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On the Solvability of Convolution Equations
in Beurling's Distributions

By

Dae Hyeon PAHK* and Byung Keun SOHN* *

Abstract

Let &'w be the space of Beurling's generalized distributions on En and %w the spaces
of generalized distributions which has compact support We show that, for S e %w, S * &w

= &w is equivalent to the following: Every generalized distribution u e %w with S * u e

S. Abdullah [1] proves that, for a generalized distribution S having compact
support, the followings are equivalent;

(a) There exists positive constants A, C such that

sup S0r+?) >\x\< A>(io

In this paper we show another property which is equivalent to the above.
Before stating our main theorem we briefly introduce the space of generalized

distributions of Beurling type and the related results which we need in this paper.
For details we refer to [3] .

We denote by Mc the set of all real valued functions w on Rn satisfying the
following conditions;

(a) 0 = w;(0) < wCf+fl) < tt>(?) + M>07), f, 7?eR"

(7) w;(f) > a + b log(l+ | f |) for some constants a and b > 0.
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(5) t^Clr) = cr(| f |) for an increasing concave function a on [0, °°).
For example, w(£) = log(l+ | f |) and «;(f) =1 f I "5", d > 1, satisfy all conditions.
Throughout this paper a) represents an element in Mc.

Let &w be the set of all 0 in Ll(Rn) such that 0 has compact support and

110 111"0 = f ! 0(10 exp(?iw(fi)d? < °° for every A > 0.
JRW

The topology on this space is given by the inductive limit topology of the
Frechet spaces &W(K} induced by the above semi-norms where K is compact set in
Rn. We denote by %w the set of all complex valued function 0 in En such that 00
is in 3)w for every 0 e 3)w. The dual space of 3)w is denoted by 3)'w whose elements
are called the generalized distributions because of &w D & by (7). The dual
space %'w of ^ is the space of generalized distributions which have compact
support. In particular, &'w is identical to & and &'w to if' when #;(?) =
log(l+ I f I). If 0*0Gr) = (vy, 0Gr-*/)> and <w * v, 0> = <z; , u * 0> for w e g7^,
v e 3)'w and 0 e ^w, it can be easily seen that 3)'w * ®w C ^ and ^^ * ̂ ^ C &w.
Because of later fact, %w is called the space of convolution operators in &w. Most
results in the classical distribution space can be extended to the generalized
distribution spaces. For instance, the Paley-Wiener-Schwartz theorem can be
extended as follows: Let K be a compact convex set in En with support function H.
The Fourier-Laplace transform 0/0 e &W(]Q is the entire function 0(f) on Cn such
that, for each A > 0 and e > 0, there exists a constant Cx € satisfying

and also the converse holds. Moreover, the Fourier-Laplace transform ofu^ %w with
supp(u) C K is the entire function #(£) in Cn such that, for each 6 > 0, there exist
A > 0 and C satisfying

a/so ^/ze converse holds.

We now state our main theorem.

Theorem. For S ^ %w, the followings are equivalent:
(a) #iere exist positive constants A, C such that

sup SU+F) > Cext>(-Aw(ft), F^R"
|i:|< Aw(f)

x^En

(&S *&'„ = &'„.

(c) / /we ^^ and S * w e &w, then u e ^.

The equivalence of (a) and (b) is proved by S. Abdullah [1], Taking
tt;(lr) = log(l+ F I), our result includes the Ehrenpreis' result as a special case,
but the proof is quite different from his one. Due to the definition of hypoelliptic
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convolution operator S, which is defined as follows:
every u e ££>'w with S * u e ^ is in %w,

every hypoelliptic convolution operator is solvable, which means 'satisfying
(b)', according to (c). In [6] ([7], resp.) we also study the same problem in the
space of distributions which grow no faster than exp(/c x p) (exp(M(/cr)), resp.)
for some k > 0. We now start the proof of theorem.

Proof of Theorem. According to the above remark, it suffices to show that
(b) => (c) => (d).

(b) =^> (c) : Denoting by T = S, the mapping S * : u -> S * u of &w into 3)'w is
the transpose of the mapping T* : <j> -> T * 0 of 3)w into «0W. Then the condition (b)
is satisfied if and only if T* is an isomorphism of 3)w onto T * 3)w (see e.g., Corollary
on pp.92 of [4]). In particular, the inverse mapping T * 0 - > 0 o f T * ^ onto &w is
continuous.

