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Abstract

Let #» denote the Weyl algebra generated by self-adjoint elements {p,,q,},-1.2 satisfying the
canonical commutation relations. In this paper we discuss *-representations {z} of #> such
that 7(p,) and n(g,) (=1, 2) are essentially self-adjoint operators but 7 is not exponentiable
to a representation of the associated Weyl system. We first construct a class of such
*-representations of # by considering a non-simply connected space 2=R*\{a,, -, ax} and
a one-dimensional representations of the fundamental group m(£2). Non-exponentiability of
those *-representations comes from the geometry of the universal covering space Q of Q.
Then we show that our *-representations of > are related, by unitary equivalence, with
Rech-Arai’s ones, which are based on a quantum system on the plane under a perpendicular
magnetic field with singularities at a,, ***, av, and, by doing that , we classify the Reeh-Arai’s
*-representations up to unitary equivalence. We further discuss extension and irreducibility
of those *-representations. Finally, for the *-representations of %>, we calculate the defect
numbers which measure the distance to the exponentiability.
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§1. Introduction

As an algebraic object for quantum mechanics with % degree of freedom, we
consider the *-algebra %, with the self-adjoint generators {p;, ¢;}i=1,-.» satisfy-
ing the canonical commutation relations (CCR) ;

[$5,qr]= —i0;nl and
[0, pel=[as, qx]=0 (L.1)
for 7, k=1, -, n.

The *-algebra W, is called the Weyl algebra or CCR algebra. Recall that we
do not have bounded *-representations of #z, thus we need to study unbounded
ones.

In general, (7, D), simply 7, is called a *-representation of a *-algebra & in
a Hilbert space /& if

D is a dense subspace of f,
7 is an algebraic homomorphism of « into End D, (1.2)
and 7(a)*Dn(a*) for aE A.

Since the Weyl algebra #» has self-adjoint generators {p;, ¢;}, we can define a
* -representation (7, &) of Wy by giving symmetric operators {7(p;), 7(g;)} with
the common and invariant domain & such that those satisfy the CCR.

To avoid a difficulty to analyze directly unbounded *-representations of #x, we
often consider the Weyl system {u;(s), vi(s); SER, j=1, -+, n} satisfying the
Weyl relations (WR) :

ui(s)va(t)=e***va(t) us(s),
Lui(s), ur(t)]=[vi(s), ve(£)]=0 (1.3)
for s, t€R and j, k=1, -+, n.
The WR is the integrated form of the CCR, that is, we formally get the WR from
the CCR for the formal series u;(s)=exp(isp,) and v;(s)=exp(isq;). And then

we consider a (strongly continuous) unitary representation of the WR instead of
a *-representation of Wh.

It is a well-known fact due to von Neumann that any irreducible unitary
representation of the WR is unitarily equivalent to the Schrédinger representa-
tion os in L% R"), which is defined by
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(osCui (N1, ==+, 2n)=f (o1, ==+, 25+ s, -+, xn) and
(os(ui(sNA)a, ==+, 2xn) =™ f (21, =+, xn) (1.4)

for f€L¥R") and j=1, -+, n.
For a given unitary representation of the WR, we can easily get a *-
representation of the Weyl algebra W, as its differential. In fact, as for the

Schrédinger representation of the WR, we obtain the following *-
representation 7s of W, which is also called the Schrédinger representation :

D =D (7s(p1))=D(7s(qs)) = S(R™)
(7B, -, 20) = =i, -+, 20),

(ws(g) ) (x1, =, x2) =231 (21, ==+, %),
for fE€D.

(1.5)

From the viewpoint of representation theory of Lie groups and their Lie
algebras, we can restate that a unitary representation of the WR gives that of the
Heisenberg group, and the associated Lie algebra representation gives a *-
representation of the Weyl algebra. But the converse does not hold in general,
that is, for a *-representation 7 of Wj, even if 7(p;) and 7(g;) are essentially
(ess.) self-adjoint, the unitary operators {exp isz(p;), exp isn(g;)} do not
necessarily satisfy the WR.

In this paper we shall say that a *-representation of %, is quasi-exponentiable
if the generators p; and ¢g; (=1, --, ) are represented as ess. self-adjoint
operators. And a quasi-exponentiable *-representation 7 of W, is said to be
exponentiable if {exp s 7(p;), exp is 7(g;)} satisfy the WR (cf. [S4] §10.5). We
also use the same notions for *-representations of the polynominal algebras /»
=P(x1, -, xn) generated by the self-adjoint elements {x;}. In this case, a
* -representation 7 of /s is said to be exponentiable if the self-adjoint operators
{n(x,)} are strongly commuting with each other. The first example of quasi-
exponentiable but non-exponentiable *-representations of the polynomial
algebras was got by Nelson [N]. In other words, he constructed the two ess.
self-adjoint operators A and B in a Hilbert space such that they have a common
invariant domain & and satisfy [A, B]=0 on D, but they do not strongly
commute, that is, [e®?, e?®]=0 for some s#0 and 0. Stimulated by the
Nelson’s example, some authers could get quasi-exponentiable but non-
exponentiable *-representations of #i (c.f. [F1], [RS]). It is notable that
non-exponentiability of the *-representations of %1 and ./, cited in [RS] pp.
273-275 easily follows from the geometry of the Riemann surface associated with
Jz. After the Nelson’s work, many authors have studied *-representations of
the Weyl algebras and the polynomial algebras and constructed many examples



558 HIDEKI KUROSE AND HIROSHI NAKAZATO

of non-exponentiable ones (e.g. [F1], [J], [IM], [P1-2], [Pou], [Pul, [S1-4],
[W]). But these examples, except some of those, are of #; or ..

