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The Initial Value Problem for Cubic Semilinear
Schrodinger Equations

By

Hiroyuki CHIHARA ™

Abstract
We present local and global existence theorems for cubic semilinear Schrodinger equations.
Our new results are the improvement of our previous ones ([2],[3],[4]). The idea of the proof
consists of the energy and the decay estimates. These equations do not allow the classical energy

estimates. To avoid this difficulty, we make strong use of S. Doi's method for linear Schrodinger
type equations. Combining cubic nonlinearity and S. Doi's method, we obtain the improved results.

§1. Introduction

This paper is concerned with the initial value problem for semilinear
Schrodinger equations of the form

Om—iAu=F(u, Vu) in (0, ©) xR", (1.1)
1 (0, x) = uo () in R (1.2)

where u(t, x) is C-valued, i=4/—1, 9,=0/0t, 9;=0/0x, j=1, -, N, v=(0,,
« Oy), A=0%++++0% and NEN is the space dimension. We assume that
the nonlinear term F(u, ¢) € C*(R*XR¥; C) satisfies

|F(u, @ | <C(lul”+]|ql*) near (u, ) =0,

with some integer p=2, where ¢€ C¥ corresponds to Vu. Throughout this pa-
per we use the following notations.
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0_1(0 .0\ 0_1(0 .0

%_2<6v0 15wo>’ 612_2<61;0+10w0)’
0_1(9_ .9\ 9_1(0 ., . 0

5(;_2(61),' 1’611)_,')' aqj_2<6v,~+16wj>’
w=Rewu, wo=Imu, v;=Regq;, wy=1Img,, =1, =, N.

N={1,23 -} Z:={012 -} D;=—10;, D= (Dy, =+, Dy) =—iV, 0e,=
a/ash ae= (651, oo aEN)y for ]=]_Y oo N.

Jou=2¢"9""02:(1+1) 0, (e'”’“‘”‘)u) = (5 +2i(1+8)00) u

for k=1, -, N, where 0(t, x) =x2/4(1+¢8). J=, =, Jv). 2%=xFx§,
9% =0 9@, D¥=D%--DY ag:agl,.,agvu, JE=J% T al=ay! ay, la|=
a,+ - +ay, for any multi index a= (ay, -, ay) € (Z,)". (& =x/1+1|5|2, &)
= /TFE. (D)=(1— )2 (D)= (1-3) =

wer=wer (RY) = {ue S’ (RY)

s =( [ Dy sulraz)vr< +c),
L'=W% HS= W% for s€R and 1 <7<oo,

W= W (RY) = {ue 8 (RY) |lus= =ess. sup|(D)*ul< +o9],

L*=W%, for s ER.
Hes = s (RY) = {ued' (RY) ‘Il () (D) *ull <+ 00}

for s, SER. | * |ls means (H®)%-norm. Especially || * | and (-,-) mean (L2)2-norm
and (L?)%-inner product respectively. S=3 R")and S =J (RY) denote the
Schwartz class and its topological dual space respectively. B°=%" (R")is the
set of all C*~functions on R" whose derivatives of any order are all bounded.
When X and Y are normed vector spaces, £ (X, ¥) and £ (X) are the set of all
bounded linear operators of X to Y and of X to X respectively. %= (a1, ***, %j-1,
%41, =, xy), for x€RY and j=1, ==-, N. 0j is Kronecker’s delta, i.e., 0;=1if j
=k, 0;+=0 otherwise. [s] means the largest integer less than or equal to s=0.
Different positive constants might be denoted by the same letter C.

In this problem the difficulty of so-called loss of derivatives takes place be-
cause the nonlinear term F(u, Vu) contains Vu. More precisely, if
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aF = y— see
Im P (, 9 =0, j=1,+ N, (1.3)

then one can obtain the classical energy estimates for the solution u. In general
the classical energy estimates do not hold without (1.3). Then studies on the ini-
tial value problem (1.1)-(1.2) have been mainly concerned with the case of (1.3).
Recently, however, several researchers have been studying (1.1) - (1.2) without the
condition (1.3) ([1],[2],[3],[41,[7],[8],[10],[11],[18],[20]). Except for [11],
these works are the application of the theory of linear Schrodinger type equations
(see S. Mizohata [14, Lecture VII]and S. Doi[5] for instance). Especially S. Doi’s
method is effective for the application to semilinear equations. In fact, using
his method, the author studied the local and the global existence for general
semilinear equations which do not satisfy (1.3) (see [2],[3] and[4]). On the
other hand, C. E. Kenig-G. Ponce-L. Vega ([11]) obtained the sharp version of
the smoothing property of ¢’ and applied it to the local existence of small
solutions to the general semilinear equations.

The purpose of this paper is to improve the results in[2],[3] and [4]. If
the nonlinear term F(u, q) is cubic (p =3), then the Taylor formula gives

F(u, g) =Fs(u, @) +Fs(u, q) near (u, q) =0,

where F3(u, q) is a cubic homogeneous polynominal of u, @, ¢, g and Fy(u, q) is
a higher order term. We shall prove

Theorem 1.1. We assume N = 2 and p = 3. Then there exists a sufficent-
ly large integer my € N such that for any uo € H™ (m>my) , theve exists a time T
= T (luolgm) > 0 such that the initial value problem (1.1) - (1.2) rossesses a u-
nique solution w € C([0, T); H™).

