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Outer Automorphism Group of the Ergodic Equivalence
Relation Generated by Translations of Dense Subgroup
of Compact Group on its Homogeneous Space

By

Sergey L. GEFTER ™

Abstract

We study the outer automorphism group OutRr of the ergodic equivalence relation Rr generated
by the action of a lattice I" in a semisimple Lie group on the homogeneos space of a compact group
K. It is shown that OutRr is locally compact. If K is a connected simple Lie group, we prove the
compactness of OutRr using the D. Witte's rigidity theorem. Moreover, an example of an equivalence
relation without outer automorphisms is constructed.

Introduction

An important problem in the theory of full factors [Sak], [Con 1] and in
the orbit theory for groups with the T-property [Kaz] is that of studying the
group of outer automorphisms of the corresponding object as a topological
group. Unlike the amenable case, the outer automorphism group is a Polish
space in the natural topology (see Section 1) and its topological properties are
algebraic invariants of the factor and orbital invariants of the dynamical sys-
tem. The first results in this sphere were obtained by A. Connes [Con 2] in
1980 who showed that the outer automorphism group of the II;-factor of an
ICC-group with the T-property is discrete and at most countable. Various ex-
amples of factors and ergodic equivalence relations with locally compact groups
of outer automorphisms were constructed in [Cho 1], [EW], [GGN], [Goll,
[GG 1] and [GG 2]. In [Gol]l and [GG 2] the topological properties of the
outer automorphism group were used to construct orbitally nonequivalent
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ergodic actions of arithmetic groups with the T-property. The group of outer
automorphisms was first calculated in the explicit form in [GG 1] for the
equivalence relation given by translations of SO(n, @) on SO(n, R), n=5 (see
Section 4 [GG 2]).

The present paper deals with studying the group of outer automorphisms of
the ergodic equivalence relation generated by the translations of a lattice in a
semisimple Lie group on the homogeneous space of compact group. Section 1
presents a preliminary information on the groups of outer automorphisms of
equivalence relations. Section 2 contains the proof of the general theorem a-
bout the local compactness of outer automorphism group of the equivalence rela-
tion generated by the action of a group with the T-property on the homogeneous
space of an arbitrary compact group (Theorem 2.3). As it is shown in the ex-
ample of the action of SL(n, Z) on SL(n, Z,), the group of outer automorphisms
can be noncompact (Remark 2.8).

The most important case where the lattice acts on a homogeneous space of
a connected conpact simple Lie group is considered in Section 3. In this case the
D. Witte’s results [Wit] play an important role. We use them to obtain the ex-
plicit description of all automorphisms of the equivalence relation (Theorem
3.3). It is proved that the outer automorphisms group is compact, Moreover,
we find some conditions which ensure this group to be finite (Corollary 3.4)
and trivial (Corollary 3.5). Section 4 involves one of the principal results of
the present paper, namely the construction of equivalence relations of type II;
and Il. without outer automorphisms (Theorem 4.2 and Corollary 4.3) . It
shoud be noted that the problem of the existence of a type II factor and type III
equivalence relation without outer automorphisms remains unsolved.

The main results are reported in [Gef].

The author is grateful to V. Ya. Golodets and all the participants of Kharkov
Seminar on the ergodic theory and operator algebras for their kind attention
and helpful discusions of the problems considered in the paper.

§1. Preliminaries

Let I' be a countable group, (X, v) a free ergodic I-space with finite in-
variant measure. Denote the equivalence relation generated by I" as Rr. Let
AutRr be the group of its automophisms, Int Ry the inner automorphism sub-
group [FM 1], M=M(Rr) the von Neumann algebra constructed by Rr [FM 2],
and A=L"(X,v). We endow AutM with the topology of pointwise convergence
in norm on My [Haal. Then

Aut(M, A)={0 € AutM: 6(A) = A}
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and
Z (M, A)={0 € AutM: 0(a) =a, a € A}

are closed (hence Polish) subgroups of AutM. Since AutRr can be identified
with Aut(M, A)/Z(M, A) [FM 2], it is a Polish group itself.

Remark 1.1. Consider the natural o-finite measure m using the set Ry [FM
1] and associate the unitary operator Us in the space L?(Rr, m) with the auto-
morphism 6 of AutRr, by

(Us) (%, 3) =E(07 (x), 071 (»)).

It can be shown that this topology on AutRr is induced by the weak operator
topology when AutRr is embedded into the unitary group of L2 (R, m).
Moreover, this topology coincides with the Polish topology on AutRr which was
considered by T. Hamachi and M. Osikawa [HO] (see [Dan, section 3]).

