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High-energy Behavior of the Scattering Amplitude
for a Dirac Operator

By

Hiroshi T. ITo*

Abstract

We study the high-energy behavior of the scattering amplitude and the total scattering
cross section for a Dirac operator with a 4 X4 matrix-valued potential. Moreover, in the
electro-magnetic case, it is shown that the electric potential and the magnetic field can be
reconstructed from the high-energy behavior of the scattering amplitude. The study of the
high-energy behavior of the resolvent estimates is crucial for our proof.

§1. Introduction

The aim of this paper is to study the high-energy behavior of the scattering
amplitude and the total scattering cross section for a Dirac operator. Moreover, in
the electro-magnetic case, we show that the electric potential and the magnetic
field (not the magnetic potential) can be reconstructed from the high-energy
behavior of the scattering amplitude.

We define 4 X4 matrices

0 o L 0
j: ’ lst3r B: ’
g 0 0 -,

where I, is the n X7 unit matrix and

01 0 —i 1 0
g, = , O = . » O3 =
10 i 0 0 —1

are the Pauli matrices. Then the matrices , and 8 satisfy the relation:

1D oot o= 26,, aB+Ba,=0 (1<7,k<3),
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where J;, denotes the Kronecker symbol. With the matrices the free Dirac operator
can be written as follows:

3
Hy=ca-D+Bmc’ =c ), a,D;+Bmc* in 7= L*(R* CY,

7=1
where ¢ > 0 is the velocity of light, m > 0 is the rest mass of the particle, and
a=(a,,a,,a), D= (D, D,, Dy), D;= —id/0x, The free Dirac operator H, is a
self-adjoint operator with domain D(H,) = H'(R% C*), the Sobolev space of order
1, and has purely absolutely continuous spectrum:

U(Ho) = GM(H()) = (—oo, “mC2] U [mcz, 00)

The symbol £(p) := ca - p+Bmc’, p € R®, of H, has two eigenvalues T1(p) :=
+yVc? | p (> +m’*, and each eigenspace X~ (p) is a two-dimensional subspace of
C*. Each element of X~ (p) describes an internal (spin) state of the free particle
with momentum p.

When a magnetic potential A(z) = (4,(x), 4,(z), A;(z)) and an electric
potential ¢(x) exist, the Dirac operator has the form:

H=ca- - (D—A)+Bmc*+¢
(1.2)
= Hy+ Vi,

where
Vig= —ca+A+¢.

(The factor e/c in front of A is omitted for simplicity, where e is charge of the
particle.) We assume the following.

Assumption 1. There exist a real o > 2 and an integer d > 2 such that each
v=A,,A,, A;, ¢ is in C*(R*; R) and obeys

[ow(z) < C+ Tz, lri<d
for some C > 0.
In Sect. 2 we will define the scattering amplitude F(E, 6, w), which is a linear
map from X~ (v(E)w) to X *(v(E)G), for energy E with +E > mc?, initial direc-

tion w € S and scattering direction 6 € S% where S? is the unit sphere in R® and

(1.3) v(E) = ¢ '(E2—m%H)V?.
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For a normalized initial state « € X~ (v(E)w), | u |= 1, the total scattering cross
section is defined by

(1.4) o(E, w,u) = [, F(E, 6, w)u | db.

It will be shown in Sect. 2 that the scattering amplitude is well-defined for each
(E, 6, w) if p > 3 and the total scattering cross section is well-defined fer each
(E, w) ifp > 2.

To state our results on the high-energy asymptotics of F(E, 6, w) and
o(E, w, u), we need some notations: For each w € S® let II, denote a plane
orthogonal to w, Il,:= {# ER®| 7+ w = 0}, and define

v,(z) = ¢(z)—w * cA(x),

and

(1.5) m*(w) = Z;Ci jr; {exp(—%f: vim(sw+7])ds)—1}d7/,

where the integral with respect to 7 is absolutely convergent if p > 3. Let
B(X, Y) denote the space of bounded operators from a Banach space X to a Banach
space Y and set B(X) := B(X, X).

Theorem 1.1. Suppose Assumption 1 with p > 3 and fix w € S>
(i) Let K be an arbitrary compact set of S\{w}. Then

(1.6) 5eR | F(E, 6, ©) Il sx* ooy, x* aman= OG E ™)
as E— oo,
€]
|
a.mn lim :M —m* (@) — 0.
Ereel |E| BXE(W(E)w), X= (W(E)w))

Theorem 1.2. Suppose Assumption 1 and fix w € S®. Then

o(E, w, u)-ZfI; {1— cos(% f_i vim(saﬁ-n)ds)}dn\ = 0.

The latter theorem implies that the total scattering cross section has a limit
independent of normalized initial internal states.

Finally, we show that the scalar potential ¢ and the magnetic field rotA can
be reconstructed from the high energy behavior of the scattering amplitudes. To
do so we fix an orthonormal basis {#, (p)}, -, , of X (p) for each p € R*\ {0} with

1.8) lim su
( ) E— +oo uEf(:‘(VlglE)w)
12



1110 HirosHI T. ITO

the following properties throughout this paper:
Each uj (p) is a C*valued continuous function of p € R*\{0} and the limit

u (o, w):= lim 4, W(E)w)
4 [El>w 7

exist uniformly in w € S2

It follows immediately that uf(w, w) is continuous on S? and
each {u; (%, w)};_, , forms an orthonormal basis of the space Xz (w) :={u €
C*| (a*w)u = *u}. If we define, for example, {#; (p)};-, , by

(@ (p) w3 (p) a4y (p) w1, (P)) = a+(p)]4—a_(p)ﬁix_1;2‘.’
_ /1. mc
a+(P) = 'E'_" 23.(p) ,

it is an orthonormal basis of X “(p) and satisfies the above properties (see [Tha],
p.9).
Let us define J*(p): X~ (p) = C* by

2
@)L cui @) = (2) .
Then the 2 X2 matrix
(1.9 F(E, 6, w) =] (W(E)OF(E, 6, w) ] (w(E)w) ", *E >mc’

is a representation of F(E, 6, w).
Let wE S*and £EE I, £+ 0. Then we can take a family of 8(E) € S?,
|E|>>1 with Jim v(E)(0(E)—~w) = &

Proposition 1.3. Suppose Assumption 1 with p >3. Let w € S® and
£, £+ 0and let {6(E)} be as above. Then we have

(1.10) lim LB 6B, w)

ES too |Ei = Giw(g)y

where

G.(E) = #f o (o WL Bt —wreA s 1y g

w

The integral with respect to 7 is absolutely convergent because of o > 3.