Theorem 1.2. We assume N = 3 and p = 3. Then there exist sufficiently
large integer my € N and a small constant 0 > 0 such that for any

2 2
w€ () H™ % (m=my+2) satiSfymgz [0l 25 < 6.

i=0 i=0
the initial value problem (1.1)-(1.2) possesses a unique solution

ue () c([0, o); H™24).

1=0

and
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Theorem 1.3. We assume N = 2, p = 3 and Fs(u, q) satisfies the gauge
mvariance

Fs(e'u, ¢%q) =e¢“F3(u, q) for (u, g €ECXCY, OHER. (1. 4)

Then there exist a sufficiently large integer ms €N and a small constant 6 > 0
such that for any

1 1
Uy € ﬂ H™ % (m>my+2) satisfying ZHMOHH”““”"ﬁa,
j=0 j=0

the initial value problem (1. 1)- (1. 2) possesses a umique solution

u€ ﬂ c([0, o) gm=244i) .

ji=0

Remark 1.1. Because we use pseudo-differential operators, it is trouble-
some to determine the minimum value of my, ms and ms.

Remark 1.2. In [2] the author proved the similar results for the case of
p= 2. There we made use of the weighted Sobolev space H™ N H” ! for p >

3or H* N H™ 2% for p > 2. Hence Theorem 1.1 is an improvement of [2] in
the case of p= 3.

Remark 1.3. In [3] and [4] the author studied the global existence for
general semilinear equations: if we assume

2, p=3
N(p—=1)% 2p > p_z .
or if we assume the gauge invariance
F(e®u, e?q) = ¢“F(u, q) for (u, g € CXCY, @ER, (15)

and N(p—1)/ 2> 2, then the global existence results hold. Clearly Theorems
1.2 and 1.3 are improvement of [3] and [4]. This is basically due to the de-
vice for how to apply S. Doi’s method to semilinear equations. Unfortunately
this device is not applicable to quadratic nonlinearity. We explain the detail at
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the end of § 2 (Remark 2.1).

Now we give the strategy of the proof. Theorem 1.1 is proved by the para-
bolic regularization and the uniform estimates which follow from the energy
estimates. Theorems 1.2 and 1.3 are proved by Theorem 1.1 and a priori esti-
mates which consists of the energy and the decay estimates.

For the energy estimates, we see the equation (1.1) as a system of (u, w)
because the nonlinear term F(u, Vu) contains not only Vu but also v#a. After
the diagonalization of this system modulo bounded operators, this system becom-
es a couple of single Schrodinger type equation essentially. Then we can use
S. Doi’'s method and obtain the energy inequality.

On the other hand, we get the decay estimates by the operator J and the
Gagliardo-Nirenberg inequality (see Lemma 3.1). It is well-known that this
technique is effective for the case of (1.5) because J acts on the nonlinear term
F(u, vu) satisfying (15) as if it were the usual differentiation 0. Conversely
J does not act well without (1.5): the more we use J, the more the loss of decay
becomes. N. Hayashi ([6]) made good use of J for some quadratic nonlinear
term satisfying (1.3) and obtained some extension of [13] and [19]. We also
use the similar technique to that of [6].

The organization of this paper is as follows. §2 consists of the linear esti-
mates for some Schrodinger type systems. §3 contains preliminary results. In
§4, 85 and §6 we prove Theorems 1.1, 1.2 and 1.3 respectively.

§2. Linear Estimates

In this section we study the initial value problem for the following linear
Schrodinger type systems

Lv= (1o, + iH(t)) v=/(t, x) in (0, T) XRY, (2.1)
v(0, x) =u (x) in RY, (2.2)

where v=v(t, 1) is C?-valued, I is the 2 X 2 identity matrix and the operator
H(t) =n(t, x, D) is defined by

Wt 5 &) =a(® + b0t 5 &), a<e>=['5'z 0 ]
0 —|e

bt 5 &) bia(t, 1, &)] __i[blu(h %) by (4, x)] ¢
baa(t, %, &) bt % &) bayj (, %) bas (2, %)

b(t, % &= =
buni (£, x) € C*([0, T]; B*), m, n =1,2 and j=1, ---, N.

s
j=1
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For the convenience, we put

0 bz (2, %, &)
ba (¢, %, &) 0

bui (8, %, &) 0

8 (¢, 1, &) 0 PACERS

], bOff(t, x, E) :[

When we apply the linear estimates in this section to (1.1)-(1.2), we see v as v
—t

=*'(u, ). For H*-wellposedness of (2.1)-(2.2), we assume the Doi type con-

dition on 592 (¢, x, £), that is to say, there exist functions
¢;(t, s) € c([o, 71; B=(R)) n ci([o, 7]; L' (R)), =1, N
such that

|Imbrmj(ty %) | < @ (¢, xj) for (¢ %) € [0, TI XRY, n=1,2, j=1, -, N.
(2.3)

Our analysis is based on the symbolic calculus for pseudo-differential operators
(see [9] or [14] for instance).
For H®-wellposedness we have

Proposition 2.1. We assume (2.3). Then the initial value problem (2.1) -
(2.2) is HS-wellposed for any s € R, that is to say, for any vo(x) € (H®)? and for
any f(t, x) € (Llloc 0, T; HY) )Z, (2.1) - (2.2) possesses a unique solution v €

(c(lo, 11; H))*.