If the group I is amenable then Rr is an approximately finite equivalence
relation [CFW] and the group IntRr of its inner automorphisms is dense in
AutRr [HO] . The T-property is diametrically opposite to the amenability
[Kaz, Zim 4]. If I contains an ergodic subgroup Iy with the T-property end I
is an ICC-group with respect to Iy, i.e. the set

{rert:7r € I}

is infinite for all g# e, then IntRr is a closed subgroup of AutRr [GG 1, GG 2].
Thus, the group of outer automorphisms

OutRr=AutRr/IntRr

of Rr is a Polish group. It shoud be noted that this result also follows from the
more general statement about the closeness of IntRr in AutRr (see [JS, p.113]),
since it can be shown that I" with the above properties is not inner ame1able
[Cho 2, Pr. 6(b)].

For an equivalence relation with the closed subgroup of inner auto-morphisms,
the problem of studying the outer automorphism group as a topological group
seems natural and important. In the general case the Polish group can be ex-
tremely “large”.

Example 1.2. Let (S, ¢) be a Lebesgue apace with the probability mea-
sure and I" an ICC-group with the T-property. Consider the Bernoulli action
of I'" on the space
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(X, v)=1(S, .

rel’

Since any g-preserving automorphism of the space S generates an outer auto-
morphism of the equivalence relation Ry the group OutRr is not locally compact.

In the following section we prove that if I' acts by translations on a
homogeneous space of a compact group, then the outer automorphism group of
Rr is locally compact.

§2. The Action of a Countable Dense Subgroup
of a Compact Group on its Homogeneous Space

Let K be a compact group with the Haar measure g, I its countable dense
subgroup, and L a closed subgroup of K. Consider the action of I" via left trans-
lations on the homogeneous space X= K/L with the invariant meaure v:

7(kL) =7kL, k € K, v € I
Since I'is dense in K, we have that (X, v) is an ergodic I™-space.

Lemma 2.1. Assume that K is a compact connected simple Lie group with the
trivial center. Then the action of I on (X, v) is free.

Proof. Consider the following sets for ¥ € I

Sr={x € X:7x=4 and
Ty={k € K:yEL=*FL).

Assume that v(Sy) > 0. Then u#(Ty) > 0. Since K and L are real algebraic
groups, the set T, is a real algebraic subvariety in K. Consequently, T, = K.
Hence

re L= ke

keK

One can easily see that L is a normal subgroup in K. Consequently, L c Z(K)

={e,ie r=e ]

Let Nx(L) be the normalizer of Lin K. If + € N, (L), then the right trans-
lation # is well defined on (X, v), as follows:
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n)=x1 z€ X

It is obvious that n=1id if and only if ¢+t € L. Moreover, the automorphism #
lies in the centralizer of the I™-action.

Lemma 2.2. The centralizer of the I'-action coincides with the group of right
translations, i.e. isomorphic to Nk (L) /L.

Proof. Assume the Borel map B: X— X commutes with left translations of
I Denote by p the projection from K onto X=K/L and consider the map

p:K— X, ¢(B)=k"'B(p(r).

According to the conditions, 8(yx) =7yB(x) for all y € I'at a.a. x € X. Conse-
quently, ¢ (k) =¢ (k) for all y € I'and aa. k € K. Since the Iaction is
ergodic on (K, ) there are t € K and Ko € K so that ¢ (Ko) =1 and ¢ (k) =

p(£1) for all # € K,. Therefore
Blp(k) =kp () =p(kt™), & € K. (2.1)

We show that t € N;(L). Let h € L. Since u (Koh™ N K;) =1, there is an
element £ € K, with kh € K,. Then

B(p(B) =B(p(kh)) =knp(rY), ie.
pD) =mp(t) and th™ € L.

Thus, tLt™'. C L. Using the compactness of K one can demonstrate that Lt C
L ie. t€ Nxk(L). Now, in view of (2.1), B(x) =7(x) for aa. x € X. [J

Consider the ergodic equivalence relation Rr generated by left trans-
lations of I on (X, v) and denote by & the projection from AutRr outo OutRy.
The following theorem about the topological structure of QutRr is a generaliza-
tion of the results of Section 3 in [GG 2], where the case L={¢} is considered.

Theorem 2.3. Assume that I acts freely on (X, v) and contains a dense of
subgroup I'o in K with the T-property, and I' is an ICC-group with respect to I, i.e.
the set {rgy™':v € I} is infinite for all gFe. Thene({n:t € Ng(L)}) is an
open subgroup in OutRr, which is topologically isomorphic to N (L)/L. Hence,
OutRr is a locally compact group.

To prove Theorem 2.3, we shall provide several considerations.
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Given y € I'and t € N, (L), we denote by 77 and 7t the automorphisms
of A=L"(X, v) generated by 7-left and ¢-right translations:

T, @W=a(), 7.(a) W =alxt), a € 4, x € X.
Consider the crossed product M= W* (A, 1, I'). The algebra M is generated
by operators 7(a) and A, (a € A, vy € I') of the space L*(X, v) ® E(I'") given
by

(@8 (x, 9 =algn)E(x, 9,
(2,8) (x, 9 =&(x, v7'9).