In the recent papers [R] and [A1], Reeh and Arai found quasi-exponentiable
but non-exponentiable *-representations of the Weyl Algebra #; by considering
quantum systems on the plane R” with perpendicular magnetic fields concen-
trated at finite points @i, ---, anE R?. The Reeh-Arai’s *-representations of %>
are natural in the sense that they come from the quantum systems as above and
non-exponentiability of those corresponds to the Aharonov-Bohm effect (c.f.
[a1], [A2], [R])

It is suggested by Reeh [R] that his *-representations of #2 might be related
with the Nelson’s observation. The first purpose of this paper is to clarify this
point. In §2.2, following the spirit of Nelson, we construct a class of quasi-
exponentiable *-representations of #2 by considering the universal covering
space and the fundamental group of the non-simply connected space ;

2=R*\{a, -, ax}. (1.6)

Then, we show in Theorem 3.2 that they are related by unitary equivalence with
the *-representations given by Reeh and Arai. And the second purpose of this
paper is to classify the Reeh-Arai’s *-representations of #2 up to unitary
equivalence (c.f. Corollaries 3.3 and 3.7).

Each *-representation 7 of Wz given in §2 is quasi-exponentiable and it is
exponentiable if and only if 7(p1) and 7(p,) are strongly commuting (c.f.
Theorem 2.2 and Theorem 2.4). In this paper, by restricting &, we often consider
7 as a *-representation of the polynomial subalgebra =/ (p1, p2) of W
generated by p1, 2, and /. The restriction has its own interest. The third
purpose of this paper is to show fundamental properties of the % -representations
of W> and /% given in §2. In §3.2 we show that every *-representation 7 of #>
in §2 is irreducible and, more strongly, that the associated * -representation of
Po=R(p1, p2) is irreducible if 7 is not exponentiable (c.f. Theorem 3.8 and 3.
9). In §3.3 we consider extending * -representations of #z and .= (p, p2) in
§2 by taking larger domains in the same Hilbert space or in a larger Hilbert
space. In particular, we show that any extension of a non-exponentiable
* -representation of #2 or /% in §2 is also non-exponentiable (c.f. Theorem 3.
11).

Schmiidgen [S4] introduced the defect number for two self-adjoint operators to
measure the distance to the strong commutativity. The last purpose of this paper
is to calculate the Schmiidegen’s defect number for 7(p1) and 7(pz), where 7 is
a *-tepresentation of #2 in §2. As a result, we show in Theorem 4.1 that the
defect number is equal to the number of essentially singular points a@; (c.f.
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Definition 3.6). In our case the defect number is considered as a distance of 7
to the exponentiability.

§2. Construction of Non-exponentiable *-Representations

In this section we state examples of quasi-exponentiable *-representations
of the Weyl algebra #> which are generally non-exponentiable. After reviewing
the recent Reeh-Arai’s examples, in subsection 2.2 we construct examples by a
different method, that is, by generalizing the way to construct the Nelson’s
example mentioned in §1.

2.1. Reeh-Arai’s *-Representations
Let A: and A» be real valued C-functions on £ (c.f. (1.6)) such that

DxAZZDyAl, (21)

where Dx and Dy denote ?{jc— and 793; respectively. Then, in this paper, the pair

A=(A, A2) is called a vector potential on £ with singular points a; (j=1, ---,
N). For a vector potential A=(A,, As), we define the four operators P; and @,
(=1, 2) in L*(R)=L*(R? as follows ;

Plz_li*A1, P2:_iDy—AZ,
=x, =y, (2.2)
D(P)=D(Q;)=Cr(R) (=1, 2),

where O () means the domain of the associated operator, C5'(£2) is the subspace
of all C-valued C*-functions on £ with compact supports in 2, and A1, A, %,
and y in the definition (2.2) denote the multiplication operators by themselves.
It is easily seen that P; and Q; (=1, 2) are symmetric operators with the
invariant domain C§(2) and satisfy the CCR ;

(95, Qu)=—1i0:l (G, k=1, 2),
[Pl, PZ]:[QI, Qz]=0.

Among these relations, only the relation [P, P:]=0 is due to the condition (2.1)
for A. Thus, by setting

(2.3)

74(p;)=P; and 74(g;)=Q; (j=1, 2) (2.4)

we obtain a *-representation 74 of #2. We often use the same notation 74 for

the *-representation of /2, given by restriction of 74 to the polynomial subalge-
bra .7322.70(1')1, ﬁz) of Wo.

It is easily shown that @, (=1, 2) are ess. self-adjoint and exp(is @;) (j=
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1, 2) are the multiplication operators by ¢** and e*”, respectively. As for P,
the following lemma is proved in [A1].

Lemma 2.1. ([Al], Theorem 2.1) The operators P; (j=1, 2) are ess.
self-adjoint and satisfy

(e*Pf)(x, y)=exp<—i/OSA1(x+X’, y)dx’>f(x+s, y)
(e*Pf)(x, y)=exp<—ifosAz(x, y+y’)a’y’>f(x, y+s)
for fELXRQ) and a.e. (x, y)ELQ.

Thus the *-representation 74 is quasi-exponentiable.

For a vector potential A=(A,, Az) with singular points @i, ***, @~ and
sufficiently small €>0 (e.g. 0< e<m*ir_1|al-—aj|), set
t¥FJ

yi(t)=(aj+e cos 27t, ajz+esin2xt) (0<¢<1), (2.5)
where
a;=(a, a») (j=1,2, =, N). (2.6)

And further set
e=f A(r)-dr (=1, N), @7
4

where 7§ denotes not only the function 7§ ; [0, 1] but also the anticlockwise
oriented continuous loop in 2 given by the range of the function. Note that,
by the condition (2.1) and the Green’s theorem, we have

]{ A(r)-dr=c; (G=1, 2,-, N) (2.8)

for any other loop 7; in 2 which is sufficiently smooth (e.g. piecewise C'-class)
and homotopic (base point free) to 7§ in 2. Arai [Al] showed

Theorem 2.2. ([A1], Theorem 4.2) For a vector potential A=(A:, Az) on
£2, the following conditions are equivalent.

(i) The *-representation 7w, of W» are exponentiable.
P

(i) The self-adjoint operators m4(p;)=P; (j=1, 2) are strongly commuting,
or equivalently, the * -representation 7 4 of .= (p1, p2) are exponentia-
ble.

