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§1. Introduction

The specialization functor is an important tool in algebraic geometry as
well as in algebraic analysis. In the real case, it associates to a sheaf F on
a real manifold X and to a submanifold M of X, a sheaf (i.e. an object of
the derived category of sheaves) v, (F) on the normal bundle T, X which
describes the “boundary values” of F along M. Its Fourier transform is the
sheaf u,(F) of Sato’s microlocalization of F along M.
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Now consider a triplet of real manifolds N @ M < X. In order to analyze
the sheaf vy (F) along the submanifold N x ,, T, X of T,,X, a natural idea is
to introduce the second specialization vy, 1., x)(V4(F)). Taking the Fourier
transform of this object, we get the theory of the second microlocalization
introduced by M. Kashiwara [4] in 1972 and developed by many authors, in
particular by Kashiwara-Kawai [7] and Laurent [15]. However, the sheaf
one obtains by this method is very “big” and the direct image of this sheaf
on the bundle N X, T#X is not the restriction to N x , Ty X of the sheaf
Uy (F). This leads to many difficulties.

In this paper, we propose a new approach to the second specialization
by considering the inverse image M of M in X, the normal deformation of
X along N and defining the binormal deformation of X along (M, N) as the
deformation of X along M. Then, by paraphrasing the construction of the
functor vy (), we construct the functor vy, (-) which associates to a sheaf F
on X a sheaf on TyM x, T;,X. By taking the Fourier transform of this
sheaf, we obtain the sheaf vuy,(F) on TyM x, T;#X and the sheaf uy, (F)
on TyM x ,T¥X. We study the functorial properties of these new sheaves
and we show that they enjoy the desired properties. In particular the direct
image of uyp(F) on N x ,, T X coincides with the restriction of u,,(F) to this
set.

It would then be possible to develop a whole theory of the functor
Unum(+), in the lines of Sato-Kawai-Kashiwara [19] or Kashiwara-Schapira
[11], but this will not be done here. Let us only mention that the author
([24] and [25]) has applied this theory to the study of boundary value
problems in higher codimension.

Finally, notice that the idea of second normal deformation already
appeared in Sabbah [18] (this idea has been developed by Bost [1] to obtain a
proof of Atiyah-Singer theorem) and a construction of a sheaf of second
microfunctions, following the lines of [19], based on a geometrical idea very
closed to ours, had been proposed by Kataoka-Tose in [13]. We thank
N. Tose to have drawn our attention on this (unpublished) paper. Another
construction (based on integral formulas) of the same sheaf of second micro-
functions was performed later in [14]. Also notice that Sjostrand [23]
introduced a different language and with different methods, various spaces of
second microfunctions. On the other hand, “simultaneous specialization” is
a slightly different geometrical construction introduced by Delort [2].

The main results of this paper were announced in [22]. The idea of
bispecialization is essentially due to P. Schapira. The author and he tried
to realize his idea to construct a framework of higher codimensional boundary
value problems treated in [24] and [25]. In this process, the relation with
the theory of second microlocal analysis was found and developed by the
author. The present article gives complete proofs of this theory including the
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developments after the introduction of bispecialization. The author would
like to express his profound gratitude to Prof. Schapira for giving him many
valuable suggestions and technical aids throughout this work. This theory
were not realized without his constant encouragements. He is also very
grateful to- Prof. Honda and Mr. Watanabe for careful reading of some parts
of this manuscript.

§2. Geometry

2.1. Preliminary results on normal bundles

Let X DM o> N be a sequence of C®-manifolds. Let us denote it by
(X, M, N) and call it a triplet of manifolds. We sometimes identify M with
the zero-section of the normal bundle T,,X, and N is considered as a
submanifold of T, X. We recall some elementary geometrical results on
normal bundles.

Proposition 2.1. Let (X, M, N) be a triplet of manifolds. There are
canonical isomorphisms of normal bundles:

Terymn (TyX)

A

(2.1) TyM X 3y Ty X  — Ty(Ty X),

|

TEN XMTMX)(TMX)'

where N is considered as a submanifold of the zero section M of TyX and

TyM is imbedded into TyX by the tangent map associated to the inclusion
(M, N) > (X, N).

Proof. We will construct the canonical morphisms A, B and C. Then,
using local coordinate systems, it will be obvious that these morphisms are
isomorphisms. For this purpose, the simple lemma below is crucial.

Lemma 22. Let t:E—>Z, (x;&—>x be a vector bundle over a
C*-manifold Z.

(i) Let (x, &; x"‘ai + é*(%) be a linear coordinate system on TE. Then,
X

there exists a canonical injective morphism of vector bundles over Z:

(2.2) U,  E—Z x;TE, (x, é)n—»(x,O;f(%).
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(i) Let E, and E, be two copies of E and ((x, &), (x, &,)) be a linear
coordinate system on E{ X ;E,. Then there exists a canonical injective morphism
of vector bundles over E,:

0
(2.3) ¢.: E; xzE;, — TE;, ((x, &), (x, 62))'—_’<x3 s 52%)
1

Proof.
(i) First consider the exact sequence:

0—TZ —>ZxyTE— T,E —0.

This sequence splits since the projection E — Z gives the morphism TE — E X,
TZ, hence the morphism: Z x ; TE - TZ. Therefore we get the injection:

V.. E~T,E—Z x;TE.

(i) Applying (i) to the vector bundle E, x ; E, — E,, we get the injective
morphism:

E; xzEy — E| X g, x5y T(Eq Xz E)) —> T(E; X2 E,).

Next consider the tangent map: T(E, x zE,) — TE, associated to the addition
map E, x,E, » E;. The composition of these two morphisms is the desired
one:

¢, E, x,E, — TE,.
[ |

Applying Lemma 2.2 (i) to t: T,,X — M, we have an injective morphism
of vector bundles over M:

(2.4) Vo TyX — M X, % T(T X).

Restricting it to N, we get a chain of morphisms on N:

2.5) N Xy Ty X 5 N X (130 T(Tyy X) — Ty(Ty, X).

The composition of the above morphisms gives a morphism:

(2.6) N % Ty X — Ty(Ty,X).

On the other hand, we have a tangent map associated to the zero section
embedding (M, N) — (T X, N), that is:

@.7) TyM — Ty(Ty X).
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By adding the morphisms (2.6) and (2.7), we get the morphism B:
(2.8) B: TyM x 3 Ty X — Ty(Ty X).
To construct the morphism A, first notice the commutative diagram:

0 0 0

| | l

00— TN — TN — 0 —0

l l l

2.9) 0——NxXyTM —>N xyTX —> N x 3, Ty X —0

l l l

00— TyM — TyX —Nx,TyuyX—0,

l 1 l

0 0 0

where all columns and the first and the second rows are exact. Hence, by
virtue of the nine Lemma, the third row is also exact. That is, we have a
canonical isomorphism of vector bundles over N:

(2.10) Ty X/ TyM —> N x 3 Ty X,

in which the left hand side is a quotient bundle over N.
If we apply Lemma 2.2 (ii) to 7,: TyM — N and t7,: TyX — N, we get:

(2.11) ¢, TyM x y TyM —> T(TyM)
and
(2.12) ¢, TyX x y Ty X — T(TyX).

Since ¢,, is a morphism of vector bundles over TyX, it can be restricted to
TyM < TyX, and we denote it by ¢,,|r,». Now we have a commutative
diagram:

TM xyTyM —2 s T(TyM)
2.13) | £
TyM X §y TyX s—— TyM X (1 x) T(TyX),

¢12‘TNM

where the morphism D is induced by the injection TyM — TyX, and the
morphism E is the tangent map associated to the inclusion TyM c TyX. The
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commutativity is easily checked by fixing a local coordinate system. Therefore,
we can construct a morphism between the quotient bundle of the morphism
D and that of E:

(2.14) TyM X N (TyX [ TyM) — T pr (Ty X).

The left hand side is isomorphic to TyM X, T, X by (2.10), and we have
thus constructed the morphism A.
The morphism C is the tangent map induced by the projection:

(TyX, N x Ty X) —> (M, N),
that is,
(2.15) Tiv x aeTae ) (T X) — (N X 3y Ty X) Xy TyM ~ Ty M x 3 Ty, X.
This completes the proof of Proposition 2.1. ]

2.2. Binormal deformation

Let (X, M, N) be a triplet of manifolds. First, recall the construction of
the normal deformation of X along N in [11]. We shall denote it by X N
and let ¢, € R be the deformation parameter. Then we have the commutative
diagram below:

TyX 25 Xy < Q) = {t, > 0}
(2.16) o ow] Pv
N 2 X,
Set Qy:={(x, t;)e Xy; t, # 0} and consider:

(2.17) M:= (pylay) "M < Xy,

the closure of (pyla,) M in Xy. Then M is an intrinsically defined smooth
submanifold of Xy. If we choose a local coordinate system x = (x', X", x")
of X such that

M= {x =0},

2.18) [N={xf=o, X' =0},

then M = {x' =0} in Xy. Now we shall define the binormal deformation

Xyu of X along (M, N) as the normal deformation of X, along M.
Definition 2.3. One sets:

(2.19) K= Xn)i-

Define the morphism p: Xy, — X as the composition of the natural morphisms
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psi: Xy — Xy and py: Xy — X. Using the local coordinate system in (2.18),
this morphism p is described as follows:
(2.20) (x', x", X", ty, ty)— (t,x, X", X", t{)—— (t 1, X', t;x", X"),

where t, denotes the deformation parameter of Xy, — Xy. Since M n{t, = 0}
~ TyM < TyX in X, we have an isomorphism:

(2.21) Xyun {t; =0} ~ (Xyn {t: = 0P Gnw=on = (TynX)Tpm)
and
(2.22) XymN{ty =ty = 0} = Tip a0y (Ty X).

