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The Feynman Representation for the
Dirac Propagator with a Radially
Symmetric Potential

By

Brian JEFFERIES*

Abstract

The dynamical group associated with the Dirac equation with a radially symmetric potential
in four space-time dimensions is represented in terms of integrals with respect to operator valued
set functions associated with the free Dirac operator. In coordinates in which ¢ =h =1, the
class of potentials treated includes Coulomb potentials — a/r with |a| < 1.

Introduction

This paper is a continuation of work commenced by the author in [J2],
on the representation of the dynamical group U(t) associated with the Dirac
equation with a radially symmetric potential as an integral with respect to
an operator valued set function M,, for each t > 0. The operator valued set
functions <M, )., constructed from the free Dirac group S and a spectral
measure @, of multiplication by characteristic functions, measure the random
events of an underlying one dimensional process in place of a probability
measure.

For a radially symmetric potential V: x> q(]x|), xeR3, the representation
has the form

t
0.1) U(t) = J exp |: — ij q(w(s))dsildM,(w), t>0.
Q 0
The notation of the present work differs from that of [J2] in that the sample
space 2 is taken to be a set of paths w: [0, 00) —» [0, c0) rather than a
collection of paths with values in R®. It is proved in [J2, Theorem 4.4] that
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the space Q2 may be taken to be the collection of all paths w: [0, c0) — [0, c0)
with speed + 1 and at most finitely many changes of direction in any bounded
time interval. The feature of the “Zitterbewegung” of the Dirac particle
remarked on elsewhere [I-T] is also present in four space-time dimensions.

The representation (0.1) is proved in [J2, Theorem 6.3] under the
assumption that the function g is locally integrable on [0, oco) and locally
square integrable on (0, o0), a result which excludes the case of a Coulomb
potential q(r) = — B/r. The difficulty encountered in proving (0.1) for a
Coulomb potential g is that for paths w which hit the origin during the time
interval [0, t], the integral [fq(w(s))ds diverges logarithmically. The main
result of the present work, Corollary 4.8, establishes that the set of such paths
is negligible for M,, contrary to the (unproved) assertion in the final paragraph
of [J2, p298], so at least the integrand in (0.1) makes sense for a full set of
paths weQ. The notion of negligible sets for the unbounded set function
M, and an interpretation of the integral (0.1) are outlined in [J2, Section 5].

The representation (0.1) is proved for functions g: (0, co) - R which satisfy
the bound

0.2) g=4q"+4¢?, sup|gP@)Ir<p suplg? ()| < o,

r>0 r>0

where u <\/§/2. In particular, the result applies to Coulomb potentials
q(ry= —a/r,r >0 with |a| < \/3 /2. Here we are working in a coordinate
system in which the speed of light ¢ and Planck’s constant % are equal to
one, so that u <1 corresponds to Z < 137 in atomic units.

Section 1 establishes some terminology for the type of processes this work
employs. In Section 2, the radially symmetric Dirac process is formally defined
and some results concerning the process proved in [J2] are mentioned
again. Section 3 reviews the notion, also developed in [J2], of integration
with respect to the unbounded set functions associated with the radially
symmetric Dirac process. Depending on the reader’s willingness to believe
the author’s assertions that are not herein proved, the present paper can be
read independently of [J2]. The main arguments are in Section 4. The result
that the set of paths which hit the origin is M,"-null is proved in Corollary
48 after obtaining, in Proposition 4.4, an explicit representation by a
perturbation series expansion, for regularisations M®, ¢ > 0, of M,. The main
result is given in Section 5. The representation (0.1) is established in Theorem
5.4 for potentials satisfying condition (0.2) with u < \/5 /2. For potentials g
satisfying (0.2) with u < 1, and having constant sign near the origin, the
dynamical group U(t) is represented in Theorem 5.6 as the limit of integrals
like that on the right hand side of equation (0.1).
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§1. (S, O)-Processes

In this section, we outline an abstract framework to deal with the processes
we wish to consider in the remainder of the paper. The framework indicates
the relationship between what we consider a “process” here, and the more
familiar notion of a stochastic process with respect to a probability measure
space. Let (X, #) be a measurable space and let S be a semigroup of
continuous linear operators acting on a Banach space Y. The space Z(Y)
of continuous linear operators acting on Y is equipped with the strong operator
topology. Then S is a map from R, into the space Z(Y) such that
S(s+t)=S(s)S(t) for all s,t>0, and S(0) = Id, the identity operator. No
continuity assumption is made on S at this stage. Suppose that Q: # — Z(Y)
is a spectral measure, that is, Q is an operator valued measure, g-additive for
the strong operator topology, such that Q(2) = Id and Q(AnB)= Q(A)Q(B)
for all A, Be 4.

Suppose that Q is some non-empty collection of functions w: R. — 2.
Let t>0,n=1,2,...,0<t;, <---<t,<t and suppose that B,,...,B,e# are
subsets of 2. For each subset E of Q of the form

(1.1) E={weQ: o(t,)€eB,,...,0(t,)eB,},
the operator M,(E)e #(Y) is defined by the formula

(1.2) M, (E) = 5(t — t,)Q(B,)S(t, — ty—1) - Q(B2)S(t; — 1) Q(B1)S(ty).

Provided that the set E is non-empty whenever each of the sets B;,...,B, is
not a Q-null set, it follows that as the times t,,...,t,, the sets B,,...,B, and
n=1,2,... vary, but t is fixed, the sets E form a semi-algebra % of subsets
of 2 and the expression (1.2) defines an additive operator valued set function
M,, defined on & and acting on Y. Furthermore, the additivity of the set
function M, ensures that it has a unique extension, also denoted by M,, to
the algebra «(¥,) of subsets of Q generated by . Set X (w)= w(s) for all
s> 0. Elements of the semi-algebra % are called elementary events before
time ¢ Then the collection (2, (¥ )50, <M D503 {X:>150) is called an
(S, Q)-process. The same terminology is adopted in the case that the
semi-algebras (¥, ),., are replaced by the o-algebras that they generate and
for each t >0, M, is an operator valued measure. The Banach space Y is
called the state space of the process. For a Markov process with probabilities
P*, xeR?, the associated operator valued measures W: ¥ — % (L?(R?%) are
defined for A€ by the formula

(1.3) (WA, ¥) = f P4 o X))p(¥)dx,  $peLP(R?), Y e L¥ (RY).

Rd
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The idea of associating an operator valued set function with an arbitrary
semigroup and a spectral measure is due to I. Kluvanek [Klu].

If the range {M,(4): Aea(¥)} of the additive set function M, on the
algebra a(%) is bounded in the uniform operator norm of £ (Y) and Q = X ®~,
then under certain mild conditions, M, is actually the restriction to a(%;) of
an operator valued measure defined on the o-algebra o(¥) generated by & -the
techniques of probability theory are directly applicable to this case. If the
range of M, is unbounded on a(%) in the uniform operator norm of £(Y),
then integration with respect to M, may be controlled by a family of operator
valued measures; this is the situation for the radially symmetric Dirac process
considered in the next section, and discussed in greater detail in Section 3.

§2. The Radially Symmetric Dirac Process

The free Dirac operator is defined in L*(R*; C*) by means of the
differential expression D = CZ;=1 a;p; + agm,c”, where ¢ > 0 is the velocity of

h o
light, m, > 0 is the mass of the particle, p; = — pt and
i

Xj

(0 aj) . : 2 . <o-0 0 >
o:; = , =1, 4, ), o, = .
! g; 0 / ¢ 0 —o

Here o,, 0,, 0, are the Pauli matrices

01 0 i 10
=1 0) 27\ o) 27\ -1

and o, = (39) is the 2 x 2 identity matrix.

Then D defines a selfadjoint operator, and so, a unitary group S,(t) = e,
teR of operators acting on L?(R3; C*). For any n=1,2,..., the space C"
is assumed to be equipped with the inner product {a, b) =Z;f=1ajl;; for
a=(ay,...,a,) and b= (by,...,b,) in C". The space L?>(R*; C*) is a Hilbert
space with the innerproduct (f, g) = [as<{f(x), g(x)>dx for f, ge L*(R*; C*).
We choose a coordinate system in which ¢ =h = 1.

