preserving map from a based space X to
Sp(n) with I as base point. Then the homotopy class of f defines in a canonical

manner an element of .;{\S/p'l(X ) which we denote by 8(f). Of course a similar fact
holds for KO- and K-theories. We use the same symbol B() for such elements.

Identify S° = 0(1), S' = U(1) and S* = Sp(1), and let ¢, denote the identity
map of S* into itself for £ = 0, 1, 3, then each B(¢,) is a generator of the (—1)-
dimensional coefficient group of the corresponding K-theory. We write
7, = B(¢p), . = B(¢)) and o = B(¢,). And moreover we put
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(1.2) Ng = 0N¢0, Ny = €g/\cO

where €5 denotes the reduced bundle of the trivial quaternionic line bundle over
S° Then K*(+) = Z[u]/(W’—1), KO*(+) = Zln,, n,, ngl/ @ny, ni, 1, 154,
ng—1) and KSp*(X) = KO*(X) which is induced by smash multiplication A by
o. Further there holds s(¢) = y¢® where s: KSp*(X) — K*(X) denotes the
complexification homomorphism.

Usually the functor K is Z/2-graded as shown above, but it is considered to be
Z/8-graded, that is, the order of u is 4, in the case of connecting two functors K and
KO. In fact we use the following exact sequence of Bott [2] :

(13) o > KO*(X) % KO*(X) S K*(X) 5 KO*(X) — -

where ¥ is the multiplication by 7,, ¢ the complexification homomorphism and & the
homomorphism given by the equality 6(z) = (¢ 'z) using the realification
homomorphism 7: K*(X) — KO*(X).

We now confine ourself to the real and complex K-theories. It is well known
that there holds KO ;.(X) = KO*(X/I") if X is a free I'-space. Let RO(I') and
R(I") be the real and complex representation rings of I. Then we also have KO
(X) = RO(I") ® KO*(X) if X is a trivial I'-space by reason of I' = Z/2. Similar
isomorphisms hold for the complex K-functor (of course RO(I") must be replaced
by R(I")). In the sequel we assume that such isomorphisms are identified.

Recall from [16, 3, 9] the Thom isomorphism theorem which is our basic tool
together with the facts stated in the next section.

(14) TFork >0, € =0, 1 there exists elements

T € KF(Z"L) and ® ge+40m+4e S KO]_(Z(B/C+4E)H+45)

satisfying the following properties:
(1) Multiplication by 7, and gy 4om+4 induces isomorphisms K 3. (X) =

R.(Z¥ AX,) and KO 1(X) = KO (X ® %% A X ) for any I'-space X respec-
tively.

() 7*(g) = 2"'1-L) e K (o) =R, j*(w(8k+4e)H+4e) = 241‘_1(1_1{)1“71;
= f{\O/r(Z“) = RO(D) - 75, (1) = ¢* and  ¢(Wgrrsomsa) =M <, so that
(@ (gkraormese) = Tarszor° Where j denotes the composite {0} € B(kL) — ¥ of
obvious two maps and the inclusion % C Z®*™9%+4 and ¢ denotes the forgetful
transformations K, — K and KO, — KO.

§2. The K-groups of G and P"

In this section we recall the ring structure of the K-groups of G and give that
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of the K-groups of P* which we need later on.

Let o6 = id: G — Sp(n) be the canonical quaternionic representation of G
and leto: G — U(2n) denote the complexification of 5. Then we know (2.1) and
(2.2) below from [7] and [17] respectively.

[@R)) K*(G) = A(B), B0, -+, B(X0))

as a ring where o denotes the k-th exterior power of p.
Let 2 ¢ 0 be the k-th exterior power of g over C. As seen in the previous section

220 is real and 2%"'6 is quaternionic, so that we have B(A%5) K0 '(G) and

B(%"16) EKSp'(G). Wealsoset 824 16) = 0 A B(127'0) EKO°(G). Then we
have

(2.2) KO*(G) = Agor(+y(BOES), BOZT6) (1 <i < [1/2],0<j<[(n—1)/21)

as a KO*(+)-module where [] denotes the Gaussian notation. Further, the ring
structure is given by

BGEEY = 0,80+ (4) B1%0)) and BUL ) = 0,81 0)

where the indices 47 and 4j+2 indicate the integers mod 2z because of A" 5
= lzc" k5 for 0 < k < n. (The indices appeared later on indicate such integers as
well.) These square formulas follow from

(23) z%=n2 forz € KO '(X) and (o/ex)? = n2ex for z € KSp~'(X)

which is due to [4,11].