By virtue of Proposition 2.1, we can identify it with TyM X ,, T;,X, and there
exists a commutative diagram below :

TyM X 3 Ty X — Xypp — Q:= {t, > 0, 1, > 0}
2.23) o l» /5
N e X.

Remark 2.4. (i) M is isomorphic to the normal deformation My of M
along N.

(i) We have another construction of Xy, starting from the normal
deformation p,: X, — X with the deformation parameter t,. Setting:
N:= (PM|(:Z¢0})_1N < X:Ma
the binormal deformation Xy, of X along (M, N) can be defined by:
(2.24) X=X i -

Of course, it is also possible to construct X ,,, directly by gluing local charts
as in [11].

2.3. Binormal cones
There is a (R*)%-action

(2.25) Xyy x (RT)? — Xy

on X ~u Which is described in the local coordinate system (x, x", x, t;, t,)
associated to the one in (2.18) of X by:

t, t
(2.26) (', x", x", ty, ty), (¢, d))—> <cdx’, ex”, x", L, -j)
c

It is easily checked that this definition is intrinsic.
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Definition 2.5. Let S be a subset of X. We define the binormal cone to
S along (M, N) by:

(2.27) Caym(S):=(TyM x », T, X)n p~1(S).
This is a closed subset of TyM x , Ty X.

In this section, we will investigate the properties of Cy,(S). The problems
are always local, and we shall restrict ourselves to the following situation:

X=X, x Xl x X0
(2.28) M = {0} x X7 x X
N = {0} x {0} x X,

where X =RY, X7, =R% and X” = R". for some n',n” and n”. Then

6 n a /I/)
—, 0" —, x" ] of
ox' ox"

2.29) TeM X 3 Ty X ~ R" x R" x R™...

’

there exists an associated coordinate system (v

Proposition 2.6. Let S be a subset of X.
(1) Cyum(S) is a closed biconic subset of TyM X, Ty X.

o

() (vg, vy, x3)€ Cyp(S)<> There exists a sequence {(X,, Xn, Xp), Cp, dn} in
S x (R*)? with x, = (x,, x, x') such that

n

x, — (0, 0, x7),
(2 30) c,,d,,x,; B l)(l),
' ¢xy — s
d, — + 0.
Proof.
(i) Since the restriction of the (R*)Z-action (2.25) to

XN {t; =t, =0} = TyM x 5, Ty X
coincides with the biconic structure of TyM x ,, T, X, the set Cy,,(S) is biconic.

(i) (A) First assume (v, vg, xg)€ Cyp(S). Then there exists a sequence
{Xns Xty X'y tys S, in p~1(S) which satisfies:
(Xns X5 X5 Ly Su) — (V05 V55 XG> 0, 0).
: ’ " " 1 1 : +3\2
We can easily see that the sequence <(f,S,X,, taXn, Xi), —, — ¢ in S x (R™)
. ., s
satisfies the condition (2.30). moon

(B) Conversely, assume the condition (2.30).
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(a) The case when {c,} is not bounded.
Taking a subsequence if necessary, we may assume c,— +oo. Then, the
sequence in p~*(S):
1 1
{(cndnxr/n cnx::: x:l” > —}
¢, d,

converges to (v, Vg, X4, 0, 0)e TyM x 5, Ty, X. Thus, we have (vg, vg, xg)€
Cym(S).

(b) The case when {c,} and {c,d,} are bounded. Because x, = (x,, x;,,
xy)— (0, 0, x7),

{c,,d,,x,’,——»O {v{) =0
and
cpxn — 0 vg = 0.

Moreover, taking a subsequence, we may assume
’ 1 " 1
%, <— and |x,|<— for VneN.
n 4" n 2"

If we define the sequences {¢,} and {4,} by:

then we have:

<< Yo Xn x;:'>, £ 5,,> —((0, 0, x5), 0, 0)€ Cyypy(S).
€,0, &,

n-n

(c) The case when {c,} is bounded and {c,d,} is not bounded. Taking

a subsequence, it may be assumed:

1
| x 4 I < _
n nz
1 1
c,d,| n*’

1
because x” — 0. If we set ¢ ,:= —, we have:
n n
n

" 1
2.31) <c,,d,,x,;, In o e >e 51(S)
£ e c.d

n n¥n*"n

and it converges to the point:
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(2'32) (U(I'h Ug: xgl, 05 0) = (U(/b 0, xg/s 03 O)E TNM XM TMX
Therefore this completes the proof of Proposition 2.6. ]

There is another interpretation of Cy,,(S).

Proposition 2.7. Let p, = (vy, vg, 0)€ TyM X 5, Ty X and set:
Iy:={(x,x", x"eX;|x|<e|x"|}.
(1) Assume vy #0, vg#0. Then:
(2.33) Po ¢ Cyu(S)

there exist an open neighborhood U of 0,

open convex cones I’ < X, and I'" < X .
<= | which satisfy voel’' and viel" respectively,

and ¢ > 0, such that:

Sn{Un(I" x I'" x Xp)nTl,} =@,

(i1) Assume vy =0, vy #0. Then:

(2.34) Po = (0, v, 0)¢ Cyp(S)
there exist an open neighborhood U of 0,
an open convex cone I'" < X1. which satisfy
voel’", and ¢ > 0, such that:
Sn{UNX, x I'" x Xeynl,} =0.

(iii) Assume v{ #0, vg=0. Then:

(2.35) Po = (vg, 0, 0)¢ Cypm(S)
there exist an open neighborhood U of 0 and
an open convex cone I'' = X .. which satisfies
voe I, such that:
Sn{UnN(I" x Xy x Xi)} =@.

(iv) Finally assume vy =0, vg=0. Then:

(2.36) Po = (0, 0, 0)¢ Cyp(S)

there exists an open neighborhood U of 0,
<> ¢ such that:
SnU=@.

Proof. The parts (<) are always easy, so we only prove the parts
(=). Throughout the proof, we use the results of the preceding proposition
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as a definition of Cyy(S).

(i) Let {U,},.n be a decreasing sequence of open neighborhoods of 0
in X such that:

ﬂ U’l = {0}'

Let {I,},n and {I','},.y be decreasing sequences of open convex cones of X
and X7. respectively which satisfy:

N I ={c-v5; ceR™Y}, Iy = f{c-vj; ceR*}.
neN neN

We assume: for every neN there exists:

Xy = (Xns X5, XV ESN{UN(I, X I,/ x X2)N 1),

Then, we have:
x,— 0, x,el,, x,el, and

1
[x,| <—|x,|, forevery neN.
n

”

Since the “directions” of x, and x, tend to vy and vg respectively, if we set

AR

AR AR

2.37) d,: n>0,

’

) X
the “direction” of the vector < e

"
n

vo .
B that is, there

0

) tends to the vector <

exists a sequence c, > 0, such that:

()=
Cy — .
X, vg
Moreover we have d, —» + oo by (2.37). This contradicts the assumption that
(0o, v, 0)¢ Cyu(S).-
(ii) Assume as in the proof of (i): for every neN, there exists:
x,€SN{UNXL x I x X2)nT1}.

”

First of all, since the “direction” of x, tends to vg, there exists a sequence
¢, > 0, such that:

’

cpxy —> vy # 0.
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In particular, the sequence {c,x,} is bounded, and

1 c
lc,X,| < —|cyxn] < — for some ¢ > 0.
n n

Now set d,:= \/r; > 0. Then:
d, — 40
¢ d,x;, — 0
cpxn —> vg # 0.
This is a contradiction.
(i) Assume: for every neN, there exists:
x, €SN{UNT, x X x X7.)}.

Then, extracting a subsequence, we may assume:
.1
|x,| < —, for every neN.
n

Since the “direction” of x, tends to vy, by setting

d'=@>|v(’,l-n>0,

x,

we have:
d,x, — vg.
Now set ¢, =1 for every neN, then we have a convergence:
d, — + 00
Cadyx, —> vy #0
cpxn — 0.

This is a contradiction.

(iv) Assume: there exists a sequence x,€S, such that x, — 0.

a subsequence, we may assume that:

1
|x,| <—, for every neN.
n

Set ¢, =1, d,:= ﬁ Then:
d,— +
¢ dyx, — 0

cpxn — 0.

Extracting
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This completes the proof of Proposition 2.7.

In terms of the normal cones Cy(S) and C,,(S) of [11], we get:
Corollary 2.8.

(2.38) CauSNTyM = Cy(S)NTyM,

(2.39) Cam(O)NN X 3y Ty X = C(S)NN x 5y Ty X.

The following two propositions are essential tools for the study in the
next section.

Proposition 2.9. Let V be a biconic open subset of TyM x y Ty X.
(i) Let W be an open neighborhood of V in )?NM, and set U = p(Wn Q).
Then VN Cupu(X\U)=@.

