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Reduced Free Products of Completely
Positive Maps and Entropy for Free
Product of Automorphisms

By

Marie CHODA*

Abstract

The reduced free product of unital completely positive maps is defined. An invariant state
on a C*-algebra for an automorphism (based on the free shift) is the composition of a state of
a subalgebra with the reduced free product of expectations. Entropies for the reduced free
product and the tensor product of an automorphism y with the free shift coincide with the
entropy of 7.

§1. Introduction

The reduced free product (4, ¢) = (*A;, *@;);; of unital C*-algebras {4,};,
with respect to their states {¢,},.; is defined by Avitzour in [A] and Voiculescu
in [V] independently.

For a unital C*-algebra B,, (iel) with a state y;, let T, be a unital
completely positive linear map from A; to B; with ;- T,= ¢;,. Put
(B, ¥) = (*B;, *¥/));c;- In §2, we define the reduced free product T = *,,T;,
which is a unital completely positive map from A to B with - T=¢. If
B; is a C*-subalgebra of A; and T; is a conditional expectation E; from A4;
onto B;, then = E; is still a conditional expectation from A onto B. If
B; = A; and T, is an automorphism 6;, then *,;6; is an automorphism of A.

If the index set [ is the integers Z and A4; = A, for all ieZ, then we have
the automorphism a of 4 which comes from the shift: neZ —-n+ 1. The a
is called the free shift [S]. In §3, using the reduced free product of some
conditional expectations, we show an extended version of Avitzour’s uniquely
ergodic theorem [A: 4.1 Proposition] for the free shift.

Sauvageot and Thouvenot [ST] give a definition of entropy H,(y) for a
p-invariant automorphism y of a unital C*-algebra C with a state p. Their
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entropy coincides with that of Connes, Narnhofer and Thirring [CNT] if C
is nuclear. In §4, as an application of the result in §3, we show that the
free shift « does not change Sauvageot-Thouvenot entropy for the reduced
free product and the tensor product:

H,,,(axy) = H,(y) = Hyg,(x ®7)

for every p invariant automorphism y of C. Applying this to the identity
automorphism of C, we have H,(x) = 0 ([S: Remark 2]).

§2. Reduced Free Products of Completely Positive Maps

In this section, we define the reduced free product of unital completely
positive linear maps. First, to fix notations, we recall definition of reduced
free product of unital C*-algebras. Let I be an index set. For each i€l let
A; be a unital C*-algebra and ®;: 4, > B(H;) be a *-representation on the
Hilbert space H; with the distinguished unit vector &;. The free product
Hilbert space (+H;, *&),.; is (H, &) with

H=Clo®( ©& H,®-®H;).
n>1 i1 #-#in
Here H; = H,© C¢,. Put
Hin=Cle ®( & H;®QH;).
n>1 i#iy#Fiz# - in

The unitary operator ¥: H; ® H(i) - H is defined by

L®E-E

HY®{—~H; by n®&—n

LRMH;, ® - ®H))>H, ®®H; by {®@n—n, (iy #1)

H®H; ® ®H;)>H @H; ®--®H; by y @n—->y ®n, (i #i).
The representation A;: A; — B(H) is defined by

Ai(a) = V(P;(a) ® Lpa) V¥, (ae A)).

The free product representation *,.;®; is defined as the *-homomorphism *;4;
from the enveloping C*-algebra *,,4; of the *-algebra free product of the
{A;}ic; to B(H) using the universal property of the free product ([VDN]).
Now, let 4; be a unital C*-algebra and ¢; a state on A4;. We denote
the GNS representation of 4;, (iel) with respect to ¢; by (n;, H;, ;). Then
we have the above representation 4;: 4; > B(H) coming from ;. The reduced
free product (A, ¢) = (%A;, *¢;);; is the C*-algebra 4 on H generated by



ENTROPY FOR FREE PRODUCTS OF AUTOMORPHISMS 373

Uier Ai(4;) and the vector state ¢: ¢p(a) = (a¢, &), ae A ([V]).
Usually, for ae A;, we denote =m;(a) by a, and also A,(w;(a)) by a, for
simplicity of notation. For each iel, let

/ii = {ae 4;: ¢(a) = 0}
and
red (A) = {a;,---a; : aike;i,.k, iy # oo FE )

We call an aered(A) a reduced word in A. Then C1 + linear span red (A)
is dense in A and ¢(a) =0 for a reduced word a in A.