Let 7€ KO '(P*') be the reduced vector bundle of the real line bundle £:
S(kH) X H — P*7'. Thatis,7 = [£] —1 where [] denotes the equivalence class.
And write y = ¢(7) € K(P*™1). Let

v=p*" € E7'(P* ") and v = p*(75) € KO *(P¥ )

where p denotes the map P¥ — S* obtained by collapsing the outside of a top
dimensional cell in P*. From [2] we then have

COERPYN=2/27" 7, K (P DN=Z-v, K(P")=2Z/2"-7, K'(P") =0

where the relations 72+27 = 0 and v* = 0 hold.

As for KO*(P*¥™") it has been additively determined in [5,19] for any
k > 2. By using (1.2) together with this result and (2.4), and by observing the
exact sequence for the pair (B(kL), S(kL)) in KO -theory together with (1.4), we
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can get the multiplicative structure of them relevant to our calculation as follows.

(2.5) In the following table the modules KO (P¥"%) are arranged in the order

subordinate top =0, 1, -+, 7 for each gq.
Case g = 3.

Z/2"t 7, Z -9 ®Z/2 -7, Z/2 - ni7, 0, Z/2Y - 17,
Z-5,Z/2 - nu©Z/I2-CZ/2 10D Z/2 0L

where ¢ is given by ¢(¢) = 2“4’ and the generators are subject to the relations:

P+27=0, 0" ==L =0, 0o =7 0t =2""7.

Case g = 4.
Z/2" 7, Z/2 - ni7, Z/2 - min 0, Z/2Y7 - 07, 0, Z/2 - 6 Z/2 - ¢

where ¢ is given by ¢(¢) = 2" '4* and the generators are subject to the relations:

P27 =0, =L =0, =0 n¢=2"".

Case g = 5.
Z/12 7 Z/2 -7 Z/2 -0 Z -0, Z/2 -7, 0 (p=5,6), Z- 0
where 5’ is given by ¢(5") = ¢* and the generators are subject to the relations:

P27 =0, 00" =0, np =2 'n7 ny =2, np =20, ny = 20.

Case g = 6.
Z/2" 7 Z/2 7 Z/2 i ®Z/2 -8 Z/2 -0t Z/2Y P -7, 0 (p=5,6,7)

where ¢ is given by ¢(¢) = 2" %4y and the generators are subject to the relations:

P27 =0, =7 =0, nit=2""n7.

Caseqg=1T.

Z/2" 7 Z/2 -7 Z/2 0t Z -0, Z/2 -7, 0 (p=5,6), Z- D
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where 7’ is given by ¢(5”) = uv and the generators are subject to the relations:

" 4

F24+27 =0, 0’ =0, no = 20, ng’ = 20, nw = 2"y, py = 2v"3

N47-
§ 3. Generators of K*(PG) and KO*(PG)
In this section we describe the multiplicative generators of K*(PG) and
KO*(PG) except one of them in the real case which is given in 885 and 6.

For the reduced complex and real line bundles over PG associated with the
principal I'-bundle G — PG we use the same symbols

7€ R(PG) and 7 € KO(PG)
as those over P*

Since 2%o(—1) = 2%6(—1I) = I, the ¥ and A% factor through the canonical
projection 7: G — PG and so these can be viewed as representations of PG.
Further, since g is quaternionic, the same argument as that on the product A; in
§1 shows that the latter is real. Thus we have

B(1p) € R™'(PG) and B(X%6) € KO (PG)

for1 <i < [n/2].
In order to give another kind of odd dimensional generator we consider the

binomial coefficients (2 ].2_’,51) ’s. From now on, we denote by
s = v,(n)

the exponent of 2 in the n. Since 2°*" | (2].2_?_1) for 0 <j<n—1, we put

- (21,

Then evidently d, is odd and dy+d,+ - +d,_, = 2" °* so that (d,, d,,
-+, d,_,)= 1. Hence there are integers a,, a,, ***, a,_, such that

a@dotad,t - +a, d, , =1L
From this fact we see that there exists a base point preserving map

£:G — Sp(2°+m)
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such that £(—g) = D(—1I,, I,)k(g) (g € G) for somem > 0 where I, € Sp(2°) and
I, € Sp(m) denote the identities. Here in general we write D(4,, -, 4,) for the
matrix with square matrices A,, -+, 4, placed diagonally in this order and with
zero entries in the other spaces. And when A, = A(1 <i<¥), D(4,, -, A)) is
abbreviated as D(4A). Then the desired map £ can be given as follows. We may
assume without loss of generality that a,, ‘-, a, = 0 and the others are negative.
Let 4,(¢) = D(a,2%"'6(g)) or D(—a%"'6(g)) according asa, > 0 or a; < 0. Then
it suffices to put