Suppose now that S * u = 0, where u ^ %w and <j> £ ^w. Then

(1) T*w = 0

and so it suffices to show that u is in &w. Choosing (p EE ̂  with supp(0) C
5(0, 1) = {re e En : ! a; < 1} and 0(0) = 1 , we have a sequence {^(z) =
kn(p(kx}^= l of approximate identities in 3)w. Acting <I>k to the both side of (1), we
have

(2) T * (fi * =

and the convolution u * <ph and 0 * ̂  are in «^w. Moreover, the sequence {</>k}
converges in %w to 5, the Dirac measure at the origin. Hence 0 * <pk -* 0 in ^w and
w * 0fc -> w in ^w. On the other hand, the sequence {u * 0J converges in ^, by
the continuity of the inverse mapping of T*. The limit must be again u, and so u
is a function in &w.

(c) => (a) : Let K be the closed unit ball in R" and let ^be the set of all
functions u in C(Rn) such that supp(w) C.K and S * u £ 3)w. We provide 5^with the
topology defined by the seminorms

(3) i lwIUHIwlL + HS'wII^, fc=l,2f -,

where \\u ioo^ sup | u(x) |. Then ^becomes a Frechet space. Furthermore, let ^
be the space of all functions u ^ C^R") such that supp(w) C K and

(4) H M | | = sup \Dau(x) < oo.
x^K, \a\<l

Then ^ becomes a Banach space under this norm.
By the assumption (c), each function u e 5Hs in ^. Also the natural mapping

5rc-^ ^ is closed and therefore continuous. Consequently, there exist an integer k
and a constant Cl such that
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(5) l l u l l ^ d d l t i l L + l l S ' t t l l i " ' )

for a\\ut= y, which gives

(6). | | M|| - C j l l M l L ^ C . I l S - i i l l i " ' .

On the other hand, by (7) we have

II S * B \\f> = f I S^ii(f) IJn"

< sup exp(k+
R

./
t/R"

Substituting this inequality into (6), we have

(7) H u l l -dl l t t lLrSC

for every u e ^", where C = Cj C2 and // = ,*, .

We notice that the condition (a) is implied by the following condition: there
exists a constant s1 > 0 such that for all f £= R* with £\> slf

sup

for some ^4 > 0.
Suppose now that the condition (a) does not hold. By the above implication,

it follows that for any; = 1, 2, ••• , there exists f;- e IT with | f, I -> °o as/ -> °o and

(8) sup ! SCx+fp |<

Choose 0 <E ̂  such that 0 > 0, supp(0) C # and 0(0) = 1. We define the
function 0;- by

(9) 0/a:)

kj times

where <f>k.(x) = k"<t>(kjX} and kj is the Gaussian integer of t^dr/) . Then 0;- £
.^GO with / | 0y(ar) dx - 1 and so 0y e ̂ T

Substituting 0/s into the inequality (7), we claim that the left side of (7) goes
to °o and the right to 0, asj -» °°, which gives the desired contradiction.

To see this, we first estimate
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(10) I 0, ||= sug I £%(*) > ̂  sug 0y(ar) I.
| f f | < 1

Viewing 1 = /R« 0;-(x) dx < C21| <j> \\w where C2 is the volume of the ball K in

Rn,

(ID 10,-IL^-^-.
^2

Substituting (10) and (11) into (7), the left-hand side of (7) tends to,

lim (|! <f>j || -d II 0;- ID > lim f ̂ - -C,
J ^ O O J -» « \ W

On the other hand, the right side of (7) can be written as

(12)

for a fixed number yl L which will be determined in the later.

From (8) and the facts that | 0 y ( f ) |< / 4>j(x)\dx=\ and u;(f) <
M(l+ | f |) for some Af, the first term of (12) is bounded by

sup

sup

Therefore the first term of (12) approaches to 0 as j -> °°.
For the estimation of the second term of (12), using by the Paley- Wiener-

Schwartz theorem for S and 0;-, we have that S(f) < Cexp(hw(j~^ for some
A > 0 and

From this observation and the notation d = log C, the second term of (12) is
bounded by
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sup ezpGttu(f)) I S(F) !
lf-fJ>A,u;(F7)

< C sup

< C su£

<C sup

t-C

= C sup 7

Taking^ j so large that w (Aj > ft + A + d, the second term of (12) approaches
to 0 as j -> oo.

Combining both estimates the right side of (7) goes to 0 as; -> °°, which we
desired.
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