We have only prove Proposition 2.2 with s=0. Our strategy divides into
two steps. At the first step we diagonalize the operator H(#) modulo bounded
operators. Roughly speaking, its symbol

|E[2 4 b1, (¢, %, &) biz (t, %, &)

h(t, x &)=
ba (8, %, &) "|§|2+ ba (¢, 1, &)
has two distinct eigen-values provided that | €| is sufficiently large. Thus we
can easily diagonalize h(t, x, & and therefore this system becomes a couple of
single Schrodinger type equations essentially. At the second step we apply
S. Doi’s method ([5]) to the diagonalized system.
Following [2] or [3], we explain the outline of proof of Proposition 2.2.
We introduce some pseudo-differential operators for this purpose. The diago-
nalization is carried out by
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AW =1+A@W®), A@W= I—/i(t) AW)=A(t, x D),

- 1 v blz(t %) s
A0 % s)—gg[ e ]e,<s>
The loss of derivatives is resolved by
K@) =k(t x, D), K ()=F(t % D),
[atze o , _[atne o }
i 9_[ 0 Kx s>}’ Flh s S)_[ 0 wlzd)
ki (t, 1, &) =exp (—p(t %, ), ki (t, 1, §) =exp(p(t, x, 8)),

p(t, x, &) Zf ¢;(t, s) ds&;<E)

It is convenient to use the following notations

Bx()= sup Z |0gD%k (t %, &)+ sup Z |0gDAk, (8, x, ) 7Y,

@HERVRY |55 @OSRYRY |45
Z Z Z ( sup |6"‘bmm-(t, x)l + sup |6¢3“bmm- (tv x) l )
mmn=12 j=1 la|<! zeRY z<RY

J; I,at¢i (t, 3) dys

B3 () =Z [Tot e BO= isup

j=1 eER

B3 (1) =Z 2 sup|of ¢; (t, x)|

zER

where [ € N is large enough to be used in this section. It is very troublesome to
find the minimum value of L #u, m, and ms in § 1 is determined by N and [ (see
Remark 1.1). To eliminate the loss of derivatives in (2.1), we use the map v
— K(t) A () v. Before we use this map, we verify that this is automorphic on
(L)? in some sense.

Lemma 2.2. There exists a constant C > 0 such that

I<cBe () 1+B,(H)2(A+BS () B3 () N: (1), (2.4)
N (v) SCBx (1) (1+ B, (1) [l (25)

for v € (I13)?% and t €10, T), where N, (v) =K (£) A (D) ol|+|vll-1.



452 HIROYUKI CHIHARA
Proof. See [2] or [3]. I
Using K(8), K'(8), A() and A (), we get
K() A(D) Lv= (16, +1ia(D) +¢(t, z D)) K() A(t) v+ R (&) v, (2.6)

alt, % =21 6,1, 1) ()" + ib¥ (1,5, )

j=1
_i[z@ (4 %) §<&D 1 +iby, (8 0 & 0
o1 0 20 (8, 1) & (&) 1+ ibay (8, ) &

where R; () is a bounded operator which is estimated as
IR ()l ey < (B, () +B3() +B5 () 1+B5 (1)) (1+B,(1))*Bk(1). (2.7)

To complete the proof of Proposition 2.2, we tave only to show the follow-
ing energy inequalities. More precisely, Proposition 2.2 follows from the dual-
ity type arguments for the forward and the backward initial value problems.
The energy inequalities play an essential role in these arguments. See L. Hor-
mander [9, section 23.1] for the detail.

Lemma 2.3. There exists a constant Cr > 0 such that

b1 < cr(l@l+ [ 1w @), (28)
o1 < cr(l( I+ 1w @la), 29)

forve (C([0, T1; H) n ¢ ([0, T]; 1% ¢t<][0, T].
Heve L* is the formally adjoint operator of L.

Proof. We put w=K)A (v, f(t x) = (Lv) (¢ x) and g=K () A(t) f
Applying (2.3) and the sharp Girding inequality to (2.6), we get

—;;llw(t)HSC(Bb(t) +B5(t) +B5 (1)) Bewe (t) N (w(t)) +llg ()], (2.10)
Bewe (1) = (1+B,(£))°(1+B3(¢)) 1+B7 (¢))*Bx (1) 2

On the other hand, we have
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Ly ()]s <CBY (1) Bewe () N 0(0)) +1 1) |y (2.11)

Combining (2.10) and (2.11), we obtain
LN (0(8) <CBY (1) + BYE) +B3 (1) Bael ) New()) +N.(£(1)).  (2.12)

(24), (25) and (2.12) implies (2.8). In the same way we can get (2.9). This
completes the proof of Lemma 2.3 and then we finish the proof of Proposition

21. O

Remark 2.1. When we apply Proposition 2.1 or Lemma 2.3 to (1.1)-(1.2),
we take ¢;(t, %) satisfying

sup |98, 9) (19[S0 %), =1, N (2.13)

i}ERN_l
Then we choose ¢; (¢, %;) as
¢j (t, xj) =MfRN_1| <D [(N—D/Z]”u(t, x) ‘2 di; (2'14)

or
B (6 ) =M+ [ D)@, 2) P a, (2.15)

with some constants M >0 and d>0. On the other hand, in [2],[3] and [4]
we chose ¢; (¢, x;) as

¢ (t, %) = ¢ (x;) = M{x;) 7172 (2.16)

or

@i (t, ) =M(1+1) ~4(x)~1° (2.17)

with some constants M>0, >0 and d>0. (2.14)or (2.16) is applied to the loc-
al existence. To use (2.16), we need the spatial decay of the solution and then
we have to introduce the weighted Sobolev spaces. On the other hand, we make
use of (2.15)or(2.17) to obtain the global existence results. (2.17) causes gener-
ally loss of time-decay and (2.15) does not. (2.15) has the structural nice pro-
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perty. In [10] S. Katayama Y. Tsutsumi made good use of this property to
study the global existence theorem for (1.1)-(1.2) in one space dimension (N=
1). In the present paper this is not essential necessarily. It is more important
that ¢, (£-) is smooth enough to be treated by the symbolic calculus. Unfortu-
nately, when F(u, ¢) is quadratic, (2.14) and (2.15) are not applicable to (1.1) -
(1.2). It seems to be difficult to find sufficiently smooth functions ¢;(t, %), =1,
*=*, N, which give no loss of time-decay and are applicable to the quadratic non-
linearity.