£(g) =Dy, Api(@ 7, -+, 4,1(@) " DD(Ay(@), -, A(@) (9E G)

where I, is as above. Suppose now that m = 0 for simplicity.
Define a map £,: G — Sp(2°d,) for 0<j<n—1 by £,(9) =D(d,k(g)™)

%+6(g)(g € G). Then, since £,(—g) = £,(g), the &, factors through z: G = PG

and so it can be viewed as a map
g,: PG — Sp(2°d,).

(Here note that £, = £,_,_, because of 227’6 = 2% ~7"'6.) Clearly these maps define

B(%) € KSp~'(G) and B(k) € KSp '(PG). Letx and x, denote the complexifi-
cation of £ and &, respectively. Then

B(r) = c(B(R)) € K(G) and B(k,) = c(B(£,)) € K "(PG).
Further we set
B(R) = 0AcB(R) € KO *(G) and A(k,) = oAcB(k,) € KO*(PG).

The map PG — Sp(2°) given by the assignment z(g) — £(g)*(g € G)
defines similarly an element of @"I(PG), denoted by 8(£, 2). And we set

Bk, 2) = c(B(£, 2)) € K'(PG) and B(£, 2) = 0A:B(£, 2) € KO °(PG).
By definition we can easily check that there hold the equalities
7*(B(k)) = B(AE"'6) —d;B(R)
and
B(&) = a,B(ac0) +-+a, 8L '0)

so that a,*(B(ky)) + - +a,_,n*(B(k,-,)) = 0. Let V be the free submodule of
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KO™3(G) on B(X%"9) (0<j<[(n—1)/21). Then this fact shows that the
submodule W C V generated by z*(B(£;))’s has the rank smaller than
[(n—1)/2] and that there exist certain integral linear combinations %,, ***, %, of
/Izé",d’s over Z such that their characters on I" are zero and they yield a free basis for
W as follows. By the construction similar to that of £;'s, each ¥, being viewed as

a virtual representation of PG, gives rise to an element 8(%,) € Eb:;‘(PG) so that
we have

B(x) € K™'(PG) and B(z,) € KO °(PG)

for 1 < k < t as before. Then 7*(8(#,)) (1 <k <t) form a basis for W and we
will find that ¢ is just equal to [(z—1)/2] —1 in the sequel.

Finally for later use we give an estimate of the orders of 7 and 7 which follows
from the property of £ immediately.
(31) 27® H =0 KSp(PG) so that 2°7,7 = 2°"% = 0 and 25"y = 0.

§ 4. Calculation of K*(PG)
In this section we prove the following
Theorem 4.1 ([6,8]). With the above notation
K*(PSp(n)) = Z[y]/(y*+27, 2°'7)
® ABk, 2), B(A¥0), B(x) (1<i< [n/2],1<j< [((n—1)/21-1))/I

where I = (v @ B(k, 2)).

Apply the K-functor K, to the cofibration S((s+2)L)XG —LB((s—l-Z)L)

XG >y EOL NG, where i and j are the obvious inclusion and projection and s is
the integer as in previous section. Then we have an exact sequence

v RS AGC) D KA (BU(s+2)L)X6) B KA(S((s+2DL)X6) & -
where 6 denotes the coboundary homomorphism. By (1.4)(ii) and (3.1) we get
7*(tinpAD) = =25y =0€ K1 (B((s+2)L) XG) = K*(PG). Hence, via the
Thom isomorphism K :(Z“"?* AG.) = K*(PG), this sequence becomes

(4.2) 0 - K*(PG) > KX(S((s+DLIXG) > K*(PG) — 0

where the equality
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(4.3) AlzI(y)) = Ay

holds because the equality §(zi*(y)) = §(x)y does.

Next we consider the group K ;.(S((s+2)L)XG) of (4.2) and begin by
preparing generators of this group. Let 7 =p:(7), ¥ = p:(v) and B(X"0) =p;
(B(#0)) for 0 <i<n where p, and p, are the canonical projections from
S((s+2)L)XG to the 1st and 2nd factors.

