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The Essential Singularity of the Solution of
a Ramified Characteristic Cauchy Problem

By
Hideshi YAMANE ™

§0. Introduction

J. Leray [L] and L. Garding, T. Kotake and J. Leray [G-K-L] have studied
the singularities of the solution of a Cauchy problem with holomorphic data,
when the initial surface includes some characteristic points. They have proved
that the solution may be ramified around a hypersurface K.

Y. Hamada [H] has studied another class of characteristic Cauchy problem.
In his case, the solution may have an essential singularity, although the data are
regular.

Let Pu=v be our equation. We already know that we must allow u to be
ramified or to have an essential singularity. Now that we understand this
necessity, it would be desirable to allow v to be singular without introducing a
larger class for u.

[D] and [O-Y] are studies in this direction. They are generalizations of
[L] and [G-K-L].

In the present paper, we consider a problem similar to the one in [H] .
Although we impose a stronger condition on the operator P than in [H], we
assume a weaker condition on v: it is allowed to be singular. Moreover, by em-
ploying a symbol calculus like the one in [D], we can explain easily why u has
an essential singularity even for a holomorphic .

§1. Statement of the Results

Let S and K be the hypersurfaces in CZ defined by xl“—‘xg and x,=0 respec-
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tively, where ¢ is an integer =2. We introduce a class of the stalk of ramified
functions at x=0, denoted by N,x. It is defined by

q—-1
f(x) € Nexg = f () =Z % (x)x7%  f; is holomorphic near x =0.

i=0

We set

Nix={f(x) € N,x; f vanishes on S up to order I} (1=20).

Moreover, we set

q-1

Nox= Z £ 1im 6 (\K).
im0 X0

A function in ./V,,,K may be ramified and have an essential singularity.
To formulate a Cauchy problem, we introduce

~,I,,K= {re ./V,,,K; f vanishes on S up to order [} (120).
We have

Theorem 1. Let P(x, D) be a differential operator near the origin
P(x, D)=D%* Dj* — Z D% (x),  A;1=0, A2>0
lal<A1+A2

where ay (%) is holomorphic near the ovigin and is a polynomial in x and x,. Then,

for any element v(x) of D N 2%, there exists a unique element u(x) of N AsH8z e,
q, 9,k

that
Pu=w

holds.

Remark. 1f 2\ai<ar+a; D%aa (%) is of order less than A; with respect to Dy,
then P belongs to the class treated in [O-Y] and the solution # is in ./V‘;,?Az.

Theorem 2. ([0-Y]) Assume that A,=>1. Then
(A) TNk © DY N 0%  Equality holds if A;=1.
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(B) it & DI'W ';1,( if 124q.
The proof of Theorem 2 is given in [O-Y]. In the following, we are going
to prove Theorem 1.
§2. The Inverse of a Microdifferential Operator

We review the definition of microdifferential operators and formal norms.
For details, see [K-K-K].

Definition 1. Let Q be a conic open set of T*C; We denote by & the
dual variable of x. Let P(x, £ be a formal sum of the following form:

P(x &) =i Pt (1, &),

where py—y (x, &) is holomorphic in Q and is homogeneous of degree m— k with
respect to & Then P(x, €) is said to be a microdifferential operator of order m
in Q if it satisfies the following growth condition:

For an arbitrary compact subset K in ), there exists a positive constant Cg
such that

(G) |pmri (5, )] < CEM k1.

We sometimes write P(x, &) as P(x, D).
The correspondence

Q = {P(x, D); Pis a microdifferential operator of order m in Q}
forms a sheaf on T*C”, which we denote by &(m).

In the calculus of microdifferential operators, formal norms defined in
[Bou-Kr] are very useful.

Definition 2. In the situation of Definition 1, the formal norm Nk (P; ) is
a formal sum defined as

NI,‘,’L (P;t)= Z (Iaﬁl—(lze;/ﬁ)d[];f; X s§p|D§ D? i (z, &) |¢ 2kt la+bl

k,a,B
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where the sum is taken with respect to # € N;=1{0,1,2,...}, a, 8 € Nj.

Remark. If Nl,f, (P: e) <o holds for some €>0, then the growth condition

(G) is satisfied. Conversely, if (G) is satisfied, then Nl,f,' (P: e) <o for some
K'CK and €>0.

We quote two lemmas from [Y].

Lemma 1. (Lemma 10 of [Y]) Let R(x, D) be a microdifferential operator of
order < — <0 defined in a neighborhood of a compact set w < T*C%, where § is a
positive integer. Then we have

-
N¢(R; t)<<(2”) N (R t).
Proof. By definition,
" 2 (2m) *k! «
No R0 = Z Tt sup D% D2 s (s ) 2o,
k,a

where R=2;>0 7_, and 7_; is the homogeneous part of degree —k There is no
contribution by the terms corresponding to #=0, 1, 2, .., j— 1. Hence, if we
put =k —j,

» _ 2(2n) ~ N (141
No (R;”‘IEB (IaT+l+j)I(|,l§[+g+j)!