@ c;e22Z (=1, -+, N).
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Remark 2.3. Some of the quasi-exponentiable *-representations of %2 in
this subsection naturally appear in quantum systems on the plane with perpen-
dicular magnetic fields concentrated at @i, -**, ay. Then, non-exponentiability
of those is due to that the magnetic fields are not locally quantized, and it
corresponds to the Aharonov-Bohm effect. The readers can be reffered to [A1]
and [A2] for the details.

2.2. Construction of *-Representations of Nelson’s Type

In this subsection we begin by briefly introducing the Nelson’s example
mentioned in the introduction.

Let R be the Riemann surface associated with vz, equip it with the local
coordinate (%, y) and the (local) Lebesgue measure ¢ and set

Pi=—1iDx, Po=—1D,,
QlZX, szy, (2.9)
D =D (P;)=2D(Q;)=Cr(R\(0, 0)).

Then the operators P; and Q; (=1, 2) clearly satisfy the CCR. Furthermore,
it easily follows that P; and &); are ess. self-adjoint operators in L*(®», &) with
the common invariant domain & and that P, and P; generate translation
groups on the sheet of ®2 along the x- and y-axis, respectively, so that

lexp is Pi, exp it P, ]=+0 (2.10)
for some s#+0 and ##0. Thus, by setting
n(p;)=P; and 7(g,)=Q;  (j=1, 2) (2.11)

we get a non-exponentiable * -representation of #2 and L= (p1, p2) in L*(R>,
#). The *-representation of /2 is due to Nelson.

Here we note that the *-representation 7 is a direct sum of *-subrepre-
sentations m+. In fact, by setting

+={fEL R, p); f(r1)==%f(rz) for almost all
pairs of distinct points 11 and rz in £ with the
same coordinate},

;thz) ﬂ%i,
and by denoting 7+ the restriction of 7 to the domain £+, we get

LA Rs, )=H. . PH_, D=D.DD_, and
T=mnPr_.

Non-exponentiability of 7 is only due to that of 7.
In this subsection, we generalize the way to construct the * -representation
7- of W by following the Nelson’s spirit. As in the subsection 2.1, for finite
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fixed points a@;=(a,1, a;z) =1, -, N) in R? we set 2=R*\{a,, -, an}. To
describe the universal covering space @2 and the fundamental group m(£2) of 2,
we will fix some notations, which are used throughout this paper.

The simple symbols 7, v, '+ are used for general (oriented) continuous
paths in 2 which are the ranges of continuous mappings of [0, 1] into 2. The
product y°v and the inverse y ' are defined as usual. And [7], [v], -- denote

the homotopy equivalence classes (end points fixed) of the paths 7, v, **-. For

an arbitrarily fixed point 7o in £, the symbols 7", v", .-+ denote continuous

paths in £ with the initial point ro and the final point r&2. In particular,

continuous loops starting from ro are denoted by 7°, v°, -:. Then the universal
covering space 2 and the fundamental group m(£2) are given by

2={[r"1; reg, y g}, (2.12)

m(Q)={["]; »’<@}, (2.13)

where the product and the inverse in m(£2) are induced by those for continuous
paths and Qis equipped with the local coordinate (x, ¥) and the local Lebesgue
measure g coming from those of 2. Denote by 75 (=1, -, N) a continuous
loop which is homotopic (base point free) to the continuous loop 75 for
sufficiently small €>0 (c.f. (2.5)), then m(L2) is the free group with the
N-generators [7?] (=1, -, N). We fix the loops 77 and use those throughout
this paper.

Let ¢ be any one-dimensional representation of m(8), that is, group
homomorphism of m(2) into S'={z€ C ; |z|=1}. In what follows, we define
a quasi-exponentiable *-representation of %2 induced by o.

A function f on the universal convering space Q is said to be g-invariant
if f satisfies

flr" o7’ 1=l 7°1f17" ] for all ° and 7. (2.14)

Note that, for g-invariant functions f and ¢ on 2, the value f[7" Jgl7" | at each
[7"] depends only on r=(x, y). Here we set

L4, @)Z{f:f is a @-invariant and g-measurable function on 2
such that ﬂf[y’]lzdu(r)< +oo}, (2.15)

(f, g)=]9.f[7’]g[7’]du(r) for £, g€LX 2, ),

(2, o)={f€C~(Q); fis g-invariant and
o(supp f) is compact in 2}, (2.16)
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where £ is the Lebesgue measure on R? and o : O—— 0 denotes the projec-
tion with p[y” ]=~r. Then, L2, ¢) is a Hilbert space with the inner product
(, )and C(LQ, @) is a dense subspace of L*(2, ¢). Set

Pi=—1Dx, Po=—1D,,
Q=x, &=y, (2.17)
D=D(P)=D(Q)=C(L2, ) (=1, 2).

Then, we easily observe that P; and @; (=1, 2) are symmetric operators with
the common invariant domain O satisfying the CCR, so that we have a
*-representation 7, of %z by

7o(p)=P; and 7o(q;)= Qs (=1, 2). (2.18)

Remark that, if ¢ is trivial, L2(2, @) (resp. C&(2, ¢)) is identified with L2(Q)
(resp. C(R2)), and then 7 is equivalent to the restriction of the Schrodinger
representation to C&(£2). As for general @, we also remark that L%(2, ¢) and
C&(Q, ) are non-trivial. In fact, for any SE8Q and [7° ]€ 2, take connected
open neighborhoods U and U of s and [7® ], respectively, such that the
projection o maps U onto U homeomorphically. Then, for #E CF(Q) with
supp ~#C U, we get a function € C&(2, ¢) with f[y" 1=h(r) for [y" 1€ U by
setting
vr (el h(r) if [y"o7°]E U for some 7°
fly ]*{ 0 .
otherwise.

Theorem 2.4. Let ¢ be a one-dimensional representation of the funda-
mental group m(RQ) of Q and 7, the * -representation of W: defined by (2.18),
then

(1) = is quasi-exponentiable, that is, we(p;)=PF; and n.(q;)=@Q; are ess.
self-adjoint operators in L*(2, ¢) and

(2) the following conditions are equivalent :
(i) The * -representation m, of W2 is exponentiable.
(i) The *-representation m, of FP2=J(p1, p2) is exponentiable, that is,
mzpﬂzﬁ and mpipz) =P, are strongly commuting.
(i) o is trivial.