By (24) 2°'y =0 & K(P*"®). This fact shows that there is a I"-bundle
isomorphism S((s+2)L) X (2°"'L ® M) = S((s+2)L) X (C*"'® M) for some I'
-module M. Here we may assume that this isomorphism is chosen such that the
Thom class 7.y, arises from this in the usual way. Now this gives rise to a base
point preserving map a: S((s+2)L) — U(2°"'+m) for some m > 0 satisfying
a(—z) = alx)D(—I,, L) (z = S((s+2)L)) where [, € U(2*"") and L, € U(m)
denote the identities. Assuming that m = 0 for simplicity we can define a map
f:S((s+2)L)XG = U(2°7'd,) for 0 <j < n—1by f(z, g) =D(d;a(x))2" " o(g)
(x € S((s+2)L), g€ G). Then f,(—x, —g) = f(x, g) and so f, may be viewed as
a map from S((s+2)L)X;G to U*™). We write f(1¥"o) for B(f) €
K '(S((s+2)L)XG). Then we have

Lemma 4.4.
K (S((s+2)L)XG) = Z[71/(#*+27, 2°"'9) ® A(5, B(Xp), -, B(X0))/I
where I = (7 @ D).

Proof. Let i: S((k—1)L) C S(kL) be the embedding as in § 1 where 1 <
k <s+2. Denote by the same symbol the restriction of (%) to K (S(kL) XG) by
i*. Then there is a natural morphism K (X) ® E — K ;(XXG) induced by the
cross product where E = A(B(X0), -+, 5(X"0)). We show that this is an isomor-
phism when X = S((s+2)L).

Let us view as S(L) ={D(nx) | z €S(L)} C G. Then the multiplication on G
induces an equivariant homeomorphism S(L)XG = S(L) X¢(G) where ¢(G)
denotes G with trivial I"-action. This yields K ;(S(L)XG) = K*(SYH) ® K*(G)
where S' = S(L)/I'. And we see that 7 and 8(1%) correspond to ¢ ® 1 and
1®B(2%) mod Z - ® 1 under this isomorphism. Hence K (S(L)XG) =K ;.
(S(L)) ® E.

According to (1.1), S(KL) X X/S((k—1)L) XX = ¥ VX A(S(L)xX), for
any I'-space X. Hence identifying the Thom isomorphism we have an exact
sequence

c > KAS(LIXX) =Ky (SKL)XX) = Kx(S((k—DL)XX) — -
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from the exact sequence in K -theory for the pair (S(kL) XX, S((k—1)L) X X).
Making use of this sequence when X = G and a single point, and using the above
result when k =1 it follows by induction on k that the above morphism K ;.
(S(kL)) ® E = K} (S(KL) X G) is an isomorphism for each k. This completes the
proof.

Proof of Theorem 4.1. Let B(k) € K/ '(S((s+2)H)XG) be the element
obtained by replacing, for example, Ao by & in 8(2'0). Then by definition we see
that (k) = a,B(X0) ++++a,_ (X" '0). Observe the exact sequence of (4.2).
Directly from the definition, it then follows that

(4.5) I(B(3%0)) = 1 ® B(W%0), I(B(k,)) =1 ® (B(2¥0)—d,B(k)),
I8k, 2)) = (7+2) ® fk)+9 ® 1
and

A ® B ) = —d;, AU ®B(k) = -1, A(5 ® 1) = 7+2.

Using these formulas together with (4.3) and Lemma 4.4 we see from the exactness
of (4.2) and the argument similar to that of A(¥;)’s in § 3 that A(B(x) (1<
j < t)) is a subalgebra of K*(PG) with ¢t = [(n—1)/2]—1. And further inspection
proves the theorem easily.

8 5. Calculation of KO*(PG)

We ready to calculate KO*(PG). We proceed in nearly the same way as for
K*(PG). In order to state our theorem we first prepare a few notations.
Since each %, is a linear combination of 22'”1 5's over Z and there holds
B(%5) = 1,8(2%7%5) for any k, it is seen that there exists a linear combination
o; of 2%0’s with non-negative integers as coefficients satisfying 4( xj) = n8(e).
Seta = a2l o+ +a> A¢ % wherea,s are as in § 3. Then we see analogously
that there holds (%) = n,8(a). Also we need an additional element of dimension
—6, denoted by £ € KO ®(PG), which is given in (5.9) and (6.8) below. Further,
let us set

s=4r+u (0<u<3)
where s = v,(n) as before. Then we have the following
Theorem 5.1. With the above notation

KO*(PSp(n)) = KO*(+)[7, £1/(7*+2r, 2°7%7, &D)
®xor ) Akorc+)B(R, 2), BUEH), B(2) (1<i< [n/2]),1<j<[(n—1)/2]1-1))/I
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where I is the ideal generated by the elements
27, 26, nd, n'E-2"'7, Bk, 2% (B(EpY —n, (B +( X )8 EYY's,
B —nB(@))s, 7€—mB(k, 2), 7Bk, 2), EB(R, 2)—ni7B(a)
withv =0 (u =0, 1), v =1 (otherwise).

