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Growth Order of Eigenfunctions of
Schrodinger Operators with Potentials
Admitting Some Integral
Conditions II —Applications —

By

Masaharu ARAT* and Jun UCHIYAMA**

Abstract

In this paper we give applications of M. Arai and J. Uchiyama [2, Theorems 1.1 and 1.
2], which treat the sharp estimates of the growth orders of the eigenfunctions of the Schrédin-
ger operators with potentials oscillating violently at infinity. We can generalize the results of
G.B. Khosrovshahi, H.A. Levine and L.E. Payne (Trans. Amer. Math. Soc., 253 (1979), 211-
228) and H. Kalf and V.K. Kumar (Trans. Amer. Math. Soc., 275 (1983), 215-229). Also we
generalize the result of S. Agmon (J. Analyse Math., 23 (1970), 1-25).

§0. Introduction

Let us consider a not identically vanishing solution %(x)E H%c(R) of a
second order elliptic equation

©.1) = 3@+ VT ) + (@) + ) x)=0

for x€2:={x|xER", |x|>Ro}, where 0,=0/(0x;), bi(x) and q:i(x) are real-
valued functions, ¢2(x) is a complex-valued function.

In this paper we give applications of Arai-Uchiyama [2, Theorems 1.1 and
1.2]. So we rewrite their assumptions and results for completeness of this paper.
We use the same notation as in Arai-Uchiyama [2].

Assumptions. Let us consider the equation (0.1). We assume that there
exist some real-valued functions ¢:(7)E C°[Ro, ), 6:(7), n:(r)E C[ R, =) (7
=1, 2), r(»)€ C°[ Ry, c©) and some constants a; (=1, 2) satisfying the follow-
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ing conditions (B.1)-(F.2):

(B.1)
(B.2)

(C.1)
(C.2)
(C.3)
(D.1)
(D.2)
(E.1)
(E2)

(E.3)
(E.4)

(E.5)
(E.6)

(E.7)

(E.1)
(F.2)

each b;(x) is a real-valued function ;

for any w(x)E Hioc(2) we have
bi(x)w(x), (8:62(x))w(x)E Lioc(2) ;

¢,(x) is a real-valued function ;
for any w(x)E Hioc(2) we have ¢,(x)|w(x)|*E Lioc(R) ;
for any w(x)E Hic(Q) we have 0-q,(x)|w(x)]?E Lioe(Q2) ;
g,(x) may be a complex-valued function ;
for any w(x)E Hic(Q) we have g,(x)|w(x)PE Lioc(2) ;
0:7) is bounded in [Ro, o) and 0:(») >0 (=1, 2) for any r =Ry ;
7:(7) is bounded in [Ro, ©) and we have for any » >R,
7:(r)<2 (i=1, 2);
¢:(r)>0 (i=1, 2) for any » >Ry ;
lim 77 ¢u(7)o(7) 7 =0 (i=1, 2);

r{ai(r)—as(r)—(5i(r)— ()} is bounded in [Ro, ©);
there exists some constant C1=1 such that for any » =R,

Cilo(n)<t(»)<C;

1}{{} dao(7)20a(7) exp(/hr%ﬂz(—t)dt>=0;

a1>1, a2>0;

lim sup ¢(7o(7) [ 70,1+ 7.(7) 1+ aio(7) | rga— Qi7)|*
=) I BaFI<0 (=1, 2),

where we put

Qi(7)=4"(9:r)—0:(7)),

B(x)=(0;6.(x)— dxb;(x)) is an %X n matrix.

Theorems 1.1 and 1.2 of Arai-Uchiyama [2] are as follows :

Theorem 0.1. Let u(x)E Hbo(Q) satisfy the equation (0.1). Assume that
(B)-(F) hold. If supplu] is not a compact set in 2, then we have
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lim inf Ox(R) [ [1DwuP+{r*+(a)-HaulldS >0,

where

(f)-(x)=max{0, —f(x)}=0 for a real-valued function f(x),

@1(7)=exp(£:6—1(t—)%f—m~(ﬂdt>.

Theorem 0.2. In addition to the assumptions of Theorem 0.1, assume
that

G) there exist some real-valued bounded function Qo(x)E C(2), some
positive and non-decreasing function p(v)E C'[Ro, ) and some constant 0<
d1<1 satisfying the following (G.1)-(G.3):

(G.1) for any w(x)ECF(RQ) we have

[ @)+ Relaal =7 6,Q0) (M ()
< [ Al w4 p(r)lawe) P
(G.2) lirﬁinf p(P)p(r+1)71>0:

(G.3) p'(r)*p(r)2 is bounded in [Ro, o°).