Proposition 1.4. The scalar potential ¢ and the magnetic field rotA can be
written in terms of the function G,(¥) on {(w, £) € S’XR*| €11, £ # 0}.
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Combining the above propositions, we immediately obtain the following result.
The same result for Schrodinger operators with A = 0 has been well-known since
Faddeev [F].

Theorem 1.5. Suppose Assumption 1 with o > 3. The scalar potential ¢ and the
magnetic field rotA can be determined by the high energy asymptotics of f(E, 6, w).

Remark. Here it should be noted that it is impossible to determine the
magnetic potential A itself because the scattering amplitude is invariant under the
change A — A +V¢ if ¢ is a rapidly decreasing smooth real-valued function.

In general, a Dirac operator H has the form H = H,+V, where V is the
multiplication operator by a 4X4 Hermitian matrix-valued function V(z).
Obviously, V = V,, in the electromagnetic case. In Sect. 2 the scattering amplitude
and the total scattering cross section will be defined for a Dirac operator with a
general potential V(z), and a representation formula of the scattering amplitude
will be given. In Sect. 3 it will be shown that Theorems 1.1, 1.2 and Proposition 1.3
follow immediately from more general results, i.e, Theorems 3.1, 3.2 and
Proposition 3.3, respectively, and Proposition 1.4 is also proved. The limiting
absorption principle, LAP, plays an important role in our proofs. Though the LAP
for Dirac operators has been studied by several authors (see, e.g., [BMP], [PSU],
[V], [Yaml1]), they discuss it in finite energy regions except for [PSU], and so it
is needed to study the LAP for the high-energy range. In Sect.4 we will give our
result on the LAP for the high-energy range (Proposition 4.1). The proof can be
carried out by combining the commutator method, due to Mourre, and a scaling
argument in the same way as in the case of Schrodinger operators [Yaf2],
Theorem 2. Thus, we give only a sketch of the proof in Sect.6. In Sect.4 we will
also show that the operator e “®“*(H—E—40) '*®“* has a limit (in some
sense) as E — oo and the limit is expressed by the resolvent of some first order
differential operator (Corollary 4.4). Theorems 3.1, 3.2 and Proposition 3.3 will be
proved in Sect. 5.

Recently, there are several works on scattering matrices for Dirac operators.
See, for example, [BGU], [BGW], [BH] and the notes in {Tha].

§ 2. Scattering Amplitude

To define the scattering amplitude we need a spectral representation of H,.
Denote by P*(p) the orthogonal projection from C* onto the subspace X *(p) and
write £, = (mc? +), S_=(—o, —mc?), L=3_UZ,. For each EE Y we
define a positive constant u(E) = ¢ "2(E*(E*~m%*))"* and a Hilbert space
2 (E) by a direct integral
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2.1 o (E) =st OX*(v(B)w)dw,  *E>mc’,

(see [BS], ch.7 for the definition of the direct integrals). By definition, #(E),
+E > mc?, is a subspace of L(S%; C*) consisting of all elements f satisfying
flw) € X*(v(E)w) for aa. w € S We also define a unitary operator

Uy,: #— 9= j; ®x (E)dE

by ((Ug$) (E))(+) = p(E)P*(v(E)-)$(v(E)-) for +E > mc’, where ¢ is the
Fourier transform of ¢:

$(p) = (Zn)—a/zfe_i"qu(x)dx.
It is easy to see that Uy, gives a spectral representation of H;:
Uy, H, UH;1 =FE,

where the right-hand side is the multiplication operator by E.
Now let us consider a Dirac operator

H=H+V,

where V is the multiplication operator by an Hermitian matrix-valued function
V(z) = (V;,(x)),<; k< on R>. We assume the following.

Assumption 2. There exist a real o > 2 and an integer d > 2 such that each
Vie 1 <j, k< 4,isin C*(R®; C) and obeys

lopV(x) IS C(+zD™, |7I<d
for some C > 0.
Obviously the potential V = V,,, defined in the previous section, satisfies
Assumption 2 if A and ¢ satisfy Assumption 1. Under Assumption 2, H is a
self-adjoint operator with domain D(H) = D(H,), and moreover the wave opera-
tors

(2.2) W, =s— tErpwexp(itH)exp(—itHO) € B(¥»)

exist and are asymptotically complete:
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(2.3) RangeW. =2,(H),

where #,.(H) denotes the absolutely continuous subspace of # (see, e.g., [Thal).
It is also known that there is no eigenvalue in ¥ under Assumption 2 ([Yam 1],
Proposition 2.5). It follows from (2.2) and (2.3) that the scattering operator
S = W*W._ is a unitary operator on # On the other hand, it follows from the
definition of the wave operators that exp(itH) W. = W. exp(itH,) for alk-t € R,
and so, S commutes with H,:

exp(itH,)S = S exp(itH,), tE R.
This fact guarantees that Uy S UH;’ is a decomposable operator on #;:
(24) UHOSUH;1 = fz ©S(E)IE,

where S(E), called the scattering matrix at energy E, is a unitary operator on
2 (E). Under Assumption 2, S(E)—1I is of Hilbert-Schmidt class for each £ € ¥
and its integral kernel is denoted by T(E, 6, w) € B(X*(v(E)w), X~ (v(E)6H)),
where (E, 6, w) € . XS§*X S% The scattering amplitude with energy E, incident
direction w and scattering direction 8 is defined by

F(E, 6, w) = —2miv(E)'T(E, 6, w),

which is well-defined for each (E, 6, w) if p >3. For u € X*(v(E)w) with
| u |= 1, the differential cross section is defined by | F(E, 6, w)u |? and the total
scattering cross section is defined by (1.4), which is well-defined for each (E, w)
and u for p > 2 (see Proposition 2.1 below).