The space of all smooth C2-valued functions on R,, = (0, c0) with
compact support is denoted by CP(R,,, C?. The Borel o-algebra of a
Hausdorff topological space X is denoted by %(X).

By virtue of the angular momentum decomposition of the Dirac operator,
there exists a family #, ,, k= %1, £2,... and m= —|k|, —|k|+1,...,]k| -1
of mutually orthogonal subspaces of L*(R3, C*), such that L*(R3; C*) is the
Hilbert space direct sum of 5, ,, each space J#, , is a reducing subspace for
the free Dirac operator D and in each i ,, D is unitarily equivalent to the
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closure in +; C?%), of the operator t, defined by
1 in L2(R, ; C?), of the op defined b

’ -1
@.1) Tk:gi_»<0 1>(gl(r)>+< ma_ kr )(éh("))
10 /\g2(m —kr=t —m, )\ g,

on the space C®(R,,; C?). The essential selfadjointness of the operator D
with domain C®(R3\ {0}; C*) serves to establish the essential selfadjointness
in L*(R, ; C? of the operator 7, for each k= +1, £2,.... The details are
laid out in [A]. Thus, for each k= +1, £2,... and m= — |k|, — |k| + 1,...,
|k| — 1, we have 1, = % (D [ #, ) %, for a unitary operator %, ,,: 4, , —
L*(R,; C* onto a closed subspace of L*(R,;C?. Here D[ #, is the
restriction of D to the reducing subspace #; .

For each keZ\ {0}, let T, be the unitary group of operators defined on
L*(R,; C? by T,(t) = "' for all teR. Let Q be the spectral measure, acting
on L*(R, ; C?), of multiplication by the characteristic functions of Borel subsets
of R,.

Let Q be the set of all continuous functions w: R, —» R, such that for
each ¢t > 0, the sets {w =1} and {&' = —1} in (0, t) are the finite union of
open intervals, the union of which contains all except finitely many points in
(0, t). Less formally, the paths weQ are continuous with velocity + 1, and
only finitely many changes in direction in any bounded time interval.

For each k= %1, £2,..., let (2, (% D50, (R¥D150; (X Di»0) be the
(T, Q)-process with state space L2(R..; C?). For each t > 0, & is the algebra
generated by the family of all elementary events before time t, R®: % —
Z(L*(R, ; C?)) is an additive operator valued set function and X,(w) = w(t),
we is the evaluation map.

The (S, Q,)-process with state space L2(R3; C*) is denoted by

(-Q’ <‘%>t205 <Mt>t20; <Xr>tzo)-

For each t >0, M,: & — Z,(L*(R*; C*) is an additive operator valued set
function. The (Sj, Q,)-process is called the radially symmetric Dirac process.
The notation adopted here differs from that of [J2, p317]; here we wish to
emphasise the one-dimensional character of the process.

The radially symmetric Dirac process is written in terms of the processes

(‘Q, <'%>t20’ <R$k)>t20; <Xt>t_>_0)v k=% 1, £2,...

by setting

© |kj—1
2.2) M/(E)= Y (—B( Y @%k"ijﬁ"’(E)%k,m> for all Ee¥.

|kl=1 m=—|k|
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§3. Integration with Respect to M, and (M), .,

In order to define integration with respect to the operator valued set
functions M,, we define g-additive operator valued measures M for all ¢ > 0
by cutting off the singularity in the right hand side of formula (2.1) at
r=0. The details of the following construction are laid out in [J2].

Let N =1//2(}1). Then iN*({ "§)N =(5_%). Let 9(r) be the collec-
tion of all functions feL?(R. ; C?) such that f is absolutely continuous on
all bounded subintervals of R., f'eL*(R,;C? and (N*f),(0)=0. Let
7: D(1) —» L*(R, ; C?) be the operator ({ “5)d/dx. Then it is the generator
of a C,-semigroup on L%(R, ; C?).

For every ¢ > 0, let

m, —kr!t
forall r>e,

—kr'!  —m,

V)= {07
< “ > forall O0<r<e

—ke™!  —m,

For each ¢ > 0, U, , is a bounded function with values in the 2 x 2 hermitian
matrices and it , =i(t + U, ,) is the generator of a C,-semigroup [K1,
Theorem IX.2.1].

The operator defined by (2.1) is essentially selfadjoint; its closure in
L*(R,; C?) is denoted by the same symbol. Then lim,_, e™= = ¢’ in the
strong operator topology of Z(L3(R. ; C?)) [J2, p309].

Let £, be the g-algebra generated by elementary events in Q before time
t. It turns out ([J2, Theorem 4.3]; see also Corollary 4.6 below) that for
each k= £ 1, £2,... and each ¢ > 0, there exists an (e, Q)-process

(Q’ <f%t>t20’ <R$k'€)>120; <Xr>120)

for which R%®: 2, — L?(R, ; C?) is a o-additive operator valued measure for
each t > 0. The measures R*®, ¢>0 will be used to control integration
with respect to R®.

Let ¢ > 0. The finite direct sum ), . @ %*,(t + Uy )%, over the set
K, of all integers k,m such that m= — k|, — |k| + 1,...,|k| — 1 and
1 <|k| < 1/¢is denoted by D,. Then iD, is the generator of a C,-contraction
semigroup Sp,_ on L*(R*; C*) satisfying

(3.1 Sp,(t)= > @®Ur, e U, for all t+>0.

k,meK¢
The range K, of the values of the integers k, m in the direct sum is not
mentioned explicitly in [J2]; taking a finite sum ensures that there is no
difficulty with the exponentially increasing bound [J2, Lemma 3.1] on the
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diameters of the ranges of R%*® for increasing |k|. Because of the boundary
conditions imposed on t, the operator D, is not selfadjoint. Nevertheless, as
e — 07", the closed unbounded operator D, converges in the strong resolvent
sense to the free Dirac operator D.

For each ¢ > 0, there exists an (Sp_, Q,)-process

(Qa <'@t>t207 <M§z)>t20; <Xt>t_>_0)
such that

(3.2) MP(E)= Y ®u,R*E)%,, forall Ec%,.
k,meK;

Let ¢t > 0. Rather than formally define the idea of a function being
integrable with respect to M, relative to the family {(M®>,., of operator
valued measures, we shall sketch the main idea and refer to [J2, Section 5],
where the details are laid out explicitly.

The space L'(M,") denotes the vector space of all (equivalence classes of)
functions which are integrable with respect to each operator valued measure
M®, ¢>0. A net converges in L'(M,") exactly when it converges in each
space L'(M®), ¢ > 0.

For a simple function s based on the algebra &, the operator valued set
function s- M,: & — L(L*(R?; C*)— the indefinite integral of s with respect
to M,— is defined by linearity, in the obvious way; this is possible, because
M,: & — L(L*(R*; C*) is additive. Suppose that I, is the locally convex
topology defined on the simple functions such that a net <s,),, converges to
a simple function s if and only if (s, converges to s in L'(M,"), and for
each Ae¥, the net {(s,- MP)(A)>,, converges to the integral (s- M®)(4) of
s with respect to M® over A4, in the weak operator topology, uniformly for
O0<e< 1. Then given a bounded Cauchy net {s,),; for the topology T,
there exists feL'(M,") such that {s,>,., converges to f in L'(M,"), and for
each AcY, the net {(s,- M®)(A)),, converges to (f- MP)(4) in the weak
operator topology, uniformly for 0 <¢ < 1. Moreover,

f S(@)dM,(@) = (- M)(4):= lim (f- M")(4)

exists in the weak operator topology for each Ae%. Then f-M,: ¥ —
Z(L*(R*; C*) is an additive operator valued set function defined on the
algebra % and the function f is said to be M, -M,-integrable. The space of
all (equivalence classes of) M, -M,-integrable functions is denoted by
L*(M;", M,). 1t is endowed with the topology associated with T,. With this
viewpoint, the null sets of M, are just those subsets of Q which are M®-null
sets for each ¢ > 0.
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Remark. The idea of integration with respect to unbounded set functions
M, outlined above applies to situations more general than the radially
symmetric Dirac process. The basic requirement is obviously that M, should
belong to the closure in the topology of setwise convergence on the underlying
semi-algebra of elementary events, of a set ., = {M®:¢> 0} of s-additive
measures. In that situation, the scheme outlined in [J1] applies, and we
obtain the notion of .#,-M,-integrable functions. There may be many
“regularisations” .#, of M,— the appropriate one is given by the problem at
hand. For the radial parts of the Dirac operator, we eliminated the singularity
at zero to obtain the family .#, above.