The proof of the theorem is divided into the four cases according as 0 < u
<3

We first study KO (S((8r+u+4)H)XG). By (25), KO *(P¥ ) =
Z/2""* - n,7 So by using (1.2) we have 2“7 ® H = 0 which implies that there is
a quaternionic I'-bundle isomorphism S((87+u~+4)H)X Q""" *HQ H® M) =
S((8r+u+4)H) X (H*"™ & M) for some quaternionic I'-module M. This gives rise
to a base point preserving map d@: S((8r+u-+4)H) — Sp(2" *+m) for some
m >0 satisfying a(—z) = a(z)D(-1, I,) (x € S((Br+u+4)H)) where [, E
Sp(2""™) and I, € Sp(m) denote the identities. For simplicity assume that
m = 0. Then since dimgz 2”76 = 27“d, we can define a map f:S((8r+u+4)H)
XG—>Sp(2") by fi(z, g) = D(d,a(x))27"'6(g) for 0 <j < n—1. Clearly this
map satisfies f,(—z, —¢g) = f(z, g) and so defines naturally an element 8(f) €
KSp,—‘(S((Sr—ru+4)H) X G). We put

BB 6) = oA B(F) € KOP(S((Brru+DH)XG) (0<j<n—1).
In general, for ¢ € KO*(P*) and b € KO*(PG) we write
a=p;(a), b=p;(b) € KO} (S(kH)XG)

where p, and p, denote the canonical projections from S(kH) X G to the 1st and 2nd
factors. Then we have

Lemma 5.2. KO (S((87+u+4)H)XG) = KO*(P¥™™) ®yo(+\E
for 0<u<3 where E=Ago,(B(2%20), BOE0) 1<i<([n/2], 0<j<

[((n—1)/21)) with the relations B(2%p)* = n,(B(A% p)+( )B(Z 0)) and
BOE6): = nBQUE ).

Proof. We give a natural morphism 7;: KO*(P*™") ®gg.(,E — KO +(S(kH)
XG) by T(z ® y) =p;(2)®y (x € KO*(P*'), yE E) for 1 < k < 8r+u-+4and
show that T, ,., is an isomorphism by induction by k.

When 1 < k < 4 we can regard as S(kH) C H canonically and identify any
z € S(kH) with D(nx) € G. Then S(kH) becomes a [-invariant subspace of G
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and so we have S(kH) X ;.G = P* 'X¢(G) which is induced by, for example, the
assignment (z, g) — (z(x), D(nx)g) (x € S(kH), g € G). Moreover KO*(G) is
free over KO*(+). So we see that this homeomorphism yields an isomorphism
KO}S(KH) X G) = KO*(P*™") ®y0.,,KO*(G) which sends (A%5) and £(3%"0)
tol ® B(A%6) and 1 ® B(2%"'6) mod KO*(P*™!) respectively. Hence it is immedi-
ate that 7, is an isomorphism for 1 < k < 4. )

Let £ 7(X) denote either KON XX G) or KO;(X) ®ype(rE. Apply 4} to the
cofibration S(4(k—1)H) — S(4kH) — Z** P# AS(4H).. Then we get an exact
sequence

= h(SUH)) — h(SUKH)) — h:(SUk—1)H)) — -

under the identification of the Thom isomorphism & (Z** V** AS4H).) = h;
(S(4H)). Compare these two exact sequences by using 7,. Then it is easily seen
by induction on k that 7;,., is an isomorphism because so is 7,. Next again by
applying %% to the cofibration S((87+4)H) — S((8r+u+4)H) - X P A
S(uH), we have an exact sequence

=k (SwH)) = h(S(Br+u+4)H)) — hi(S((Br+4)H)) — -

and so in a way similar to the above we can check that T;,.,_, is an isomorphism
since so are T, and T;,.,. This completes the proof.

