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Notes on the Group of
S! Equivariant Homeomorphisms

By

Shuichi TSUKUDA*

§ 1. Introduction

Let X be a compact smooth manifold with its first betti number 5,(X) = 0.
Let P be a principal S'-bundle over X and (¥, ¥°) be its gauge group and
based gauge group, respectively. We can identify (¥ ¢°) = (Map(X, S"),
Map*(X, SY)), where Map*(X, S') denotes the space consisting of all base point
preserving maps X — S".

In this paper, we shall consider the topology of the group Homeog(P) of S'
equivariant homeomorphisms of P and in particular, we study the case X =CP".

It is known ([2], [4]) that there is a fibration

(1.1) %—> Mapg (P, P) = Map(X, X)
and it is shown in {8} that (1.1) restricts to the fibration
(1.2) %> Homeog (P) *> Homeop(X)
where we take
Homeop(X) = {¢ € Homeo(X) | ¢*P = P}.
Define the evaluation map g, = u: Homeop(X) — X by u(¢) = ¢(z,), where
z, € X is a fixed base point.

Then we have

Proposition 1.1. There exists a weak homotopy equivalence
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Homeog (P) =pu*P
Let Homeo ;(X) be the subgroup of Homeop(X) consisting of all base point
preserving maps. Then Homeog: , (P) = 7~ '(Homeo ;(X)) is the space consisting
of maps preserving the fibre over z,. Let Homeo §:(P) C Homeog: IO(P) be the
subgroup acting as identity on the fibre over z,.

Proposition 1.2. There exist weak homotopy equivalences

BHomeo: ,,(P) = B(Homeo ;(X) XS")
BHomeo 3(P) = BHomeo ;(X).
For any paracompact subgroup G C Homeop(X) with homotopy type of CW
complexes, since Map(X, X) is locally contractible and € acts Homeog:(P) freely
on the right, if we restrict (1.2) to G it is a principal bundle. Then we have:

Proposition 1.8. Homeog(P) |,= y PX &° as principal € bundle over G.

Let P, be the principal S' bundle over CP” with ¢,(P,) = k. Then, by using
[6], we obtain the following theorem.

Theorem 1.4. 7, ,(Homeog(P,)) has a free part fori =0, 1, -+, n.

A similar result holds for S® bundles over HP", and we discuss it in the
appendix.

The author is grateful to Profesor Akira Kono for his advices, especially to
reffer [6] [7], and encouragement.

§ 2. Proofs

In this section we shall give the proofs of Proposition 1.1, 1.2 and 1.3.
By [1], there are universal bundles

&> Mapgq (P, ES') = Mapp(X, BS")
¢°—> Map3:1 (P, ES") = Map; (X, BSY).

Since b,(X) = 0, ¢° is contractible and B€°~ Map; (X, BS') has the homotopy
type of CW complexes. Hence B€”® is contractible and

B%= Mapp(X, BS') = BS' ~CP".
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Then the following diagram is commutative up to homotopy:

Mapgi(P, ES') —2> Mapga(X xS, ESY)

Mapy(X, BS') —>  Map,(X, BS")
evl Ti
BS' = BS'
and it can be easily shown that
i*Mapg(X X S', ES") = ES'x &°

as “bundle.

Proof of Proposition 1.3. Fix a base point preserving classifying map f for P,
and we identify P and f*ES'. Then we have following commutative diagram

fe
Homeog(P) |, —> Mapg(P, ES")

! !

fe
G Z > Mapy(X, BSY
'M‘“l lev
X AR BS!

and f. is ©equivariant. Hence

Homeog (P) ;= (f.)*Mapg (P, ES)
= (f)*(=f)*Mapg (X xS', ES")
= (f.)*ev*i*Mapg: (X X S', ES")
= (fO)*ev*ES'x €°
= ﬂx:f*ESIX ¢’
= Px<’. [

Proof of Proposition 1.1. Fix a base point p, in the fibre over ,. Then we have
a commutative diagram
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Homeou(P) 2> P

! !

o

Homeop(X) — X

where g, denotes the evaluation map at p,. Then the above diagram naturally
induces a morphism of fibrations

@ — s

! !
Homeog(P) — u*P

! !
Homeop(X) == Homeop(X).

By the homotopy exact sequence, we have Homeog (P) %ﬂ*P. O

Of course when restricted to the subgroup G as in Proposition 1.3, this weak
homotopy equivalence is the homotopy equivalence given.

Proof of Proposition 1.2. Identify P, with S' by
S'3z—>p,-2z€EPR,,
then there is a group isomorphism

@ : Homeog: , (P) — Homeo 3(P) XS'

given by ®(¢) = (@ - 1, (#) ™", 11,(P)).
From (1.2), we have a fibration

"% §' - Homeo 3 (P) X S'"—Homeo 3(X)
where 7(@, z) = z(@). Since ¥° is contractible, we easily deduce the results. [
§3. S'Bundle over CP"
Let P, be the principal S' bundle over CP* with ¢,(B,) = k and consider the

subgroup PU(n+1) C Homeop (CP").
By an easy computation, Ug, is mod n+1 reduction,
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0 «—— HXPU(n+1);2) <= HYCP“:Z)

Z/n+1 Z.