Xsup |DE Df r_qsp (x, € ) [e2+¥lars]
w

We have only to prove that

2(2n) ~9*) (1491 < (2m) 7 2(2n) 71!
(lal+1+108l+1+p1r = 50 (ad+01(8+D1 -

This inequality is obtained by the calculation below.

2@n) = (gt (el+01(8+D!

(lal+ i+ (Bl +1+))! 2(2n) "1
i 1 (g (+1)
< @) X o ) (T 1) X BT ) (B 1)

s(zn)-f'x%xl. ]
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Lemma 2. (A special case of Lemma 11 of [Y]) Let Q be a microdifferen-
tial operator of order < — 1. Then we have

(2n)

Ne(Q% t) «=— ¥ {N2Q; t) .

Proof. By [B-Kr], we have N%,(Q7) <{N2,(Q}’ Lemma 2 follows
from Lemma 1. [

_ Now let us consider P in Theorem 1. Define a microdifferential operator
P (%, D) by

P(x, D)=D " D;* P(x, D).

Obviously we have

™
Il

). DIt D% (),

lal<A1+42
and its adjoint P*is given by
P D)=1— ) auld) (=D (=D)~* (D)=,
lal<A1+Az

The summation is of order <—1. The inverse of F* which we denote by R,
is calculated in terms of Neumann series:

R=(P*™=) Q(x D)’

'MS

j=0

where

(£ D)= ) aaln)(—D)™(=D) 4 (—D)= € 8(~1).

la|<A1+A2

Let g;r be the homogeneous term of degree (—#%) of Q7:ie.

Qs D)= Y g (s D) € E(—)).

k=j
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In fact, this is a finite sum as we will see later). By lemma 2 and the defini-
tion of the formal norm, we have

2(2m) k 2k

(2n)
k! ]

sup |gzl < th"{N-l(Q; HY if £>0
(For simplicity, we neglect to specify a compact set). Hence

1 —i+k B aGon AN
(1) il < 5 @)+ 2PN (@5 )Y,

Next, we show the above-mentioned fact that Q’= 2k g, is a finite sum. In
fact, we have

Lemma 3. There exists a positive integer m independent of § such that Q’
consists of homogeneous terms of degree —j, — (j+1), ==, —mj.

Proof. A term of the form a(x) D D}*+-D is said to be of type (s, —t),
s € Ny, t € Ny ={0, 1, 2, 3,--+}, where a is a holomorphic function which is
a polynomial in % and % of degree < sand 1+ +1=2—t 1 €Z 12 € Z,
73 € Noyy 72 € No. (If & = sand ¢ = ¢, then a term of type (s, —¢) is of
type (s,—¢)).

Let a,'s be polynomials in x and x, of degree < I Then @ consists of
terms of type (1, —A), A=A+ A,.

It is easy to see that if n (x, D) (resp. % (x, D)) is of type (s, —t ) (resp.
(s5, —t)), then n (x, D) r (x, D) consists of terms of type (s;+ s, —H— &),
(15— 1, —ti—t,— 1) (0, —sy—s3— i — 1) .

By induction, we can prove that Q' consists of terms of type (jI, — jA) ,-+,
(0,—ji—jA). Combining this with the fact that ord @’ < —j, we obtain the
lemma. [

Let 7 (x, D) be the homogeneous term of degree (— k) of the operator

R(x, D)=P*(z, D)'=3% Q(x, D). Then R=X5-0 7 (x, D) and, by the lem-
ma above,

k
"= Z gk, Wwhere I—%_l =min{n € No; n = %}.
=[]

We employ the estimate (1) to obtain

k k
il < Y lad S ), e R (@ oy
STEL el
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By using
11 1
N G-l
we see that
lnl < 2(2%)"16'[m1 t”z"(Zn)_[W {t2N_, (Q; t)}rﬁ]
X Z (2%)_(1_[W])—————(j_;%1) !{tzN_l(Q; t)}j_[ﬁ]
- [&1
1 [—]

[\

< 5@2n)k kl[ ] 12 (23) [m] {t2N_,(Q: t)}

. exp[gl;;t N, (Q; t)} :

545

Therefore, for any compact set w of {x € C”;|x|<1} X {§; & +#0, &#0} C T*C?,

there exists a positive constant C, independent of k2 such that

(2) suplrk (& < ck

Here |4 €1 means that |4 is sufficiently small. Now set

7 (x, D) = Z bs (x) DP € ({2 K1} X {&,#0, &+0}).