Remark 2.5. In the next section, we will show that 7, is unitarily equiva-
lent to 74 defined in §2.1 under a correspondence between ¢ and A. By the
unitary equivalence, the above theorem follows from Lemma 2.1 and Theorem
2.2 for m4. But Theorem 2.4 has its own interest. Here we give the proof
without using the unitary equivalence.
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Proof. The first assertion follows from the same discussion as in [RS]
Example 1 (p. 273). We note that the self—adjoint operators 7(p))=P; (j=1,2)
generate the 1-parameter unitary groups on L% 2, ¢) of the translations on the
sheet of 2 along the x-axis (for j=1) and y-axis (for 7=2), while 7(g;) =
(j=1, 2) generate those of the multiplications by ¢”* (for j=1) and ¢*” (for j
=2).

We will show the second part of the theorem. The equivalence of (i) and

" (ii) easily follows from the above statement. To show the equivalence of (i) and
(i), we use the following graphic notations :

r '—s) r r
Jeoym o ToyT ] Jtoy” etc
S S

For example, the first notation denotes the continuous path ;

-

Ve
ro~>r=(x, y) = (x+s, y) —=(x+s, y+1).

Under these notations, we have, for fFELX2, ¢) and s, tER,
(e"SF‘e”Ef)[V']Zf[_SINV’]
=ALC ey el Y o )]
=lly Yooy U]
=o[(y" )"‘°i;t° " le®Pe P Ay ]

for almost all [y" ]€ 2,
and
(ezleﬁeit?ze—isﬁe—ztﬁf_f)[yr]
=(el(y")! F y 1=y (2.19)

for almost all [y ]

isP, P,

Thus the triviality of ¢ implies that e*"' and e“"* are commuting.
To show the converse implication, for each j=1, .-, N, we take a path 7",

s, tER, and € CF(2, ») such that the loop (7") <[ Jtoy" is homotopic to
N

the generator 7} of m(f2) and that /7" ]#0. Then, if we assume the condition
(i), by using (2.19), we have ¢[7}]=1. Thus ¢ is trivial. OJ
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Remark 2.6. When the space 2 is given by 2=R*\{a:} and the one-
dimensional representation @ of m(Q) is given by e[ 7Y]=—1 for the single
generator [7]] of m(£2), the *-representation 7, of W2 coinsides with 7_ stated
in introducing the Nelson’s example.

Schmiidgen ([S4], Example 9.4.7) defined a class of *-representation of J/;
depending on the parameter ¢ in S’, which include 7— (for the case ¢=—1).
Those are essentially same as our 7, of 2, where 2=R*\{a:} and ¢[/]=c.

§3. Unitary Equivalence and Other Properties of the *-Representations

3.1. Unitary Equivalence

In §2, for previously fixed N points ai, -, av in R’ we discussed the two
classes of quasi-exponentiable *-representations of the Weyl algebra #2, which
are constructed by quite different ways. A *-representation 7,4 in the first class
is based on a vector potential A on £ and 7, in the second class on a
one-dimensional representation ¢ of the fundamental group m(£2). In this
subsection we will first show that the two *-representations 74 and 7, are
unitarily equivalent under a correspondence between A and o.

For a vector potential A on £ and a sufficiently smooth (e.g. piecewise
C'-class) path 7 in 2, we set

@A(y)=/7A(r)-dr. G.1)

Note that we can take a sufficiently smooth path in each homotopy equivalence
class (end points fixed) of continuous paths in 2 and that the real value @ 4(7)
only depends on the homotopy class of 7 by the Green’s Theorem. Thus we get
a S'-valued function ¢4 on the set of all homotopy equivalence classes (end
points fixed) of continuous paths in £2 by

palr]=exp(—i@ 4(7)). (3.2)

Concerning the product y°v and the inverse 7' for continuous paths 7 and v,
we easily have

palrvevi=ealrlealv] and eauly =047 (3:3)

In what follows, we use the same notation ¢4 for the restrictions @ 4|r.9) and
P4la (cf. (2.12) and (2.13)).

Lemma 3.1. For any vector potential A on £, the function ¢4 gives a
one-dimensional representation of m(RQ). Conversely, every one-dimensional
representation ¢ of m(82) is given by such a way for some vector potential A
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on .

Proof. For a vector potential 4 on £, it follows from (3.3) that the
function ¢4 gives a one-dimensional representation of m(Q).

For a one-dimensional representation ¢ of m(2) and the generators 7y (G
=1, -+, N) of m(R) defined in §2.2, take real numbers c¢; (=1, ---, N) satisfying

el7l]=e"", (3.4)
and set
_ G Y—ap _$a x—an
Ailr)= EorTr=af and Az(r)—g:1 o Tr=al (3.5)
for r€8. Then, for the vector potential A=(A;, A:), we have
0, ()= f A(r)-dr=c; and (3.6)
7
el R=eslr3l=e* for j=1, -+, N (3.7)

(c.f. [A1], [A2]). Thus ¢ agrees with the representation ¢4 of m(£2) induced
by the vector potential A. [

Theorem 3.2. Let A be a vector potential on 2 and set o=¢,. Then
the * -representations w4 and T, of the Weyl algebra W are unitarily equiva-
lent, that is, there exists a unitary operator V : L*(Q)—L*(Q2, ¢) such that

VCH(2)=C(2, ¢)  and
Vr4(a) V*=rn.(a) for aSW-.

Proof. We first remark that the S'-valued function ¢4 on §~is in
C=-class. For f€L* ), we can define a measurable function V/ on £ by
(VAL 1=o4ly" 1£(r) for [y 1€ Q. (3.8)

Then we have, for any loop 7° starting from ro,

(VALY o7 1= @alyr™ o 7°1/(r)
=oal7" oAl 7’1/ (r)
=o' I(VALr"],

so that the function Vf on Qs p-invariant. Furthermore we have

SOl Pdutr)= [ |£(r)fdu(r)< +oo.