Then
(1,()=4m(a)A* a€ A yET

Since (X, v) is a free I-space, the algebra M= W* (A, I, I') is isomorphic to the
algebra M(Rr) constructed by Rr. Set up

Cro=1{0 € AutM:6(2,) =2,, v € T'}.

Lemma 24. If6 € C x then the automorphism 6 maps the algebra A into
itself, i.e.

Cr, © Aut(M, 4).

Proof. Let E be the dual space of the group K. Denote by I?L the set of
irreducible representations ¢ € K which admit a nontrivial L-invariant vector
in the space of representations H,. For each 0 € K we select an orthonormal
basis {&7:i=1, >+, dim ¢} of H, in such a way that the first ¢, its elements
form a basis of the space of L-invariant vectors. Determine the matrix elements
of the representation ¢ as

0,;(l)=(0(RE|E), ij=1, - dimo. (2.2)
Then 0;;(kh) =0 (k) if h € L,k € Kand j < ¢,. Consequently, for j < g, the

matrix elements 0;; can be considered as functions on the homogeneous space X
=K/L. The system

{O'ijZO' (S ]?L, 1=1, -, dimg, j=1, -, qg}
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is an orthogonal basis in L?(X, v) with 0,; EA=L"(X, v).
For v € I' we have

0B =5 00w (8. ie. T:(0,) = 5. 0 (1) 0. 23)
Let 8 € Cr, and
0 @) =3 3 3 5 clgim n )7 (om) A (24)

Since the algebra A is generated by the matrix elements oy, it suffices to prove
that

9(n(oy)) € n(A), 0 € Ky,
=1, dima, j=1, ", g

By (2.3), the equality
A,0(z(0,)) AF=0(x(1,(05)), 7 € I,

the ICC-property, and convergence of series (2.4), we can obtain ¢(g;m, n, 0)
=0 for g#e¢ and hence, 0(x(0;;)) € n(4). [

For t € Ng(L) denote by R; the automorphism of the factor M given by
Rt(ﬂ'(a)) =TC( 7;(@)), Rt(ﬂr) :/17, a € A, /27’ (S F

Besides, given a cocycle ¢ € Z*(I', U(A)) we define an automorphism 6, of M
by setting

0. (n(a)) =7 (a), 6. (2,) =7 (c,) A,

(see[FM 2]).

Lemma 2.5. Let 0 € Cr, Then there exist t € Ng(L) and ¢ € Z' (", U(A))
such that 0= 0, R.. The cocycle ¢ here is defined uniquely while t is defined up to
an element of L.

Proof. In view of Lemma 2.4, 6 determines the automorphism ,B of the
algebra A:m f=0°m. By the assumption, 6(4,) =4, and so B A,= 1,8, 71

€ I. According to 2.2, ,B =7, for a some ¢t € Nx(L). Set up 6,=6R:.
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Then 6, (7(a)) =7(a), a € A. Therefore there is ¢ € ZH(I"U(A)), such that
0,=0, (see[FM 2]). Hence, 0=6.R,. []

Lemma 2.6. Let I' be an ICC-group, (X, 1) a free ergodic I'-space with fi-
nite invariant measwre and 0: X— X an automorphism such that 0 (yx) = 76 (x) .
If 6#id, then 0 is an outer automorphism of the equivalence relation Rr.

Proof. Suppose that @ € IntRr. Set up
Eo={z € X:0(x) =ax}.
Then 7YE«= Eya7-1 and, hence,
U(Erar1) =p(Eo), 7 € I

Since by our assumption 8 € IntRp, there is 70 € I' with g (E,,) > 0. Howev-

er, the set {y7or™':7 € I'} is infinite if yp#e. Therefore 7,=e. Consequent-
ly, TE.=E, for all y € I ie., u(E,) =p(X) and 6=id. [

Proof of Theorem 2.3.

Denote by CI,‘-'o the subgroup of AutM which is algebraically generated by
Cro and IntM. According to 2.3 [GG 2], C%, is an open subgroup of AutM.
Therefore Cp, N Aut(M, A) is an open subgroup of Aut(M, A). Furthermore,
in view of Lemma 2.4, C,, © Aut(M, A) and, hence, the subgroup C,‘fo N Aut
(M, A) is generated by Cr, and Int(M, A) =Aut(M, 4) N IntM. Using Lemma
2.5 we deduce that the subgroup generated algebraically by Int (M, A), Z(M, A)
=~ Z/(INU(A)), and {R,:t € Ng (L)} is open in Aut(M, A). Consequently, in
view of Lemma 2.1 [GG 2], the subgroup generated by IntRr and {rn: €N, (L)}
is open in AutRr. Now it should be noted that

{n:t€ Ne(L)} N IntRr ={id}

(see Lemma 2.6). Thus, e ({r;:t € N,(L)}) is an open subgroup of OutRr iso-
morphic algebraically to Nx(L) /L. Since OutRr is a Polish group and ¢ is con-
tinuous, the groups € ({n:t € Ne(L)}) and N, (L) /L are topologicaly isomor-
phic. [J

Remark 2.7. Note the two significant cases where the group I' is an
ICC-group with respect to the subgroup Io [GG 2, 1.6 and 3.7]:

(a) I is isomorphic to the subgroup in the connected semisimple Lie
group with trivial center and without compact factors, Iy being a lattice in this
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Lie group;
(b) K is a connected group with trivial center.