Then we have

(1) lirRLnf p(R)0:\(R) lue(x)Pdx>0;

R<|x|<R+1

(2)  moreover if /I;:op(R)"l@l(R)_ldR=OO then u(x)& L¥ ().

The aims of this paper are the following :

(1) to give a generalization of the results of Khosrovshahi-Levine-Payne
[7] and Kalf-Kummar [5] (Theorem 1.1);

(2) to give a generalization of the result of Agmon [1] (Theorem 1.4);

(3) to check that our results cover all the ones given by Uchiyama-Yamada
[9] (Application 1.6).

We will apply our Theorem 0.2 to von Neumann-Wigner [8] example in
other article.
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§1. Applications of Theorems 0.1 and 0.2

Theorem 1.1. Let b;(x)=CYQ) (j=1, ---, n), Vlgc)E CHRQ) and Vi(r)
€ C[Ro, ) be real-valued functions, and Vi(x)E C*(Q2) be a complex-valued
function. Let u(x)E Hp(Q2) N L¥(RQ) satisfy

(1.1) — Z(é’j-i- V=16;(x)u(x) +{ Vi(x)+ Valx)+ Va(7)}u(x) = Au(x)

for x€Q:={x||x| > Ro}. Let
Q(r)z./;:t%(t)dt.

We assume :
(1) Vi(x) is bounded on 2,
(2) lim sup Vi(x)=0,

(3) 0<lim sup 79, Vi(x)=L< o,
(4) lim sup{|r Va(x)*+[B(x)x [} = K*< 0,

(5) 1inrlﬂswup Q(r)—lirginf Qr)=M<1,

6) A>N=p Ko+ L+ VEXK +2 L)+ L),

Then we have u(x)=0 on 2. (The condition L=0 in (3) is automatically
satisfied by the condition (1).)

Remark 1.2. Noting the results given in Arai-Uchiyama [2, §8], we can
treat the case V3= Vs(x). In this case we can replace (4) and (5) with the
following (4) and (5) respectively.

(@ lim sup(l7 Va(x)*+17 Q) |8, Q)+ | B(x)al?) = K* < oo,
where

QU= [ t(tz)at (2 =x/x]),

(Y lirrrlﬁsup Q(x)-—lirpﬁinf Rx)=M<1.

Remark 1.3. We state several results obtained before from which we have
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the conclusion that A (>A) is not an eigenvalue. (/1 defined above will be
denoted as /av.) Kato [6] considered the case Vi(x)= Va(#»)=0b;(x)=0 and
gave

AK=K2.
Agmon [1] considered the case Vs(7)=5b,(x)=0, K=0 and gave

AA:%.

Eastham-Kalf [3, p. 187] considered the case V3(7)=0 and gave
A= B+ L+ RAR*+2L)),

where K =linr1ﬂswup{7’| Va(x)|+|B(x)x|} (= K). Khosrovshahi-Levine-Payne [7]

considered the case b;(x)=0 and gave under the condition M <47

_ K+VEK*+2L(01—2M) 2 2K*+ L(1—4M)
AK“’“max{[ 2(1—2M) ] 2(1—4M)? }

Kalf-Kumar [5] treated the case Va= Vi(x) and Iriln{lVQ(x)lz—|3rQ(x)|2}=0,

and gave under the condition M <27!

[R+/R*+2L(1—2M) 2
A‘“‘_[ 20—2M) } :

(We remark that we correct the error in the representation of Axir given in
Khosrovshahi-Levine-Payne [7] and Kalf-Kumar [5].) It is obvious that Axk
= /Azx under the assumption of Eastham-Kalf [3] and that /g, ke, Axx and
Aau reduce to Ax or /a under the Kato’s or Agmon’s assumptions, respectively.
After careful consideration, noting Remark 1.2, we can see Axip=/lxk=Aav.