We give a representation formula of f(E, 6, w) defined by (1.9). Fors € R we
define

LR € = {f€ L. (B% ¢ i flip=Il 1+ | 2 I*)*f li Lyas. o6y < o0}

and B, = B(L:(R?; ¢*), L* ,(R*; C*)). Let R(z):= (H—z) ' for Imz # 0. Then,
it is known that the following norm limits exist in B,, s > 1/2, uniformly for E in
any compact set of X:

R(E=i0) = liH)l R(E=xie),

and that R(E*10) is a B,-valued continuous function of E. This fact is called
the limiting absorption principle (see, e.g., [BMP], [V], [Yaml]). We define
an operator Q(E) := —V+VR(E+i0)V for each EE X and a 4 X 4 matrix
Q(E, 0, w) = (ij(E, 0, w)) by
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(2.5) Q]k(E’ 6, w) L= (Q(E)QO(V(E)CO, ')xk! eO(V(E)g' ')x]')LZ(Ra;C4) ’

where eo(p, ) = ¢?* and {x;}, <, <, is the canonical basis of C*: x; =°(1, 0, 0, 0),
-, 24 =00, 0, 0, 1). The following result is obtained by a usual way in scattering
theory, and we give only a sketch of the proof.

Proposition 2.1. Suppose Assumption 2. Then S(E) —I is of Hilbert-Schmidt
class for each E € X, and f(E, 6, w) defined in (1.9) has the following represen-
tation.

(26) f(E 6, w)
= @) E | (uy (W(E)B) u; (W(EYON*QE, 6, ) (u; (W(E)w) u; (W(E)w))

for E € ¥, where (u; (W(E)O) u; (v(E)B)) is the 4X 2 matrix with the j-th column
vector uf(u(E) 6). In particular, f(E, 6, w) has the following properties:

(1) Each component of f(E,-,w) is an L*(S%) -valued continuous function of
(E, w) EX xS2

(1) f(E, 6, w)—f(E, w, 8)* is continuous in (E, 6, w) € X XS?x §%

Moreover, if p > 3, then S(E) —I is of trace class for each E € 2, and f(E, 6, w) is
continuous in (E, 6, w) € L XS*x S2

Sketch of the proof. We define Uy (E): LX(R’,C*) - #(E), s > 1/2, by
(Uy,(E)$) (+) = ((Uy$) (E))(+). Then the following relation is verified

1 - o
UHO(E)*UHO(E) = —é;n—.((Ho—E—zO) '—(H,—E+i0)7h).
Taking account of this relation, we can derive
S(E)—1 = 2miUy (E) Q(E) Uy (ED* for aa. E

in a usual way (see, for example, [Yafl], p.94) and verify that the right-hand side
is of Hilbert-Schmidt class if p > 2, and of trace class if o > 3. Therefore, from the
definition of Uy (E) it follows that

@20 F(E 6, w) = Quc) ' EIPT(W(E)DQE, 6, ®) | x(imyey

where | x= (e denotes the restriction to X~ (v(E)w). Hence, we obtain (2.6) by
(1.9). The properties of f(E, 6, w) follow from those of Q(E, 6, w) discussed
below.

We see that V€ B(L%,, LY for s+t <p and VR(R£i0)VE B_, for s <
o—(1/2) by Assumption 2 and the limiting absorption principle. Since x, € L";
for any s < —3/2, the j-component of Q(E)e,(v(E)w,)yx, is an L, (R?)-valued
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continuous function of (E,w) for some s > 1/2. Thus, noting that §;,(E, -,w) is the
restriction of the Fourier transform of the function to the sphere
{E€E R®|| £|= v(E)}, we see that ,,(E,-,w) is an L*(S?) -valued continuous
function of (E, w) € £XS% On the other hand, by the equality

Q(E, 6, w)—Q(E, w, 6)*
= ((V(R(E+i0) —R(E—i0)) Ve,(w(E)w, *)xi, ee(W(EO, D)2k cty)s

we can verify that it is continuous in (E, 6, w) € £XS*X S% Moreover, it is easily
seen that Q(E, 6, ) is also continuous (E, 6, w) € TXS?xS%ifp > 3. [J

§ 3. General Potentials
Theorems 1.1, 1.2 and Proposition 1.3 follow from more general results below

(Theorems 3.1, 3.2, Proposition 3.3). To state these results we prepare some
notations. For each w € S? define the 2 X 2 matrix

3.1 v, (2) = K (0)*V(2)K *(w),
where K™ (w) = (uj (0, ») u, (0, w)) is the 4X 2 matrix with the j-th column

vector «; (o0, w). For each n € II, let U, (¢, n) be a 2X 2 matrix-valued function
on R satisfying the following equation:

(32) c%vfu, n = VECtotn) U 7,
(33) tEIEloo Uwi'(t, 77) = 12.