§3. Preliminaries

This section is devoted to the estimates on the nonlinear term F (u, Vu).
Here the Gagliardo-Nirenberg inequality plays an important role.

Lemma 3.1. (The Gagliardo-Nirenberg inequality)
Let 1, n1, and 7, satisfy 1 < n, n, < ©, and let §1 and 2 be integers satisfying 0
< 1< jo.  Then there exists a constant Co= Co(N, j1, 2, 70, 72, @) >0 such that for
any uE€ L satisfying 0°uE L, |a| =y, the following inequalities hold

Ylotuln<a ), loulzd ullie (31)

18l=71 lal=j2

where

for all a in the interval

with the following exceptional cases

i) If 1=0, n <N, =00, then we make the additional asswmption that u(x)—
0 as |x|—+co.

i) If1<n<oo, and j,—j— N/nE€Z,, then (3.1) holds only for a satisfying
]'1/]'2 < a<l.

Proof. See L. Nirenberg [17] for instance. []

To prove Theorem 1.1 we prepare
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Lemma 3.2. We assume F(u, g9 €EC*R?XR¥:C) and F(0,0) =0. Let
m be an integer > N/2+1. Then there exists a non-decreasing function Ay () om

[0, ) such that for any u, v € H™,
| FCu, ) (| rmas < A ([l o) (|| e,

Z | 602F(u, vie) — Pu, v, 30%u) | 1< Anm (e i) | ¢ gm,

lal=m

1 F(u, vu) = F(v, Vo) lams < A (|l im0 | ) | =0 1,

where

N N
P(u, vu, 00%u) =qu u, vu) 0;0% ZG—(I; u, Vu) 0;0%.

(3.2)

(3.3)

(34)

Proof. Making good use of the Gagliardo-Nirenberg inequality we can
show Lemma 3.2. This is basically due to J. Morser ([16]) (see also S. Klainer-

man[12]). ]

Now we prepare to obtain the estimates on the nonlinear term in order to
prove the global existence theorem. Especially we get the decay estimates by
the operator J and the Gagliardo-Nirenberg inequality. Here we note the prop-

erties of J:
(Je 0:—iA) =[], J1=0, [0k, )] =01, k I=1, -+, N.
To get the decay estimates we prepare

Lemma 3.3.
(1) Let N=1. Foramy w€ H'NH",

Tl =< cQ40) 2 | hull 222 w22,

(2) Let N=2. Foramyv€ H*NHM,

lol<c+=n Y fares 3| of e

lal<1
|18l=1

(3) Let N=3. For any wEH*NH?,

(35)

(3.6)
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lwl-<ca+9=2 ) 1Pl ) 17wl (37)
18l=2 1871=1
Y wle<ca+ Y 107wl (38)
1871=1 la|=1
[8l=2

Proof. Let 0=0(t x) =6(t, x1) +-+6(t, xy) =[4?/4 (1 +1).
To show (3.5), we use (3.1) with N=1, n=2, n=, =2, 7=0, j=1 and
a=1/2. Then we have

lolle-=1l e ]l -
<10y (e ) | 182 || e | 122
-—C” e’aal —wu) " 1/2" u” 1/2

SCA+) V2| || 12 | ] 12

Next we show (3.6). By (3.1) with N=2, nn=4, n=00, =4, j;=0, =1
and a=1/2 we get

lolle= e o]l -

<c+9=2 ) | Poliel ol (39)

18l=1

Making use of (3.1) again with N=2, =2, n=4, =2, 1=0, =1 and a=1/2

we have
Yrolus Y loepolie ) 12l (3.0)
181=1 1a1= 18"1=1
18l=
Iole<c+ov2 ) | Polizlolie (3.11)
18l=1

Combining (3.9) ~ (3.11) we obtain (3.6).
For (3.7), by (3.1) with N=3, =6, n=, =6, 1=0, =1 and a=1/2
we have

lwl-<c+y2 Y | Pullie] ol 2
18l=1

Making use of (3.1) with N=3, n=2, n=6, n=2, =0, =1 and ¢=1 once
again, we can obtain (3.7). Similarly we can show (3.8). [
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Under the assumption of Theorems 1.2 and 1.3, we introduce the following
notations

Z 1827 u(t)| 2t (145~ Z 10°Pu(®) e if N23,

Ea-li—ﬂz'ﬂs\lém iailﬂ§lrf2—4
xn()= ) )
Yo 1omu@lat Y 10950 it N=2,
lalzm |lal=3
|1Bl=1

where m>[ Mo [—]%——1] +6, if N23,
7

’

if N=2,
Po=P(u, Vu, 00%u)
V' OF Wla
=Za—qj(u, Vu) 0;0%u+ 2_674',_(“ Vu) 0,0%%,
i=1 i=1

P.e=P (u, Vu, 00%%u)