(i) Let Uc X be an open set such that VNCyy(X\U)=0. Then
p~H(U)U V is an open neighborhood of V in Q LI (TyM X 3 Ty X).

Proof. The proof is almost the same as that of Proposition 4.1.3 of
[11], and we shall not repeat it.
|

The next proposition is analogous to Proposition 4.1.4 of [11].
Proposition 2.10. Assume (2.28) and (2.29):
TyM X Ty X ~ R% x R% x R%..

Let V=V'xV"x V" < TyM %y TyX be an open subset of the product-type
with V' < R% and V" < R.. are conic open subsets and V" < R". is an open
subset. Then, the family of open neighborhoods W of V in X gy which satisfy
the following condition (2.40) forms a fundamental neighborhood system of V.

(2.40) RI(F,, Cp)~C if F,.#@ for every xeX,
where F = p~1(x)n(WnQ).

Proof.  Set Q:=Qn{x #£0,x" # 0} and S:=Qn{|x|=1|x"|=1}.
Then Q is closed under the (R*)2-action (2.25) on X, and

S~ Q/R*).

For a point p, =(x', x", x”, t{, t,)€S which satisfies |x'|=|x"|=1 and
ty, t, > 0, the orbit of the (R*)?-action through p, can be expressed as follows:

t, t
0= {(cdx’, ex", x", L, EZ)’ (c, d)e(!R+)2}
c
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~ (R*)2.

We identify O,, with (R*)?, and the original point p,eS with the point
(c,d)=(1, 1) of (RT)®2. Now let us take an arbitrary open neighborhood W
of V. One may assume WnQ c(, because {0}¢V’ and {0}¢V". For
Po€SNW, 0,,nW corresponds to an open subset of (R*)* containing the point
(1, 1), and set:

W, := {maximal star-shaped open subset of (R*)?
centered at the point (1, 1) in 0, nW}.

Define a subset W of WnQ by:

W= W,

po*
poeSNW

Claim 1. W is an open subset of WnQ.

Proof. Take an arbitrary point g, € I7Vp0 (poeSNW), and an open subset

U,, of 0, ~(R")?, such that:

(]
[p05 qO] < qu c < ﬁ/po < 0170’
where [p,, qo] denotes the line segment connecting the points p, and ¢q, in
0,, ~ (R*)2.
Now consider the continuous map:
$:8 x (RY)? '——’XNM
defined by

ty t
((xls -x”9 xlfl, tl: lZ)’ (C, d))'—') <Cdxla Cx”a _\_NI, ! 5 j)
¢

Then we have ¢({po} x U,) = W. Since ¢({po} x U,,) is compact in W, there
exists an open neighborhood V, of p, in S such that:

{peVPOCSnW, and
oV, x ﬁqo)c w.

Therefore ¢ induces a diffeomorphism between V,, x U,  and ¢(V,, x U,),
and ¢(V,, x U,) is an open subset of W which contains g,. By the definition
of W, we see that there exists an open neighborhood U of qo in X yu» such
that U < W. This completes the proof of Claim 1.

Claim 2. For every x, = (xg, xg, Xg)€V (hence x5 #0 and xg # 0), there
exists an open neighborhood U, of (x4, 0, 0) in Xy, such that:
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U,nQc w.
Proof. Let us take an open neighborhood D, of x4 in V such that:

on = Dx(r’ X ng X st',

where D, cc V', D, c<V” and D, c < V" are open balls centered at

’
0
"

Xo, Xo and xg respectively. We only have to find 6 > 0 such that:
D, x{0<t; <8} x{0<t,<d}cW

First let us define K as the image of D, = D,, x D,» x D, by the natural
continuous mapping:

$s: (RUA{0}) x (RE {0}) x Ry — 8771 x 871 x RY.

X

defined by

! "
x  x
7 " nr 7
(x,x,x)r————»(wﬂ, ,x’>,

x| x|

and define K(R+)z as the image of Iij X ﬁxg by the continuous map:

bzt (RE\{0}) x R\ {0}) — (R™)?
defined by
(x, x")»—~(|x"|, M)

x|

Next take an arbitrary compact star-shaped subset Kg:). in (R*)?* centered
at (1, 1), such that:
{4, 1)} UK(RHZ < Kg+yzs
and consider the continuous map:
Ui (ST x ST x R x (RY)2 — RY x R™. x R,
defined by

o

Y59, (¢, d)) = (cdy', cy", y").

Then K:= y/(Kg x Kg+)) is compact by definition, and it satisfies:
D,cKccV

Since W is an open neighborhood of ¥ in X ,,, there exists ¢, > 0 such that:
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Kx{0<t; <ée}x{0<t,<g}cW
By virtue of the compactness of K+> in (R*)?, there exists ¢, > 0 such that:

t, t
{(cdy’, cy’, y”, ;1—, ;), (O, ¥, ¥"eKs, (¢, d)eKgey, 0<1ty,1, < 52} c W

Now we will complete the proof of Claim 2. For (x, x", x")eD,,, take the
points:

xl x// xl N
—, —, x" |eKg and |x”t,u EK g2 Kig+y2.
Ixfl |x”| S |x”| (R ) (IR )

The star-shapedness of Kg.). allows us to joint the points (1,1) and

x| . :
<|x”|, | ll) in Kg+ by a line segment, and we have:

Ix’l
t t ~
<xl, x”’ x///’ t , ’ 2 . )EVV,
|x"| " [x"1/]%"]
for 0 <t,,t, <e,. Since we may assume there exists ¢ > 0 such that:

|

|x"| <c¢ and m<c for every xeD,,,

we have by setting d:= b,
c

D, x{0<t; <8} x{0<t,<d}c W

Thus the proof of Claim 2 is also complete. Now we will finish the proof
of the proposition. By Claim 2, we find an open neighborhood U, 6 of
(%o, 0, 0) in Xy, for every x,eV, such that:

Uy,cW and U,nQc W

Set:

W:=Wu( U Uy).

xoeV
Then it is an open neighborhood of ¥ in Xy, and satisfies the condition:
{ Wew
wnQ =w.
Therefore for every xe X, F.:= p~1(x)n(Wn&) is a star-shaped open subset
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of (R*)* or an empty set.

§3. Bispecialization Functor

3.1. Functorial properties of the functor vy,,

In this section, we shall define the functor vy, of bispecialization along
(M, N), and investigate its functorial properties. From now on, we will
frequently use the terminology of derived categories. Let A be a commutative
ring with finite global dimension. We denote by D°(X) the derived category
of complexes of sheaves of Ay-module with bounded cohomologies on a
manifold X.

Definition 3.1. Let FeD?(X). One sets:
(3.1) vwu(F):=s"'Rj,p~'F,
and says that vy, (F) is the bispecialization of F along (M, N).

As we see in the next proposition, the functor vy, is a generalization of the
usual one v,,.

Proposition 3.2. Let M = N and identify TyM X 3 Ty X with Ty X. Then
for every FeD®(X), we have a canonical isomorphism :

(3.2) Vi (F) == vyu(F).

Proof. First consider the natural morphism gq: X, — X, given by
(ty, t)—> 1t t, and the commutative diagram:

TuM % Ty X = Xy 2 @ T X

(3.3) | o aa]

TyX 25 X, &2, Py

where Q,, is the open subset of X,, defined by Q,,:= {t >0}. Then we can
construct the morphism:

v (F) — vy (F)

by the same way as in the proof of Proposition 4.2.5 of [11]. The stalks of
vuu(F) coincide with those of v, (F) because we can easily obtain the results
corresponding to Proposition 4.1.3 and Proposition 4.1.4 of [11] for the case
X,y — X. This completes the proof.

|
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Let (X, M, N) and (X', M, N') be triplets of manifolds, and f be a
morphism from X’ to X such that

M)Yc M
(34) {f (M)
f(N)=N.
For the sake of simplicity, we shall often write:
(3.5) f: (X', M', N) — (X, M, N).

If we take a local coordinate system (x', x”, x™) (resp. (/, ", y")) of (X, M, N)
(resp. (X', M’, N')) and set

(3.6) JOLY5 ") = (@', 6" (1), ¢ (),

then we can define a morphism f’ from Xy, to Xy, as follows:

' 1 ! 7 " nr
x' =—9'(t112Y, t1Y", ¥")
1t2

n 1 ” ! " VA
x =?¢(t1t2y,t1y,Y)
1

(3'7) x"l — ¢"I(t1t2y/’ tly”, ylll)
tl = tl
tz = t2

Restricting it to {t, =t, =0} = Ty. M’ X Ty X', we get a morphism Tf:
o¢’
ox’'
a¢l(

= 6x/l

xlll — ¢IH(0’ 0, ylll),

o , 0 0 0 . .
where (v —, v , X" resp. (W —,u" —,y"” is the associated
axl 6xll ayl ay’/

coordinate system of TyM % Ty X (resp. Ty M’ X Ty-X'). Thus, we get a

!

(0, 0’ y’") : u,

(3.8) U” (O’ 0, ylll) . ull

commutative diagram below:
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Sx' o jx’ Px-
TeM' X Ty X' 25 K £ Q) 25 X0

(39) o 7| il

WM x Ty X 5 Xy, <5 0 25 X,

in which all squares are Cartesian.
By paraphrasing the arguments of [11], one obtains functorial properties
of the functor vy,,.