It is easily verified that under Assumption 2 this equation has a unique solution
and that the solution is a unitary matrix for each ¢ and has a limit as ¢t = + oo

(3.4) Uy (o0, 7):= lim Uz, .
Moreover, we have the following estimate easily:
i U (o0, P —LII< C(1+ [ D77
Let ReU = (U+U*)/2. Then (U—L)(U*—1,) = 2—2 Re U, and hence

“ Reri(—i-oo, 77)—]2 ”S C(l—l— | n |)—2p+2.
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Theorem 3.1. Suppose Assumption 2 withp > 3. Let w € S2
(1) Let K be an arbitrary compact set in S*\{w}. Then

2 SUp 1| F(E. 6, @) lnr oo, x=omon= OU E1 ™
as E— t oo,
(i) Let
o1 . 3
M*(@):= 5 wa(Uw (+00, 7) —L)dn.
Then
F(E, w, )

—J (B w) 'M* ()] (v(E)w)

(3.6) lim H
E—> *too

| E | BX* ((B)w), X* (W(E)w))
= lim M—Mz(w) = 0.
E—>teo |E | B(CYH

Next we consider the total scattering cross section. A normalized internal state
ue X*(v(E)w) can be written as u=2X_cau, (W(E)w), TE > mc® with
€, EC, le;|”+1cI’=1. Let f,,(E, 6, w) denote the (j, k)-component of
f(E, 6, w). Then

2 2
3.1 o(E, w, 1) = ) fszikZ e fiu(E, 6, ) |2 d6
=1

1=1

2
= ) ¢, 12 0,(E, w)+2Re(c 6,05 (E, ®)),

k=1

where
2

(3.8) o, (E, w>=,Z j;zljj-k(E, 6, w)|*do, k=12
2

(3.9) on(E, ») = Zfszfjl(E, 6, w)f,(E, 6, w)de.

Theorem 3.2. Suppose Assumption 2. Let w € S% Then
310)  lim (B ) =2 [ (I1-RelU (+%, Myldr, k=12
. + TE S N
(8.11) El_{rgw 0y (E, w) = — fn (U (+00, n)y+ U, (+0, 7)1, dn,

where U, (490, 1), is the (j, k)-component of U, (+ 0, n).

Proposition 3.3. Suppose Assumption 2 withp > 3. Let w € S and EE€ 11,
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£#0, and let {0(E)} be a family of wunmit vectors in R® such that
v(E)(0(E)—w) > Eas | E |- . Then

. (B 0(E), ) _ 1
Sim E = o

fn e ET(UE (+ 00, ) —L)d7.

Accepting Theorems 3.1, 3.2 and Proposition 3.3, we prove Theorems 1.1, 1.2 and
Proposition 1.3.

Proofs of Theorems 1.1, 1.2 and Proposition 1.3. We first prove that
(3.12) K (w)*(a-A)K (w) = £ (w-A)],.

Indeed, the (4, k)-component of the matrix K (w)*(a+A)K * (w) can be written as
follows:

(a-Dug , uH)e= (@A) (Fa w)ug , 4, g

= ((a"ADu, , (Ta-w)u, s,

because each u,” = u; (%, w) belongs to X-(w). On the other hand, taking
account of (1.1), we get the well-known formula

(3.13) (0 A)(aw)+(aw)aA) =2w-A.

Thus, (3.12) follows immediately. Substituting V = V,, in (3.1) and using (3.12),
we see that V,"(z) is a scalar function:

(3.14) V5 (@) = 0.2, v.,(z) = ¢(z) Fw-cA(2),
and

+ T [
(8.15) U, (t,n) = exp(— ?f_ V., (sw+n)ds)I,.
Therefore,
(3.16) U, (400, )y, = U, (00, )y = 0,

. 1=

8.17) RelU, (+00, 7))y = cos(jf_ vtw(sw+n)ds>

and M *(w) = m" (w)I, (see (1.5)). Hence, Theorems 1.1, 1.2 and Proposition 1.3
immediately follow from Theorems 3.1, 3.2 and Proposition 3.3, respectively. []

Next we give the proof of Proposition 1.4.
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Proof of Proposition 1.4. Since G,(£) is the Fourier transform of a function
const. (¢~ WS LWGwTm —wealswras_ 1y of peTl and since S ZL(¢(sw+7n)—
w-cA (sw+n))ds is continuous in 7 € II, and goes to zero as | 7 |— oo, the function
S5 (¢ (sw+7n)—w:cA(sw+7n))ds can be determined by the function G, (&), £ €
II,. Replacing @ by —w, we also obtain /%, (¢(sw+n)+w:cA(sw+n))ds from

G_,(&). Thus, both /7, ¢(sw+7n)ds and /o, w*A(sw+n)ds are determined by
G., (), EE11,. Taking account of the Fourier transform on R®

3® = o[ (7 g(so+tmads)an, £,
we see that ¢ is determined by the function G,(&) of (w, £) with w € §% EE 11,
because w can move on the whole sphere. To represent the magnetic field retA in
terms of /%, w*A(tw+7n)dt, w € S’, n € I1,,, we prepare the following.
Lemma 3.4. Let {6, w, '} be an orthonormal basis of R® with o’ = X w, and let
a,(n) = f_ w-AGtw+n)dt, nE1,.
Then

(3.18) (0-rotA (£) = (21) Y% (E- o) fn e (n)dn,

for £ € 11, where the left-hand side is the Fourier transform of the function 8-rotA on
R®

Proof of Lemma 3.4. Taking account of p > 3, we have by Stokes’ theorem
4 77 )‘, * /
a,(he +u8) —a, (X' +16) = fZ ds [ (0-rotA) (tor-+ s’ +ud)dt
for 2, 2, © € R. Thus,
0 , = ’
=0, +18) = — [ (o-rota) (tw+ 20/ +ud)ar

and so,

Il

— 2" (6-rotd) (5w +50) = [ [ e"'fll"'ﬁ"%aw(zw'we)dzdu

= —ig [ [ e 10 (o' +u6)dAdy,
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where we have used integration by parts at the second step. We have thus proved
the lemma. []

Since, for fixed 6 € S?, the union of {II, | w € S’NII,} coincides with the whole
space R®, the function 6-rotA (z) is determined by {a,(7) |w € S%, n € 1,} by
virtue of the above lemma. Consequently, rotA (z) is determined by this set for
@ is arbitrary, and Proposition 1.4 has been proved. []

8 4. High Energy Behavior of The Resolvent

The following assumption on potentials is sufficient for the limiting absorp-
tion principle at the high-energy.

Assumption 8. V(z) is an Hermitian matrix-valued C? function on R® such
that all | (z-V)*V;,(z) | are bounded on R® for £ =0, 1, 2.