1Bl==k

Let us obtain an estimate on b (x) when B; > 0(=p;<0). Remark that the

partial sum

Z Z bs (x) D8

k=0 tBl——k

belongs to the class 8k of [D], and it is already well understood.
Since

bg (x) = (2n 1),1 ; 95 fﬁ § 5Pl B L. By

|€2]= |§3]=0" |én|=4"

X 1. (x; 1,&s, &s,...En) dEadEse -

we obtain, owing to (2)

. dEnv
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(3) @] < Cltie 070 8= B

mil -

where Cj,s iS a positive constant independent of k.
Before concluding this section, we remark that

P l=pR¥= Z {n (x, D)}*_Z Z D) by (x).

k=0 |Bl=—k

§3. Some Preparation

Lemma 4.
7=1

<Zﬂl_1DZ>J=—;7{H —qG=1}{0—g) 0,

where 0 =zD,.

Proof. One has

A_lpg k _1(p_
ﬁzk Z,‘H e z"(g k).
O

The lemma is proved by induction.
Lemma 5. Let j be a positive integer. We have for 0<y<1,
0 .
{ktq(—1)}{kt+g ky* < LY .

Z ke V= =gy a—p¥

k=0 j factors

Proof. In fact,

{ktq(G—1)} Akt gk

0 j factors

0-7s

=
It

{etq(G—1)Hetg—q—1}-{k+ (g—1) G—1)} ¢*

j factors

L\"JB

=
)]
o

oo

-1 & Z yEHa6=D
aj—q—j j
Y dy’ =



RAMIFIED CHARACTERISTIC CAUCHY PROBLEM 547

Z!Q
< (g-1)j ](1+y+y+ )
Y dy
__y 7!
- ym—w (1 _y)j+1

]

Lemma 6. Let f(2) be a holomorphic function in {z € C; |z| <r+e}, >0,
e>0. If|f (2)|< M holds n {z € C; |2l £ 7 then we have, in {z € C; 0<]|2/ <4},

()’ .
(A )

Proof. Let the Taylor expansion of f be

() r@|<m

Then we have

= ~k
o = Gmi j;m — z"“ dz, |fl < Mrk.

By using Lemma 4 we see that

<_ ) z)“sz“{k qG—1)} - {k— g} k2*.

The series in the right hand side is estimated by Lemma 5. We obtain

(

< Mr~ {k+ k+ g blzl*
), M g (e aG= D) (e gl

lDz>j f(2)
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§4. The Action of a Microdifferential Operator on a Ramified Function

For the study of N, we introduce a singular coordinate change z=x'%

We denote by S the hypersurface of C;,,, defined by z=x. Here ¥= (23,7 %) .
The singular coordinate change induces an isomorphism

'/VQ»K = 6(z,mz,a:’)=o

q—1 -1
FW=) FRA b Tl ) =) fA o 4) 2.

j=0 =0
Moreover f € N | if and only if 7 vanishes on S up to order L
Proposition 1. ([D]) Proposition 6) The characteristic Cauchy problem

Dz 2=f S N;,K

admits a uwique solution g € N Y. Moreover, if we have

| 7 (2, 22, )| < M| 2l + 22— 2}

for some positive constant M and a non-negative integer m, then

- , M m
|5 (2, %, x)|£m {2+ — 2} m+2.

Proof. The equation D;g=f is equivalent to D, & = ? and the initial sur-
face S is transformed into S. Since S is noncharacteristic, we can find a u-
nique holomorphic solution g. The estimate is obtained by an elementary inte-

gral representation. []

This proposition suggests that N ,x and its variants are more suitable clas-
ses for the study of characteristic Cauchy problems than that of holomorphic
functions.

Definition 3. We can define

DF' N L NI

by using the proposition above. It is a right inverse of
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D, :

I+1 1
—
a.K N a,K

but it is not a left inverse.

Remark. 1f u is an element of N,k and f is holomorphic near x= 0, then

we can define D;'(f(x) u(x)), | ENo. It is the unique solution of the Cauchy
problem

{D aw(x) =7 (0 ulx)
w(x) € N oy

On the other hand, D3'° f(x) belongs to the symbol class x in [D], and

(D;'=f(x)) u(x) € Nlgis defined in [D]. Dunau puts integration on the
right:

D7+ f=fWDF' + Y (DT

j=1+1

for some f;(x). He sets

(D7 (@) ulx) =F () Dy ulx) + Z f(0 D u(n).
def

j=1+1

It satisfies the same equation as above and we see that

D (f(Wu(x)=(D3" " f(2)ulx).

So it makes no difference whether integration comes on the left or on the right.

Now we are ready to define P (x, D) 'w(x) € N,x, where P is as in the
second section and w(x) € N,k

P~! has the expression

;-lzz Z (—D)%bs(x) € &(Il2<1, &0, £%#0}), ord P71<0.
k=0 |B

|=—k

The partial sum consisting of the terms corresponding to 81 < 0 belongs to
Dunau's class &x and its action on N,k is defined in [D]. Therefore, in order
to define the action of F‘l, we may assume without loss of generality that 53=0
if #1<0. This means that 8,;<0 in the sum.
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We set
Pl(x, Dw(x) = ZZ —D) b (x) w(x).