By contrast, in non-relativistic quantum mechanics [J1] and, presumably,
quantum field theory in Minkowski space, the unbounded set functions
M?P', meR, m # 0 are the boundary values on the real axis of set functions
M? with z in the upper half-plane P,. The family #,={M%*:a >0} of
o-additive measures serves to define .#,-M,-integrable functions. Hence, the
“regularisation” ., of the set function M, is obtained by analytic continuation
M7, zeP, to the upper half plane, followed by restriction to the positive
imaginary axis.

The technique of regularisation is familiar from other areas of analysis
and is naturally applied to the treatment of integration with respect to the
unbounded set function arising in quantum physics.

§4. The Support of the Cut-off Measures R*? ¢ >0

We shall require more information about the support of the operator
valued measures R*®, ¢ >0, k= + 1, £2,.... To this end, the C,-semigroup

¢Vl can be written as a perturbation series e/ "Vt =3 (i VO(r), with

¥ (t) = €™ and
t ay a2
[/]'_(s)(t) = J’ f J ettt —a)) Uk seir(a,—a,_l)
oJo 0

ety et dy . da
x4 J

4.1)

for all t >0 and all j=1,2,.... Here U,, is the operator of multiplication
by the matrix valued function r— U, (), » > 0. On applying this expansion
to the definition of R*?, we obtain R*?(4) =) 7_ i’R*?(4), for all A€,
where

REF(E) = Y VOt —t)QBIVO (ty—t,— 1)

jo+ ¥ jn=1
V.O(t, — t,)Q(B)VE(t,),

for all elementary events E of the form (1.1), and all J =0, 1, 2,.... The sum

4.2)
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is over integers jy,...,j, = 0.

It turns out that for each J =0, 1, 2,..‘,R§f‘f’ is a o-additive operator
valued measure on £, [J2, Lemma 4.2]. The set @2, denotes the collection
of restrictions of paths weQ to the interval [0, t]. It is natural to consider
a set A€, as being a subset of Q,, via the restriction map. We shall pass
between the two viewpoints without further mention.

The aim in this section is to show that the set I, of all paths weQ
which hit the origin at some time in the interval [0, t] is an R*?-null set
for each ¢ > 0. To this end, we shall show that I, is R%-null for each ¢ > 0
and each J =0,1, 2,....

Let T be the infinitesimal generator of the semigroup e’*, s >0 which
sends ¢ e L2(R, ; C?) to the function

$1(x +9)
I, (X — )y(x — s
that is, the domain 2(T) of T is the set of all functions fe L*(R, ; C?) such
that f 1is absolutely continuous on all bounded subintervals of R,,

f'el*(R,; C? and f,(0)=0. Then for the matrix N defined in Section 3,
the equality

™) (x) =< )), for almost all xeR,,

1 0\d
it, = N[(O 1)? + iN* U,‘,EN] N* = N[T + iN*U, ,NIN*
— X

holds, (1) = N9(T)N*, it = NTN* and
eitkes = NeT+iN*Ui.eN)s Nk for all s>0.

The operator in Z(L*(R, ; C?)) of multiplication by iN*U, ,N is bounded,
so T+ iN*U, N is a bounded perturbation of the generator T of a
Co-semigroup, hence it is the generator of a C,-semigroup which has a
“Dyson” series expansion [K1, Theorem IX.2.1].

The argument we are going to use is essentially combinatorial, so instead
of working with the semigroups €™, s > 0 and ™=, s > 0, in formulae (4.1)
and (4.2), we shall use e, s >0 and ¢T*Ys s>0, where U is a nonzero
constant matrix. The modifications required to replace U by a matrix valued
multiplication operator will become apparent from the following discussion.
The situation in which formulae (4.1) and (4.2) apply can then be covered by
the application of the similarity transformation a+»> NaN* acting on
Z(L* (R, ; C?)).

To this end, set """ =32 V(1), %(t) = ™ and

t [« a2
4.3) [G(t) = J J‘ ’ J eTt—a) UeT(aJ—aJ—x)_,_eT(az—ax)UeTaxdal ---docj
0J0 0
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forallt >0and allj =1, 2,.... Here the same symbol U denotes the operator
acting on L?(R,; C?) of pointwise multiplication by the constant matrix

Upp Ugs
U= . We define R,(4) =) 7_, R, ,(A) for all Ae%,, where
Uzy Uz

R,E)= Y V@—t)OBYY, (tn—ty)
(4.4) Jot b jn=d
Via(ts — 1) Q(By) V;, (b2 — 1) Q(B1) Vo (1),

for all elementary events E of the form (1.1). That R, ; is well-defined and
additive follows from the formula ), j=m M@ V) =V, (u+v) for m=0, 1,...
and u, v >0 [J2, (4.2)]. The sum is over all non-negative integers.

We shall compute R,, and R, explicitly. The general nature of R, ;
and hence, of R%?, will then be apparent for all J=0,1,2,...; a formal
proof of Corollary 4.8 by induction would be less than illuminating.

First, for every set E of the form (1.1),

R o(E) = Vo(t — 1) Q(Bo) Vo(ts — tu-1) -~ Volt2 — 1) Q(B1) Vo (1),

so that R, , is the (e”", Q, t)-set function.

Let 6 be the characteristic function of R,. It proves convenient in the
following formulae to write the composite function fog as f(g(x)) and f as
f(x) on R,. Then for every ¢ e L?(R, ; C?), we have

X, (X) &1 (x + ty) )

. E — pTt—tn) B T@n—tn-1), T(lz tl)(
RioE)g =e Q(B,)e XB,(X)H(x—tl)d’z(x‘H)

_ < T, (X L 1) g, (< + £ — ) by(x + ) )
X (X — L+ 1) xp, (X — 1 + 1)0(x — 1)¢y(x — 1)
For each x >t let y,,: [0, t] - R, be the path defined by y, (s)=x —t+s
forall 0 <s<t TForeach x>0let £, ,: [0, t] - R, be the path defined by
s =x+1t—sfor all 0<s<t Then in terms of the paths y,, and ¢, ,,
we have

28, (Ex.t(t0) -+ A, (E5,e(11)) 01 (E+,1(0))) )
28, (Ve (ta)) =+ X, (75,0 (61))0(75,4(0) 5 (7, (0))

for almost all x >0. Let 6,: #,— {0, 1} be the unit point mass as the path
yeL2,; as mentioned earlier, we consider elements of %, to be subsets of
Q,. On appealing to the g-additivity of R, ,, we have proved the following

(R;,0(E)9) (x) = (

Proposition 4.1. For all Ae4A,,
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d¢, (A)¢:1(£,..(0)

45 (Ro(4)$)(x) = ( 8. (A)007,.(0) b2 (7y.,(0)

)>, for almost all x > 0.

If 0<x <t then

(4.6) (R;,0(A)$) (x) = <

54:,‘,‘(/1)451(5,:,:(0)))
0 :

Consequently, R, , is supported by the set @, o= {&,,: x >0} U{y,,: x > t}.
The two point set I, o = {&,,, 7.} is the set of all paths we,, which hit
the origin in the interval [0, t]. The set I, clearly has R, ,-measure zero.