Proposition 4.1. There exists E, > 0 such that for any s with 1/2 < s <1 the
following estimates are valid:

(4.1)

sup || R(Exie) llz< +oo,
0<ex1 s
|E|= E,
(4.2) sup, WR(E+ie) —R(Exie) i, < C,le—€|% 0<e e <1

for some C, > 0, where a = (s—(1/2))/(s+(1/2)). In particular, the norm limits
R(EX0): liflol R(E=*ig) exist in B, uniformly in | E |> E,.

Remark 1. Let W(z) = (W, (z)) be a 4 X4 Hermitian matrix-valued C'
function such that (1+ [z )| W, (z) | and | VW, (z) | are bounded for some
o > 1andlet V(z) = kW(z), k € R, then the same results have been obtained by
Pladdy, Saité6 and Umeda [PSU] for small «’s.

Remark 2. Though the resolvent estimate for any compact energy range in
¥ has been already proved by many authors (see, e.g., [BMP], [V], [Yam1l]), the
estimate for the high energy range (| E|> > 1) is, so far as the author knows,
proved in only [PSU] above. On the other hand, in the case of Schrodinger
operators, Yafaev [Yaf2] has obtained high-energy resolvent estimates by combin-
ing the commutator method, due to Mourre ([CFKS], [M]), and a scaling argu-
ment (see also [J]). His argument is applicable to our case, and we can prove
Proposition 4.1 in the same way as [Yaf2]. So, we will give only a sketch of the
proof in Sect.6.
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Next we study the asymptotic behavior of R(E+1i0) as E — t oo, For proving
Propositions 4.2, 4.3 below, the following assumption on the Hermitian matrix-
valued function V(zx) is sufficient:

Assumption 4. Each V,, 1<j, k<4 isin C*(R?; €) and
(4.3) sup, [0V (z) < C, lri<2
TE
for some C > 0.
Define an operator L(w), @ € S% in LX(R®; C?) by
1 I,
L(w) = cw'D+Ky(w)*VKy(w), Kyw) = T .

g'w

It is easily seen that the operator K,(*w) can be regarded as a unitary operator
from LX(R®; C?) onto L2 (R*: X2 (w)) as well as from C? onto X2 (w). The operator
L(w) is a self-adjoint operator with domain

D(L(w)) = {f€ L*(R®; C*) | w-Df € L*(R®; CH)}.

Proposition 4.2. Suppose Assumption 4. Lete > 0, w € S?and f EL*(R®; CY).
Then one has

s— lim_ e VB IR (B4 ie) e B0t = K (+w) (L(Fw)—ie) 'K, (fw)*f
in L*(R®; C*), where K,(*w)* is the adjoint matrix of Ky(*w).

The proof is given at the end of this section.
The limiting absorption principle for L(w) also holds:

Proposition 4.3. Suppose Assumption 4. Let w € S*and s > 1/2. Then
—_— o) —-1 7
,Sup 1 (L(w)~ie) ™ Iz, < +oo,

and the norm limit (L(w)—1i0)"":= lim(L(w) —ie) " exists in B, where
B.:= B(L:(R*; CY, L’ (R®; C?)).

Proof. We use the commutator method by Mourre (see, [M], [PSS], [CFKS]).
Let A be the multiplication operator by w-z. Since i[L(w), A] = c on the space of
rapidly decreasing functions, we can adopt A as a conjugate operator for L(w) to
obtain the desired results. The detail is ommited. []
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Combining Propositions 4.1, 4.2 and 4.3, we obtain the following result immedi-
ately.

Corollary 4.4. Suppose Assumptions 3 and 4. Lets > 1/2 and f EL(R?; C*).
Then one has

s— lim_ e P PIR(E+10)e™ P f = K (+tw)(L(*w)—i0) 'K,(Tw)*f
in L* (R*; C").
Remark 1. Note that the corollary implies
Jim _inf | R(E£40) {5 # 0

for any s > 1/2. In the case of the free Dirac operator, V = 0, this has been already
pointed out by Yamada [Yam2] (see also [Yam3]). On the other hand, in the case
of Schrodinger operators, the following estimate is well-known for any s > 1/2:

(4.4) | (—A+v—E=*i0) "2 2 = O(E™Y), E— +oo,
(Ls. L2g)

for a large class of potentials v, and this estimate (4.4) plays an important role
when one reconstructs v from the high energy behavior of scattering amplitudes
(see, e.g., [F], [N], [S1], (S2]). Since a similar estimate such as (4.4) dose not hold
in the case of Dirac operators, we need a more detailed information of the high
energy behavior of the resolvent such as Corollary 4.4 to consider similar re-
construction problems.

Remark 2. Denote by P, (w) the orthogonal projection from C* onto Xz (w)
and by EZ(w) the embedding from X (w) into C*. We can regard them as the
orthogonal projection from L*(R®; C*) onto L*(R®; X2 (w)) and the embedding
from L2 (R®; Xz (w)) into L*(R®: C*), respectively. Define an operator L™ (w) in
LY(R’; Xz (w)) by

(4.5) L*(w) = cw'D+P: () V(2)EZ (w),

which is the restriction of the operator cw-D+V(z) in L*(R*:C* to
L*(R*; X2 (w)). If we identify C* with X.(w) by K,(*w), then L(Fw) is
identified with L™ (w). Moreover, we can easily see that

(46) K(Fw)(L(fw)—i0)'K,(tw)* = Es(w) (L (w)—i0)'Ps (w).

Since {«; (0, w)},_, , is an orthonormal basis of X (w), we also have
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“.n Ko(:tw)(L(i‘w) ~i0)_1K0(:tco)* = Ki(w)(cw-D+ Vf—iO)_IKi(w)*.