First we consider the cases # = 0, 1. Similarly to the complex case the pair
(B((8r+u+4)H)XG, S((8r+u+4)H) XG) gives rise to an exact sequence

(5.3) - KO*(PG) > KO:(S((Br+u+H)XG) > KOS NG, L> -

under the identification of the Thom isomorphism KO :(S® "4+ A G, ) = KO
' AG,) where there holds

(5.4) AlzI(y)) = A(x)y.

Moreover we can define an element 3(£) € K0, °(S((8r+u+4)H) X G) similar to
B(x) which satisfies (&) = a,8(1.p) +--+a,_,8(3%'5). Then by definition we
have the following formulas analogous to (4.5) as for I.

(5.5) 1(B(2%0)) = BU%P), I(B(R)) = BQE 6)—d,B(R),
»(u=0)
0 (u =1).

Using this we can show that (5.3) becomes as follows.

1Bk, 2)) = <%+z>é<ﬁ>+{
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Lemma 5.6.
0—> KO*(PG) &> KOXS((Br+u+HH)XG) & KO:(Z AG.) = 0
for u=0, 1.

Proof. 1t suffices to show that / = 0 in (5.3). Consider the exact sequence of
the pair (B(uH) X G, S(uH) X G)

CXY) e RS AG) B n(PG) B ni(SWH)XG) B -

for h = KO, K where j, and i, denote the homomorphisms induced by obvious
inclusions and &, the coboundary homomorphism. Then by (1.4)(ii) we have

J(@) = —2"n7jxo(x)

forzr € f{\é;(Z"H AG.). (Note that =% = 0_.) So the case = 0 is immediate from
(3.1).

We consider the cases w = 1. Since K ;. (S(uH)XG) = K*(G), by using
Theorem 4.1, (2.1) and (2.4) it can be verified that Imjy is generated by elements
of the form 7 m where m is a monomial in 8(2*0)’s, B(k,)’s. Together with this we
also observe the Bott sequence (1.3) for PG. Consider the order of elements of
KO*(PG) using (5.5), (2.5), (3.1) and noting that c¢(7) = 7, c(8(X%0)) = B(A%0),
c(B(&))) = 1’B(k,). Then we see that there is an element a € KO °(PG) such that
c(a) = 2" %%. And then we see that Imjy, is generated by elements of the form
7m, n,7m, am modulo 7,K0*(PG) where m is a monomial in B(1%0)’s, B(£,)’s.
Now, by definition 7a is divisible by 7,. So J = 0 follows from the above equality,
since 2 7'5,7 = 0 and n,n, = 0.

Before proving Theorem 5.1 we make a remark about the subalgebra E of
KO:(S((8r+u+4)H)XG) of Lemma 5.2. Since there hold F(2%"'0) =B(k,) -
d,B(k) by definition, it is seen that E is generated by B(1%6)’s, B(£,)’s and B(&).
To be exact,

E = Agory(BQED), B, B(R) (1<i<[n/2],1<j< [(n—1)/2]1—1)).

Proof of Cases u = 0, 1. Let us write R for the algebra of the right-hand side
of the equality in Theorem 5.1.

By considering (5.7) with a point instead of G we get an element w €
KOA(Z*) satisfying j;,(w) = (1—H)* and KO (=) = KO*(+)+w. Then it
follows directly from the definition that

(5.8) AB(R)) = —wAl, A(D) = nwAl
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where ¢ is as in (2.5). Using this and the exactness of Lemma 5.6, the element
£e KO %(PG) of R is uniquely given by

(5.9) 1©) = nBR)+E.

And so by using (5.5), (5.9) and Lemma 5.2 together with (2.5), (2.2) and further
by the injectivity of I we can verify that R is a subalgebra of KO*(PG).

It remains to check the fullness of R into KO*(PG). In the case u = 0 the
situation is quite similar to the case of K*(PG) and we have ImA = R, so that
R = KO*(PG) by the surjectivity of A, by the same discussion using (5.8), (5.9),
(5.5) together with (5.4). In the case u = 1 we have a difference from the case
u = 0 in the 3rd group of the exact sequence of Lemma 5.6. But using (5.8) an
analogous argument shows that KO (¥ AG.) is generated by wAl as an R-
module, so that Imjx, C R. To prove the fullness of R into KO*(PG) it therefore
suffices to show that i,,(R) = Imig, in (5.7). This follows from the equalities

ixo(BA%0)) = BOER), ixo(B(RD) = BUE '6)—d,B(R),
ixo(B(R, 2)) = 2B(R), ixo(&) = mB(R), 6xo(B(R)) = 2" A1

together with 8, (xiko(y)) = dxo(z)y and an inspection of the complexification
form of these formulas using the results of §4.