Thus the function V¥ is in L¥(2, ¢) and we can define an isometry
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V:L(Q)Sf— VIELX2, ).

We can easily observe that V~i3 a unitary operator. Remark that the discussion
also implies VC§(Q)=Cg(L2, ¢). Further we have, for f€ C5(Q),

(me(p0) VOLY™ 1= —i(Dxp ) y" 1f(r)— i@ 4L 7" (DS )(1)
=—Ai(r) o7 1/(r)—io sy 1(Dxf)(r)
(Va4 NLy" ]

and

(me(@) VALY 1=x0l 7" 1/(r)
=7 (m4(q)/)(r)
=(Vr 4(q) 7" ]

for r=(x, y)EQ and [y"]€ 2.

The same equalities also hold for p» and ¢2. Since p;, ¢; (j=1, 2) are the
generators of #>2, we obtain the equality

Vr 4(a) V*=rna) for aEWs. (3.9)
O

Corollary 3.3. (1) Let A and A’ be vector potentials on 2. Then the
* -representations 7w 4 and 7 4 of the Weyl algebra W> are unitarily equivalent
if and only if e4=04-
(2) Let ¢ and ¢ be one-dimensional representations of m(82). Then the
* -representations T, and Ty of W2 are unitarily equivalent if and only if ¢
:¢,.

Proof. (1) Assume that ¢ 4= @, then, by Theorem 3.2, we have

Ty~ =Ty, ~T g

where the notation ~ denotes the unitary equivalence relation.
Conversely, assume that 74 and 74 are unitarily equivalent and denote by
W the unitary operator on L*(2)=L*(R?) such that

W o(p:) W*= 1 4(p;), Wr 4(q;) W*=1r 4{q;)

for j=1, 2. Since 74 and 74 are quasi-exponentiable, we have

W exp(ism 4(p,)) W*=exp(is 7 4(5,)), (3.10)
W exp(ism4(q;)) W*=exp(is 7 4(q,)), (3.11)

for j=1, 2 and s€R. Remark that exp(is74(g;))=exp(is7,(g;))(j=1, 2) are
the multiplication operators of ¢** (for j=1) and e¢*” (for j=2) and that those
generate the maximal abelian von Neumann algebra of all multiplication
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operators of functions in L”(R?). The equality (3.11) implies that the unitary
operator W is a multiplication of a function wE L*(R?). For s, tER, define
a function @, (resp. ¢5,:) in L*(R?) by

ps.e(x, V)=04l7(x, ¥5 s, 1)] (3.12)
(resp. @5.e(x, V)=0al7(x, ¥; s, D)),
where 7(x, v; s, t) denotes the rectangular loop ;
(x, v)——(x+s, y) —(x+s, y+1) —(x, y+t)—(x, ).  (3.13)
Then, by using (3.10), (3.12), and Lemma 2.1 we have

z'serr(pl)e itnA:(ﬁz)e - isnA‘(pl)e — it 7 4 (p2)

Psc=e
= We™a p;ieitnA(ﬁz)e—zsnA(Pn)e—iter(pz) wW*

= WPs,t W = Ps, (3.14)

for all s, tER. For each singular point a;, take (x, )2 and s, ¢ >0 such that
the only singular point @; is surrounded by the rectangular loop 7(x, ¥; s, ¢)
in 2, then we have

o4 V3]1=0s,:(x, ¥)=05.e(x, ¥)=04[73].

Hence we get ¢4 = ¢4 (as one-dimensional representations of m(£2)).

(2) For ¢ and ¢, take vector potentials A and A" on £2 such that p=¢4 and
9=, (c.f. Lemma 3.1). Then the assertion (2) follows from Theorem 3.2 and
(1) of this corollary. UJ

Corollary 34. (1) Let A=(A,, Az) be a vector potential on Q satisfying
o4l 7¥]=1. Then we can take a vector potential A’=(Ai, As) on 2'=R*\{a,,
o, an-1} such that T4~7 4lcs0)-
(2) Let 2 and 2 be as in (1), and ¢ and ¢’ be one-dimensional representa-
tions of m(R2) and m(Q'), respectively, satisfying ¢ly%]=1 and ¢ = |z, (o).
Then there exists a subspace M of CF(Q’, ¢') such that M is dense in LA 2",
@) and me~7y 4.

Proof. (1) We set

e=04()=f AW dr  G=1,-, N-1),

, __N_l Cj M ’ _N_l Ci _t_aj—l
Ai(r)= ng 2r \r—a;”’ AZ(r)_ng 2r [r—a,”
(r=(x, y)€Q),

A'=(Ai, As), and A"=A'lo.

Then A" and A” are vector potentials on £2” and £2, respectively. It follows from
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the definition of 74 and 74~ that nAf’ZnA'[c;(Q). On the other hand, since the
equalities

ealril=e =4[] (=1, -, N—1) and
palril=1=04[ 73]

hold, the assertion (1) of Corollary 3.3 implies 74 ~ 74~ Combining these, we
get

Ty~ Tp= 7TA'|C3°(Q)-

(2) For a one-dimensional representation ¢ of m(RQ) with @[ 7¥]=1, we take a
vector potential A with ¢, =¢ by Lemma 3.1. Further take a vector potential
A’ on £ as in the proof of (1), then we have ¢4 =¢" and 74~7 4|cs(0) Thus
we get the assertion (2) by Theorem 3.2. O

Remark 3.5. In Corollary 3.4(1), we denote W the unitary operator
satisfying

Wr 4(a) W* =1 4(a)\ cz(0) aEW .
It follows that 7 4(p;)|cse) and 7 4(gs)l cr(o) are ess. self-adjoint operators and

W exp(is7 4 (p,)) W*=exp(is w 4(p)),
W exp(ism 4(q;)) W*=exp(is 7 4(q,))

for j=1, 2 and sER.

Thus we can say that 74 and 74 in Corollary 3.4 (1) are unitarily equivalent at
the level of unitary operators generated by {7m4(p;), m4(g;)} and {7 4(p,),
7 4(a;)}.