Proof of Proposition 4.2. In this proof we fix w € S? and € >0, and write

v =v(E) (see (1.3)) and |l - {|=I| * Il g2z, c»y for simplicity. First note that
i ) K L
e—ww-z(H_E__iE)eww'r — ,
L* M
where

K =mc*+U,—E—ie, M= —mc’+Uy—E—ie,
L == Co'(D+Vw)+U12,

and U,,'s are 2 X 2 matrices defined by
<Ull U12>
V= .
Un U
Here note that U},= U,,. If we set

) , X Y
e " R(E+ig)e™ " = .
z W

we have X, Y, Z, W € B(L*(R®; €, H'(R®; C?)) and

K L\/X Y
< >< > =1, € B(L'(R*; C*),
L* M/\z W

X Y\/K L
< >< ) =1, € B(H'(R*; C?),
M

Z wW/\L*
that is,

(4.8) KX+LZ=1, L*X+MZ=0 in B(L*(R®;CY),
(4.9) KY+LW =0, L*Y+MW =1, in B(L*(R®; C?)),
(4.10) XK+YL*=1,, XL+YM=0 in B(H'(R*; C%),
(4.11) ZK+WL*=0, ZL+WM =1, in B(H'(R*; C%).

Moreover, it follows from || R(E+ie) ll5, < 1/e that [ XL I YILIZE | WL
1/e. Since all components of U, and their derivatives are bounded and
IM~'l[<1/e, both M and the inverse M ' belong to B(LX(R®:C®»)N
B(H'(R®; C?). Therefore, by the second equality in (4.8) we can see that
(o-D+i)X € B(L*(R% C*,H'(R%;C") .Since (o-D+i)"' € B(H'(R’;C?,
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HY(R® CYH) follows immediately from (g-D)* = —A (see (4.16) below), we have
X EB(L*(R?; C*), H*(R®; C»)). The equalities in (4.8) yield Z= —M 'L*X and
(K—LM'L*)X =1, eB(L*(R*; C*)). Moreover, we can also have X (K—LM ~'L*)

=1, EB(H*(R*; C*)) by (4.10), and so, the operator K—LM ~'L* with domain
H*(R®; C?) has a bounded inverse:

X=(K—LM 'L, Z=-M'L*(K—LM 'L*)™".

In the same way as above it follows from (4.9) and (4.11) that M—L*K ~'L with
domain H%(R®; C?) has a bounded inverse:

W=M-L*K'L)"", Y=—-K 'L(M—-L*K"'L)"".

Lemma 4.5. Bounded operators X, Y, Z and W have strong limits as E — £ oo;

(4.12) s— lim X = (2L(fw)—2ie)7",

(413) s— lim Y = (2L(£w)—2ie) (£0w),

(4.14) s— lim Z= (o 0)@L(£w)—2ie) ",

(4.15) s— lim W= (£0 w)QL(*tw)—2ie) (o w).

Proof of Lemma 4.5. We only give the proof of (4.12) and (4.14) for E — %o,
because the other cases can be treated similarly. In this proof, the notation
A =B+0,(E™") means that || (A—B)(—A+1)"'|=0(E™") as E—> +. We
write

K—LM™'L* = —co- (D+wvw)M ‘co- (D+vw)
— Uy M 'co- (D+vw) —co- (D+vw)M Uy,
— Uy M "'Uy+ Uy, +mc*— E—ie,

and observe that

M™'= —E ' (Up—mc*—ie) E P+ 0,(E™®),
v=c 'E+0,(E™"), [D,M7']=0,E™.

Now, noting that the Pauli matrices satisfy the following relation:

(4.16) 0,0, +0,0,=20;,L,, 1<3j k<3,

we obtain
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(4.17) (0w)(0:D)+(0:D)(0*w) = 20-D, (0'w)*=1
Thus, it is easily seen that
K—LM'L* = 2L(w) —2ie+0,(E™),
and hence,
(4.18) X—(2L(w)—2ie) ™' = O,(E™"),

since (—A+1)(2L(w)—2ie) '(—A+1)"'is bounded and || X |{< 1/e. This implies
(4.12), because the operator norm of the left-hand side in (4.18) is uniformly bounded
in E >> 1. Since

[:Dj , e—iw~z(H_E__i£)—leiuw-z]
= —e ™ (H—E—ie) '[D,, VI(H-E—ie) ™7,
it follows that sup e ™™ *(H—E—ie) '™ || gnca®; oty < +©°, and hence
(4.19) Sup, | X e e < +o°.

We write

Zf—(o-w) (2L(w) —2ie)"'f
=(—M7'L*— (oo Xf+(0-w)(X— (2L (w) —2ie) ) f.
The second term in the right-hand side goes to zero by (4.12) for f € L*(R?; C?), and
the first term goes to zero by (4.19) if f € H'(R®; C?) since
| =M 7'L*— (0" @) |l pearics: v, 123 cty= OCE™"). On the other hand, the operator

norm of Z— (0-w) (2L(w) —2ie)" is uniformly bounded in E >> 1, and hence
(4.14) follows. []

Proposition 4.2 immediately follows from Lemma 4.5. []
§ 5. Proofs of Theorems 3.1, 3.2 and Proposition 3.3

Proof of Theorem 3.1 (i). Assumption 2 with o > 3 is supposed. We first note
that

D (l), - [D(l), e—iu(E_)w-zQ (E)eiu(E)w-z] ]
_ e—iu(E)a)-z [D(D,"', [D(D, Q(E)] _._]ew(E)w-x’
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where each DY stands for some D,, 1 < k < 3, and the commutator is the £-th fold
one, £ < d. Since [D;, R(E+i0)] = —R(E+1i0)(D,V)R(E+10), it follows that

sup || (DY, -+, [DP, QUE)] ] ll< o0
[E|>>1 N
for s < p/2 by Proposition 4.1 and p > 3. Consequently, we hae

ar —w(E)w-z iW(E)w-
sup 1195 P Qu (B P D) 5 < oo,

for each @ with |a|<d and for s with 3/2< s <p—(3/2), where Q(F) =
(Qk(E)) <; k<4 Since 8 # w, writing @,,(E, 6, w) as

(51) ij(E’ 9' w) = fe—w(E)(Q—a:)-r(e—iu(E)m-zQ]k(E)ew(E)w-rl)(I)dx

(see (2.5)) and integrating by parts, we have the desired result by Proposition 2.1.
O