For J =1, there are n + 1 terms in the sum defining R, ;(E) in (44). The
first term is

Vit = t)Q(B) Volt, — ta—1) - Volta — t1)Q(By) Vo(t1)

t—tn
(47) — j‘ eT(t—-t,.—a) UeTaQ(Bn)eT(t"_t"_')---eT(tz_tl)Q(Bl)eT“dO(

0

t
— J‘ eTu—a UeT(“"")Q(B,,)eT“"""‘ 0., eT(tz—n)Q(Bl)eTtl da.

tn
The integrand of (4.7) is given by
T JeT@t (B JeTtn—tn-1)... 0T~ (B )Tt h =
eT(t—a)<u11 uu)( e, (X +o—t) g (X+o—t)p (X + ) )
X, (X — 0+ 1) xp, (X — a0 + £1)0(x — 0) Py (x — )
_ <u11|//11 + u12w12>

Uy 1Yoy + Upains

Uz Ujz;

where

Yo = ap X+t =) xp X+ — )P (x + 1)

Vi =g (x + (@ —a) —(@—1,) - xp, (X + (¢ — ) — (@ — 1))
Ox+(t—a)— ), (x+(t —a) — )

Vo1 = xp,(x —(t—a) + o — 1) yp,(x =t —a) + a—1;) x
O(x — (t — ), (x — (1 — &) + o)

Yoz = X, (X — (£ — 1)) xp, (X — (£ — £1))0(x — 1)) P, (x — 1).

If we write ¥, in terms of the paths £, ,, we get

Y1100 = X8,(Cxe(ta)) - 25, (€5, (61)) D1 (81 (0) = O, (E)$1(£,,1(0)),

and for y,,:
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V22(%) = %, (75,0 (8))+* X, (7x,6(t1)) 0(0,4(0)) 1 (71,.(0)
=0,, (E)0(:,.0)$2(7x,(0).

We require a similar expression for the terms ¥,, and ¥,,. To do this, we
introduce new paths belonging to 2, which have a change in direction at
O<ax<t.

Let y, ,(a, -) be the continuous path with y, (a, t) = x, y; (¢, s) = — 1 for
all x <s <t and y;,(« s)=1 for 0 <s <a, so that y,,(«, -) has a change of
direction at a. Then y,,(a, s)=x+(t—a)—(s—a) for all a<s<t and
Yei(d, ) =x 4+ (t —a) —(x —s) for all 0 <s <« Then because 0 <t; <--- <
L, <a<t

lplZ('x) = XBn(yx,t(a’ tn))“'XBl(’))x,t(a’ tl))e(yx,z(a’ 0))(!)2(')),",(0(, 0))
= 0y e@) (E)O(75,0(2 0)) P2 (7. (e, 0)).

Similarly, let £, ,(«, -) be the continuous path with &, ,(a, t) = x, ¢ ,(a, 5) = 1
for all a<s<t and & (o, 5)=—1 for O <s<a, so that & ,(« -) has a
change of direction at &. Then &, (o, s)=x —(t— o)+ (s— ) foralla <s <t
and &, (o, s)=x —(t — o) + (¢ —s) for all 0 <s <a, and we have

Y21(%) = X8, (s (@ 1)) A, (&0t £1)) 0L, (2, @)1 (e, 0))
= 6§x,z(¢;')(E)0(5x,t(a’ a))¢1(6x,t(a’ O))

Thus, for almost all xeR,, the equality
(eT(t—-a) UeT(az—t,.)Q(Bn)eT(t,,—t,._ 1)... eT(tz_t‘)Q(Bl)eTt‘ ¢) (x)

___( U110, (E)91(C+,0(0)) + 1120, 0, (E)0(7x,: (2 0)) @5 (7, (@, 0)) )
U210, 40,y (E)O(E5,(% 0)) Py (Ese(®, 0)) + 1550, (E)O(7x,:(0)¢5(7+,.(0))

holds. Applying (4.7) to ¢ gives

<J‘t eT(t—a) UeT(z—:,,)Q(Bn)eT(t"—t,._ 1) ___eT(rz—tl)Q(Bl)eTn ¢d0€> (x)
tn

1\5x,t 0
= u115¢,,z(E)(¢ (60’( )))(t —t)

tu ft 5yx’t(a’.)(E)<6(yx’t(a’ O))j:z(')/x,t(a, 0))>da

t 0
T f 5¢*"‘“"’(E)<9(5x,,(«, 2) 1 (Ex, (@, 0)>d°°

0
2257:: ¢ E — tnl-
* U220 )<e(yx,,(onm(vx,,(on)(t ‘)
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Adding the other n expressions in (4.4) yields the equality

1 xtO
(Rt,l(E)d))(x) = ullaéx,:(E)<¢ (50, ( ))>t

+ Uy, jt 5vx,=(a,-)(E)<H(yx,t(a, 0))§)2(y""(a’ 0))>doc
0

(4.8)

t 0
) ~(E d
+“”L gt )<9(éx,,(a, )1 (& (0% 0)) *
0

e(yx,,(onqsz(yx,,(on)t’

a representation which is indepencent of the form of the elementary event
E. The function y, ,(x, -) takes its minimum value min (x, y, ,(a, 0)) at one
of the endpoints of the time interval [0, t]. The minimum value of &, (o, -)
is &y (o, @)).

Let {y..( -)>0} denote the set of all 0 <a <t for which the path
Vx.:(0 -) belongs to @,. Similarly for {£, (o, -)>0}. We have derived the
following expression for R, ;:

+ uzzéyx,t(E)<

Proposition 4.2. For every A€eR,, we have

1 xtO
(R, 1(A)P)(x) = ”1155,,,:(A)<¢ (50, ( ))>t

c.e(2 0
e, Jf 5o A)<¢2(y o ))) "
{rx,e(a,") >0}

0
+u Oe (o (A)< )doc
* Léx,z(a,-)zO) ) 1(&xi(2, 0)
0

0(vx,,(0))¢2(yx,,(0))> -

It follows that R, ; is concentrated on the set £, ; of paths we®, with
at most one change of direction in the interval [0, t]. The set =, ; of paths
we$, ; which hit the origin in the interval [0, ¢] is the set

4.9

+ u225yx,,(A)<

{éo,t’ yt,t} U {‘fx,t(t =X, ), yx,t((x +1)/2,-):0<x< t} U {yo,t(a, ):0<a< l},

compact for the topology on 2, of uniform convergence on the interval [0, t].
On appealing to Fubini’s theorem, we see that for any subset Ae%,
contained in I ;, the integral j',,a+ (R, 1(A)¢)(x)|dx is zero. Therefore, I, , is
an R, ;-null set.
Having computed the cases J =0, 1 explicitly, we show that there exists



336 BRIAN JEFFERIES

an analogous representation in the cases J = 2, 3,..., although we shall not
derive an exact formula in general. The main features are already apparent
for J = 1.

The terms in the sum (4.4) can be written as

V.t —t)OB)V,, _ (t, —t,—1) -V, (t; — ) Q(B)) V (t,) =

(410) f Pn(ajo+“'+jn—1+1""’(xju'*‘"""jn) X
w
n—1
H [OBis ) Pi( @yt oot jiy 150005 Xjg bt ) ] Aty -ty
k=0

If j, # 0, the operator valued function Pp(oty+ ...+, +15-+->%jg+--+j) 1S €qual to
eT(tk-rl"fl,0+ +Jk)UeT(a,0+- ST o+ 4ak—1) ...

T(ajo+ +, +27 00+ + 1) T(ayp+- +1~tk)
k-1 'J0 Jk—-17* JO +ik-1+1"tk
e Ue 5

otherwise it is equal to the constant operator exp (T(t,;, — t)).- The set W
is the ordered set of J points in the interval [0, t] such that there are exactly
Ji points in the intervals [t,, t,,,], where k=0,...,n, t, =0 and ¢,,, =1t.