We are going to prove that it defines an element of N k. Put 4 = z
W (z %2, &) =w(, x5, &), and bg(z 12, ¥) =g (2 2, #). Then

o

(Fw)@=) ) <q;-1 )by D

k=0 [Bl=—k
(=D b2 2, &) Wz 2, &)

(3) in the second section implies that in a neighborhood X of (z, %, ¥) =0, we
have

]( 1)\51 bW

SChry = 0752071 SI)l(plwl |8l=—

M

In a smaller neighborhood, there exists a positive constant ">0 such that

’ 4 ' 4 ~
‘D/ﬂ . (—1) 18 bg‘w)<,8/' S lo k! s-ta5-18 'sup| .
X

[%]!

Then, we employ Proposition 1 repeatedly, first for m =0, next for m=1
and so on. We obtain

2D - (=1)# Few|<

o .3) pricE, [k] T il \Sup|w|

in {2 <A/3, |%|<A/3, ..., |%|<A/3}.

By using Lemma 6, we see that

() '(;;,TDJB‘ DEEDF . (—1)8F, w}
< .31'<I l>

(- >{4Izl<‘ -

KB

, r—|B | ~E+L | ' —Bz 57—|8’| ~
( .3> :B Cozor [ g,7'0 S%phﬂ!
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in {0<]2<7y<A/3, |1l < 2/3, ..

., |xn|<2/3}.

There exists a constant C;>1 depending continuously on 2|, 0<|2 <7, such
-1
that {qiz|"(%')""1(1—'27‘)} <(C,. We have

1 v Scﬁl < Cﬂl+\ﬂ'|+k=C-‘Bz'
{dafezyma-w)™ =7 T :

Moreover, if we take 0°>0 so small that "0 '<1, then

(7,5/) —l8l < (1"5') ~1B8"|—B1—k — (1/5/) BZ‘

In addition, it is easy to see that

1187 k!
A.Z_B.Bz)! <1

because Bi+ 8’|+ k= — B..

Combining (4) with these three inequalities, we
obtain

B , ~
(on) peoe- e wl

For fixed % and S8, we have

{(81,8); 8:>0, 8 € N; 7, BitB.t|Bl=—k} < 2n2kbe

Hence,

k=0 |1Bl=—k
) supl
plw =
SE’__X_ Corz Z z (czxaaz)-ﬂz
_ Lzl ‘9’
1=5 k20 [l Bi=—w B1+|8’I=—k—B2 ’
2n= 2( ) sup| |
A, S

22 ciL i(zczmz)-ﬂz
1— __lzl

__I : 1,/51
4 k>0

L Y (o) ot coam

<—

Bz=—co
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The right hand side converges on every compact set of {0<]2l«1, |xl<1,
..., || €1} if we take a sufficiently small d,>0 in accordance with the com-

pact set.
Summing up, we have finally proved that

(F_lw) (x) € Nq,K-
Moreover, if w € ./V:};AZ, then it is easy to see that

(P'w) (») € ./V‘:,’;Az.

§5. Proof of Theorem 1

First, remark that

Az, psA1+Az T /A
Dy Nyx P = Nk
Hence
A1 A1 _ nA1nAz2 A1+A2
D1 ‘/VII.K_DI Dz NqJ( .

Let us solve Pu=D{'Dj*w, w € N 232 The solution u is given by u=
Plwe N In fact,

Pu=P(P~w) =D* D4,
holds.

The uniqueness is a consequence of Cauchy-Kowalevski theorem, which we
apply at noncharacteristic points.

§6. Hamada’s Example
Hamada ([H]) gave the following example.

{(DE—DJ u(x) =0
us= 115, Diuls= 71212
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where

0

The solution #(x) is given by

%~m 2m
X1 Xy .

u(x) = Z (—1)m£(('$n—)_—%)

It is ramified and has an essential singularity. Let us interpret this phe-

nomenon from our viewpoint. First we reduce the problem to the following
one.

{(DE*DJ uw(x) =v(x), v € Oz is given,
uls=0, Dyuls=0.

By using
(D2—D)'=Q1—Dy D;%)'D;?

=Z(D1 D;Z)jD;2=Z D_;DZ—ZJ—Z!
j=0 j=0

we can express the solution by

u(x) = ZD’1 D% %u(x).
i=0

Put z =x}’2. Then we obtain

u(?, %, ¥) = <‘21;Dz>j D7 0(2, x5, X).

0

oo
j=

Ramification is caused by D;Zj'z. The essential singularity appears because of

the factor (-le-Dz) i
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