N N
'Zc,- (4, V) aja«jﬂch; (4. Vi) 3,0, if N>3,
j=1 ji=1
\OF, \VOF —
= 3 Aar8 —_1)l8) 9Of3 a8
;aqj (u, Vu) 0;,0%78u+ (—1) j;aqj (u, Vu) 0;0%7%u
N N
L +ZG4,,-(u, Vi) a,-a“jﬁu+2c;;,,-(u, vu) 0;,0%]5u, if N=2,
j=1 71=1

1
Go(u, V) =f0 %(ﬁu, 6vu) db, Go(u, Vu) =];1%(0u, 0Vu) db,
Gi(u, V) =ﬂlg—2(0u, Ovu) do, G;(u, Vu) =ﬁlg—§;(0u, 0vu) db),

1 1
G (u, vu) =j; ” (Ou, OVu) d6,  Gyj(u, vu) = . 6824

0F,
0

(6u, 6wu) d6

for j=1, -, N. Using Lemma 3.3 and the Sobolev embedding H™2*! (R") &
L~ (R™), we have

lu(®) wee<c140) -4 x2(4), (3.12)
IJu() lw-<cx2(s), (3.13)
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for N=2, t€ [0, T] and u € C([0, T]; H") nc([0, T]; H*),

and
[ (t) |wa-<CQQ4¢) 18 XN, (2), (3.14)
[Ju(t) [ wee<CQ+e) 22 X5 (1), (3.15)
”fzu(t)“ w=<C(1+1)V4XN, (¢), (3.16)

2
for N23, t€ [0, T] and w€ () C([0, T1; H™2+),

j=0

We use the abridged notations of the nonlinear terms, i.e., we abbreviate
F(u(t), vu(t)) as F(t) for instance. The properties of the nonlinear term
F(u, vu) are the following.

Lemma 3.4.

(1) Let N=3, m=my, p=3 and R be an arbitrary positive constant. Then there ex-
ists a constant C=C(R) >0 such that

I F () am-at Z 1(@*F—Pa) () <CA+0) ™ X5 (0)%  (317)

lal=m

V3O) PR Z 1@ F—Pag) (&) [ < CQ+0) X5 (1)%  (318)

lal=m-2
18l=1

| 72F () ams - Z 18272 F—Pag) () [ o< C(141) =4x 2 ()%, (3.19)
lal=m—4

|1B]=2
2

for u € m c([0, T]; H™ %) satisfying sup XN (t) <R

i te(0,T]
j=0

(2) Let N=2, m=7, p=3, Fs(u, q) satisfy the gauge invariance (1.10) and R be
an arbitrary positive constant. Then there exists a constant C=C(R) >0 such that

| £ () fm-st E 1(02F—Pa) ()| 2<C+1) "2 X5 (1)?, (3.20)
lal=m
IF@ s+ ) 1@92F—Pog) (D] SCA+0)20x5(1)%, (321)
la|=3
181=1

foruec(lo, T]; H") nc([0, T1; H*) satisfying sup X% (t) <R

tel0,T]
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Proof. Let us consider the part (1). In the same way as in Lemma 3.2 we
have

IP@) amat Y, 16 F— P (< Claele) el () .

lal=m

Then (3.14) yields (3.17).
We have only to see JF as

JF=Qo(u, Vu, Ju, vJu) + (1+1t) Co(u, Vu, V2u),
Qo= (quadratic term of (u, Vu)) X (u, vu, Ju, VJu),
Co=cubic term of (u, Vu, V2u).

In the same manner as in Lemma 3.2 we have

YOI ey ) P10 v PROT F = VRO A TAO) ey

n=0

<cQ+e) x5 ()2,
" (1+t> Co(t) "Hm—zs C(].+t)_7/4XI,¥, (t)a.

Then we get

| JF() | gm-s < C(141) 774X (1), (3.22)

Let a and B € (Z,)" satisfy |a|=m—2 and | 8|=1 respectively. The simple
calculation gives

0% F—Pas= (0"Pog—Pas) + ), (0% Quar (1) +0% Coa).

la’|=m—2

We remark that the structures of Qoo and Cox are the same as those of @y and
Co respectively, and furthermore Qe does not contain vJ/u. Then we obtain

Z 10272 F— Pag) () | 22 CQ+1) X5 (1)*. (3.23)

lal=m-2
1Bl=1

(3.22) - (3.23) shows (3.18).
Next we obtain (3.19). We can see J?F as
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J2F=Qi (u, Vu, Ju, J*u, VJ*u)
+ (148 Q(u, Yu, V2u, Ju, VJu, V2u)
+1+02C (u, Vu, V2u, V3u),
&= (quadratic term of (u, Vu)) X (Ju, J?u, VJ?u),
&= (quadratic term of (u, Vu, Vzu)) X (u, Vu, Ju, Viu, V2Ju),

Ci=cubic term of (u, Vu, V2u, V3u).

Then we have

10 ms <0 o) 5 1) [

n=0
< Y IraoIFE ¥ 1ol

k=1,2 k'=1,2

<C(A4+e)-98xN (¢)3,
[+2) Q) | gm-s<CA+D-72XY ()3,
[(1+6)2C () [am-« < C(1+1£) 34X N, (¢) .