The integrand in (4.10) can be expressed as a finite linear combination
of functions

Za(@jot oot jseees Bt ot ju) X

n—1
l—_[ [Q(Bk+ I)Zk(ajo+~-+jk_1+15---’ajo+~..+jk)]Q(Bl)Zo(al,...,ajo).
k=1

If j, # 0, the operator valued function Z,(tjo+ ...+ ju_,+15--->%jo+-+ ) 1 €qual to

T+1—a0+  +5) T(aj0+ +3c— %0+ +ue-1)...
e Ef0+"'+jke

@.11)

ceo@T@o+  +a-1+27 %0+ v+ D F T@0+ +s-1+171)
Jo 5

+otie-1+1€

for some choice of matrices E,, k = 1,...,J from the standard basis & of the
2 x 2 matrices. If j, =0, then it is equal to the constant operator
exp (T(te+ 1 — t)-

Let 8: {1,....,J} - {0, 1} and 0 < o; <--- <oy <t Letyg (og,....05, B )
(respectively, v, ,(«;,....%;, B, -)) denote the path w: [0, t]— R, such that
() =x, w'(t) =1 (respectively, w'(t) = — 1) and for each j = 1,...,J, there is
a change in direction of w at «; if and only if B(j)=1; elsewhere, @ has
velocity = 1. In terms of the paths employed in Proposition 4.2 for the case
J =1, we have y,, = y:,t(a’ 0,-), éx,t = ’yx_,t(aa 0, ), V(@ -) = yxula, 1, - ), and
ﬁx,t(a’ ) ) = y;:t(aa L - )

We shall use the notation yF,(«y,...,a;, B, -) to denote the function which
assigns to each point xeR, the path y%(x,...,a;, B,-). We use the
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terminology path function here.

Lemma 4.3. Let pcL*(R,; C?). Then there exists a map B: {1,...,J} —
{0, 1}, a path function wg =75, (%y,...,0, B,-) taking values in 2,, and a
matrix M e&U{0}, such that for every elementary event E = Q, of the form
(1.1), the equality

Zy(0jo bt g+ 150005 gt j) X
n—1
4.12) [l_[ OBis 1) Zi( %y 4ot oyt 150> Rjg et ) 1o (X 15 . X5)
k=1
= 3,2 (E) (M) (5 (0)),

holds almost everywhere. If E;=¢, or E; =¢,, then the path function w,
appears, otherwise, it is wy .

Proof. Let

(1 o> <0 1) <0 o> <o 0>
= , = . = . &4 =
“““loo) ®“\oo) ®"\10) #* o1

be the standard basis elements of the 2 x 2 matrices.

The action of the operator e™ on e L*(R, ; C?) is to translate the graph
of the first component {;, of ¥ to the left by an amount s, and the graph
of the second component i/, to the right by an amount s, setting (), (x)
equal to the zero for 0 < x <s. However, on encountering a basis element
€, Or &3, e'® translates a component in the opposite direction. For example,
(€™e,), = 0 and the graph of (e" e, y), is the translate of Y, to the left by
an amount s.

It is clear that the left hand side of (4.12) is some translate of the function
M ¢, times a scalar function which takes the values zero or one, and depending
on the sets B,,...,B,. Here the matrix M is the product E;---E; of the basis
matrices appearing in (4.11).

If the matrix M is the zero matrix, then f and the path function w}
can be chosen arbitrarily — both sides of (4.12) are identically zero.

Suppose now that M # 0. For each j = 1,...,J, set f(j) = 1 if E; is equal
to either ¢, or g5, and set B(j) = O otherwise. Nonzero values of the function
B correspond to changes in direction at the corresponding times ;. We shall
prove formula (4.12) by induction on J. The case J =1 was established for
all t >0 in the course of proving Proposition 4.2.

Suppose that for J = K, formula (4.12) is true with the choice above for
the path function w? and the matrix M #0, for all t > 0, all elementary
events of the form (1.1), and all choices of non-negative integers j,,...,j, such
that jo+--+j,=K, and n=1,2,.... Let jy,...,j, be nonnegative integers
such that j, +---+j, = K + 1. Suppose first that j, > 0.
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The expression (4.11) for Z,(atjo+...4j,_,+15-..»%k+1) €an be written as

exXp (T(t — o+ 1))Ex+1Zu(0g 4ty +15---50)

with the term Z, here defined by the expression (4.11) with ¢, ., = ag,,. Let
¥ be the second factor on the left-hand side of equation (4.12). By the
induction hypothesis,

Zy@jg 4t ooy + 15> AW = g (E) (M §) (0,(0)),

for the path function w, and matrix M defined above with the choice
t=oag,,. Then

Z (%o ot jpe g+ 15005 Okt DY =exp (T(t — ok, 1))5mx(E)(EK+1M¢)(wx(0))‘

Only the case Ex,; M # 0 is of interest. We examine the possible choices
of Ex,,€6.

If Ex,, is either ¢; or ¢,, then Ex,, M = M. In the case that Ex,, = ¢,
then we can only have Ex=¢; and f(K)=0, or Ex=¢, and B(K)=1,
otherwise Ex,; M would be the zero matrix. In the either case,

Zn(ajo"’"""jn— I SRR Ok + 1)'// = 6wx+(g_¢x+ 1)(E) (M¢) (wx+(t—ux+1)(0))-

By the induction hypothesis, the path w,eQ is equal to

aK +1

’yx_,ax+1(a19---,al(a ﬂa . ):

for each xeR., because Ex is equal to & or &. Then w,;—u,, i the
path @, = y.,(®;,....,0k+1, B,-) with the function B:{1,...,K + 1} - {0, 1}
defined by B(j)=p(j) for all j=1,...,K and B(K +1)=0 and &, has
derivative — 1 in the open interval (ag, t). Thus,

Zy %ot et ju s+ 1002 %k + )Y = 05, (E) (MY) (0, (0)).

The negative sign appears in the path function @, in the case Ex,; = ¢&;.
In the case Egx,; = ¢4, we obtain

Zn(OCjo+...+j"_1+1,---aaK+1)¢ =
O — (t — 04 1)) Oy e, BV MY) (@04~ - a1 (0))-

By the induction hypothesis, the path w,eQ is equal to

AK +1

y;ax+1(a1=---aal(a B, : ),

for each xeR,, because Eg is equal to &, or g. Then w,_,_,,,, is the
path &, = y;;,(ocl,...,dxﬂ, B,-) with the function f:{1,...,K + 1} - {0, 1}
defined by B(j) = p() for all j=1,..,K and B(K+ 1)=0 and @, has

derivative + 1 in the open interval (ag,t). If x <t — ag,,, then @, does
not belong to the space 2, of paths taking values in R, so 63 (E) = 0. Thus,
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Zn(“jo R S PR ERTEE) Ok + l)ll’ = 6Z)X(E) (Mlp)((z)x(o))

The positive sign appears in the path function @, in the case Ex. = &,.
The other cases Ex.,; =¢, and Eg,, =é&; correspond to changes in
direction of the path w,, xeR,, at time oag,, with agx <og,, <t. The
verification of the induction hypothesis for J = K + 1 is similar to that above.
It remains to treat the case j,=0. For some m=0,...,n — 1, we have
jm>0and jo+--+j,=K+ 1. Let

Y= [ H Q(Bk+I)Zk(ajo+-n+jk_1+1:---sajo+~u+jk):|ZO((x1:---aajg)d)'
k=1

Then, under the induction hypothesis, we have established that

¥ = 0,2 (4) [M¢] (w5 (0)

for the matrix M = Eg,,---E;. If Ex,, =¢, or Ex,; =¢,, then o, €Q
appears, otherwise, it is ] eQ
application of the operator

tm+1

As the argument above shows, an

tm+1°

eT(t—t,.)Q(Bn)_'_eT(t,,.+3—t,,.+2)Q(Bm+2)eT(tm+z'tm+ 1)

to ¥ shows that (4.12) is also true in the case j, = 0, so the result follows by
induction for all J=1,2,.... O

The following statement is a generalisation of equation (4.9) to the case
J>1. Given x>0, t>0 and a map B:{1,...,J} > {0, 1}, let {p<,(xy,...,
oy, B, -) = 0} denote the set of all J-tuples 0 < a; <--- < o; <t belonging to
[0, t] for which the path yZ,(«y,...,%;, B, ) belongs to Q,, that is, where it
has its values in R,. The set {yF,(o;,...,a;, B, -) >0} is possibly empty.