Definition 3.6. For a vector potential A on @, if ¢4[77]=1 for some 7, we
can remove the singular point a; of A in the sence of Corollary 3.4 (1) and
Remark 3.5. Thus we will say that a singular point a; is removable if ¢ 4[7?]=
1 and essentially singular otherwise. We denote the set of essentially singular
points of 4 by Sy.

For a subset S of {ay, -, an}, set 2’ =R*\S. Then {7?; a;= S} is a set of
generators of m(L2’), where 77 (=1, ---, N) are the generators of m(2) defined
in §2.2. Thus we can naturally consider m(£2") as a subgroup of m(£2). For a
vector potential A on £, the restriction @4|x,2) plays an important role as in
the following corollary.

Corollary 3.7. Let A; (resp. Az) be a vector potential on 2 C R? (resp. 2
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C R?) with finite singular points. Then the * -representations 7, and 7 4, of
the Weyl algebra W» are unitarily equivalent at the level of unitaries generated
by {7 a(0), m4(a)} and (x4 (0,), 7a(a;)} if and only if the following

conditions are satisfied :

(i) S4=S4 (=9)

(i) @alnrns)=PalnEns)

Proof. Assume that the conditions (i) and (ii) are satisfied. It follows from
Corollary 3.4 and Remark 3.5 that, for £=1, 2, there exists a vector potential A7
on R?*\S such that 74, and 7 4, are unitarily equivalent at the level of unitaries
and ¢A;:¢Ak|m(32\5). Since @4, =@y, T4; and 74, are unitarily equivalent (c.f.
Corollary 3.3), and, hence, 74, and 74, are unitarily equivalent at the level of
unitaries.

Conversely, assume that there exists a unitary operator W on L*(R?) =
L*(2)~L*(£) such that

W exp(is 7w 4,(p;)) W*=exp(is 7 1,(p5)),
W exp(is 7 4,(q;)) W*=exp(is 7 4,(45)),
for j=1, 2 and s€R. And set, for k=1, 2,

o (x, y)zexp(—z'f Ax(r)-dr).
7%, v; s, 8)
Then, by the same calculation as (3.14), we have ¢§:= ¢, for all s, ER. Here
we remark that, for each £=1, 2, the family of functions {¢{}} determines the
positions of ess. singular points for A, and the restriction @4, to m(Rz\SAh).
This fact and the above equalities lead us to the assertions (i) and (ii). 0]

3.2, Irreducibility

To consider irreducibility of the *-representations of #> or /% given in §2,
we first discuss their commutants.

For a *-representation (7, £) of a *-algebra & in a Hilbert space # (c.
f. (1.2)), we often use the two commutants of 7(/) as follows :

n(ﬂ);={T€j3(}’é’), gﬁifg’; na)T= T’T(“)} (3.15)
, (Tr(a)é, n)=(T¢, n(a*)n)
(A )= {TEZ}(]@), for all &, 7€ D and all aeﬂ} (3.16)

where B(¥#) denotes the algebra of all bounded linear operators on . Those
are respectively called strong commutant and weak commutant of 7(#) and
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satisfy
1(A)sC (A ). (3.17)

For the case that 7 is a *-representation of & =%, given in §2, since 7(p;,)
and 7(g;) are ess. self-adjoint, we can define another commutant Cz by

Cr={exp(isn(p,)), exp(isn(q;)) ; sER, j=1, 2}". (3.18)
Then we easily have
CxCx(Wa)u. (3.19)

By the following theorem, for each *-representation 7 of #> given in §2, we
will show the strong irreducibility 7(#2)e=C1 (c.f. (3.17) and (3.19)).

Theorem 3.8. For each * -representation w of W2 constructed in §2, we
have #(Ws)4w=C1.

Proof. By Theorem 3.2, we may set 7= 4 for a vector potential A on £2.
Let T be any operator in 7(#2)4, then T is weakly commuting with 7(g,),
that is,

(Tn(qs)f, 9)=(T¥, n(a;)g) for £, = CF(L) and j=1, 2.
Since 7(g;) is ess. self-adjoint and 7 is bounded, we get
T 7(q;)=7n(q;) T on D(x(q;)) for j=1, 2,
and so,
Tet™@) = gism@) T gor 7=1, 2, and s€ER.

Recall that ™% (j=1, 2) are the multiplication operators by ¢** for j=1 and
e™ for =2, and that they generate the maximal abelian von Neumann algebra
which consists of all multiplication operators by functions in L*(2). Thus
there exists a function <€ L*(2) such that

Tf=of for fEL¥(RQ).

Since 7=¢ weakly commutes with 7(p;) (=1, 2) on D, it also weakly
commutes with —¢Dx and —iDy on 0. Noting that —7Dx and — Dy are ess.
self-adjoint and that —iDx and — 7D, respectively generate the translations
along the x-axis and y-axis, we can conclude that 7 =¢ commutes with those
translations, so that ¢ is a constant almost everywhere. Thus we have T°=A1
for some A€ C. 0

When the representation 7 of #2 given in §2 is not exponentiable, we can get a
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stronger result for its irreducibility.

Theorem 3.9. Assume that a * -representation © of Wa in §2 is not
exponentiable, then the restriction of m to 2= (p, p2) is irreducible, that is,
T (‘732)@2 CI.

Proof. By the same discussion as in Theorem 3.8, we have

7(Po)eC{n(pr), 7(p)foS{n(pr), 7(p2)}s
Clexp(is 7(p1)), exp(is 7(p2) ; SERY,

where {*}¢ (resp. {-}%) denotes the strong (resp. weak) commutant defined by the
same way as (3.15) (resp. (3.16)). We will show that

{exp(is 7(p1)), exp(is7(p2)) ; sER} =CI.

By Theorem 3.2 and Corollary 3.3, we may set 7=m,, where the vector
potential A=(A1, Az) on 2 is of the form (3.5). To show the above equality,
by Remark 3.5, we may assume that each @; is ess. singular, that is, ¢;&E271Z (G
=1, .-, N). Here we set

() _ Ci Y™ Qs N ) =_Ci_ X Gj1 D ( A i)
AP(r) or r=a, A(r) o r—a, AV=(AP, AP).