§ 6. Proof of Casesu = 2, 3

We begin by calculating KO;.(S((87+10)H) XG). Through the homeomor-
phism of (1.1) we have a cofibration S((8r+4)H) XG — S((8r+10)H) XG —
S®+OH A (S(6H) X G). . Under the identification of the Thom isomorphism for
> @+OH+ and the isomorphism of Lemma 5.2 this gives the following exact
sequence:

o = KO*(P%) ®gon(+,E 2> KOX(S((8r+10)H) X G) > KO* (P*®) ®ypn( 1 E > -+
Using this sequence we can get the above group. We set
w=4—u
and consider generators. As before let us write £ for the element induced from a
generator x of each factor of S((87+10)H) X G. Let wk, and 2wk denote the direct

sums of w and 2w copies of the realification of k; and the £ respectively. Then
these maps give rise to elements
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B(wry) € KOF(S((87+10)H) X G) and B(2wk) € KO (S((8r+10)H) X G)

similarly to, for example, 5(/1%“,0‘) in 85 by making use of the maps arising from

the equalities 2% = 0 € KO(P¥*®) and 25,7 = 0 € KO ~*(P¥*°) respectively.

In the construction of () € KO, °(S((8r+4)H) XG), we may take the I-
map S((87+4)H) C S((8r+6)H) — Sp(2“"?) arising from the equality 2 %77
=0 € KO *(P¥*®) as the I-map corresponding to @ mentioned after Theorem 5.1
because of KO *(P¥*%) = 0. Then we see

(6.1) U ®B(R)N = 27 ® 1,
so that there is an element £ € K0, °(S((87+10)H) X G) such that
(6.2) 1) =18 18k
From a direct construction of £ we see that it may satisfy
28 =nf=mn¢=0and (O = 1xX7,B(p (k)
where ¢ denotes the same forgetful functor as in §§1 and 4. Furthermore we put
(6.3) e=J(®B(R) and € = J(7' ® (k).
Then we have

Lemma 6.4. With the above notation KO;(S((8r+10)H) X G) is an algebra over
KO*(+) generated by

L7 BG%e) (1<i< [n/2D), B(x) (1<j< [(n—1)/2]-1),
Bk 2), 5 ¥, € €, BQuwry), B2wk), ¢

with the relations

=ee’ =0, 52wk) = 2we,
) = 2¢, 82wk) = 2we’, ¥ B(k, 2) = 2¢, ef(k, 2) = €B(k, 2) =0,
E= 1Bk 2), eBlwry) = ' B(wky) =0,
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£B(wrg) =0, Blwrg)B2wr) = B(wrp)B(k, 2) = BQwRIB(R, 2) =0,
eBQwr) = €'BQ2wr) = 0, E82wk) = 0, 58(wky) = 5'B2wR),

B(wky) = 58(2wk), e = €T =€’ = €7 =0, n,8(wkg) = 15" =0,

md = 2%, e = 5 = 2° 0, 7B (wrp), me = V'€ =2°7B8(wkg), nB(2wk) = 0,
né=n&=0,n0 =20, 0 =25 ne=2€,n6 = 2€ n,B0Qwk) = 28(wkg),
n.B(wrz) = 28Q2we), nwh(£, 2) = (F+2)8(wry), 2w (%, 2) = (F+2)B(2wk).

Proof. By construction we have

65) J(1) =297 J(5®1) =7 J(7®l) =75, 6(5®1) = (++2)®1,
s(e®1) = 7,®1, I(F) = 71, I(B(%, 2)) = (F+2)®A(k),
I(BQwR)) = 2w®B(R), I(B(wky)) = naw ® B(k).

Further, by noting (1.2) and the equalities 79 = 2¢ = 0, we get

(6.6) JA® B(R)) = —2°7%B(wky), 6(5 ® B(R)) = (7+2)® B(K),
8(z® B(R)) = n, ® B(R).

Moreover for a monomial m in 3(2%4)’s, é(xj)’s, B(%, 2) we have relations
Jxz(Q ®@m))=J(@)m, I(zm) = I(x)(1®m), 6(z(1®m)) = 6(z)(1 ® m) and
further there hold §(zI(y)) = 6(z)y. From these facts together with (6.1) —(6.3),
(6.5), (6.6) and the remark stated previous to the proof of the casesu = 0, 1 we can
infer that KO;(S((87+10)H) X G) is generated by the elements given above.