Proposition 2.1. Let A; and B; be unital C*-algebras with states ¢; and
¥, (iel) respectively and let T, be a unital completely positive map of A; to
B; with ;- T; = ¢;.  Let (A, ¢) = (xA;, x@))i; and (B, ¥) = (xB;, *Y)),;.  Then
there exists a unital completely positive map T of A to B which satisfies

Y-T=¢ and T(a)=Tla), (ac4)
and T(red (A)) < red (B), more precisely
T(a;,a;,-a;) = T;,(a;)) T, (a,) - T, (a;), (ix # bxs1s ai,efii,)-

Proof. Let (H, &) be as above and (f;, K;, n;) be the GNS representation
of B; by ;. Then by Stinespring’s dilation theorem, there exist a Hilbert
space L;, a *-representation @;: A; » B(L;) and an isometry W: K; — L, such
that

Ti(a) = W* D ()W, (acA).

Put

(K, n) = (+K, #n)icp, (i = Wimy, (ieI) and (L, {) = (+L;, *()e; -
Then we have an isometry W: K — L defined by
{ Wi =
W, @ @v;)=Wv, & QW v, (i; #ij:1, v;,€K}).

Let & be the free product representation *;,;®;. We define T by

T(a) = W*®(@)W, (acA).

It is obvious that T: A — B(K) is a unital completely positive map.
For aeA,,

Pi(a)l;, (i» = LTy(a)n;, ni) = Y:(Ti(a)) = ¢;(a) = 0.

Hence T(a)n;eK;, ®,(a){;eL; for aefoli and Ti(/ii)céi. For a while we
denote Voiculescu’s unitary ¥: K; ® K(i) > K by V% and the representation
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A; of B; into B by AP. The notations of unitary representation ¥, and the
representation 4; are used for the free product representation *,,®,. First
we remark

@.1.1) T, (a, ), ® - ® T, (a,)n;,
= (T, (@) 2B(T @), (i # ir1r G €A,).
Hence
T(a;, a5, @, )1 = 22(T;,(a;)) -+ A2 (T;, (@, )1

Next we consider a vector v=v; ® --®V;_, (i #Jji+1, vV; €K})
If j, #i,. We have

(2.1.2) AT, () 22 (T, (a,))v = T, (a;)n;, ® - ® T, (a, )n;, ® v.
Hence we have
T(a;,a;, "'ai,.)v = ’lﬁ('l—;';(ail))"'li(Ti"(ain))v-

Assume j, =i, and m =1 (hence v=v;). We decompose T; (a;)v;, into the
direct sum:

L, (a)vi, = ¢, m, + [T, (@) vi, — ¢, 1€Cn;, @ K7,
then @, (a;, )W, v;, = ¢, (i, + [P (a;, )W, v, — ¢;,(;, 1€ CL, @ L7, where
¢ =P Wy, ;> =T, (@), 0,7
Put
Vi, = D, (@, )W, v, — ¢, ;.
Then T, (a;)v;, = c; 1;, + W*v; . Since by the above discussion,
AT, () A2 (T (@ ))vi, = ¢, Tlay, - ai,_ ) + T(a;,--a;,_)n® Wrv;,
we have

(2.1.3)
(T (@) (T (@) = ¢;, Tay, - a,_ )0 + T(ay,--a;,_ )n ® Wrv;,
which implies
T(a;,a;,--a,)v = A (T, (a;,))-- 42(T, (a;))v.