Proposition 3.3. Let GeD®(X).
(1) There exists a commutative diagram:

R(Tf) vy m(G) — vyu(Rf,G)
(3.10) | |
R(Tf )y vy (G) «— vym(R S, G).

(i) Assume f: X' — X is a closed embedding, f~*(M)= M, f~*(N) = N,
and f: X' > X and |y M' > M are clean w.r.t. M and N respectively.
Then all these morphisms are isomorphisms.

Proposition 3.4. Let FeD®(X).
(i) There are canonical morphisms:

(3.11) {“3 (T) 'vap(F) — vypr (f1F),
B: vyar (f'F) — (Tf ) vype(F),

such that the following diagram commutes:
(Tf)!ATNM:lTMX ®™(TS) vy (F) == vype ([ Ax @ f ' F)
(3.12) | |
(TFY vase(F) o /P,

) If [ X' X, fly:M > M and f|y: N = N are all smooth, then all
these morphisms are isomorphisms.

Proposition 3.5. Let FeD®(X) and GeD®(X'). Then we have a canonical
morphism:

(3.13) vy (F) LVN'M'(G) > V(N x N')(M x mry(F " G)

in D°(Tiyuny(M x M) % Tiagxpn(X x X)),

(M xM’)
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Proposition 3.6. Let F, GeD®(X). Then we have a canonical morphism:

(3.14) Vau(F) ®L Vaum(G) — vyp(F ®L G).
As.a particular case, consider the morphism f =idy: (X, M, N) > (X, M, M)
and the commutative diagram:

TM % Ty X —> Xy - @ X

(3.15) /o 7| il
NxTyX — T,X -5 Xyudo@-Dx
in which all squares are Cartesian and €' is the open subset of X, defined

by Q:={t; >0,t,>0}. Then by Proposition 3.4, we get a natural
morphism:

(3.16) oo (Tf) ™ vaum (F) — v (F)

Next, consider the following commutative diagram:

TuM % Ty X = Xy 2= @ o x

(3.17) /o O I

M — TyX -2 X, <20, x,

where Q is the open subset of Xy defined by Qy:= {t; >0}. Then we can
construct a canonical morphism:

(3.18) Bo: ©' " vy(F) — vyp(F)

by the same way as in the proof of Proposition 4.2.5 of [11].

Theorem 3.7. The morphisms o:= tg|y x 1,14 x A B:= PBolrym are isomor-
phisms. In view of Proposition 3.2, for F e D®(X) we have natural isomorphisms:

(3.19) a: VM(F)lN;;TMX — vNM(F)lNﬁTMXa
(3.20) B:vn(F)lrym — Vwm(F)lrym-

Proof. First let us show that « is an isomorphism, i.e.

o "’Rj'*ls'—lFlN;,TMx — Rf*f_lﬁl_]FlNK}T“x'

For py = (x3,0,0,0,0) e N % TyX © Xy and for every jeZ:
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HI[Rj, f~'p' "' F], ~ imH/(U,; f~'p'~'F)
£>0
~ lim H'(f(U,); ' ~'F),
>0

where

"

U= {x'; |x' — xgl <&} x {|x"| <&} x {|x"]| <&}
x{0<t;<e0<t,<é}

and we have used the fact that f is a diffeomorphism between Q and €' in
the second equality. Since f is explicitly described by:

(x', X", X", ty, t)—> (X, X", X", t1, t5)
by using a local coordinate system,
FU) = {(x, x", X", t1, t2)€ X pars |X' — x4| <& |x"] < éty,
Ix"|<e0<t;<e0<t,<e}c Q.
Now set

V= {(x, x", x", t, tz)e)?MM; Ix" — xp| <&, |x"| < &2,

"

[x"|<e0<t;<e0<t,<é}cQ.

Then ¥, > f(U,). On the other hand, we have:

HI\f IR} ' " F],, ~ HI[Rj 7' " Fl7 o ~ im H/(V; ' "1 F)

e>0
for every jeZ, because f’(po) = (x4,0,0,0,0) in X,,. Thus it remains to
show the isomorphism :

RI(V;; p~'F) = RI(f(U,); p'~'F)

m

for every £¢>0. For x; =(x;, x], x7)eX, the inverse image p'~!(x,) in
" < X, is expressed in the following way:

~r— x, " mn +
i) = {(——1—, X1, X1, Ly, t2>§ (ty, 1) e(R )2}

L1ty
We can find that 5~ !(x,)n¥, and p'~'(x,)nf(U,) are isomorphic to open
rectangles in (R*)? if they are not empty. Moreover we have:
PN #£0 = F 7 (x)nf(U) # 0.

Therefore, the required isomorphism is deduced from a slight modification of
Corollary 3.7.3 of [11], and the morphism « is an isomorphism.



298 KiyosH1 TAKEUCHI

Next, we shall show that f is an isomorphism, i.e.
B: P}\:alRJ-N*l;EIFHNM — Rj*5ﬁ113§1F|TNM-
For g, = (0, x4, 0, 0, 0)e TyM = Xy,, and for every jeZ:

HI[Rj, by by ' Flg, =~ im H/(W,; pg' by ' F),

e>0
where
W= {|x'| <&} x {x"; |x" — x3| < e} x {|x"]| <¢e}
x{0<t,<e0<t,<elcQc Xyy.
Now we have:

"

Pa(W) = {IX'| <&} x {x"; |x" — x| < &} x {|x"| < ¢}
x {0<t, <elcQyc Xy,
because pg: 2 — Qy is explicitly described by:

(x,, x”, x///, tl, t2) (tle’ x/l’ x/ll, tl)

in a local coordinate system. Since pjtlw, = psilw,: W, = pi(W,) is a topologi-
cal submersion with contractible fibers, we have an isomorphism:

id == R(pjzlw)« Pszlw.)
in D®(p;z(W)) by Proposition 3.3.9 of [11]. Therefore, for every jeZ:
HI(W,; pg' by ' F) < H'(pg(W); py " F).
On the other hand,
H/[p' RjnyPn ' Flag = H' (RjnsBn " Flpsiao
=~ lim H(pg(W); by ' F).

because ps(qo) = (0, x5, 0, 0) in X n- This completes the proof.

3.2. Structure of the functor vy,
In this section, we shall describe the global sections of vy, (F) on product

type biconic open subsets of TyM % Ty X.
Assume:
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X =X x X0 x X1
(3.21) M = {0} x Xl x X1,
N = {0} x {0} x X}

where X', X" and X" are real finite dimensional vector spaces. Then we have:
(3.22) TyM X 3, Ty X = X, x X0 x X0
Theorem 3.8. Let FeDY(X). Then:

(1) vam(F)eDE: « g+ (TyM Xy Ty X), that is, it is a biconic object on
TyM X 3 Ty X, and

(3.23) supp vyu (F) < Cyp(supp F).
(i) Let V< TyM x y T\ X be a biconic open subset of the product type:
(3.24) V=V xV"x V",

that is, V' < X, and V" < X, are conic open subsets and V" < X ..
is an open set. Then for every jeZ:

(3.25) Hi(V; vyy(F)~  lim  HIU; F).
Cnm(X\UINV #0
Proof.

(i) Obvious. (ii) Case 1. Assume V'g X, and V" g X,.. Then the
proof is almost similar to that of Theorem 4.2.3 of [11]. (Use Proposition
2.9 and Proposition 2.10. See Remark 3.3.10 of [11].)

Case 2. Assume V'= X, ie.
(3.26) V=X, xV"xV".

Since Cyp(S) is a biconic closed subset of TyM x , T, X for every S < X, we
have:

ConX\U)NV =0
(3.27) — Cyu(X\UN{O0} x V"' x V") =0
— CyX\U)N{0} x V' x V") =0

for every open subset U = X, where we identified {0} x V" x V" c TyM with
a subset of TyX and we have used Corollary 2.38. For such U < X, we can
construct a morphism

(3.28) A: RI'(U; F) —> RI(V; vyp(F))

by Proposition 2.9 (ii). (See the formula (4.2.2) of [11]). Since vy, (F) is a
biconic object of D*(TyM x , Ty X),



300 KiyosH1 TAKEUCHI

(3.29) RI'(V; vyu(F)) = RI'({0} x V" x V"5 varr(F)l 1 n)»
and there is a commutative diagram:
RI(U; F) A RI(V; vy (F))

(3.30) B ~
RI({0} x V" x V" vw(F)lyym) —= RE({0} x V" x V" vypg(F)lryan)-

The morphism C is an isomorphism by Theorem 3.7, and it follows from
Corollary 3.7.3 of [11] that:
(3.31) HI({0} x V" x V" vw(F)lrym) «<— lim HI(U; F)

CNX\U)N({0}x V" x V") =0

for every jeZ. Thus, by virtue of (3.27) and the commutativity of the diagram
(3.30), we get:

22203

Cnm(X\U)nV =

(3.32) Hi(V; vyp(F)) < li . Hi{(U; F)
for every jeZ.
Case 3. Assume V" = X,., i.e.
(3.33) V=V x XL x V".
If we use (3.19):
Vn Pl e x <= Vaa (Pl o

Corollary 2.38 and Proposition 2.9 (ii), the proof proceeds similarly to that

of Case 2.
[ ]

Now, we consider TyM and N x ,, T}, X as zero-sections of TyM x ,, Ty, X.
We want to know the structure of RI 1, (vyy(F)) and RI(y ., %) (Ve (F))-
Consider the diagram (3.17). Then we have canonical morphisms:

TI_IVN(RFM(F)) — vyu (R y(F))
(3.34) — RF(TNM)(VNM(RFM(F)))
B RF(TNM)(VNM(F))a

where the first arrow is obtained by (3.18) and the second isomorphism is a
consequence of:

(3.35) supp Vyu(RI(F)) € TyM.
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Theorem 3.9. Let FeD®(X). Then the restriction of the morphism (3.34)
to TyM < TyM x ,, TyX:

(3:36) V(R y(F))lrym — RE gy (Vam (F)) |7y i

is an isomorphism.