The bundle P, is given by the following Hopf fibration (for simplicity we orient
CP" like this)

Sl_>SZn+l_>(CPn
Since P, = P®¥ we have

Pk: SZn+1X Sl

Pk
where
0, S'—S!

is defined by p,(2) = 2~
Since there is a commutative diagram

Sl —_ Sl

! !

U(?’L"‘l) — SZn-H

! !

PU(n+1) —> CP",
we have
u; Po=Un+1)x,S" = SU(n+1)X,S'
where
k=kX:Z/n+1->Z/n+1C S

Note that if k¥ = k’(mod n+1), then U(n+1) X, S' = U(n+1) X, S’ as groups.
By Proposition 1.3, we have

Proposition 3.1. Homeog(B,) | pyeuin= (Uln+1) X, S)X €° as € bundle
over PU(n+1).
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In fact these are isomorphic as groups. We construct the isomorphism
explicitly. Consider the following action

0: (Un+1)xXSHX(S™"'xS) — (§""'xShH
given by p((g, 2), (z,2)) = (g 'z, 2’z) . This induces the action
p: (Un+1)x,8") XP,— P,.
This gives desired isomorphism
F: (U(n+1) %, 8") X €°—> Homeog:(B) | pycns)

by
F(g, w)(p) =p(g, p) - u(x)

where p € P, and z(p) = z € CP".

Theorem 3.2. Homeog(B) |pyeuen= (U(n+1)X,S)X €° as group. In
particular, there exists a homotopy equivalence

B(Homeog:(B) | pyeasry) = BUm+1)%X,8). [
Note that for » = 1, PU(2) = SO(8) and CP' = S%. By [5], the inclusion

SO(3) = Homeo " (S?) is a homotopy equivalence.
Moreover there are group isomorphisms

U2)x,,S" = S0(3)xSs'
U@)x,, S = Spin‘(3)

Pop+1
and we have

Proposition 3.3. There exist weak homotopy equivalences

B(SO(8)XS") kieven

BHomeos:(B) = {
BSpin°(3) kiodd. [

The cases for k = 0, 1 are studied in [8].
Finally we consider the homotopy groups.
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Proposition 3.4. The following map is injective for all i.
r(U(n+1)x,S") ®Q—> 7;(Homeog (B,)) ®Q.

Proof. Consider the following diagram
s’ — @ — @

! ! !

Un+1)x, S' — Homeog(B) -—  Map(B,, B)

! ! !

PU(n+1) —— HomeonCP" —— Map(CP"CP").
In [6], Sasao proved that
Gi) s m(PU(n+1))®Q — n,(Map(CP",CP")) ®Q
is an isomorphism for all 7, and

m,(PU(n+1)) = n,(Map(CP",CP")) = Z/n+1
7,(Map(CP",CP")) = Z,2.

Then the result follows from the commutatuvity of the diagram. []

Proof of Theorem 1.4. Theorem 1.4 immediately follows from this proposition.

O
Appendix

In this appendix, we study S® bundles over HP”".
Let P be a principal S® bundle over HP". Then we have

Theorem A. 7,.;(Homeog(P)) has a free part fori =1, 2, -+, n.

The proof is similar to that of Proposition 3.4. Here we use the result of [7].
Consider the natural action of Sp(n+1) on HP”", which induces the map

Sp(n+1)/Z, L. Homeop(HP") LN Map(HP", HP™).

Then we have
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Theorem [7]. The induced homomorphism
(i) ®1: m,(Sp(n+1)/Z,) ®Q— r;,(Map(HP" , HP")) ®Q

is an isomorphism for all i > 4.
Moreover for 1 < i < 6,

m;Map(HP" , HP™)) Q= 0.

Proof of Theorem A. For a space Y, denote the space Y localized at 0 by Y.
Consider the following commutative diagram

! ! !

Homeog:(P) |, —> Homeogs(P) — Mapg:(P, P)

! | !

Sp(n+1)/Z, —— Homeop(HP") —> Map(HP" HP")

which induces

Yo = Co)

! !

(Homeog:(P) [s)9p —>  Mapg(P, P)y

! !

(SP(n+1)/Z2)(0) -—> Map(IH[P", H Pn)(o)

where (Homeog(P) |s,) 0y = Mapss(P, P) gy | (sptns13/2 ) @04 Coy = QB Gg).

Recall that ([1], [3])

2@

B%q) = Mapy(HP", BS®)
= Map,(HP", BS},)
= Map,(HP", K(Q, 4))
~K(@Q 4)

where the last line is due to the R. Thom’s famous result. Hence

Co = K@, 3).
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Therefore the following map is an isomorphism for all 7 # 3
7,((Homeogs(P) [s) (o)) = m,(Mapgs(P, P)qy).
Then
7;(Homeog:(P) |s,) ®Q— 7;(Homeog(P)) ®Q
is injective for i # 3 and this complete the proof. []
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