Remark 2.8. The group OutRr can be noncompact. For example, let
K=SL(n, Z,), '=SL(n, Z), n=2;+ 123, L={e}

(Z is the ring of p-adic integers). It can be shown that OutRr contains an open
subgroup which is topologically isomorphic to the group H=SL(n, Q,). Let A

=SL(n, Z[3]). Then A is a dense subgroup in H and KNA=TI. Consider the
ergodic equivalence relation R, of the type Il generated by left translations of
A on the space (H, ) where & is the Haar mesure on H. Since K is an open
subgroup in H, R4 = Rr X I. where I. is the transitive equivalence relation
on H/K. Besides, the map ¢ : K X H/K— H which is responsible for iso-
morphism of RrX I, and R, can be chosen so that

¢(1’t X ld) ¢_1=1’t for t € K.

For h € H, denote the right translation on the space (H, )by 7 :m(s) =sh™},
s € H. We claim that if h# ¢, 7 is an outer automorphism of Rs. In fact,
assume that 7 € IntRs. Then there exists @ € A for which the set E,={s €

H:sh™*=as)} has the positive measure. Consider the closed subgroup F, gener-

ated by the set {silsi:s;, s2 € Eo). If s1, sz € E,, then sih* =as), hsz'=
szta™!, and hence hszls;h™! = s3ls;, i. e. h lies in the subgroup F, centralizer.
Since Fy is a closed subgoup of positive measure, F, is open in H. However, in
this case F, contains an open compact subgroup of the form K (m) = I'(m),

where
I'(m)={y € I' = 1(mod »™)}.

Here I'(m) is the lattice in SL(n, R). Consequently, groups I'(m) and F,D
I'(m) are Zariski dense in H= SL (n, Q) [Wan]. Hence, we obtain that 1 €
Z(H), and it means that h=a™! € A, ie. h € Z(A) ={e}. Thus, H is embed-
ded into OutRy = Out(Rr X I.) = OutRr (see [GG 2, Corollary B.3] ).

It should be noted that if K is a connected group and L= {e}, OutRr is a
compact group [GG 2, Theorem 4.9]. Using the D. Witte's results [Wit] the fol-
lowing section will give a proof of the compactness of OutRr for the action of I"
on a homogeneous space of a connected Lie group.
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§3. Automorphisms of the Equivalence Relation Generated
by Lattice Translations in the Lie Group on a
Homogeneous Space of a Compact Lie Group

This Section is concerned with automorphisms of the equivalence relation
constructed by the I™-action on the space X= K/L in the most important case
where I' is a lattice in a simple Lie group and K a compact simple Lie group.
We obtain the explicit description of automorphisms (Theorem 3.3) using the D.
Witte's argument [Wit, 9.4].

We need the following general statement which can be deduced from R.
Zimmer's rigidity theorem [Zim 2, 4.3 and 4.5].

Proposition 3.1. Let G be a connected noncompact simple Lie group with tri-
vial center and R-rank (G) = 2, I' a lattice m G and (X, v) a free ergodic
I-space with the finite invariant measurve. Let 0 € AutRr and a: X X I'— 1T be
the cocycle corresponding to 0, ie. 0(yzx) =a(x, 7)0(x) forall y € I' and a. a. x
€ X. Then there exist Borel function ¢: X— G and 01 € AutG such that a(x, 7)

=¢(r2) o:1(p) ¢ (0).

Proof. Using the action of I, let us construct that of G (the induced action
[Zim 1]) and an automorphism § € AutRg corresponding to § € AutRr. Let
7:G— I'\ G be the natural projection, 7w (g) =Ig, and w:I'\ G— G its Borel
section, i.e.,, T e @=id. Determine Borel maps s: G— G and f: G— I as follows

s(@=w(n(g), f(g=gs(9™!, g€ G

Set up S=w(l"\G) =s(G). Then Sis a Borel set, and each element g of
G is uniquely represented in the form

e=f@s(a), f(@ €T, s(g €5 (3.1)
Now consider the diagonal action of I on the space X X G, i.e.
T =@z yn), €T s€X, hEG

The orbit partition of X X G of this action is measurable, and the orbit space Y

= (X X G) /T can be identified with the space X X (I'\G) via the Borel iso-
morphism

O: XX (I'\G) — (X x G) /T

given by
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o((x, z(n)) = [x s(W], (3.2)

where [, & is the image of (x, h) € X X G in the space Y= (XX Q) /I It
should be noted that

lrx, vhl =[x, W] = [f(W) %, s(W)], x€ X, h€E G rE€T  (33)