Then, we have

N

svs,t:exp(—i]( A(r)-dr>=H¢‘sf)t,
y(x, ¥, s t)

J=1

where we put
P8 (x, y)=exp<—i](( )A”’(r)-dr> (=1, -, N)
7x, v, st

(c.f. (3.12) and (3.13)). Remark that
e y):{ei”" or e ® if (x, y) is surrounded by y(a;, aj2; —s, —t)
1 otherwise.

By e*™ =1 (j=1, -, N) and a slightly tedious consideration, we observe that
the family of functions {qos,t}s, rcr on £2 separates sufficiently small neighbor-
hoods of any two points in £, so that, we have

{pse; s, tER) =L2(2)=L"(Q).
Thus we get

{et™), b o se RY ={e*™, " ™% . s R) N{gs.; s, tERY
:{ezsnpx, ezslriJz ; SER},ﬂLw(Q)
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=ClI,

where the first equality is due to the argument for (3.14) and the last equality
follows from the proof of Theorem 3.8. O

3.3. Extensions

For a representation (7, ) of an algebra & in a Hilbert space /6, another
representation (7, &) of & in a possibly larger Hilbert space X is called an
extension of (x, D), if 7 is a closed subspace of & and we have

DDOD, and 7(a)lg=n(a) for aE A, (3.20)

and then we denote 7 Du.

In constructing the *-representations 74 and 7, of the Weyl-algebra #- in
§2, to simplify the discussion we took C&(2) and C5(&2, ¢) as the domains of
w4 and 7, respectively. However we have other possibilities to choose the
domains of them. So it is an interesting problem how large domains of them we
can take in the same Hibert spaces.

Let (#, &) is a *-representation of W, which is an extension of the
* -representation (7, C¥(2, ¢)) in the same Hilbert space, then we can easily
show that (7, &) is non-exponentiable iff (x, D) is non-exponentiable. But,
if (7, &) is an extension in a larger Hilbert space, the exponentiability of ( 7,
D) is not so clear. It is our second problem in this section.

To solve the first problem we will first recall the fundamentals of the
*_representation theory of *-algebras. For a *-representation (r, 0) of a
*-algebra « in a Hilbert space f6, its adjoint representation (*, D*) of A is
defined by

D*= Qﬂo@(ﬁ(d)*) and

7*(a)=n(a*)*|p- for a= A.

(3.21)

Then 7* is an extension of 7 as an algebra representation but, in general, it does
not preserve the involution. For any *-representation 7 extending 7 in /5, we
easily have

TCTCT*Cr* (3.22)

If a *-representation 7 satisfies 7=7x*, 7 is said to be self-adjoint, and then, it
follows from (3.22) that 7 is a maximal *-representation of # in J.
For our purpose, the following proposition is useful.

Proposition ([S4) Corollary 8.1.13) Let § be a Lie algebra with the
basis {x1, -+, xa} and &(G) its enveloping algebra. If (x, D) is a * -repre-
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sentation of &(9) in a Hilbert space 7 such that all n(x;)’s are ess.
self-adjoint, then its adjoint (x*, 0*) is a self-adjoint * -representation.

For a *-representation 7, of #2 or /; in §2.2, by taking its adjoint and
using the Sobolev lemma as in the argument in [S4] Example 9.4.7, we get the
following proposition.

Proposition 3.10. Let ¢ be a one-dimensional representation of the
fundamental group m(Q) of 2.
(1) Ser

~ w5 . XV'DEDSFEIXQ, 9),
= “= .
D {f CH(@, 9); for all a, B, m, nEZ 5|’
7?(171)2 - ZDx, ﬁ(p2)= —iDy
7(q)=x, 7(g2)=y,
then (7%, ﬁ) is a self-adjoint *-representatioz and, hence, the maximu~m
* -representation of W, which extends (7., C3(2, ¢)). In particular, (%, )
is unitarily equivalent to the Schrédinger representation if and only if @ is
trivial .
(2) Set
D ={reC=(Q2, ¢); DDIfELXQ, ¢), for a, BEZ ),
ﬁ(ﬁl): —li, 7?(?2): - iDy,
then (%, fﬁ) is a self-adjoint * -representation and, henc~e, the maximum
* -representation of 2= (p1, p2) which extends (7,, C&(L2, ¢)).

The next theorem gives an answer to the second problem.

Theorem 3.11. If ¢ is a non-trivial representation of m(R), then any
extension (7, D) of (me, C5(82, ¢)) as a * -representation in a possibly larger
Hilbert space X is non-exponentiable.

Proof. We assume that ¢ is nontrivial and (7, D) is an exponentiable
extension of 7=m,. Then, set
Ui(s)=exp(is 7 (p;)) and
Ui(s)=exp(is x(p,))

for sER, j=1, 2. By the assumption, for the self-adjoint operators 7 (¢;) in ¥
and 7(p;) in LA 2, @), we have
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7 () D n(ps), and so,
A+A7(p) 21 +idx(p;))! for all AER.

Since the unitary operators U;(s) and Uj,(s) are described by the resolvents of
7 (p;) and 7(p;), we get

Ui(s)D Uy(s).

Since U and Us do not commute (c.f. Theorem 2.4 (2)), thus U; and U also do
not. This contradiction completes the proof. ]

§4. Defect Numbers of the *-Representations

For two self-adjoint operators A and B in a Hilbert space, Schmiidgen
[S4] studied the non-negative integer given by

dim Range[(A—a)7!, (B—A)71], 4.1

where @ and 3 are complex numbers in the resolvent sets C\o(A) and C\o(B),
respectively. And he showed in [S4] Lemma 9.3.11 that the integer does not
depend on @<= C\o(A) and S C\o(B). The integer is called the defect
number of the couple {A, B} and denoted by d(A, B). Since the self-adjoint
operators A and B strongly commute if and only if [(A—a)™", (B—8)"']=0 for
all @€ C\o(A) and < C\o(B), we may say that the defect number d(A, B)
measures the distance to the strong commutativity.