Proposition 44. Let ¢ L*(R,; C?). The measure R, ;¢ is a finite linear
combination of L*(R, ; C*)-valued measures

Am 8yt swrrnar ) (A) X
(413) (7%, e(@1,....a5,8,") > 0}
(M) (7 (2., 05, B, 0))doty ---dary, A€,

for some maps B:{1,...,0} —>{0, 1}, path functions yZ(oy,...,0;, B,-) and
matrices Me&. In this notation, the element of L*(R, ; C?) on the right-hand
side of (4.13) is the function which assigns to each xeR,, the element of C2
obtained by replacing x by x.

Proof. The integrand in (4.10) can be expressed as a finite linear
combination of the expressions (4.12) by writing the matrix U as a linear
combination of matrices from the standard basis &. The corresponding sum
over the expression (4.10) for all non-negative integers j, +---+j,=J is a
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finite linear combination of integrals of the expression (4.12) over the set
O<a, <--<ay<tin [0, t].

Let xeR,, B: {1,...,J} - {0, 1} and Ae%,. Suppose that at some point
0<oa; <--<a;<t, the path y¥,(ay,...,0;, B, -) takes on negative values in
the interval [0, t]. Then 6,: «,, 4,5 (4) =0, because 4 is a subset of Q,
whose elements assume values only in the set R,. The region of integration
in which the integrand is nonzero is therefore contained in the set
{yit(o‘ln---’ah ﬁs )= 0}

The expression on the right hand side of (4.13) does not depend on the
form of an elementary event A like (1.1), and we have shown that for all
elementary events A of the form (1.1), the operator valued set function defined
by (4.4) is equal to a finite linear combination of operator valued set functions
defined by (4.13), so equality holds on the c-algebra %, by o-additivity. [J

Let I, be the set of all paths weQ, which take the value zero at least once
in the interval [0, ¢t]. Paths belonging to Q, are continuous, so [,e%, by
virtue of the equality I, = N7, U2, N2 Ui-1 {0€Q,: w(tk/n) < 1/m}.

Coroliary 4.5. The set I, is an R,-null set.

Proof. The measure R, is the setwise sum of the measures R, ;,
J=0,1,2... on the o-algebra %,, in the strong operator topology of
Z(L*(R,; C?), so it is enough to show that I, is an R, ;-null set, for each
J=0,1,.... For J=0,1, we verified this by writing down the set I,
explicitly. In general, for almost all xeR,, the set

{(t,..,2)): 0 <oy <-- <oy <t,0€y5,(ay,...,a5 B, [0, t])}

is contained in the finite union of hyperplanes in [0, t]/, so it has Lebesgue
measure Zzero.

For any subset Ae %, of I, it follows that the integral on the right hand
side of expression (4.13) is zero at almost all points xeR,, so R, ;(4) =0,
proving that I, is R, j-null. [

Let 2,,,J =0, 1,... be the set of all paths we 2, with at most J changes
in direction in the interval [0, t]. Then 2,,c ,,,, and @, = U502, ;.
The following corollary is proved in [J2, Lemma 4.2] without mentioning the
formula (4.13) explicitly.

Corollary 4.6. For each J =0, 1,..., the measure R, ; is supported by Q, ;.

If the the matrix U is replaced by the bounded matrix valued function
iN*U, N, then N*R*?N may be represented as the sum of measures like
(4.13), except that the integrand is multiplied by additional functions of
oy,...,0; and x associated with the translates of the components of iN*U, N ;
in the situation considered above, these were constants. It is clear that this
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change will not affect the conclusions of Corollary 4.5 with respect to the

new measure N*R¥%?N. We state the following without writing down a
formal proof:

Proposition 4.7. The set I, is an R%®-null set for all ¢ > 0 and all nonzero
integers k.

Corollary 4.8. The set I', is an M, -null set.

Proof. For all ¢ > 0, the operator valued measure M® is the direct sum
of measures unitarily equivalent to R*® for k= +1, +2,.... If Ae®, is a
subset of I',, then R%*?(4) =0 for all k= +1, +2,..., so that M®(4) = 0.
Hence, I, is an M, -null set. []

§5. The Feynman Representation

In this section, we use Corollary 4.8 to complete the proof of the Feynman
representation (0.1) for a class of potentials g which includes a range of
Coulomb potentials.

Let g: R,, —» R be a locally square integrable function. Let 2(t(q)) be
the set of all functions ¢ e L*(R, ; C?) which are absolutely continuous on all
bounded subintervals of R, such that (N*¢),(0) = 0 and ©(q)¢:=1¢ — Q(q)d
eL*(R,; C?). It is proved in [J2, Proposition 2.3] that the operator it(g):
P(t(q)) » L*(R,; C?) is the infinitesimal generator of a C,-contraction
semigroup e*@', t>0. For each t >0, the operator ¢@' maps peL*(R, ; C?)
to the function given by

exp [— iJl q(x + s)dst(N*cp)l(x + 1)
(51) x—N 0

O(x — t)exp [— i jt 0(x —t)q(x — s)dsjl (N*¢),(x — t)

0

>

for almost all x > 0; calculating the resolvent of the semigroup so defined
shows that the generator is indeed it(q).

The function g need not be integrable in a neighbourhood of zero,
although it is necessarily integrable over all bounded intervals in R,,.
Nevertheless, the formula (5.1) makes sense for almost all x > 0 and defines
a function in L2(R, ; C?).

Any bounded perturbation of t(q) is the generator of a C,-semigroup
[K1, Theorem IX.2.1], so for all ¢>0 and keZ\ {0}, t(g) + U,, is the
generator of a Cy-semigroup. Because U, ,(r) is an hermitian matrix for each
r>0, it follows from the Trotter product formula that t(q) + U,, is the
generator of a contraction C,-semigroup on L?(R,; C?). By the notation
T — g, we mean the operator with domain 2(z(q)) equal to t(q) + U,,.
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The direct sum

k| =1
Z @ %l’ck,m(rk,e - q)%k,m - Z (_B( Z @ %kTmQ(q)%k,m)
k,meK; |k|>1/¢ m=—|k|
over the set K, all integers k, m such that m = — |k|, — |k| + 1,...,|k| — 1 and

1 <|k| < 1/eis denoted by D, =~ Q,(q). Then i(D, = Q,(q)) is the direct sum
of infinitesimal generators of C,-semigroups, so it is itself the infinitesimal
generators of a Cy-semigroup. In the case that g is bounded and measurable,
the operator D, = Q,(q) so defined is, in fact, the difference between the
unbounded operator D, and the bounded operator Q,(q), because Q,(q) =

Y=t @ Ch L @ BX, 09 %, ).

Lemma 5.1. Let q: R., >R be a locally integrable function and t > 0.
Then for M, -almost all weQ, the function s+ q(w(s)) is Lebesque integrable
on [0, t].

Proof. According to Corollary 4.8, the set I, of all paths we 2 which
hit the origin at some time in the interval [0, t] is M®-null. If w does not
hit zero, then there exists finitely many subintervals I of [0, t], for which
there exist numbers 0 < b; < a;, such that s+ q(w(s)) is the restriction of one
of the functions s—q(a; —s), s < b; or s—q(a; +s), s>0 to I. Because g
is assumed to be locally integrable on R, each of these functions is integrable
over each interval I, and so g o w is integrable over [0, t] itself. [

The semigroups e==9* t >0, keZ, k # 0, and hence, ¢'®:~2@" > (,
may be represented as a perturbation series expansion in terms of the
semigroup given by expression (5.1).

Theorem 5.2. Let q: R,, > R be a locally square integrable function and
t>0. Then for every &>0, the function wise $o9@Ns  dofined for
M, -almost all weQ is MP-integrable, and the equality

(5.2) e!De - 0r(@t f e~ ioa(o(s)ds g M®(w)
Q

is valid.

Proof. Let q,=qyq<n for each n=1,2,.... Then by dominated
convergence, for each we @, \ I,, the function g, - @ converges to q - w almost
everywhere on [0, t] and [ g,(w(s))ds converges to [yq(w(s))ds. An appeal
to dominated convergence for the operator valued measure M® proves that
the operators [pe”Hot@VdGN@O (), n=1,2,... converge in the strong
operator topology to the right hand side of (5.2).