Using the isomorphism @, we introduce the measure o= @4 (v X 1) on Y, where
A is the finite G-invariant measure on I'\G. Now determine the induced action
of group Gon (Y, p) [Ziml1]:

gle, il =[x hg], x€ X, hE G. (34)

It can be easily verified that @ transforms this action to the following action on
the space X X (I'\G) ([Zim 1, 2.2]):

gz, w(n) = (c(g, w(n)x, w(h) g™,

where ¢c(g, w(h)) = s(hgVgs(h)* €T h € G x € X Thus, the action of G
on (Y, o) is free, properly ergodic, and preserves the finite measure p [Zim
1,2.7] . Denote by R¢ the equivalence relation generated by the action of G on
(v, o). Let I be the transitive equivalence relation generated by translations of
Gon I'\G. It can be readily seen that @ (see (3.2)) carries out isomorphism
of Rr X I and Rg;. Using the automorphism 6 € AutRr, one can construct an

automorphism 6 < Re: 6 = @ (6 x id) @1, The direct calculation shows that

6([x 1) =[0(r(0)n), s(W)] (35)

(see (3.1)-(3.3)). _
Consider the cocycle @ : Y X G— G associated to 0:

0 =angdb(), €6 ye Y.
In view of the Zimmer's rigidity theorem, & is cohomologous to the restriction

of an automorphism of G [Zim 2]. Thus, there exist a Borel function ¢:(X X G)/I"
—(Gand 01 € AutG are such that

aly g =¢ (g d.(gl@y)

forany g € Gataa.y € Y. Setup
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6:) =¢( G, yE Y.

According to [Zim 2, Prop. 2.4] and [Zim 3, Lemma 3.5], 6, is an automor-
phism of (Y, p) and

6.(gy) = 71(g) 6.(y) (3.6)

for each g € G at a.a. y € Y. Herewith, 51 € AutRg and 55{1 € IntRg.
For g € Gand y = [x, h] € Y we have (see (3.4) and (3.5)):

0.(gy) = ¢ () 0:(gy) = ¢([x, hg™) 6 ([x, hg™)
= ¢ ([x, hg 1) [6(f (hg™) x), s(hg™)]
= [0(f (hg™) 1), s(hg™) ¢ ([x, hg™'])~].

On the other hand,

71(g) 6,(9) = 71(9) ¢ ([x, k) [6(f (W) ~12), s(n)]
= [6(f(n) ), s(h) ¢ ([x )17, (29 1.

Now we obtain from (3.6)

[0(f (hg™) 7', s(hg™ ¢ ([x, hg1)7H)]
= [6(f (W), s(n) ¢ ([x h]) "a1(g) 7] 3.7)

forall g € Gand a.a. [« 1] € V.
Since 0(yrx) = a(x, 7) 0(x), we rewrite (3.7) as follows

la (s, £ (hg™) ™) 0(x), s(hg™) ¢ ([x, hg™']) 7]
= [a(x f(W™) 0, s(W@([x n]) " 7:() 71,

or

(0, aly, f(rg™) ™) s(hg™ ¢ ([x, hg™]) 7]
= [0, alx, f (W) s(n) ¢ ([x n]) 7 71(0) 7.

Hence, we obtain

a(s, f(hg™)™) ts(hg™) ¢ ([, hg™']) !
=aly, f(W)™) (W) g([x, nl) 1o (07

or
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a(x, f(hg?) ™) ts(hg™) ¢ ([x, hg']) 251 (hg™) !

=aly, f(W™)s(h) ¢ ([x nl) (0 (3.8)

for all g € G and a.a. [x, k] € Y. Then for aa. x+ € X (3.8) is satisfied at
aa. g h € G. Consequently, for a.a. x+ € X we have

alx, f(B ™ s @(x, n]) 1o (h) '=c(x)ata a. h € G (3.9)

Since the set S € G has positive Haar measure (see (3.1)), it follows that for a.
ax € X

alx, f(rts(m) ™) 2s(rts(W) ¢ ([s, r~s(W) 1) 1, (rs(h) !
=alz, f(s(n) ™) s(s(W) @ ([x, s(W)]) T2 (s() 2

for all y € I'and a. a. s(W) € S (we have substituted ;=77 s(h) and h, = s
(n) into (3.9)). Now it should be noted that

FGts) =774 s(rs(w) = s(), [z, r72s(W)]) = ¢ ([1x, s(W)]).

Hence,

alz, 1) s ¢ (Lyr, s(W]) 271 (s(W) 2 71(7)
=sm) [z, s(W]) 171 (s(),

or
alx 1) = s @[z, s 7T (s (W) rs(m) ¢ ([x, s(WIs(m) ™ (3.10)
forally € 'anda. a. x € Xand h € G.