In §2 we constructed a class of quasi-exponentiable * -representations {7} of
the Weyl algebra #2 and we showed that the *-representation 7 is exponentia-
ble if and only if the self-adjoint operators m and m strongly commutes.
In this section we compute the defect number d(7(p1), 7(p2)) which also
measures the distance to the exponentiability of .

Theorem 4.1. Let m=m, be a * -representation of the Weyl algebra W
induced by a vector potential A on Q in §2.1. Then the defect number
d(n(p), n(p2)) is equal to the number of the essentially singular points of
the vector potential A.

Proof. Let =@, denote the S'-valued function induced by A on the set
of homotopy equivalence classes (end points fixed) of all continuous paths in 2
(c.f. §3.1). We use the same notation ¢ for the one-dimensional representation
of m(£2) which is given by the restriction of ¢ to m(RQ) (c.f. Lemma 3.1). By
using Theorem 3.2, we may identify 7 with the *-representation 7, (c.f. §2.2),
for which we compute the defect number d (n(p), 7(p2)).

To state the proof, we first introduce some notations. Define the two orders
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< and << for two points a=(ai, az2) and b=(b1, b2) in R® by

az< b2
a< b&or 4.2)
az_—‘bz, a1 < b
a<<bs=a:< b and a:< b.. (4.3)
For the singular points a; (=1, -, N), we may assume
a1<a2<---<aN (44)

To express an element of m(9) and 9 we take a base point rE £ such that
r<<a; (j=1, -, N) 4.5)

For each j=0, 1, ---, N, define a simply connected subspace £2; of 2 by

j Py
0=R~\((Ulr=an, y<a)U(\U x=am y2au})). @6
and then, for each point r=(x, y)€Q with x#am (k=1, -, N), take a

continuous path 7} in £; with the initial point ro and the final point r. Note
that the homotopy equivalence class [7}] (end points fixed) does not depend on
the choice of 77.

Since the resolvent (7(p;) +4)7! is given by

(n(p;) +i) 1= —z'/oooe“s exp(is 7(p;))ds, 4.7

for j=1,2, we have

LE[(F({JOJJ;Z')‘I, (n(p2) +4)7']
=—.[ ‘4‘ e " ‘[exp(is n(pr)), exp(it n(p2))]dsdt, (4.8)

hence, for FELX 3, o),
WAL == [ [T e UL twey" 1= ey s
o pmoo (u, v)
=—e"”fx / e (fL_1 oy 1= Yoy Dedudv,

where we set r=(x, y) and r'=(u, v)=(x+s, y+1).

To see the range of the operator L and to calculate the above integral, we
may consider the points r=(x, ¥) and r'=(u, v) such that r<<r, x*a;, u
#a; (=1, -+, N), and the rectangular loop 7(x, ¥; s, ¢) is in 2. For those
points, we will show the equality
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(w, v) —>(u, v)
I oy 1=/ oy"]

Ar<<aXrs>a @l 71=Del(yD) ey 1177],

!
i

where X,<<q, and X, >, denote the characteristic functions of r and r’ with

respect to the sets {r; r<<a,} and {r’; r'>>a,}, respectively. When any
(u, v)
singlar point of A is not surrounded by y(x, v; s, t), we have [ ] 7" ]=

H_)(u' v)°7r] and X,<<aXr>sa=0 (j=1, ==+, N) and hence, the equality holds.

Now we assume the singular points @z, -, @z (1<k<--<k,<N) are sur-
rounded by y(x, v; s, t), then, by taking account of the order of {a;}, we can
take continuous paths v; (=1, ---, /) inside the rectangular 7(x, v;s, ¢) such
that

ViC e, v.(0)=r, v.()=r, (i=1, -, ).

r' = (u,v)

F ks v;

C Ak, C Qg

r=(z,y)

We further set vo=__1 . It follows from the definition of v: (7=0,1, ---,7) that

each loop (v:) o1 is homotopic (base point free) to 7%, and that each path
(vi)e 7} is homotopic (end points fixed) to 75. Thus we have

(, v) —>(u, v)
FL_T or™ 1=/ " ey ]

=2 (virer" 1= flvier™ D)

= 2y (i) o (vimse = flveey” ]
= S pllvier ) ovirer” - Dflvior’]

= S (olv) eyl = Dflviere(r) ey ]

= 2ol 1= Del(r)) o7 1£77]

Il
—
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= 2 k< <atrr»a(#A= Dl ey U]

This completes the proof of equality.

By using this equality, we can calculate the integral as follows:
N
LNy 1=~ Zal(hlr]

for almost all [7" ], where we set

a=o[73]-1,
L= [ [Te Al ludo (r'=(u, v), (49)
Ly 1= < <a, @l () oy ] (r=(x, ¥))

for j=1, -, N. Note that the functions %; (j=1, ---, N) are in LA 2, ¢) and
that those are linearly independent since they have the distinct supports {[r"1;
r<<a;} in Q. Furthermore, each linear functional ; on L@, ) is continu-
ous and, hence, given by L;(f)=(f, g;) for some g;€ L2, ). By the definition
of I, the support of g; is {{7"]; @;<<r} and the family {g;} are also linearly
independent. Taking account of those facts, we can conclude that the dimension
of the range of the operator

L(-)= —ENICYJ'(', g5 b

is equal to the number of {/ ; @;#0}. This completes the proof of the theorem.
O

Remark 4.2. (1) Let 7 be a *-representation of W5 given in §2 and 7 be
any extension of 7 as a *-representation in the same Hilbert space. Since 7(p,)
C #(p,) and 7(p;) is ess. self-adjoint, we have 7(p;) = 7 (p;) for j=1, 2. Hence
the defect number of { #(#1), 7 (p2)} is the same as that for 7.

For a *-representation 7 of #> in §2, in Proposition 3.10 we showed that
there exists the maximum extension 7 of 7 in the same Hilbert space and that
7 is unitary equivalent to the Schrédinger representation zs if only if 7 is
exponentiable. Thus we might say that the defect number d(z(p1), 7(p2))
measures the distance between 7 and 7s.

(2) Schmiidgen has calculated the defect number for his *-representation of J%
(c.f. Remark 2.6 (1) and [S4] pp257-258). His result is a special case of Theorem
4.1.
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