Proof. Notice:
(3.37) ToM % Ty X\ TyM ~ TyM x Ty X,

and denote this set by A. Then we have a sequence of morphisms:
(3.38) II_IVN(RF(X\M)(F)) — Ywm (R (x\ a1y (F))

— RI,(vwu(RI x\11)(F)))

«— RI'4(vyu(F)),

where the last isomorphism follows from the formula RI,(vyp(RI W (F))) =0
(cf. (3.35)). Now we have a morphism of distinguished triangles

T T YWN(RTF) — 77 Yy(F) — © Yoy (R e (F)) =

(3.39) l j l .

Rr(TNM)(VNM(F)) — wwu(F) —  RI,(yu(F) —,

and we know by Theorem 3.7:

W) v em = Yam(F)lryn -

Hence, it is enough to show

(3.40) VR x\ iy (FN ey — RE4Onm (Nl n -
For this purpose, suppose the condition (3.21) and (3.22), and choose:
Po = (0, x3, 0)e TyM <« TyM X TyX.

Since vy (F) is conic w.r.t. the v'-variables,

(3.41) Hj[Rr(TNMXMTMX\TNM)(VNM(F))]pO =~ h%lHj(Ue; ﬁ_lF)a
where
(3.42) Us={1—e<|x|<1+e} x{|x"—x3| <&} x {|x"| <é}

x{0<t;<e0<t,<elcQc Xyy.
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Now recall pg: Xy, — Xy is described by
(x’> x”7 x”” tla tZ)'—) (t2x,5 x”a x/r/’ tl),

and pgly, = Piilu,: U, = pi(U,) is a smooth morphism with contractible fibers.
Thus by Proposition 3.3.9 of [11], we have:

(343) RI(pi(U,); px ' F) = RI (pa(U,); R(selu)s (Pizlu) ™' Bn ' F)
~ RI(U;p~'F).
On the other hand,

(3.44) pi(U) ={0 <|x|<e(l +¢} x {|x" — x5] <&}
x {|x"| <&} x {0<t; <e} < Qyc Xy,

and it follows from py'RIx\u(F) 2 RI g 1)(Py ' F) that:

(3.45) Hj[vN(RF(X\M)(F))]po = l.iﬂ.}Hj(Pﬂ(Us); ﬁ,;lF).
This completes the proof of Theorem 3.9.
|
Let:
(3.46) 1: N % TyX 5 TyM % Ty X

be the zero-section embedding and
(3.47) p: TyX — N x Ty X

be the canonical projection. Then:
Theorem 3.10. There exists a canonical isomorphism for FeD®(X):

(3.48) Rpvy(F) == 1'vyy (F).
Proof. Consider the following commutative diagram :
T,X -5 Xy 2.x
(3.49) 2o 7| ;I P
N % Ty X == TyM % Ty X — Xy - Q P,
This is a particular case of the diagram (3.9) for the morphism

g =1idy: (X, N, N)— (X, M, N)



BINORMAL DEFORMATION 303

(Note that g: Q" ~ Q is an isomorphism). By virtue of Proposition 3.3 (i),
we have a canonical morphism:

(3:50) R(Tg),vny(F) — vm(F).

Hence there is a sequence of canonical morphisms:

(3.51) Rpvyy(F) — 1'RtRpvyy(F) =~ 1'R(Tg),vyy(F)
—> l!VNM(F).

Since vyy(F) coincides with vy(F) by Proposition 3.2, we have constructed a
canonical morphism:

(3.52) Rp,vy(F) — tvyp(F).

To verify that it is in fact an isomorphism, it is enough to show the following
lemma.

ox'  ox"
coordinate system of TyM x Ty X. Then, for p, = (v, 0, 0)e N x 5, )X and
for every jeZ,

Lemma 3.11. Assume (3.21) and (3.22), and let (v’ —a—, v” —a—, x’”> be a

(3.53) Hj[RF(NxMTMX)(vNM(F))]pO — lzi_.lgl}HénU(U; F),

where
Z={|x|zelx"|}, U=(U" x X" x X")n{|x| <¢},
for open cones U’ of X, such that v,eU’ and ¢ > 0.
Proof. Fix an open cone U’ < X . such that v,e U’ and ¢ > 0, and set:

Ui=(U" x X" x X")n{|x| <&},
U:=Un{|x| <e|x"|},

=U" x X, x {|x"]| <é¢},

=U" x (X7 — {0}) x {|x"] <¢},

3.54
(3.54) ,
v

where V and V are biconic open cones of TyM % TuX of the product-
type. Then by Proposition 2.7,

(3.55) CouX\U)NV=0 and Cyu(X\U)nV=0.
Applying Proposition 2.9 (ii), we can construct a natural morphism:

(3.56) RI'(U; F) — RI'(U; Rp,p~'F)
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~ RIG'(U); p~'F)
— RI'(V; s 'Rj p~'F)
~ RI'(V; vyu(F))
and similarly we have:
(3.57) RI(U; F) — RI(V; vyu(F)).

Notice that

(3.58) FrUND) NV (V\7)=U x {0} x {|x"| <&}
and there exists a natural morphism:

(3.59) RIp\p)(U; F) — RIy\p(V; F).

Now we have a morphism of distinguished triangles:

+1

RIy3(U; F) — RI(U;F) —> RI(U;F)

(3.60) | | |

RIy\9(V; vyp(F)) — RE(V; vyye(F)) — RI(V; vy (F) = .

If we shrink U, U, V and V by replacing U’ and ¢ > 0, we obtain:

limH/(U; F) > imH/(V; vyp(F))

(3.61) 0 '
limH/(T ; F) <> WimH/(V; vy (F)),

U 14

by Theorem 3.8 (ii) and Proposition 2.7. Applying the five lemma to (3.60),
we have:

(3.62) IU_i%H{U\a)(U; F)—=> lyx;gH{m(V; Vu(F))
= Hj[RF(N;;TMX)(VNM(F))]pO-

Hence the proof is complete. ]

The method of the proof of the above Lemma allows us to obtain the
following result:

Proposition 3.12. Assume (3.21) and (3.22), and set:

(3.63) TWM 3 TEX = X x Xy x X
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Then for py = (£, V), 0)e TyM x o, TEX and every jeZ, we have:

(3.64) hTmHj[RFA(VNM(F))](o,ug,O) — lzi_rllleén v(U; F),

where A = A" x X" x X", A’ ranges through the family of closed convex cones
of X' such that (A' — {0}) = {x'e X"|{x/, &) > 0},

{Z;_A/ X X// X X"’,

(3.65)
U=(X xU" x X")n{|x| <elx"], |x| <&}, e>0,

and U" ranges through the family of open cones of X" such that vieU".

Proof. Similar to that of Lemma 3.11, and we shall omit it.

Denote by 1, and 1y the projection:

(3.66) TuM & TyM x Ty X 25 N x T, X,

and let us summarize the results of Proposition 3.2, Theorem 3.7, Theorem
3.9 and Theorem 3.10.

Theorem 3.13. Let FeD®(X). Then there are canonical isomorphisms:

(3.67) Ry v (F) < va(F)ly x x5
(3.68) Rty v (F) «— vy (F)lryn
(3.69) Rty vyy(F) <— Rp,vy(F),
(3.70) Rty vy (F) <= vy Ry (F),

where p denotes the projection TyX - N % Ty X.

§4. Bimicrolocalization Functors
4.1. Functors vuy,, and py,,

Let
F: D"(TNMR; Ty X) — D*(TyM X TxX)

and



306 KiyosH1 TAKEUCHI
F,: DY(TyM % T3 X) — DY(T¥M x TiEX)

be Fourier-Sato transformations on T, X and TyM respectively. We shall
use the projections:

4.1) TyM < TuM o TxX 25N b ThX,
and
4.2) TEM & TEM X TEX ™5 N b T3X,

Definition 4.1. For FeD®(X), set:
(4.3) viny (F):= Z1 (vyu(F)) € DY (TyM % T{ X),

4.4) pnm(F):= ‘%(VﬂNM(F))EDb(TI:M ol T X).

We leave the construction of the functor uvy,(F) to the reader.
Theorem 4.2. Let FeD%X). Then:
(i) vuyy(F) is a biconic object of D*(TyM % Tii X).