If j,=i, and m>2. We use again the above direct decomposition of
®; (a;)v;, and T, (a;)v;. Put

V) = v, ® - ® v,

then we have
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(214)  T(a,a,-a,)v = c, WH®(a,)- Pla,,_ ) W(2))
+ W*(@(a;,) - Pla;,_,) (vi, ® Wi(2))).
We put

() = ¢, W*(®(a;) - P(a;,_ ) W (2))

In-1

and
(x%) = W*(®(a;,) - P(a;,_ ) (vi, ® Wh(2))).
Then (*x) is reduced to the first case.
Assume that n=1. Since W*v; = [T, (a;)v;, — ¢;,1;,], we have
(T @)y = ¢, v(2) + W*vi @ v(2),
so that, by (2.1.4)
(2.1.5) T(a;)v = 22(T;,(a;,))v.

Assume that n > 2. We compute (*) in the two cases i,_; =j, and i,_, #J,,
and iterate the above discussions. Then

T(a;,a;, - a;,)v = A3(T;, (@) - A (T (@) v.
As we mentioned before, we denote A¥(T;(a;)) simply by T;(a;) and we have
T(a;,a;,---a;,) = T,(a;) T;,(a,) - T, (a;), (i # lier 1 aije’ii,)'

This relation implies that T(red (A)) < red (B). If ae A;, then T(a) = T(¢;(a)l
+ [a — ¢(@)1]) = ¢p(@)1 + Ti(a — ¢p(a)l) = T(a). Since C1+ linear span
red (A) and C1 + linear span red (B) are dense in A and B respectively, we
have T(A4) = B.

Let aered(A), then T(a)ered(B) so that

Y-T(@)=0=¢(a), (acred(A)).
It implies ¥ - T(a) = ¢(a) for all acA. O

Definition. We call the T in Proposition 2.1 the reduced free product of
completely positive maps {T;};.; and denote it by T, or as Ty*---xT, for
the reduced free product for a finite index set I.

It is pointed out by Enomoto and Takehana that in [B: theorem 3.1]
Boca shows the completely positivety of the free product (not reduced free
product) of unital completely positive linear maps.

It is well known that conditional expectations and *-automorphisms are
typical examples of unital completely positive maps. Applying Proposition
2.1 to these completely positive maps, we have the following two Corollaries:
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Corollary 2.2. Let (A, ¢) be as in Proposition 2.1. If E; is a conditional
expectation of A; onto a unital C*-subalgebra B; of A; with ¢;- E; = ¢; then
the reduced free product = E; is a conditional expectation E of A onto
B = (xB;, *¢;)i; with ¢ = ¢ - E,

E(ay,a;,---a;) = E; (a;)E;,(a;,) - E; (a;,),  (k # kvt aiJE/iiJ)
and
E(a) = Ei(a), (ae4y.

Proof. By Proposition 2.1, we only need to prove the conditional
expectation property

E(ab) = E(a)b, (acA, beB).

This follows from the argument on [CE: page 166], because E is completely
positive and satisfies that E(b) = b, (beB). []

Corollary 2.3. Let a; be a *-automorphism of A; with ¢;-a; = ¢;. Then
the reduced free product %, ;o; is a *-automorphism o of the reduced free
product (A, ¢) with ¢ - o = ¢ and a(a;) = o;(a;), (a;€ Ay).

Proof. Since *,,;0; maps a reduced word in A to a reduced word in A4,
it is clear that *,_;«; is an automorphism if every «; is an automorphism. []

§3. Invariant States on Reduced Free Products

Let A, be a unital C*-algebra with a state ¢,. Put 4, = A,, ¢;= ¢,
(ieZ) and (A, ¢) = (*4;, *¢;);cz. The *-automorphism a of A4, which arises
from the shift: n — n + 1 on Z, is called the free shift on (4, ¢) = (*A4;, *¢;);cz-

We denote by E, the conditional expectation of 4 onto C1 conditioned
by ¢, that is, E,(a) = ¢(a)l. Then the reduced free product E, *idc is a
conditional expectation of A*C onto C by Corolary 2.2.

The following theorem is an extended version of [A: 4.1 Proposition]
and we prove it by an analogous method as the proof of Theorem 3 in early
version of [S].

Theorem 3.1. Let B and C be unital C*-algebras with states u and p
respectively. Let o be the free shift on A, y a p-invariant automorphism on
C and B a p-invariant automorphism of B. For the reduced free product
(A%C, ¢pxp) if Y is a state of (AxC)®@ B with Y- ((axy)® B) = and Y, is
the restriction of Y to C® B, then

I/I = l/’l - F,
where F is the conditional expectation of (A*C)® B onto C® B defined by
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F = (E¢*idc) ® idB.