Then we get

[72F () || gm-s<C(A41) ~34 XN (£)3. (3.24)

For any  and B € (Z,)" satisfy |a|=m—2 and | 8]|=1, we have
0%J8 F— Pag= (0%Posg— Pas)

+ ) 07 Qut (1407 Cor + (141797 Cua).

la |=m—4

The structures of Qio7, Qe and Cyn are the same as those of @, @ and C re-
spectively, and Q.o does not contain VJ?x. Then we obtain

V1@ F—Pag) (DI 5< CA+0) X5 (1) (3.25)

lal=m—4
18]=2

(3.24) - (3.25) shows (3.19).
Now we consider the part (2). In the same way as (3.17) we can show
(3.20) with (3.12) and (3.13). But there are some differences between the

proofs of (3.18) and of (3.21). First we remark that because Fs(u, q) satisfies
(1.4), the loss of decay does not take place in Fs(u, Vu). In fact we have
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_0F; __0F; —
JFs(u, vu) =G (u, V) Ju r (u, V) Ju

N N
OF. OF —
E 3 _ E 3 ,
-I-j=1 og, (u, V) JOju L 34 (u, V) JOju.

Then the simple calculation gives

JF=Qs(u, v, Ju, VJu) + (1+1) Cs(u, vu, vZu),

Q= Qi (u, Vi) X (u, -V, Ju, v Ju),

Qs=quadratic term of (u, V),

Cs=the fourth order term of (u, Vu, VZu).
In the same way as the evaluation to C(#) we can estimate C;(£). On the other
hand, if we try to get the bound of Qs(#) by the same technique used for @ (£),

then the lack of decay occurs. To avoid this difficulty we make use of another
estimates. We have

Qs (0) N < Cll Qu ()l wam (I () st 1| (D)1l 5). (3.26)

Similarly when we try to obtain

Z 10972 F— Pag) (1) 12 < CQ+1) V20X5, (1), (3.27)

3
1

Il 1l

3]
18

we need the bound which is like ||Qs(¢) | ws=. In the same way as (3.2) we get

3
10y <0) e B IIFE < cOtnmmmsn (29
n=0
Substituting (3.28) into (3.26) we obtain
Qs ()llge <CA+1) 2V X2 (13, (3.29)

Similarly we can obtain (3.27). (3.27) - (3.29) shows (3.21). Proof of Lemma
3.4 is finished. [

Remark 3.1. Let N=2. In general, if m>31/24+2, I’ EN, then we can
obtain
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LIF@ et ). 1@ F—Pag) ()
la|=1
I18l=1
SCQ+8) 70 () gmt-[ u () [ 40)° (3.30)

for ueC([0, T]: H™) N c([0, T]; H") satisfying

sup (| u(O |l am + 1 Ju(®) || ar) < R with some R>0,
tel0,T]

where 51=%_/22)_2 > 0.

§4. Proof of Theorem 1.1

In this section we prove Theorem 1.1 by the parabolic regularization and
the uniform estimates.
At the first step we consider

0t — (e+1i) Awr=F(u, vuf) in (0, ) xRY, (4.1)
(0, x) =uy(x) in RY, (4.2)

where ¢ € (0, 1]. Because the parabolic regularization resolve the loss of de-
rivatives, we can easily solve (4.1)-(4.2)

Lemma 4.1. Let m be an integer > N/2+1. Then for any uo € H™, there
exists a time T.=T (e, “ o n gW/2+2 syth that the imitial value problem (41)-(4.2)

possesses a unique solution u € C ([0, T.); H™). Moreover the map uE H™H u®
€ c([0, T.); H™) is contimuous.

Proof. 1t is easy to verify Lemma 4.1 with (3.2) and (3.4). See eg, [1]
or [2]. OJ

To get a local solution to (1.1) - (1.2), we obtain the uniform estimates on
{45} ey by the energy inequality in Lemma 2.4. Let | € N be the same inte-
ger as in §2. We put m; = [N/2] +1+4 and let m be an integer = my. As we
mentioned in Remark 2.1, if || 4 (¢) | w1-<R<+ o, then there exists a constant
M=M(R, F) >0 such that
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Imgg(us(t), VuE(t))ISCR sup (e (g, )|+ Ve (e, ) )2<g5 (¢, %),
J i’ERN-l
¢ (¢, %) =M Z f vl 090 (4, ) [P (4.3)

lerl s[H1]+2
We define

15 ="1(0%¢, a“;}), Vao="'(0%0, 0%u), for |al=m

— _ﬂ‘_ '3 k3 f— ._._a_F € £
bll],e(t, x) - aqj (74 , Vi ). ble.E (t, x) - aqj (Mr , Vu ),
bayy.e (8, %) = a—( W, VuE),  bagje(t, 1) =g—gj(us. Vi),

b (£ x, £) [bn;s(t %) bige (2, x)]S

borse (£, 1) bogje (2, %)

biye (8, %) 0
[ 0 bazje (8, %) } 2

KE(t) st(t, X, D), ks(t, X, S) = |:k1,5(t! x, E) 0 jI
0 ke (t, 3, €) 7!

ke (1, , E)=exp< Zf b5 (t, s) ds&; (&)~ )

A () =I+A, (t) A () =A(t, x, D),

[l
D= iD=

bliee (¢, x, €)

J

Il
-

N
bi2se (t, X)

[ bleE(t x) 0
N (D= Y 1K) 4D s O+ 8 () me,

lal=m

A:(t, %, &)= %

M

£(& 2,

Om=Np (O) = Z ” K. (0) A (O) Va,0 "+" Uo "H”‘—l (ll'ld of eE€ (0,1} ) s

lal=m

o= (foar, f52), fou=fos for |al=m,

N N
a 4 - aF € ' a, & aF £ -4 a =€
¢ 1= 0%F (v, Vu)—za—qj(u, Vit) 0,0 _Za—qj(“’ V) 0;0% 4.

j=1 j=1
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In the same way as in §2, we define B, (t), Bx, (£), B (8), By (#) and B (). It
is easy to check that there exists a non-decreasing function A () on [0, ©°)
such that

By, (1), Bx,(8), B3 (), Bje (1), Bge (8) SA(| 8 () | i)

(3.2)-(3.3) implies

1P (8), Vi () | mat+ 2 Ire@I<AWu Ol ames) | 4 (D) ]l .

lal=m

Let T:* be a time defined by
T5*=sup{T>O|N$nl(t)<25ml, OSt<T}.