0
(ii) In the situation of (3.21) and (3.22), let <£’dx’, U”F’ x”’) be the
X

0 . .
coordinates of TyM x ., TjX. Let p,= <§(,dx’, v gk 0>e TaM %, TX.
X
Then for every jeZ:

4.5) Hj[VﬂNM(F)]pD = lzi_?Hén v(U; F),

where the inductive limit is taken over the family of subsets Z and U of X
such that: Z =y x X5 x Xo., y' is a closed cone of X.., such that

(4.6) '\ {0}) c {x'eX"; Kx, &> > 0},
U=(X, x U x X2)n{|x| <elx"], |x| <&}, &>0,

and U" is an open cone of X,. such that vgeU".
(iii) We have canonical isomorphisms:

4.7 Ry vuyy(F) «— ﬂM(F)lN;T‘R,X:

(4.8) R7tpg ity (F) «<— vy RI\(F),

4.9) Rty vpyy(F) «— I"N(F)iN;; T X >
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(4.10) Rrupg vy (F) «<— vy (F)lrym ® Wpr\x -

Proof. (i) Obvious.

(ii) This is nothing but Proposition 3.12.

(i) Using Proposition 3.7.13 and Proposition 3.7.14 of [11], these
formulas are immediate consequences of Theorem 3.13. ]

Theorem 4.3. Let FeD"(X). Then:

(i) pnm(F) is a biconic object of D°(TFM % T X).

(ii) In the situation of (3.21) and (3.22), let (&'dx', £"dx", x") be the
coordinates of TFM X, TgX. Let qo=(&odx, Egdx", 0)e TyM %, T X.
Then for every jeZ:

(4.11) HI[pyy(F)],, = imH}y(U; F),

222235

z,U

where the inductive limit is taken over the family of subsets Z and U of X
such that: Z = {({0} x y") + v} x XZ.,y" < X2 and y = X, x X}. are closed
cones such that

(4.12) "\ {0}) = {x"; &x7, &) > 0},
(4.13) @\ {0}) = {(x', x); <x', &6> > 0},

and U = {xeX;|x| < e} for some &> 0.
(ill) We have canonical isomorphisms:

414 Rty iaa (F) <= in (Bl 7,

(4.15) Rty bona(F) <= b RL 3y (),

(4.16) Rty (F) = pag (Pl s 73, x ® @ us
4.17) R7tyg piyp (F) <= RO, uy(F),

where O denotes the projection T X — TFM.

Proof. (i) is obvious.

(i) follows from Theorem 4.2 (iii) by using Proposition 3.7.13 and
Proposition 3.7.14 of [11]. It remains to show (ii).

(i) Assume x' = (x3,...,%,), X" =(X],...,xp), Eodx =dx|, and £Gdx" =
dx]. Now set for ¢ > 0:
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U= {(x, x", xeX;|x| <& |x"| <& |x"| <e},
(4.18) U,:= U,n{(x, x", xX")eX; |X| <e|x"|, X} < &|(X3,...,x2)|}
Z,={(X, X", x")eX; x; > e|(x5,..., x|}

Since TyM x ,, T,y X = R% x R% x R"., with the notations v’ = (v},...,v,.) and
v" = (v],...,v,.), we can define following subsets of TyM X, T, X for ¢ > 0:

K = {(U’, UII’ xm); |xm| < 8},
V= {(, v", x"); |x"| <& v} <e|(Vy....,v0p)|},
A= {0, V", x"); vy > g|(v3,...,0.)|}.

(4.19)

Then, by the techniques used in the proof of Lemma 3.11, we have for every
JEZ:

(4.20) Him Hz 0y (V5 vm(F)) < Hm H o, (Uss ),
(4.21) lim H{j, 09 (75 v (F)) < lim Hiz, ,0,(U.; P).
€ >

Now again, set for every ¢ > 0:

4.22)

Then one has

(4.23) Cym(ZInVY, < A4,

by Proposition 2.6 (ii), and there exist a canonical morphism:
(4.24) RI7; (Ug; F) — RI 4 (V; vu(F))

and a morphism between distinguished triangles:

(4.25)
RI,(U;F) — RIgau,UsF) —> RIg.0,0,;F)

l l l

RI 4 (V5 vap(F) — RT 4,y (Vs vang(F)) — RT G o9 (Vo viae(F)) =

+1

By virtue of (4.20), (4.21) and the five Lemma, we have for every jeZ:

(4.26) lim HY (V5 vyu(F)) < lim H} (U,; F),
£>0 £>0

where the left hand side coincides with H'[puyy(F)1,, (0 = (dxi, dxi, 0)).
Now notice:
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(4.27)
Zs = Usn {(xla x”a xl”); x’l Z sl(xéa---;xr’:')l}
NL{G, x7, x7); X = el(xg,..., xp) [P U{(X, X7, x™); [x'] = e|x"[}],

and it is a direct calculation that the right hand side of (4.26) coincides with
the right hand side of (4.11). This completes the proof of the theorem.
]

4.2. Functorial properties of vuy,, and uy,,

Let f: (X', M', N)— (X, M, N) be a morphism of triplets of manifolds.
The morphism:

Tf: Ty M’ % Ty X' — TyM % Ty X
induced by f is decomposed in the following way:
(4.28) Ty M' % Ty X' —— TyM' x (M’ % T, X)
~ TyM' x TyX
—fT»(N' X TvM) % Ty X
- WM % T X.
If we consider these morphisms w.r.t. the second vector bundle structure,

f1 is a morphism of vector bundles over Ty-M' and f, and f; are base changes

of vector bundles. Taking the dual of the above sequence of morphisms, we
have:

(4.29) TyM' X, T8 X G IvM' % ThX
o TwM X% (N’ % T X)
2 TyM % ThX.

Next let us consider them w.r.t. the first vector bundle structure. Then
'f, and f,, are base changes of vector bundles and f,, is a morphism of
vector bundles over N’ % Ty X. Taking the dual again, we have:

(4.30) TEM' x TEM' «— TEM' % TEX
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7o T¥M ;}(N’ % T X)

— T¥M x TEX.

S3nn

The following propositions are very similar to the corresponding results
in [11], and the proofs proceed completely similarly. Hence we shall omit
them.

Proposition 4.4. Let FeD®(X), GeD®(X'). Then there are commutative
diagrams below:

R(f3z °f21r)!tfl—1v.uN’M’(G) — vuym(Rf,G)

(4.31) l l
R(f3z° fan)s [tfi vy (G) ® (tf; ATN:M';;' T*;W,X')s e— vunm(Rf G)

and
R\ [(f3r© fzu)!ATNM;;Tywx ® (f3r o fan)™ 1".“NM(F)] — VﬂN’M‘(f!AX ®f 1F)
432) | |

Rtfl*(f:in onn)!v:uNM(F) « V#N'M'(f"F)-

Proposition 4.5. Let FeD®(X), GeD®(X'). Then there are commutative
diagrams below:

Rf3nni(fin o far) ™ ! Un e (G) > uym(Rf,G)
(433) | |
Rf31m* [(tfm ° tfzn)!#N'M'(G) ® {(tfxn ° fon)!AT}'WM’A);‘T?\,,:X’}® - 1] — .uNM(Rf* G)

and
R(tfln ° TZR)![féunAT}i,MJ;T’}'WX ®f3_n::“NM(F)] - ”N’M’(f!AX ®f_1F)

(4.34) l l
R(fir° 72n)*fénn“NM(F) ﬂN’M'(f!F)‘

Proposition 4.6. Let FeD®(X), GeD®(X'). Then, we have canonical
morphisms :

(4.35) vinm(F) X" vy (G) — VU x Ny M xM')(F x* G)

and
(4.36) tnn(F) B g (G) — Hov x Ny < ) (F X*G).
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Now let us consider the natural morphisms given by the addition of
covectors:

4.37) y: (TyM % T X) TifM(TNM % TX) — TyM X TxX
and
(4.38) 0: (TygM x T X) X (TqM % TEX) — TqM b TEX.

Then we have:

Proposition 4.7. Let F, GeD®(X). There are canonical morphisms of
“product”:

(4.39) Ry, [vunm(F) IiNM vinm(G)] — vunn (F ®L G) ® oy x
and
(4.40) RO, [pnp(F) K5 tinpe(G)] — iy (F @ G) @ oy x -

4.3. Various generalizations of the functor uzcss:

Using the diagonal embedding, the functor of Sato’s microlocalization
allows one to define the bifunctor u4es(-,-) ([11]). Here we shall proceed
similarly, using the functor of second microlocalization, in various geometrical
situations. The results in this section were obtained during some discussions
with P. Schapira. In particular, the idea to work in the relative setting is due
to him.

First, consider a smooth morphism of manifolds f: X - §S. We identify
X xsT*S to an involutive submanifold of T*X that we denote by V:

Vi= X x g T*S,

and one defines as usual the relative cotangent bundle T*(X/S) by the exact
sequence of vector bundles:

00— X xgT*S — T*X — T*(X/S) —0.
Set L:= X xsX and consider the triplet of manifolds:
X~Adyc,Li=X xg X, X x X.
The first projection from T*(X x X) to T*X defines the isomorphisms:
TF (X x X)~T*X,
x X TF(X x X))~ X xgT*S.
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Moreover, the natural morphism T (X x X)— Tf (X xsX) being zero on
X xgT*S, it defines the morphism:

T*(X/S) — Tk (X xsX)=Tf L

and one checks immediately that this is an isomorphism. Summarizing, we
have got a natural isomorphism:

Ti Lx, TF(X x X)~ T*(X/S) x5 T*S
~ T*(X/S) x V.