Take an element s(h) € S such that (3.10) is satisfied for all ¥ € I' and a.
a. x € X and put

¢(x) = @[z, s(W])s(W)7, 0:(g) = 1(s(h) 2gs(h)).

Then a(xy) = ¢ (7x) 01 ()¢ (x) forally € 'and a. a. x € X. [

While studying the group OutRp, we need an interesting analogue of Lemma
2.6.
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Lemma 3.2. Let I’ be an irreducible lattice in a commected semisimple Lie
group G with trivial center, without compact factors, and R-rank(G) = 2, (X, 1) a
free ergodic I'-space with finite invariant measuve and 0 : X— X an automorphism
such that 6(yx) = o () 8 (x) for some 0 € Autl. If 0 is an inner automorphism
of the equivalence relation Rr, there is an element 1o € I such that 0(x) = 1ox and

(1) = o170 ™

Proof. We for « € I'set up E,=1{x € X:0(x) =ax}. Then 7E, =
Estar-1 and, thus,

ﬂ(Ea(r)ar‘l) = .a(Ea) , v €T

Since 8 € IntRy, there is 7o € I' with ¢ (E,) > 0. Consequently, the set
{o(¥)yor™*:7 € I'} is finite. Let

L={rerloecy) =rrr =< Tolrr?=r.

Then I, is a finite index subgroup in I Therefore I, and o(I,) are
irreducible lattices in I According to the Mostow-Margulis rigility theorem
[Zim 4, 5.1.1], o is uniquely extended up to an automorphism of G, i.e. o(g) =

70875, & € G. In particular, 0 (y) = 1o770"%, v € I. Consequently, TE,, =
E, forally € INie p(E,) =u(X) and () = 70x. [0

Now turn again to the equivalence relation Rr generated by left translations
of the group I on the homogeneous space X = K/L. Let

Aw(K, I') ={0 € AwtK:c(I") =T},
R=1{(0,t):0€ Awt(K, I), to(L) =1L}

For (0, ) € Q the automorphism 7, of the space (X, v):

ton (L) = o (k) 'L

is well defined. Since o(I") =T, nsn € AutRr.

The next theorem gives the explicit description of the automorphisms of Rr,
which is similar to [GG 2, Theorem 4.4]. We use the argument of D. Witte
[Wit, 9.4] in its proof.

Theorem 3.3. Let K be a connected compact simple Lie group with trivial
center, L its closed subgroup, and I' the latiice in a conmected simple Lie group G
with trivial center, and R-rank(G) = 2. Suppose that I is densely embedded into
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K, and consider the equivalence relation Rr generated by left translations of I' on the
homogeneous space X = K/L. Let 0 € AutRr. Then there exist t € K, 0 € Aut
(K, ') and w € IntRr such that (0, t) € Q and 0 = wre,y.

Proof. According to Lemma 2.1, I" acts on (X, v) freely. Consider the
G-action induced by that of I Let A :I'— K X G be the diagonal embedding.
Then the space of the induced action (X X G) /I can be identified with the
double coset space 4 (I") \(K X G)/L (we also denote the subgroup L X {¢} C
K X Gby L). The identification is given by the map

id: X X G)/I'= AT)\(K X G/L,
id([x, n]) = A) (& W)L, x=EL. (3.11)

Now the induced action coincides with that of G by right translations on A ()
\(K X G)/L (see (34)),i.e. gy= A(I) (k iy") L, where y= A (I') (g, W) L.
Let § € AutRr, a: X X I' — X be the cocycle corresponding to § and 6, €

AutR; the automorphism constructed while proving Proposition 3.1 (see (3.5)
and (34)):

6:([x 1)) = ¢([x 1]) 6 ([x h]) = [0(F(W) %), s(W @ ([x k)™, (3.12)
[x, n] €V

Then,

51 (gy) = 01 (g) 51 (y) (3.13)
for all g € Gand a.a. y € Y. Since (Y, p) is an ergodic G-space, 51 pre-
serves the measure. Similarly to the proof of Corollary 9.4 [Wit], consider the
following G-equivalent projections:

p: AC)\ (K X G)/L—T\G,
p(A) (k, W) L) = T'h and
e AC)N(K X G)— AN\ (K X G)/L,
e (A) (b w) = AT) (kB W) L.
Taking into consideration identification (3.11) , define the map F: 4 (I')\
(K X G)—=TI\G F=p° 0,°7m. In view of (3.13) F is an affine map for
{e} X G [Wit, Def. 2.2], i.e.
F(AT) (g, h) g =F(AT) (k 1) 7:(g)

at each ¢ € Gfora. a. (b h) € K X G. Moreover, F preserves the measure.
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Since A (I') is a lattice in KX G and A (I') is densely projected in K, in view
of the reasoning given in the proof of Corollary 9.1 [Wit], F is an affine map
for the entire group KX G, i.e.