Proof of Theorem 3.1 (ii). Assumption 2 with p > 3 is supposed. We set
Q (@) = (@@ <, k<cs: = —V+VK () (cw D+ V,"—i0) 'K *(w)*V.
Then it follows from our assumption, Corollary 4.4 and (4.7) that @ (w) € B_, and
s— El_l)ril}w e—iu(E)a)-zQ(E)ew(E)w'zf — Qi’(w)f in Li(Ra, C4)
for each w € S* and f € L2 (R®; C*) if s < p/2. Thus, by (5.1) we have
Jim QB 0, 0) = (@7 (0)xi, x)r.
Since
Egrgw(uf(v(E)w) u; W(B)w)) = K- (w),

it follows that

lim f(E o, w)

g IE | = (ZECZ)_IKi(w)*((Qi(w)xk: Xj)LZ)lgj,kg,;Ki(O))

= (2%02)_1(((Ki(w)*9i(w)Kt(w))Xk: Xj)L2)1 <nk<t

= Q2c) (DT (i, D12 cn 1< k<2

where D*(w) = (D;,(w)) := —V,"+ V,"(cw* D+ V,"—i0)7'V,", and {F},—, , is the
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canonical basis of C?. Writing z = tw+7, t € R, n €11, , we denote by U * the
multiplication operator with U, (z) := U, (¢, 7). Then by (3.2)

(cw*D+V, —i0) ' = ¢ 'U*(—i8,—i0) (U ™)".

Therefore, we have for each constant vector u € C?:
V. (cw-D+V,"—10) 'V, u(tw+n)

t
— i DU ) [ U (s ) (sw+n)uds
+ + td e -
= VEo U [ (U (s, ) Duds

=V, Go+n) U, 6 AU, (t, m) ' —L}u
= (V) Go+n) =V, (Gw+n) U, (t, 1)u,

and hence

-V, (two+m U (¢, Du

—ci(8,U, (¢, m)u.

(5.2) (D" (w)u) (2, 1)

This yields

(D*()7x, T, o = —ci fn | o0z mydsan

—ci fn (UZ (40, 1) —L);4dn,

and Theorem 3.1 (i) has been proved. []

Proof of Proposition 3.3. In the same way as the proof of Theorem 3.1 (ii), we
have

lim f(E, 6(E), w)

g ‘ E [ = (27[02)_1((171((0)721;: e‘E.IXj)LZ(R-’*;c?))] <5 k<2

and so, by using (3.2) and (5.2) we obtain the desired results. []

For the proof of Theorem 3.2 the following proposition, may be called the optical
theorem, is useful.

Proposition 5.1. Under Assumption 2, we have
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(56.3) 0.(E, w) = 4mv(E) 'Imf, (E, w, w), k=12,
(5.4) 0y (E, w) = —2mv(E) ' (£, (E, w, 0) — f,(E, o, w)).
forEEY and w € S

Proof. Since the scattering operator S is a unitary operator, the scattering
matrices S(E) are unitary operator for aa. E € X, and hence

(5.5) (SEY-D*(SE)-D = —(S(E)—D~—(S(E)—D* for aa. E.
Taking account of Proposition 2.1, we get by (5.5)

<“(E)>f F(E, 6, 0)*F(E, 6, 0)d6

=~ XEV (4(p, 0, )~ 1B 0, 00,

for each (E, w, w"). By putting w = «’, this yields

<V(E)> Zf | £x(E, 6, w) 1*do = V(E)Imﬁ,k(E ww), k=12

(KE2) 5. [ 4B 0, B G i = (1, (5, 0, 0)+Fulr )

By (3.8) and (3.9), we have completed the proof. []

Proof of Theorem 3.2. In the same way as in the proof of Theorem 3.1 (ii), we
have

tim fE w, w)—fE w, w)*
E— too IE'

= (27D KT (0)*(((QF (@) — Q7 (@) ™)X, X r2as: c)1 < k<4 K (@)
= (27¢®) (D" (w) =D~ (w)*) ., )rw. v <jk<as

and
V.5 (cw-D+ V" +i0) "'V, 1, (tw + 1)

= (—V, Qo+n) U, (&, DU (+o0, P '+ V" (tw+ 7)) 7 (tw+7).

Since
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il (D* () =D* ()" (tw+n) |l c2
=V, o+ U, (&) (U (+oo, ) —L)F |l 2
<CA+1ltl+1nDQ+nD™",

we obtain by using Fubini's theorem
((D* (@) =D (@))%, 7)) 2w, c»

= ic [ (U7 (hom, =)W (hoo, )= 1), Z)cadn

= 2ic fn w((l—ReU,f(+°°, M), Z)cdn.
Hence, Theorem 3.2 follows from Proposition 5.1. []

§ 6. Proof of Proposition 4.1
We give a sketch of the proof of Proposition 4.1 for only the case E > E, because

the case E < —E, can be treated similarly.

In this section the norm || - || stands for || * Il or || - Il 23, ct) for simplicity. By
scaling £ — E "'z we have

|+ zD)H-E—ie) '+ [z DI

= E* 7 B+ |2 D Hp= 1) B+ 12 D7

where H; = ca-D+E ~'(Bmc®+ V(z/E)). Hence, Proposition 4.1 is equivalent to the
following.

Theorem 6.1. There exists E, > 0 such that for 1/2 < s < 1 the following estimates
are valid:

6.1) | (E+ |z I)_SRE(IH%) (E+ |z II< C.E™™,

(62) | (B+ 12D Re(1+i )~ R+ B+ 12 ) 1< GBS |8-57

forany 0 < 6,8 < 1 and any E > E,, where Ry(z) = (Hy;—2z)"".
Accepting the following proposition for a while, we give the proof of Theorem 6.1.

Proposition 6.2. There exists E, > 0 such that for any s with 1/2< s <1 the
Sfollowing estimates are valid.
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63) B+ 1A D R+ (E+ [ A D 1< CE ™,
N—s .0 0 —s _os /la
64) | (E+ | A D (Rp(1+i5) —Rp(1+i 7)) (E+ [ A D [1< C,E"® |6-¢"1%

forany 0 < &, 6’ < land any E > E,, where A = (1/2) (z-D+D-X) is the generator of
dilation.