The canonical projection T*X — X and the Hamiltonian isomorphism define
a sequence of morphisms:

VxxT*X s V X (papy TH(T*X)
>~V X (pagy T(T*X) —> T, (T*X).

The composition of these morphisms sends V x x (X x g T*S) to the zero-section
of T,(T*X) and we obtain a morphism:

V x y T*(X/S) — T,(T*X)

and one immediately checks, using local coordinates, that this morphism is
an isomorphism.
Denote as usual by ¢, and g, the first and second projections from X x X to X.

Definition 4.8. Let F and G belong to D°(X). We set:
phom(G, F) = py,  R# om(q; ' G, 4\ F).
Hence p#om (G, F) is a biconic object on TF, L x| TF(X x X) ~ T*(X/S) x x
V~ T,(T*X). When restricting to ¥V, we find:
ptiomg(G, F)ly ~ phom(G, F)ly

and when restricting to T*(X/S), we find a sheaf which coincides with the
“relative u#om-sheaf” of Ishimura [3].

It is possible to extend the previous construction to the case where f is
no more smooth by decomposing f by the graph embedding, f = pos, with
S: X6 X xS, p: X x 8>S, and setting:

phom (G, F) = phom,y(s,G, s, F).

Of course, one should prove that if f is smooth, one recovers the previous
definition. This is left to the reader. (Notice that a similar trick already
appears in [21].)

Next, consider the case of a closed embedding: f: N o X. Set



BINORMAL DEFORMATION 313

Vi= N x4 T*X, and consider the triplet of manifolds:

The projection (T*X, V)— (X, N) defines T,(T*X)— TyX. Combining with
the projection T,(T*X)— V¥, we find the isomorphism:

TAT*X) = TyX xx V= TyX x,T*X.
Definition 4.9. Let F and G belong to D?(X). We set:
phiom(G, F) = vy  RH om(q; ' G, qi F).
Hence, p#om (G, F) is a biconic object on TyX x y T*X ~ T, (T*X). When
restricting to ¥, we find:
uhom (G, P)ly ~ phom(G, F)ly,

and when restricting to TyX, we find

phom(G, F)lryx = vyRH om (G, F).
Here again, one could release the hypothesis that f is an embedding by
decomposing f as f=pos, with s: NGN x X, p: N x X = X, and setting:

phom (G, F) = phom(p~'G, p~'F).

Remark 4.10. Let us consider a geometrical construction which often
appears when dealing with involutive submanifolds. Let f: Y— X be a smooth
morphism, let g: S — Y be a closed embedding, let U be an open subset of
T*Y and assume the intersection of W:=UnN(S xy T*Y) and Yx ,T*X is
clean and f, induces an isomorphism:

V'i=Un(S xy T*Y)N(Y x y T*X) ~ ¥,

where V is an involutive submanifold of T*X. Denote by p and w the
natural morphisms from T, (Y x x T*X) to T, T*Y and T, T*X respectively.
Let F and G be two objects of D®(X). Then it would be interesting to
construct an object pfomsey (G, F) such that:

@ phomy(G, F) ~ p~ ' whom,(f 1 G, f~'F).

§5. Applications
5.1. Second microfunctions associated to a submanifold

Let M be a real analytic manifold of dimension n and N be a submanifold
of M of codimension d. We denote by Oy the sheaf of holomorphic functions
on a complexification X of M. Let us apply our theory to the triplet
(X, M, N).
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Definition 5.1. We set:

{(éNM = Viunp(Ox) ® o1y [n],

(5.1
Enm = Unm(Ox) ® ory[n].

These are objects of the derived categories D°(TyM x ,, T¥X) and D®(T¥M x ,,
T X) respectively.

Assume M = R", N = {0} x R2-?and Q = Q' x R’ ¢ = M for an open convex
proper cone ' in R%, such that (1,0,...,0)e®’, and take the associated

0
coordinate system <,/ — 17ndx, U'F, x”) of TyM x ,, T¥X. Then we know
X

by [24] and [25] that the complex ‘éNM coincides with the inductive limit of
the complex €y due to [20] in the following sense.

Theorem 5.2. The complex ‘éNM is concentrated in degree 0, and for

0
Poi= <—a-, xg)e TyM we have an isomorphism:
X1

(5.2) (1’0}1.%1)59, Caix l(xg} X TiX = (gNMkpo) X TiX -
Now by virtue of Theorem 4.2 (iii), we can construct an infinitesimal version
of the boundary value morphism. In fact consider the morphism:

(5.3) Gam — TRT(Gypg) = T (Bryx I me 1) [d],

where 7: TyM X ,, Tj¢ X - N %, Ty X denotes the canonical projection and
%n|x is the sheaf introduced in [19]. On account of the above theorem, we
have constructed a morphism:

(54) lim %o x — €nxld]

(1,0,..., 0)e2’
on N x, Ty X. Furthermore, let .# be a coherent Zy-module for which N
is non-characteristic. Then [24][25] shows the injectivity of the microlocal
boundary value morphism:

(5.5 HORHomg (M, Gyp) — T " HORH omg (M, Cxix[d]) Ix < ne s x

Remark 5.3. It gives the uniqueness of microlocal boundary value
problems and generalizes the result of Schapira [20] to higher codimensions.
It can also be considered as a microlocal extension of Oaku’s theorem in
[16]. However we have not yet shown the injectivity by using the framework
developed in this paper.

Finally let us consider the complex €y, on THM x , TiX. We can
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easily show by Theorem 4.3 (i) and Kashiwara’s abstract edge of the wedge
theorem that it is concentrated in degree 0. Let m be the canonical projection
TEM %, T X > N %, Tk X, and apply Sato’s distinguished triangle Rz, —
Rn, — R, 3 to the sheaf %y,. Then by Theorem 4.3 (iii) we get a
distinguished triangle:

(5.6) C mln MmMThX (gN|X|N>< MT}L,X[d] — Rﬁ*(gNM[d] —>4+1>

where €,, denotes the sheaf of Sato’s microfunctions. It microlocalizes the
distinguished triangle:

(5.7 Buly — I'nBulnld] — RﬁN*#N@M[d] 41

considered in Kashiwara-Kawai [6] by setting 7y: TM — N, and we believe
that the sheaf €y, is a useful object when studying higher codimensional
boundary value problems.

5.2. Second microfunctions associated to a foliation

Let M be a real analytic manifold of dimension n and X be its
complexification as in the previous section. We assume the manifold M is
endowed with an analytic foliation by leaves of dimension d and denote by
L the union of their complexification in X. Hence, locally there exist a smooth
surjective real analytic morphism g: M - M’ and its complexification
ge: X > X', and L=gc'(M’). We shall apply our theory to the triplet
(X, L, M). 1t follows from Theorem 4.3 (ii) and Kashiwara’s abstract edge
of the wedge theorem that the complex puu;(Ox)[n] on THLx, TFX is
concentrated in degree O.

Definition 5.4. We set:
(5.8) CuL= tmL(Ox) ® ory[n]
and call it the sheaf of second microfunctions along L.

Now let =m,, denote the projection TFLx, TFX ->M x, TFX. Set
A:=M x TFX < TjyX and denote by n the composition of 7, and the
projection A — M. We denote by ¥0 the sheaf of microfunctions with
holomorphic parameters defined by:

(5.9) €0 := pu(Ox) ® or [n —d].

Applying Sato’s distinguished triangle R7y,, — R7yy, — Rty — 44 to the sheaf
@ rL, WeE get:

Theorem 5.5. There exists an exact sequence on A =M x [ T;*X:
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(5.10) 00— B0, — Crgln — Tirry Grs — 0.

Hence we have functorially constructed a sheaf which decomposes the
singularities of the microfunctions on 4. Notice that the sheaf of second
microfunctions of Kashiwara [8], that is u,(u.(Of))[n] is different from
ours. Also notice that the same sheaf as €, was already obtained by
Kataoka-Tose [13] making use of their second comonoidal transformation.
Refer also to the paper of Kataoka-Tose-Okada [14]. However these authors
did not construct it including the zero sections and their formulation was not
functorial. In particular, it does not allow them to make use of algebraic
machinery of 2y-modules. An attempt to extend our construction to the
third microlocalization was recently made by Watanabe [26].

Definition 5.6. We denote by sp, the natural morphisms:

(5.11) By — Ty C e CEmla — Tars G M-

If u is a hyperfunction on M (resp. a microfunction on 4), we denote by
ss;(u) the support of sp,(u) in TyiL x T*X.

From now on, we shall explain how the basic operations on second
microfunctions can easily be deduced from the morphisms constructed in
Section 4. Let f:(Y, H, N)-(X,L, M) be a morphism of triplets of
manifolds. Here we assume that f|,: Y— X is a complexication of the real
analytic morphism f|y: N > M, H is defined similarly to L and f(H)c L.
Then we have canonical morphisms associated to f:

(5.12) TEH x5 TEY o (N %y TiL) X TFX — TEL x  TAX.
@5

The following theorem is a direct consequence of Proposition 4.5.

o7 ere ist canonical morphisms o, restriction” an
Theorem 5.7. Th exist / h “restriction” d
“integration” of second microfunctions:

(5.13) {pfzwf_l(gML —> Gy and

wf!pf_l((gNH Ry ¥ — Cur @y V11>

where of (resp. V') denotes the sheaf of analytic functions (resp. analytic
densities) on a real analytic manifold.