F(A) (kt, hg)) = F(A) (B 1)6(t g),

where 0 is an homomorphism from K X G to G with 0 (e, g =01, g€ G
Hence, 6 (¢, g) = 71(g) and

F(A) (kt, hg)) = F(A) (b, h) &1(g) (3.14)

atall (t, g € K X Gforaa (hh € KX G Consider the map B:K X G
—I\G, F(AT)(k n) (k)" Using (3.14) we obtain

71(hg)

B(kt, hg) = F(A (") (kt, hg))
) 71(g) G1(W) 1= Bk h)

=F(A) (kh)
forall (t g € K X Gand a.a. (k, h) € K X G Consequently, there exists
an element of hy € G such that B(k, h) = I'h for a.a. (&, h) € K X G. Thus,
F(AT) (B 1) =Thy&1(h) for a. a. (b h) € K X G. Furthermore, using
(3.11),(3.12) and definitions of the projections p and 7z we obtain

F(A) (& w) = (- 6)(AWT) (kWL
= p([6(f (W ~%), s(h) ¢ ([, h])71])
=TIs(h)¢([x, 1)L,

where x = kL € X. Consequently,
Is(h) ¢([x, k)~ = Tho &1(h)
fora.a. h € Gand x € X. Hence, we obtain for a. 2. h=s(h) € S
hoT1(s(W) ¢ ([x s(W)]s(n)™* € I
Set up ¢1([x hl) = ho@1(s(n) ¢ ([x s(W])s(W) ™" Then

o ([x, s(W]) = &1(s(n) h5*pr ([x, s(W)]) s(h) (3.15)

and ¢, ([x, h]) € I'for a.a. x € X and h € G. Now substitute (3.15) into
(3.10) for the cocycle a (see the Proof of Proposition 3.1):
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alxy) =s(n) ¢ ([rx, s(W]1) 171 (s(h) rs(h) ¢ ([x,s(W)]) s(n)
=1 ([rx, s(W 1) Y ho 71 (7) ho ' ([, s(W)])

forally € anda.a.x € Xand h € G

Fix the element s(#) € S such that (3.15) is satisfied for a. a. x € X and
set up

n(0) = ¢1(lx, s(W], 00(7) = hod1(7) ™.
Then for all y € I'and a.a. x € X we obtain
aly, ) =n(x) () n(x), n(x) € I'and 0o € Autl
since 0o (7) = n(rx)als, Nnx)€ I
Now let 6;(x) = n(x)0(x). Then 6, € AutRr and
6, (1) = 00(7) 6, (). (3.16)

Let us show that g € Autl can be extended up to an automorphism ¢ € Aut
(K, I'). Consider the representation U of K in the space L?(X, v):

(U8) (x) =&(K'), kE K, x€ X=K/L
Define also the unitary operatorV:
(V8 (n) = £(6:(x), xr € X
Then from (3.16) we obtain that
UyV= VUsym» or Uspmn = V*U,V, v € I.
Set up Usy = V¥U,V, E € K. Since Uis a strongly continuous representation
and I' is a dence subgroup in K, Uswy € {U;:t € K}. Thus, 0 is an auto-

morphism of K and o (y) = ao(y) for y € I',ie. 0 € Aut (K, I'). Further-
more, consider the Borel map

B:K— X, B(k) = o(k) 76, (kL).

In view of (3.16)
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B(rk) = o(yk) 716, (ykL) = B(k)

for all ¥ € I'and a. a. # € K. Consequently, there exists an element ¢t € K
such that (k) = t7'L, ie. 6,(kL) = o (k)t™' L for a.a. k € K. We show that

to(L)t*=1L Let! € L Then thereis ¢ € K with 6; (kL) = o (k) 'L and

6, ((k)) L) =0 (kl) 1 L. Therefore (k) ' L=0c(kl) L ie. to(l)t ! € L
Consequently, to (L) * € L. In view of the compactness of L we obtain to (L)
' = L. Thus, 6 = 7os, where (g, t) € Q Now for w= 06" we obtain w
€ IntRr and 0 = wren. [

Corollary 3.4. Let all the conditions of Theorem 3.3 are satisfied. Then the
group OutRy is compact. Moreover, if L is a finite index in N (L), OutRy is finite.

Proof. Set up Hy = Nx (L) /L, H, = Nx (I') /I". Using the explicit form of
the automorphism from AutRr obtained in Theorem 3.3 and Lemma 2.6, it can be
readily verified that H; and H; are embedded into OutRr as normal subgroups.
Besides, in view of Lemma 3.2 Hi N Hy = {e} in OutRr. Let us show that the
group ((OutRy)/Hy) /H is finite. If (ov, &), (02, ) € Q, the automorphisms
e,y and 7, differ by the right translation 7, where & = izt € N (L) .
Further, OutK is a finite, therefore N, (I") is a finite index subgroup in Aut (K,
I') (remind that Z(K) = {¢}). Now the finiteness of ((OutRy)/H,)/H, follows
from the fact that each element of OQutRy is the image of #q, where (0, t) € Q
(Theorem 3.3). To complete the proof, it suffices to show that the H is finite.
Since Z(K) = Z(I') = {¢}, we have that H, is embedded into Outl” However,
it follows from the finiteness of OutG ([Bou, Ch. III, Section 9, Prop. 30 (ii)]
and [Mos, p. 254]), Ng (I') /I" ([Rag, 5.17]) and the Mostow-Margulis rigidity
theorem ([Zim 4, 5.1.1]) that Outl is finite. [

Corollary 3.5. Assume that AutK =IntK, Ny(L) =L and N,(I") =T.
Then AutRr = IntRp, i.e. OutRr is trivial.