Lemma 4.1 ensures T.*>0. In view of the Sobolev embedding, there exists a
constant R=R (0, ) >0 such that || u (&) | w1-< R for t € [0, T:*] and e€ (0,1].
Moreover there exists a constant C(0m, ) >0 such that

By (), B, (), B3 (t), B}e(8), B3 () <C(Om),

C(O0m,) 7 Niu (1) <[ (D) | am < C(0m,) Niu (D),

16D, T ) lamat ), IEDADAOISCEINGD @)

lal=m
for t€ [0, T*] and e€ (0, 1]. v§ satisfies

(16, +eI|DP+i(a(D) +be(t % D)) ve=1%

50, x) = a0 (x).

The local wellposedness for (4.1) - (4.2) ensures the validity of the energy esti-
mates. Here we note that

ede (V1| DP=el| DIPA: () +eRye (1),
Rz,e (t) =/is (t) l DIZ_I DIZ/L; (t) ’ “ RZ,& (t) ”1’((L2)2) < C(5m1) for t€ [01 Ts*] .

(2.6) - (2.7) implies
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(Iat_l—ell D’2+'L(I<D) +qg(t. X, D) ) K. (t) As(t) ’fo+R3,s(t) =K (t)Ae(t)ffxy
N
et 5 D) =2(rie) Y 931 5) DHD) 45858 (1, 5, D),
R3e=Rie (t) +eKe (t) R (8), Hf_es,s(t) lecczarn < C(Omy) for tE [0, Te*],

where Ry () corresponds to Ry (#) (see §2) and Tisa2x2 diagonal matrix of
(1,—1). Noting (4.3), in the same manner as (2.10) we get

LK DAD DI <CE) NGO HIEOAW RG] @5)

On the other hand we have

L (O mes <IFGED, 908 (D) s (46)

Combining (4.4), (4.5) and (4.6) we obtain

%Nin(t) <C(Om) N5 (1), for t €0, T*].
The Gronwall inequality yields

N5 () <0, exp(C(Omy) t) for t € [0, Te*]. .7

If we put m=m; and t=T:* in (4.7), then we have
T*>T = (log 2) C(Om) > > 0.

Hence {#®}cc(oy is bounded in L* (0, T: H™). Then the standard compactness
argument implies that there exists a solution w€ L~ (0, T; H™) to (1.1) - (1.2)
(see[1] for instance). The uniqueness and the continuity in the time variable

are proved by the same energy method. This completes the proof of Theorem
1.1.

§5. Proof of Theorem 1.2

In this section we prove Theorem 1.2. In view of Theorem 1.1, we have only
to obtain the a priori estimates on || u(t) ||H"n. Let [ be the same integer as in §2.
We take my as m,= [ (N+1) /2] +1+5>m+1. Then it is sufficent to get the a
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priori estimates on || # () | g7 Since we assume uo € H™**2, Theorem 1.1 and

Lemma 2.4 ensure the validity of the energy estimates in H™.
Let u be a solution to (1.1)-(1.2) satisfying

2

we () c(o, 71; B™44), sup. (el wie < Ry

j=0

with some T, Ry> 0 and some m € N= m; + 2. The local existence in this
weighted Sobolev space is proved by the same method proving Theorem 1.1 or
by [2]. To carry out the energy estimates, we introduce some notations

b (t, x) = —%(u, Vu), bl(t 2)= —g—g(u, Vu),

bh; (8, %) =g—g(u Vu), bhs; (t, 1) ='g’qz(u V),

i

v (¢ 1) =—Gj(u, Vu), v%i (¢, 1) = — G (u, V),

Vai(t, x) = Gi(u, vu), bt x)=G;j(u, vu), j=1,-, N,

n=1, 2.

’

N

bT(t, %) bl (t, %)
<[ B3],
oLb3(t x) b3 (4 %)
In the same way as in §2, we define By (£), n=1, 2 and we put B;(f) =Bu(t) +
By (#). By the Gagliardo-Nirenberg inequality (the interpolation between W*
and H™ ! for W'***) and (3.14), we have

B,y (t) < Cg,(141)~9+a x¥ ()% for t€ [0, T], (5.1)
7 m—N/2—207—4
€54 m—Ni2—4 0

Using (3.6), in the same way as (4.3), we have

| Tm b7, (8, )| <@; (¢, 5), for (¢, %) €0, TI XRY, n, h=1,2, j=1, -+, N, (5.2)

@i (t, 2) =M1 +1) %2 Z f [0978u (s, x) [Pdz, =1, -, N,
RN—l
i< [21] 41
181<1
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where M= M (R,, F) >0 is a sufficiently large constant. We introduce the
pseudodifferential operators defined as follows.