We next check the algebra structure. Let X = S(kH), G or S(kH) X G and let
tr: KO*(¢(X)) — KO ;(X) denote the transfer map. Then it follows that
tr(¢(z)y) =xtr(y) and ¢tr = 2. By definition B(&, 2) = tr(8(¢(&)), so that

Bk, 207 = tr(¢p(B(&, 20)B(4(R))) = tr(2B(¢(#))D =0

since /3:(¢(/€))2 is divisible by #,. Similarly fﬁ:(/ﬁ, 2) = 0 follows because of
tr(1) =7+2. Using also the above formulas

EB(%, 2) = tr(p(DB($(R))) = tr(n¥p(B(a))) = n}7h(a)
since /§(¢(f€))2 = n,8(¢(a)), and analogously

mBk 2) = tr(mB(p(R))) = tr(¢(&)) = .



K-THEORY OF PROJECTIVE SYMPLECTIC GROUPS 1061

By (1.3), n,7(x) = 0 which implies 7,8(wkz) = 0. By construction we see
that 7,8(2wk) = 26(=0). Because B8(wky) is a linear combination of B(H
®:1%"'6)’s whose squares are zero by (2.3), 8(wk)* = 0 is immediate.

The other relations are either obtained easily from the construction of the
generators or inherited from the relations of the groups on the both sides of the
above exact sequence. So we omit the proof of them.

Combining the exact sequence of the pair (B((87+10)H) X G, S((8r+10)H)
X G) with the Thom isomorphism KO (X "'%% AG,) = KO(Z* AG,) we have
an exact sequence

I A ~ ]
- = KO*(PG) — KOS((8r+10)H)XG) = KONZ¥ AG,) = .
This becomes the following short exact sequence.
Lemma 6.7.
I ~

0 - KO*(PG) > KOXS((Br+10)H)XG) = KO:Z¥ AG.) — 0.

Proof. Consider (5.7) which is of course valid when v = 2, 3. We have an
element a € KO *(PG) such that c(a) = 2°4% and 7a is divisible by 7, by using
(1.3) and noting that the orders of 7 and 7,7 are 2°"" and 2° respectively. Further
note that the order of 7 is 2°*% by (3.1) and Lemma 6.9 and compare Im Jxo With
Imjx. Then just as in the case # = 1 of Lemma 5.6 it is seen that Imjy, is generated
by elements of the form 27m, ngh, amm modulo 7,KO0*(PG) where m is a monomial

in B(A%6)’s, B(R,)’s. Because of J(z) = 2 *7jx,(x), this implies J = 0 as asserted.

Proof of Cases u = 2, 3. In order to study the A above we observe (5.7) with

4 = 2 in more detail. A short computation gives KO 7(Z%) as follows.
KOS =Z - w,, KO2'(Z¥) =0
with the relations

(H+l)w0 = (H+1)a)2 = (H—l)wl = (H_l)wa =0, nw, = 2w;, 7w, = 2w,

W =Wy =4w, , 0 = 0 =0, VW, = VW; = VW, = ©,W; = Wy = 0, VW, = 4w, .
Also these generators satisfy
Jro(we) = 2(1—H), jxo(w,) = ni(1—H), jro(w,) = n,(1—H), jxo(ws) = 0.

Using such notation it follows directly from the construction
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A(D) = w, A1, AGB) = w1, AB(wrR)) = weA 1, ABQRWR)) = w,A1,
AE) =0.

The last formula together with Lemma 6.7 shows that the element £ €K 0~ %(PG)
of Theorem 5.1 is uniquely defined by

(6.8) 10 =¢.
And further we have
Alne) = 227w, L Alme’) = 25w AL

View iy, as the composite

(1x4)*

KO*(PG) - KO:(S((8r+10)H)XG) > KO(S(2H) X G)
(= KO*(S") ®kor(+1E)

where i is an obvious inclusion of S(2H) into S((87+10)H). Then we see by
Lemma 6.4 that these do not belong to Imi,,, namely, the orders of both elements
n,€ and n,€” are 2. Moreover we can verify that

oA (€) = M2B(R, 2), jxoA(€) = 0, jxo(FB2WR)) = jxo(5B(2wk)) = 0.

Let R be asin § 5. Then it is immediate by Lemma 6.4 and the injectivity of
I that R C KO*(PG). And from the data above together with A(zI(y)) = A(z)y
we infer that Imi,, C R since A is surjective. Similarly to the case # = 1 we also
have Imiy, = ixo(R). Hence we conclude that KO*(PG) = R, which completes the
proof of Theorem 5.1.
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