Proof. Let @ € AutRr. According to Theorem 3.3, 0 = wr,, where w €
IntRr and 7g,n = (k) t 'L with 0 € Aut(K, I') and to (L)'= L. Since AutK
=IntK, we have o(k) =kkks’, kb € K. Hence, by € N (I) =T, thy € NK(L) =
L, and 7. (BL) = kokkg 't L= kok (tky) "'L=kokL, i. e. 70.,» € IntRr. Consequently,
O=wreop € IntRr. [



OUTER AUTOMORPHISM GROUP 535

§4. An Example of Ergodic Equivalence Relation
without Outer Automorphisms

Let us proceed to the construction of an example of an equivalence relation
without outer automorphisms.
Consider the quadratic form

fa) =at+ g+t 2k, — Y25k, — V24

where n=2]+1 = 5. Let G be a connected component of the identity in SO
(£, R) and Iy = SO(f, Z[J/2]) NG. Then G is a connected simple Lie group
with trivial center, R-rank (G) = 2, and I} is a lattice in G (see[Zim 4, 5.2.12
and 6.1.5] and [Sul]). Denote the nontrivial automorphism of the field Q (v/2)
by 7:7(a+ 0/2) = a — b/2.

Consider now the quadratic form

) =2+ ad+ -+, + 222+ /242

and let K= SO(f, R). Then K is a connected compact group which is isomor-
phic to SO, (R) and the group SO(f, Z[4/2]) is embedded into K via 7 as a de-
nse subgroup [Sull. Since I is a finite index subgroup in SO(f, Z[/2]) it is
also densely embedded into K. We will identity I, with its image in K.

Lemma 4.1.
(1) NI < so(rs,QW2));
(2) Ne(Iv) < so(r,Q(/2)).

Proof. We prove (1). Set up H= SO(f%, C). Then H is a simple alge-
braic group defined over the field Q(/2). Let k€ N, (I,). Since I, is dense
in K, and K is Zariski dense in H, I} is also Zariski dense in H. Therefore the
inner automorphism h— khk™! of H is defined over Q (v2) [Zim 4, 3.1.10]. Con-
sequently, Adk € (Ad (H)) ovz), where Ad (H) is the adjoint group. Since the
center of H is trivial, Ad: H— Ad (H) is an isomorphism defined over Q (v2).
Consequently,

k € Howz = SO(f%, Q(v/2)).
Similarly proposition (2) is proved. [

Set up It = N; (I,) . Then I is a discrete subgroup and, hence, a lattice
in G [Rag, 5.17]. Besides, I1 € SO(f, Q(v/2)). In view of Lemma 4.1 we can
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identify I with Nx(I) via 7. For I there are also embeddings

Ne(I') < So(f5, Q(v/2)) and
Ne(I) < s0(£ Q(/2)).

Continuing this construction, we obtain the sequence of lattices {I',} in G with
Imi1 = No (I'w) . Moreover, all the groups {I,} are embedded into K via t as
dense subgroups, and we have I'my; = Nx (I'n).  According to [Rag, 9.8], there
is mo with Iy = Iy, for all m = mo. Put I'= I, Then Nx(I') =I' Further
more, identifying K with SO, (R), we denote by L the subgroup in SO,(R) con-
sisting of matrices of the form

0
0 .. 0 £ 1
Consider the I™action on the homogeneous space X = K/L.

Theorem 4.2. All the automorphisms of the equivalence relation Rr, are inner.

Proof. According to [Die, ch. IV], AutK = IntK. Let us show that N (L)
= L. Indeed, consider the projection p =

Then

={r € K: k™' = p}.
If t € Ng(L), then for I € L we have klk™'p = pkik™, i.e. 1(E'pk) = (K 'pk) L.
Hence, ¥ 'pk=p i. e. £ € L Thus, all the conditions of Statement 3.5 are

satisfied. [

Corollary 4.3. Let 1. be the transitive equivalence relation on (Z, (z) where
0({n}) = 1. Then all the automorphisms of the llo-equivalence relation Rr = Rp
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X 1w are inner.

Proof. According to [GG 2, Corollary B.3] all the automorphisms of Aut
Rr preserve the measure. Therefore, the embedding of AutRr into AutRp, 6—
0 X id generate an isomorphism of OutRr and AutR,. [
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