Proof. Put Dy =A and D, =C. Let S be the set of reduced words in
A#C which are not contained in C and each component in A is a reduced
word in A4 too. That is, yeS if and only if y satisfies the following two
conditions :

o

y= Yi1,1Yi2,2“‘yl',.,n¢ C, (ije{l, 2}, i # 1 J’i,,jEDi,)
and if y; | jE/i then a; =y, ; has the form
(3.1.1) aj=a for a,eAd;;,, 1 <k<n()),i(i)#i(ie1))-

Since C1 + linear span red(A4) is dense in A and C1 + linear span red (A*C)
is dense in A*C, it is enough to show that y(x) = ¢ - F(x) for x = Yr_ % @b,
+ Y, ¢;®Db], (x.€8, b, bjeB, c;eC). Since F is a conditional expectation
onto C® B and transforms a reduced word to a reduced word,

;a

J1 a

j2" " Yinn

F(x, ® b)) = E,*idc(x) ® b, =0, (x,€8).

Hence we need only to show /(x) = 0 for a self adjoint x which has the form

(3.1.2) x= Y x;®b;, (x;€8, b,eB).
i=1
Let (H;, &) and (L, {) be the GNS representation spaces and the vectors
of 4; and C by ¢; and p, respectively. Let (H, &)= (xH; *{),; and
(K, n) = (H=+L, £x0).
We need the following lemma:

Lemma 3.2. If x has the form (3.1.2), then there exists a subspace K, of K
such that

xl(KJJ:-) < Kx, (1 <i< n).

Proof. For an yeS, let J(y) be the set of indices i(j;) such that some
a; €A, appears in the decomposition (3.1.1) of a; and the ajed is a
component of a reduced word y. Put

n

Ix)= U J(x)
k=1
Let
H=0®( @ H,®-®H,)
m>1 i1FFim

irel(x)

and
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H;=@( @ Hi1®"'®Him)'

Put K, =H and K, =L. Let

K,=L®H,® ®( @ LOH,®K,®®K,)

r21 iy #E e
K, =L

@Hx® @( @ Hx®Ki1®"'®Ki,.)’ (ije{la 2})
r21 iy #-#ir
K, =L

Then

Ki=CnoLOLQH,0@( @ LOH,®K,® -®K,)
rx>1 i1¢"'¢°ir
K =L

@H,®D( @ H,®K;,®---®K,), (ije{la 2})
r>1 nlz;'::ilr
To show x;(Ki) = K,, we divide the form of x; (put =y for simplicity of
notation) into the following two cases, where c;e C and a; has the given form
(3.1.1).

Case 1: y=ayc;--a, (n>1) or y=cya,---a,, (n>1). Since a; has
the form a; = a;,a;,---a;, , and a;€A,;), (1 <1 <n(j), i(ji) # ile+1)> ;€=
a;, ¢, ®-®a; & eH, Hence yn=a,{®c,{® -a,{eK,. Similarly
for the second form. Letv=v, ® - ®v;, €K; ®---® K, (i; # i;+1, v; €K;),
which satisfies the conditions for the components in K,. Then yv=yn®
vekK,.

Case2: y=a,a,_1¢,, (n=1) or y=cya,---a,_,¢, (n>2). For the
vectornandv=v;, ® - ®v; €K; ® - ®K,, (i; #---#1i,, v, €K, , K;, = H}),
similar discussion to the Case 1 implies yneK, and yveK,. Assume
v;,;eL. Put c,v=s{+[c,v—s{], where s={c,v, (). Put y=zc, Then
zn has the form a,(®---®a,_,¢ or ¢;{®--®a,_,¢& Hence yv=szn +
@ [c,y —s{]eK,. O

Continuation of the Proof of Theorem 3.1. Let Y be the GNS
representation space of B by u. Let