Proof of Theorem 6.1. By the resolvent equation R;(z) = Ry(i)+ (z—1i)
R;(2)R;(i), we have

(65) Ry(1+ie) = Ry(i)+(1+ie—1)Rp()*+ (1+ie—1)’Ry(D) Ry(1+ie) Rp(3).

Thus, by || Rz(i) l|l= 1 and || (E+ | z1)”*ll= E ™, the proof of (6.1) is reduced to that
of

(6.6) | (E+ |z D) Ry(DR(1+ie)R:(I)(E+ |z D°II< C,E'™®,

forE > E,;, 0 < ¢ < 1. With the aid of (6.3), it suffices for the proof of (6.6) to show
that

(6.7) Sup | (E+ [ADR(ED(E+ 2D °(I< o0,

foreach 0 < s < 1. The case s = 0 is obvious, and so the cases 0 < s < 1 are reduced
to the case s = 1 by interpolation. Thus, it suffices to show that

(6.8) sup | AR, () (E+ |z DI oo,

To do so we write

(6.9) AR (£D(E+ |z D)7 '=R(£DAE+ 1z
+Ry(£) [Hy, AIR (D) (E+ |z )7,
and
(6.10) RE(ii) = (Loii)VI"RE(ii) V;z(Lo$i)_l,
where L, = a-D, V; = E '(Bmc’+ V(z/E)). Since (L,—i)"'D is bounded and
A = D-x+(3/2), the operator norm of the first term in the right-hand side of (6.9) is

uniformly bounded for E >> 1, and that of the second term is also uniformly
bounded by Assumption 3 for
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(6.11) i[Hp, Al = Hy— Vo—z- (V).

(6.8) is now proved and so is (6.1). (6.2) follows from (6.4) in the same way as above.
This completes the proof. []

It remains to prove Proposition 6.2. Since this proposition can be obtained if we track
the proofs in [PSS] with carefully taking account of the E dependence (see [Yaf2],
[J1), we only give a sketch of the proof. In particular, we omit the proofs of Lemmas
6.3-6.6 below.

Sketch of the proof of Proposition 6.2. We first note that
(6.12)  suplll (Hy, AJ(Hy +O)7" || + | [[Hg, AL, AJ(Hp+0) 7' I} < oo,
by (6.11) and Assumption 3. Fix f€ C”(R) with

0<f<1, f=0(z—-1121/2), f=1(z—-1[<1/4).

Then it follows from the definition of V; that

(6.13) ME:= f(Hp)i[Hy, A1f(Hy)
= Hy f(Hp)*+ f(Hp) (— Vy—z- (VV)) F(Hy)

(6.14) > i—f(HE)Z,

for any E > E, if E, is sufficiently large.

Lemma 6.3. If e >0 and 6 > 0, then 1+i6 belongs to the resolvent set of
Hy—ieM} and

G.(8) := (Hy—ieMi—1—i0)"' € C([0, =); B(#))NC'((0, ); B(#))

as a function of e. Moreover, there exists e, > 0 such that G,(8) satisfies the following
estimates.

(6.15) | f(H)G.(8) I< Ce 21 (G.(8) 8, ¢) |2,
(6.16) | (Hp+)G.(8) 1< Ce™, || (Hp+1)(1—f(H))G.(D) II< C,

forallp €2 E>E,, 0< §<1and0 < e< g, for suitable g, > 0.
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Lemma 6.4. Define D,:= (E+ |A)(e| A | +1)°"', F.(8) := D,G.(8)D,.

Then
(6.17) | G.(&)D, II< C(E~*+&e || F,(8) i,
(6.18) | F.(8) I|< CE™%¢™!

forE>E;,, 0<d<1land 0<e<eg,.
Lemma 6.5. Let g = C; (R). Then
(6.19) Eslzlgn!! LA, g(Hp)] [I< oo,
Combining (6.16), (6.17) and (6.18), we can obtain
Lemma 6.6.
(6:20) | Lr@)| < cerem e m 17

forE>E;, 0<d6<1land 0<e<eg,.

Define K,(E, 6) := E* 'F,,;(8). Then by (6.18) and (6.20) we have

(6.21) “%KE(E, 5)” < Ce'(1+e V2 K, (8, E) i),

(6.22) |K,(E, 6) < Ce™",

forE>E,,0<d6<1and0< €< E,g. From (6.21) and (6.22) it can be shown

that

(6.23) 0 SUB, I K,(E, &) lI< oo,
E>E,

and that the norm limit K,(E, §) := lim , (K, (E, &) exists in B(# ). Therefore, it

follows that

(6.24) NF(OISCE™, 0<e<eg, E=E,,

and that the norm limit F,(6) := lim, ,, F,(6) exists in B(2). This completes the
proof of (6.3). Next we prove (6.4). Taking account of (6.24) and (6.21), we

integrate dK,(E, 6/E)/de to have
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(6.25) | F.(8/E) —Fy(6/E) || < Ce*~WPEWDs

for E>E,,0<d<1and0<e<eg,. Since || D,G,(8) |l has the same estimate as
(6.17), it follows from (d/dd)F,(6/E) =iE 'D,G.(6/E)’D, and (6.24) that
Il (d/d8)F.(8/E) |I< Ce 'E™%, and so

(6.26) | F,(8/E)—F,(8'/E) IS Ce 'E™*{6—06"|
forE>E,, 0< 6,8 <1land0< ¢< g, In virtue of (6.25) and (6.26), we get

(6.27) || Fy(8/E)—F,(8'/E) |l
<||F,(6/E)—F,(86/E) || + || F.(6/E)—F,(6'/E) || + || F,(6'/E)—F,(&"/E) |l
< CEVB(e WRR WD s L p=l 5—67])

for E>E,,0<6, 6 <1and 0<ée<eg,. Thus, setting e=E"'[6—6"]""%, we
obtain (6.4). []
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