Another application of dominated convergence to the expression (5.1) and
the perturbation expansion of e*@*Ux: in terms of the bounded matrix
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multiplication operator U, , [K1, Theorem IX.2.1] shows that the operators
eike=ant ' — 1, 2, converge in the strong operator topology to e!.:=9t
hence the operators eP==2@ y — 1 2 converge in the strong operator
topology to ¢'®P:~2-@*  The equality (5.2) is true for bounded measurable
functions g by virtue of [J2, Lemma 6.2] and formula (3.2). Therefore, it is
true for all locally square integrable functions ¢q: R,, - R. [

The following result is the analogue of [J2, Lemma 2.5] in the present
context.

Lemma 5.3. Suppose that q: R,, —» R is a function such that the bound
(0.2) holds with p < \/5/2. Let q, = q)jq<n for each n=1,2,... and let k be
a nonzero integer.

Then for every 1> 0, the function e—(A—i(t,,—q,)) ', 0<e<1 is
continuous on the strong operator topology of & (L*(R, ; C?)), uniformly for
aln=1,2,....

Furthermore, as € — 0%, the operators €=~ converge to e'™ ™" n the
strong operator topology of ¥ (L*(R, ; C?)), uniformly for all n=1, 2,..., and
all numbers t in compact subsets of R,.. As n— oo, the operators e (="
converge in the strong operator topology of ¥ (L*(R. ; C?)), uniformly for all
&> 0, and all numbers t in compact subsets of R, .

Proof. Let X be the Banach space of all continuous functions f from
[0, 1] to L*(R, ; C? with the uniform norm | f|, = supo<.<; | f(€),. For
each t > 0, the operator S(t): X - X is defined by (S(t)f)(e) = ei*™==f(¢) for
feX and 0<e<1. Then, as in the proof of [J2, Lemma 2.5], S is a
contraction Cy-semigroup of operators acting on X. The contraction property
follows from the Trotter product formula, for example, and the observation
that U, ,(r) is hermitian for each r > 0.

The operator 7, , - ¢q is equal to t(q) + U,,, so applying dominated
convergence to the expression (5.1) and the perturbation expansion of
@+l in terms of the bounded matrix multiplication operator U, , (see
the proof of [K, Theorem IX.2.1]), we see that the mapping & — ‘(e 9",
¢ > 0, is continuous on the open interval (0, co) in the strong operator topology
of Z(L*(R. ; C?), uniformly for t in compact subsets of R,,. That e'(.e=2*
t>0, is a contraction semigroup follows from the Trotter product
formula. The question of continuity at ¢ = 0 remains.

A result originating with F. Rellich [G-R], [Ka, Theorem 5] ensures that
7, — q is essentially selfadjoint on CX®(R,., C?) if u< \/5 /2. TIts closure in
L?(R, ; C?) is denoted by the same symbol. Trotter’s convergence theorem
[T, Theorem 5.2] shows that lim,_q. e'®=" 9 = !~ jn ¥ (LX(R, ; C?)),
uniformly for ¢t in compact subsets of R,. For each t >0, and function ¢
satisfying (0.2), the operator S,(t) is defined for each feX, by
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(S,(0)f)(e) = €= f(g),  for all 0<e<1.

Then §, is a contraction C,-semigroup acting on X. The contraction property
is immediate from the earlier observation that e!®:"9! ¢ > (, is a contraction
semigroup for each ¢ > 0. Continuity at zero is valid on the dense subspace
C([0, 1]) ® L*(R,; C*) of X; the uniform boundedness of S, ensures that
continuity at zero is valid on all of X.

Now CZ?(R,,; C? is a core for t, — g, hence, C([0, 1]) ® C*(R,, ; C?)
is a core for the infinitesimal generator 7, . — g of S,, because for any Banach
space B, the linear space C([0, 1])® B is dense in the Banach space
C([0, 1], B) equipped with the uniform norm. Another appeal to Trotter’s
convergence result [T, Theorem 5.2] implies that as n— oo, S, (t) = S,(t) in
ZL(X), uniformly for ¢ in compact subsets of R, .

Let 1> 0. For each he L}(R,; C?) and n =1, 2,..., the function

f e ™S, ((1 ® hydt
0

is just the continuous mapping e (4 —i(t,, — q,))” 'h, where the function
identically equal to one on [0, 1] has been denoted by 1. As n— oo, these
functions converge uniformly on [0, 1] to the function ¢+ (4 — i(t,, — q)) " 'h,
proving the first conclusion. The second follows from the existence of the
limit lim,, , S, () (A ® h) =S,(t)(1®h) in X. []

In the following theorem, we finally prove the validity of the Feynman
representation (0.1).

Theorem 5.4. Suppose that q: R, — R is a function such that the bound

(0.2) holds with ,u<\/§/2. Let t>0. Then the function we Hoa(@)ds
defined for M, -almost all weQ is M, -M,-integrable.

The operator D — Q,(q) is essentially selfadjoint on CZ (R*\ {0}; C*). Let
H denote the closure of — D + Q,(q) in L*(R*; C*). Then the equality

(5'3) e~ iHt — f e—ij;q(w(s))ds th(w)
Q

is valid.

Proof. Let g, = qyq <k k=1,2,.... By [J2, Lemma 6.2], for each k =
1,2,..., the function w» e Hoak@ENds js Af+_M _integrable and

(5_4) et P~ Qr(g)t — f e—ifaqk(w(s»ds th(w).
Q

We shall show that e ioaeXsds converges to e ifoa°Xsds in L1 M, M , as
g t t
k — 0.



FEYNMAN REPRESENTATION 345

By Theorem 5.2, e~ "o4°Xs4s is M " -integrable, and dominated convergence
ensures that the function e Yo% Xs45 converges to e~ Hot"Xsds in L1(M;), as
k — 0. According to [J2, Proposition 5.7], it remains to prove that for each
Ee %, the operators

(5.5) J e HoaXsds M@ o= 1,2,
E

converge in the weak operator topology, uniformly for & > 0.

For each elementary event E of the form (1.1), the operators (5.5) may
be represented in the form (1.2), with S equal to the semigroup e ‘P:~ 2@
and with Q equal to the spectral measure Q,. To see this write

t ft 1y
exp[—iJ‘ qkoXsds:l exp[—i qkoXsds]u-exp[—iJ qkoXsds]
0 Jin 0

ft—t,
J O

- "
exp| — ij qy © Xsds].
L Jo

Recall that & is the algebra generated by all elementary events before time
s. Suppose that f;,, is an ¢ _, -simple function, j=0,...,n, with t,=0
and t,,, =t. For each s>0, let 6,: 2 > Q be the shift map defined by
O(w)(r) = o(r +s), for all r > 0 and weQ. The function f,,, 6, -0, f;
is #-simple and because M®, s>0, are measures associated with an
(Sp,, O,)-process, we have

an+1 °9t,."'f2 "anldMgs) =
E

M2, (fus DQBIME,,_ (f) - Q(BYMED(S1).

Dominated convergence ensures that the equality extends to the case in which
the function f;,, is a bounded and £, ,,_,-measurable function for each
j=0,..,n In particular, if we choose f;,; =exp [—if'o’“_”qko X, ds],
j=0,...,n, then by Theorem 5.2, the operator (5.5) becomes

e—i(Ds—Qr(qk))(t—tn) Qr(Bn)e—i(Db—Qr(qk))(tn—tn— 1) ... Qr(Bl)e_i(Dc_Qr(qk))’l’

as was to be established

An appeal to Lemma 5.3 and the Banach-Steinhaus theorem shows that
the convergence of the operators (5.5) is actually in the strong operator
topology, uniformly for ¢ > 0. Here we need to take the direct sum of
operators unitarily equivalent to the operators treated in Lemma 5.3. Hence,
e~ HowXsds js MM, -integrable, and the function e ¥o%Xsd converges to
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e WorXsds in LY(M;", M,), as n— o

As in the proof of Lemma 5.3, D — Q,(q) is essentially selfadjoint on
C*(R3\ {0}; C*) and the left hand side of (5.4) converges in the strong operator
topology to e # as n— oo. By [J2, Proposition 5.7], or more simply, from
the definition of convergence in the space L!'(M,", M,), the right hand side
of (5.4) converges in the strong operator topology to [ge™ 4@ 4Mf () as
n— oo, thereby proving the equality (5.3). [

Corollary 5.5. The selfadjoint operator H above is the limit in the sense
of strong resolvent convergence of D, - Q,(q) as e >07.