Z.=K.®Y

Then Zf = KX ® Y and by Lemma 3.2 x(Z}) = Z,. Since « is the free shift
there exists integers 0 =n; <n, < --- < n,, such that if a, denotes the shift
on Z then the sets af(I(x)), (1 <i<20) are all disjoint. Put
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x(i) = ((a*y) ® py*(x) and ﬁ=(1/20)k;X(i)-

Since « maps a reduced word in A to a reduced word in A, by a property
of the reduced free product a*y(x(i)) has a similar form (3.1.2) as x. Let ¢;
be the orthogonal projection of K ® Y onto K,; ® Y. Then {e;; 1 <i <20}
are mutually orthogonal and

x(i)(ei (K® Y)) = x()(K;y ® V) « K,;, ® Y =e(K®Y).

Let ve K® Y with |v|| =1, then there exists p(1 < p < 20) with [e, (V)| <
1/20. Since x(p) is selfadjoint, by [P: Lemma 4] we have

[<x@)v, v < lxl {llepvl? + 2 llepvil lepvil}.

Hence

19 1/1 1 39
XV, <l —+ —| —+2{ — x| < —|x].
[{Xv, v <20 20<20 (\/%))H I 20 x|l

It implies that || x| < (39/40) | x|| because x is self adjoint. Again, X has the
form (3.1.2). We iterate this method and for a given ¢ > 0 we have

Xeconv {((a*y) ® B)(x): neN}

which satisfies that ||>§H <¢lx||. Since ¥ is ((x*7y) ® f)-invariant, l//()%) = Y (x).
Hence |y(x)] = W()@)l <e¢|x]|. Since ¢ is arbitrary, we have Y(x)=0. [

Corollary 3.3. Under the same conditions as in Theorem 3.1, { is an
(x*y) ® B invariant state of (A*C)® B if and only if there exists a y ® B
invariant state @ of C ® B such that

V=ow-F, for F=(E*id;)® idg.

Proof. Let y be an (x*y) ® B invariant state of (4*xC)® B, then the
restriction w of Yy to C®B is a y® f invariant state of C® B and by
Theorem 3.1 y = w- F. Conversely, let w be a y ® f invariant state of C ® B
and put Yy =w-F. Then y((a*y)® flc® b))=w(F(y(c)® (b)) =@y ®
Blc®b) =y(c®b) for ceC and beB. Let x=);_  x;®b; for x;€S and
beB. Then y(x)=Y o(F(x;®b))=0. Since (xxy)@P(x)= 7 ,axy(x)®
p(b;) and o*y(x;)eS, we have Y((x*xy)® (x))=0. Hence ¥ =y - (a*y) ® B.
U

§4. Entropy for Reduced Free Products and Tensor Products

In this section we show relations between Sauvageot and Thouvenot
entropy for the reduced free products and tensor products of automorphisms



380 MARIE CHODA

with the free shifts. To fix notations, we first recall the definition of entropy
in [ST]. Let A be a unital C*-algebra with a state ¢. A coupling of (A4, ¢)
is a pair (¢, B), where B is an abelian C*-algebra and ¢ is a state on the
C*-algebra A ® B whose restriction to A (identified with A ® 1) is ¢. We
denote by u the probability measure on B obtained from the restriction of
to B.

Let o be a ¢ invariant automorphism of 4 and (¥, B) be a coupling of
(4, ¢). Let B be an automorphism of B such that ¢ is a« ® f-invariant. For
a finite partition £ of B, which consists of orthogonal projections
{peB:1<i<n ) p =1}, put

H,‘(g’) = Z — u(p;) log u(p)

i=1

and
. 1 n—1 X
W, 2)=lim,. . H“<,-l/o ﬂ”(%) — H,(2) — S(¢ @ ulp| ¥ 4e)-

Here S(-|-) is the relative entropy of states ([PW], [K]). Then Sauvageot
and Thouvenot entropy is defined by

H¢(“) = Sup h,(lp: '@)s

where the sup is taken over all couplings (¥, B), partitions £ and
automorphisms f as above.

From now, let A, be a unital C*-algebra with a state ¢, and put 4; = A4,
¢ = ¢ for ieZ. Let (4, §) = (xA4;, *¢P)icz-

Theorem 4.1. If o is the free shift on A, then

H,ypaxy) = H, (),

where p is a state on a unital C*-algebra C and y is a p-invariant automorphism
on C.