K@) =kt x D), k(t,x,§)=[

B (t x E) 0 ]
0 k(t sz &7

ka(t, %, &) —exp< Zf ¢;(t, s) ds&; (&)~ )
An (t)—H—A,,(t) A, () =2,(t, x, D),

L5 8 22[ b{‘zj(()t, %)

fi —2, =1, 2.
bZIJ(t x) E <&> "

We also define Bx(#), B$(t), B5(#) and By (#). The simple calculation yields
Bx(8), B3() SA(X7,-1(1), (5.3)
B3 (1), BS (1) S Cr (140 72X 7,1 ()%, (5.4)

where A(+) is a non-decreasing function on[0, ) depending on R,. We put

=1(0%, 0%0),  vao="'(0%0, 0%us),

fa= t(fa,l. fa,Z); fa,lzfo;
fa,1=aaF—Pay for |a|=mz,

and

vas="'(0%T5u, 0°T°u),  vapo=1vas(0) =' (0% (x"u0), 0% (xuo) ),
fas="(fap1, fa2), fag1= J?us—,z
fap1=0%]FF— Py, for| a+28|=ms, | B|=1, 2.

We evaluate Y%,(#) which is defined by

YEO=X4a D+ ) IKOAD w0
lal=m2

+ Y KO A@us O Q407 Y KO A vas D]

la|=m2—2 lal= mz—4
[Bl=1 18i=
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We suppose that there exists a constant R>0 such that

sup Y7, (1) <R
tel0,T]

In view of (2.4), (2.5), (5.1), (5.3) and (5.4), we have

Crt Y, () <xN, () <CeYH, (1), YH,(0)<Crd,

(5.5)

with some constant Ce>0. Using (3.17), (3.18) and (3.19) and (5.5) we get

I F (&) | g+ Z 1K A, (D £ (DI Cr (1418 ~14RS,

la|=m2

LE@ et ) KD Aa(0) fap (OIS Ca 1+ 7R2,

la|=m2—-2
18l=1

2Pl amest ) IEW A fus (DS Ce 1+ D4R

la|=m2—4
|18l=2

With (5.1), (5.3) and (5.4) we have

(By(D +B5(8) + B3 (£)) Bewe (£) KCr(1+1) ~1+oR2,

Vg and vgg satisfy

(B4 iCa() +8( 5, D)) va=ta

(Ia,-l-i(a(D) + 02 (¢, x, D))) Veg = Jap,

respectively. Using (2.10), (5.2), (5.6), (5.7), (5.8)and (5.9), we obtain

% Z 1K) AL v (D€ Ce (1 +£) ~0+oRS,

lal=m2

i Z I K (8) Az (8) vag () [|< Cr (1 1) ~4+ B3,

la|=mz—2
181=1

T Z 1 K () A3 (8) vs () |1 < Ce (14 8) RS,

la|=m2—4
|Bl=2

The integration on [0, t] implies

(5.9)
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Y IKOAWQ @I+ ), 1ED A D 0]

lal=mz lal=mz—2
Bl=1

+ (141¢) ~4 Z I K (2) Az (8) vas () | < Cr (54 R) . (5.10)

la|=mz—4
181=2

Noting [J, 0,—iA4] =0, we have
(0,—i4) 09 u=0%°F, with |a+2B8|<m,—1, |B|<L2.
Making use of (5.6), (5.7) and (5.8) we obtain

XY () <Cr(6+R3). (5.11)

Combining (5.10) and (5.11) we get

sup Y, () <Cr(0+R°).

tel0,T]

Then there exist constants B> 0 and Cg, >0 which are independent of T> 0,
such that

sup Y¥%, () <Cr (6+R?, if RZR.

tel0,T]
If we choose R, as Cg,R3<R;/4 at the beginning, then we have

sup YN, () <R/2 if R<R,

te(0,T]

provided that 0 is sufficiently small. This completes the proof of Theorem 1.2.

§6. Proof of Theorem 1.3

Finally we prove Theorem 1.3. The outline of its proof is basically the
same as that of Theorem 1.2. Let I be the same integer as in §2. We take ms
as mz= [(31+1) /2] +7=m +1. We obtain the a priori estimates in H™ N

H™31  Let m be an integer = mz+ 2 and let # be a solution to (1.1) — (1.2)
satisfying
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2

we [ cllo, T1; H™%9).

j=0

We define @;(t, xj) by
&, (t %) =MQ+1)! Z le 084 (t, %) |2 d5, =1, 2,

la)=1
18ls1

with some large constant M>0. We introduce K(t), A,(t), b"(t, x, &), n=1, 2,
Bx(®), By(), B$(¢), B5(#) and By (t) in the same manner as in §5, We put
ZW)=Z,() + 1+ ~Z,(1),
Z:1(8) = u (@ || g+ Ju () || e,
Z0=) 1KOAOwuOI+ Y, 1K0) 40 w0l

lal=m3 lo]zﬁi%l-:s
e= M= (314+1)/2—6 >0
8 (‘rns*z) '
We suppose that there exists a constant R>0 such that
sup Z(t) <R.
tel0,T]

Then we have

| Im b (t, x)|_<_¢,-(t, %), for (1, x)€[0, TIXRY, u h =12 (6.1)

Bx (1), B3(1) <Cg, B5(2), B3 () SCr(1+1)'R?, By () < Cp(1+1) ~+29R2
(6.2)

(B () +B5 () + B3 (1)) Beee (D < Cr (140 'R?, (6.3)

LE@ -t ) TEDAD £a )]

lal=ms3

I TF@) g2+ Z IK@DALWD fas (D SCe(1+8) -2 RS (64)

la|=1+3
[81=1

Here we used (3.30) to get the bound of B;(#). Using (2.10) and (6.1) ~ (6.4),

we obtain
sup Z(H) <Cr(6+R?).

tel0,T]

In the same way as the proof of Theorem 1.2, we can obtain the a prior:i esti-
mates. This completes the proof of Theorem 1.3.
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