Proof. We proved in Lemma 5.3 that for each nonzero integer k, the
operator 1T, .- q converges to 7, —~gq in the sense of strong resolvent
convergence. The result follows after taking the direct sum of operators
unitarily equivalent to these. []

For the case \/5 /2<pu<1 in the bound (0.2), we have the following
result. Essential to the proof is a convergence result of R. Wist [Wii] and
T. Kato [K2, Theorem II] for the Dirac operator.

Theorem 5.6. Suppose that q: R,, - R is a function such that the bound
(0.2) holds with u<1, and suppose that ¢ >0 near the origin. Let
t>0. Then the function wr e 2@ dofined for M, -almost all weQ is
M -M,-integrable for all xeC such that 3(k) <0. There exists ¢ >0 such
that the map

K> j e o1 @ds g0 (), keC, (k) <0, k| <1 +e,
Q

is the restriction of a function continuous on the set {keC: 3(k) <0, |k|<1+¢},
for the strong operator topology of £ (L*(R*; C%).
Moreover, there exists a selfadjoint operator H such that the equality

(5.6) e = lim f e~ loa(@ s M ()

3(x)<O0,
k=1
is valid. The selfadjoint operator H is characterised by the equality

—iHt : i(D—Qr(gn
e~ = Jim ¢~ Crlam)t

n—oo

Sor all teR, where q, = q) 4 < for each n=1,2,....
If ¢V <0 near the origin, then the analogous statement is valid for the
region 3(k) = 0.

Proof. With the notation of the proof of Lemma 5.3, for each n =1, 2,...,
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the infinitesimal generator of §,, is a L nded perturbation of the generator
of S, so there exists Ay > 0 such that for all 1> 4y, the map kx—R,, (1) is
the restriction to the real axis of a function analytic in a neighbourhood of
zero in C.

Now suppose that there exists r, >0 such that ¢Y(r)>0 for all
0<r<r,. Then for r>r, we have |qV()| <1/r,. It follows from the
Trotter-Kato product formula that, for a = 1/r, + ||¢®||,,, the bound

(5.7 || (koo ~eant | ewzm,;czy) < el3@lar

holds for all xkeC with J(x) <0, all >0, all t>0 and all n=1,2,....
Clearly, the bound ||S,, (1)l ¢ < € ®1* also holds for J(k) <0, n=1,2,...
and t >0. Let 4, >0. Then for all 1> 4, and n=1, 2,..., the resolvent
operator

R, (A) = J e~ M8, ()dt

0

of S,,, has the property that x— R,, (1) is analytic in the strip J(x) <0,
|3(x)| < A/a and continuous for J(x) <0, |I(x)| < A/a. Moreover, the bound

(5.8) I Rg Ml 2 xy < m
obtains for all J(k) <0, |I(x)|<A/aand n=1,2,....

According to [K2, Theorem I (iii)], in the case that J(x) <0 and |x| <
1/2, the subspace CX(R,, ; C?) is a core for 1, — kq, the operator i(t, — xq) is
the generator of a Cy-semigroup and the bound (5.7) holds with ¢ = 0.
Actually, the proof of [K2, Theorem I] refers to the direct sum H(x) of
operators unitarily equivalent to 1, — kg for every k= +1, £2,..., but we
can take the restriction of H(k) to the reducing subspaces, because we are
working with the radially symmetric potential V: x> q(|x|), xeR3.

An argument analogous to that of Theorem 5.4 for the case of real x

with |k| < \/5/2, shows that for each ke C with J3(x) <0 and |x| < 1/2, the
operator S,,, (t) converges as n — oo to the operator S,,(t) in #(X), uniformly
for ¢t in compact subsets of R,. An appeal to Vitali’s convergence theorem
[H-P, Theorem 3.14.1] ensures that S, (t), n =1, 2,... converges in the strong
operator topology of #(X), uniformly as x ranges over compact subsets of
the region 3(x) < 0. The limiting semigroup is denoted by §,, for all complex
numbers k satisfying J(x) < 0. As in the proof of Theorem 5.4, the function
Wi e *Noa@ds g ME_M -integrable for all xeC such that J(x) < O0.
Furthermore,
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(5.9) [Se ()X ®h)](e) = f e Moa @i g(MOp) (), 0<e<l,
o
for all 3(x) <0 and he L*(R, ; C?).

By dominated convergence, for each 4 > a and keC satisfying J(x) <0
and |x| <min(1/2, 4/a), the resolvent operator R,, (4) of S,, converges in
the strong operator topology of #(X), as n— oo, to the resolvent
R, () = [ye ¥ S, (t)dt of S,,.

Set ko = Ag/a. The bound (5.8) holds in the region — k, < J(x) < 0, for
each 1 > A,, so another appeal to Vitali’s convergence theorem shows that the
operator R, (4), n =1, 2,... converges in £ (X), uniformly as x ranges over
cpmpact subsets of the open strip {keC: — k, < J(k) < 0}.

Now suppose that 4, > a so that k5 = Ag/a > 1. Then for 1 > 44, Ry, (4)
converges in the strong operator topology to R,,(4) in the region
— Ko <3J(x) <0. Here, xR, (4), defined for —rx,<JI(xk)<0, is the
analytic continuation of k> R, (4), defined as above, for J(x) <0 and
|x| < 1/2. Thus, for all ke C such that — x, < 3(x) <0, R, (4), 4 > 4, is the
resolvent family of the Cy-semigroup S,,. By [K2, Theorem I] and the
assumption that u < 1, there exists ¢ > 0 such that for each he L*(R,; C?),
there exists an analytic continuation k> [R,,(4)(1 ® h)](0) to all keC such
that |k| <1+ ¢ Furthermore, by [K2, Theorem II (ii)], the analytic
continuation has that property that for every he L>(R. ; C?),

(5.10) Jim [R.,, (4) (1 ® 1)](0) = [Ry,(4) (1 ® h)](0)

in L*(R, ; C?), and there exists a selfadjoint operator H, such that the operator
hi—[R,(A)(1 ® h)]1(0), he L*(R, ; C?) is the resolvent (A + iH)™* of — iH [K2,
Theorem I (iv)]. Equation (5.10) and an appeal to strong resolvent convergence
[K1, Theorem IX.2.16] shows that the operator H is characterised by the
stated limit.

Now for each he L?(R, ; C?), continuity ensures that

lim [R,(2) (1 ® 1)]1(0) = [R,(4) (1 ® k)] (0).
By strong resolvent convergence,

S(IKi)IEo [qu(t)(l ® h)10) = e iHY
ko1

Combined with formula (5.9), this establishes the equality (5.6). [

Remarks. (1) In the case of the inverse square potential for the
Schrodinger equation, in the region where the associated Schrodinger operator
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is not essentially selfadjoint but the Fredholm extension exists, Faris [Fa]
establishes a representation similar to (5.6) with a double limit procedure.
(ii) For the Coulomb potential g(r) = — a/r with a > 1, the limit on the
right hand side of (5.6) exists in the strong operator topology, but it does
not define a selfadjoint operator. In the context of the Schrodinger equation,
E. Nelson [N] interpreted this situation in terms of a possibility of collision
with the centre of attraction. For the Dirac equation, V. Popov [P] obtains a
selfadjoint extension by imposing conditions at the nuclear boundary.

Although the Feynman representation (5.3) reveals nothing about the
dynamics of the Dirac particle that cannot be deduced by operator-theoretic
techniques, the structure developed in the proof of the representation (5.3)
may prove to be useful in situations where the quantum dynamics is not
readily constructed by traditional means.
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