Proof. Let (Y, B) be a coupling of (4+C, ¢+p) such that ¥ is (a*y)® B
invariant for an automorphism f of B. We denote by i, the restriction of
Y to C ® B and by u the restriction of ¢ to 1 ® B. Let F be the conditional
expectation (E,*idc) ® idg as in Theorem 3.1. Then (¢p*p)Qu=(p @ u-F
and Y =, - F by Theorem 3.1. Hence

S((o*p) @ uly)=S(p@u)-Fly, - F)=Sp Q@ uly,)

by the invariance property of the relative entropy (see, [CNT: I, (7)]). Taking
sup h'(-,-), we have H,, ,(a*y) < H,(y). Conversely let B be a unital abelian
C*-algebra with a state y and B a pu-invariant automorphism of B. If a
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y ® B-invariant state ' on C® B satisfies ¥'(c® 1) = p(c), (ceC) and
¥'(1 ® b) = u(b), (beB), then ' is extended to an (x*y) ® f invariant state
on (A*C) ® B by Corollary 3.3. The restriction of  to A=C (resp. B) is ¢*p
(resp. w). Hence we have H,,,(x*y) > H,(y) by the invariance property of
the relative entropy. Therefore H,, ,(a*y) = H,(y). O

Remark 4.2. Let C}(G) be the reduced C*-algebra of a discrete countable
group G and w, be the state on C}¥(G) defined by w,(-)=<-4,, 6,>, where
0, is the characteristic function of geG. We denote the identity of G by
e. Let Ay =C}(Z) and ¢y=w,. Put A;=A,, ¢,=¢, and (4, ¢) =
(#4;, *¢dicz.  Then (CH(E,), ©) = (CHE)*CHD), $*do) = (A* Ay, drbo),
where F is the free group on infinite generators. On a nuclear C* algebra,
Sauvegeot-Thouvenot entropy coincides with Connes-Narnhofer-Thirring
entropy, which coincides with Kolmogorov-Sinai entropy in the case of abelian
algebras. Hence we have many values of Sauvageot-Thouvenot entropy for
automorphisms on C*(F_,) by Theorem 4.1.

Theorem 4.3. If o is the free shift on A, then
H,g,(x ®7y) = H,(y),

where p is a state of a unital C*-algebra C and y is a p-invariant automorphism
on C.

Proof. Let (Y, B) be a coupling of (A® C,  ® p) such that ¢ is
o ® 7y ® B invariant for a automorphism f of B. We denote by y,; the state
on C ® B such that y;(y) = y(1 ® y) for an ye C ® B and by F the conditional
expectation AQC®B onto 1®QCR®B with Fa® y)=¢@)l®y, (aeA,
yeC®B). Then ¢ R@p@u=(d®p® Wligces' F and ¥ = Y|igcen" F by
Theorem 3.1. Hence

SO®p@ulY) =S¢ ®p®Wlieces Fl¥lieces F)
=8¢ ® PR ﬂ)]l@C@BI‘/’]l@C@B)

=S(p@uly,)

by the invariance property. This implies H,q,(x ® y) < H,(y). The converse
inequality is trivial also by the invariance property of the relative entropy,
because if a y ® p-invariant state Yy’ on C ® B satisfies ¥/'(c ® 1) = p(c), (ce C)
and Y'(1 ® b) = u(b), (beB), then Y’ is extended to an a ®y ® B invariant
state y on A ® C ® B by ¢’ - E for the slice map (defined by ¢) Eof A® C® B
onto C ® B, and the restriction y to A ® C (resp. B) is ¢ ® p (resp. 1). Hence
we have the equality. [

Remark. 1f we put C = C1 in Theorem 4.3, then we have [S: Remark 2].

Combining Theorem 4.1 and 4.3, we have:
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Corollary 4.4. If o is the free shift on A, then

Ha&@p(a ® y) = Hp(y) = Hnjz*p(a*‘)})s

where p is a state of a unital C*-algebra C and y is a p-invariant automorphism
on C.
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