For example, assume N is a submanifold of M which is transversal to
the leaves of the foliation of M, Y a complexification of N in X and
H=YnL SetA:=NxgxzTfFY. Then A'~ N x, A and we have canonical
morphisms:

(5.14) T+H xNA’<-9— (N Xy TiiL) x yy A — T L x 4, A,
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where p is smooth and w is a closed embedding. Hence we find that if
ue%,yl, and ss;(u) is proper with respect to p, then u|ye%y|,- is well-defined.
It implies the possibility of defining a local restriction of microfunctions under
a suitable condition on the second singular spectrum. It seems to be a new
fact, because until now the restriction of microfunctions were always considered
to be global.

Remark 5.8. The operations in Theorem 5.7 generalizes those obtained
by Okada-Tose [17] for compactly supported hyperfunctions in a non
functorial way. They defined them by means of the FBI transformation of
[23]. Our construction ensures that these operations are coordinate invariant
and well-defined for microfunctions.

Finally let us consider the “product” of second microfunctions. Let
(X, L, M) be the triplet as before and take a coordinate system (x, ./ —1#%'dx/,
~ —1n"dx") of TR¥Lx, TFX in which (x,./ —1#%'dx’) belongs to Tg#L. In
this case, the morphism 6 in (4.38) is the morphism:
(TEL X L TFX) X (T L x [ TFX) — T L x  T¥X

which is described by

(5.15) x, o/ —1nidx’, / —1n1dx"), (x, / — 1 n3dx’, / —1n5dx"))
(%, / — 111 + n3)dx’, o/ = 1(n] + n3)dx").

Here we sometimes consider M as a submanifold of TfL x ; T;*X by identify-
ing it with the intersection of two zero sections, that is, TyfLN(M x , T*X).
In general, we cannot make a product of two hyperfunctions u; and u,. In
order to give a criterion which assures the possibility of the product operation,
we prepare the next lemma.

Lemma 5.9. Let S be a closed subset of (TyfL X | T{¥X) X p (T L % | T{¥ X)
which is conic with respect to the four conic structures. Then the following
two conditions are equivalent each other.

(i) 6 is a proper mapping over S.
(i) @ satisfies:

(5.16) {Sng_l(TA’fL) < (TyL) x (TyfL) and

SNO™'M x, TFX) = (M x  T#X) x (M x , TFX).
Proof. 1t follows from the condition (ii) that:
(5.17) SN M) M x M~ M.

Hence 6 is proper over S, because 6 is a linear mapping w.r.t. the fibers. Next
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assume the condition (i) and for example take a point:

(518)  poi=((x, v/ —1mdX', \/ —197dx"), (x, / —1n3dX', \/ — 1n3dx"))

in SNO~Y(M x  T#X), that is, n; + n5 = 0. Suppose p, does not belong to
(M % TFX) X y(M x T;*X), then n1 = — 55 # 0. Since S is conic w.r.t. 5]
and #% variables, we get a point:

(5.19) do:=((x, / —1n1dx’, \/ —10dx"), (x, / —1n3dx’, \/ —10dx"))

which belongs to [SN6~1(M)]\[M x , M]. It contradicts the assumption (i).
]

Now we can give a new condition which ensures the existence of the product
of two hyperfunctions.

Theorem 5.10. Let u, and u, be hyperfunctions on M. Assume every point:

(5.20) (G, o/ —1mdx, / —1n7dx"), (x, \/ = 1n2dX', / — 113dx"))

in ss;(uy) X 8. (uy) satisfies the following conditions:

(5:21) {ni+n£=0=ni=né=0 and

ni+n3=0=n1=1n3=0.
Then there exists a “product” u, -u, of u, and u,, and
(5.22) ssp(uy - up) = O[ssL(ug) X prssp(uy)].

Proof. 1t is an immediate consequence of Proposition 4.7 and Lemma 5.9.
|

5.3. Second microdifferential operators

In this section, we shall explain some ideas in order to develop the theory
of second microdifferential operators which act on our microfunctions. Notice
that the class of operators of Laurent [15] seems to be too wide to operate
on the sheaf €,,,. First, let (X, ¥, Z) be a triplet of complex manifolds and
assume Z is of complex codimension d in X. Then we will show the result
below in a forthcoming paper.

Proposition 5.11. The complex uzy(Ox)[d] of sheaves on TFY x y T#X is
concentrated in degree 0, and we define the sheaf %3y x of second holomorphic
microfunctions by:

(5:23) Covix = tzy(Ox) [d].

It is possible to write down the various functorial properties of second
holomorphic microfunctions as in [19], but we shall not develop it here. Let
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X=X x X" be a product of two complex manifolds. We denote by
Ay = Ay x Ay, the diagonal set of X x X and set Li=X x X' x A4 in
X x X. Let us apply our functor to the triplet (X x X, L, 45) of complex
manifolds.

Definition 5.12. We define the sheaf £%; of second microdifferential
operators on

(5.24) T LxpTHX x X)~ T*X' x T*X"

by &%= ua, £(09:7%) [n], where n =dimcX and 0% denotes the sheaf of
holomorphic differential forms of maximal degree w.r.t. the second factor.

We can easily verify that the sheaf %, is endowed with a ring structure by
the results of Kashiwara-Schapira [9]. Moreover the restriction of the sheaf
&%, to the zero section

(5.25) Ay x p THX x X)= X' x T*X"

coincides with the restriction of the sheaf % of holomorphic microdifferential
operators to it. This is an explicit advantage of our theory. Now let
M =M x M" be a product of two real analytic manifolds, X = X' x X" a
complexification and L:= X’ x M” a partial complexification of M = M’ x M"
in X. We shall consider the action of the Ring &%, on the sheaf %,, of
second microfunctions along L. For this purpose, we perform a so-called
S-K-K realification. To begin with, define the sheaf % p i<y Of second
microfunctions on

(5260 Tdxan(Lx L) %, Tbary(X x X) = T(M' x M') x T*M" x M")

(LxL
by:
(5:27) Caxmywx L) = Borx mywx 1y(Ox x x) ® 0Ty p[20].
Then we have:
Theorem 5.13. There exists a canonical morphism of “realification”:
(5.28) éﬂRXLITﬁ,.X' xT4x” —> TEC e x iy =1 R tne Vo>
where we set:
(5.29) E:=TF, M x M) x TF (M x M")
~T*M' x T*M" ~ T X' x Tk X".

Proof. The intersection of the triplets (X x X, L, 4 x)and (X x X, Lx L,
M x M) is equal to



320 KiyosHi TAKEUCHI

(5.30) (X x X, Ln(Lx L), 4,n(M x M))=(X x X, L', 4,,)

by setting L':= X' x X' x 4,,-. Therefore there exist morphisms of triplets
of manifolds:

531 {f;: idysy: (X x X, L', 4y) — (X x X, L, 4y),
) gi=1dy,x: (X x X, L', 4y) — (X x X, Lx L, M x M).

By virtue of the results in Section 4.2, we have associated injective morphisms:

(5.32) TiuL %o TEX x X) ;= dy X [T Lx:THX x X)]

— T5 Lx; THX x X)

@af

and

(5.33) T, L' x 0 TEX x X) = Ay o [Tdpean(Lx L) 5, T x X)]

E3 *
= Teaan(Lx D)%, Tt (X x X).

The next lemma is a simple corollary of Proposition 4.5.

Lemma 5.14. Let FeD®(X x X). Then there exist canonical morphisms:

wy I#Axﬁ(F) - p!f.uAML’(F) ® ory[n],
pg_lﬂAML'(F) — w:;“(MXM)(LxL)(F)-

(5.34) {

Now let us set:

E:i= Ay x [Tk L x i TH(X x X)]

(535) 04t g [Tiean(L X L) X, Tiip(X x X)]

~ TA*M,(MI X M/) $% TA*M,,(MH X MII)

in T, L' x . T#(X x X), and consider the Cartesian square below:

(5.36) E = Ast % Lo an(Lx L) ) Ty (X x X))
! g
Ay [ThHLxpTHX x X)] ——2— S TH, L x . TFX x X)

in which all morphisms are injective. Therefore we get a chain of morphisms:
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HaxtOxx)|eln] =15 @7 ' pa, £(Ox < x) [1]
-1, lpj‘”.uAML'((QX «x) ® o1y [2n]
(5.37) =150,  ayr (Ox x x) ® o1y [27]
= 15 @g b x e x 1) (Ox x x) ® 0Ty [2n]
> RIg v s my x 1y (Ox x x) ® o1y [2n]
due to the above lemma, and the proof of the theorem is complete. |

Theorem 5.13 asserts that our second microdifferential operators are
transformed to second microlocal operators, i.e. elements of I'z% arxanwxr)
& .y Pu- The action of second microlocal operators on the sheaf %, can
be easily obtained by making use of Theorem 5.7 and Theorem 5.10 along
the same lines as in Sato-Kawai-Kashiwara [19], and we shall omit precise
arguments here.
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