Theorem 1.4 (Generalization of Agmon’s Theorem.) Let u(x)E
leoc(.Q) satisfy

(12) NG+ V=100 ) )+ Vi) + Vi) + V()

=Au(x) in 2
and u(x)#0 in Q:={x||x|>Ro}. Assume

(AG.1)
A is a real constant,
A—=Vi(x)ECYQ) is a positive function possessing a continuous radial
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derivative,

Va(x)EC(Q2) is a complex-valued function,
Va(r)E C'[Ro, ) is a real-valued function.
each b(x)ECY(Q) is a real-valued function,

(AG.2) There exist a number a>0, continuous non-negative functions &(r),
&(r) and 1(r) defined on r=Ro, and a real-valued function Q(r)E
C'[Ro, ), satisfying

(M) [Tatdr<e  (i=12),
(i) lim sup 7{&(7)+ &(7)}< 2a,

2(1—a)
r

(i) —aTI/l(x)Jr( +§1(r)>(/1— Vi(x))=0 for 7> R,

) | Va(x0)|<&(r)(A— Vilx)"? for r =Ry,
) Q(r)=rVar) for r=R,,
) [QUNI<ru(r){&(r)+&(»)} for » =Ry,
bi)  [Bx)x<ru(r){6(r)+ &(r)HA— Vi(x)) for » >R,
bid - 1im () =0.
Then we have

(1.3) lim inf R~ ﬁ (A— Vi(x)|u(x)Pdx > 0.

<|x|<R

Remark 1.5. Agmon[1] showed the above result for ;(x)=0 and V3(7)
=0 (, which means Q(»)=0), under the above conditions (i), (i) and the
following more restricted conditions than ours

(i) Iirrr1ﬂsmup r{a(r)+&(r)}<a,
(v max| Va(x)|< &(r)min(2— Vi(x))"” for 7 = Ro.

(v)-4i) did not relate to his problem.
In the similar fashion as Remark 1.2, we can treat the case Vz= Vis(x). In
this case we can replace (v) and (i) with the following (v)" and i’

vy 0:Q(x)=7Vs(x) for >R,

by |7 Q(x)IP—|0:Q(x)P+|B(x)x[?
<ru(r{&(r)+ &(r)}(A— Vi(x)) for r = Ro.
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Application 1.6. Here we refer to the results of Uchiyama-Yamada [9].
Though they treated more general second-order elliptic equations and we can
show that our theory in [2, §8] recovers their results completely, we restrict
ourselves to the case of the equation (0, 1) for simplicity. In this case their
assumptions become as follows.

(UY.1)
(UY.2)

our Assumptions (B)-(D) are assumed.

there exist some real constants 0<a<p, 7.€R, d.>1, @2.>0,

b:>1, 0< d1<1, OER, 5:<p-2, C:>0 (=1, 2) and some real-valued
functions o(7)€ CH(RQ), 7(r)e C*(2) such that the following (UY.3)-(UY.13)

hold ;
(UY.3)
(UY.4)

(UY.5)
(UY.6)
(UY.7)

(UY.8)

uY.9)

o(7) is bounded and o(7)>0 for any xE Q2 ;

7(7) is bounded in 2 and 71+1inrlﬂsmup 7(r)<2;
(2—28<)2—2a< 7z+1i1}1inf 7(r)< 72+lirrrlﬁswup 7(7)<2;
lim rf=%(r)=o00;

1}52 1 #0(7)'6’(#)=0 and 1}5{.} ' Po(r) 9’ (r)=0;

linrlﬂsup rE2e(r) o+ (7 i+ 7(r)q

+ @ :0(7) Y rgl*+ 5,-(2— 7:— (7)) Bx[]
<0 (=1, 2);

for any w(x)E C(L2) we have

L(m)-lu)Ideg'/;{a”vllelz—}— Cir®|wl?dx ;

(UY.10) for any xE 2 we have (Re[gz])-(x)< C> min{7°2, »*~%a(»)}.

Then they gave the following results for the solution %(x)E H7c(R) of (0.1)
whose support is not a compact set in 2 :

lim inf R7@(R) g [ Dru?+ {72+ (q1)-} u|*1dS >0,

=R

lim inf R/ +m=0.5. 5 g(R) |ul*dx >0,
R-oo R<|x|<R+1

where

@(R)zexp( Ji :L);;”—(th)

Apply our Theorems 0.1 and 0.2 to the above circumstances, and we can
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show their results. So our Assumptions treat wider classes of potentials than
those of Uchiyama-Yamada [9]. In fact let for 7=1, 2

Gi(r)=r",
or)=0(r),
771'(7’): ¥t 77(7’)-

By (UY.3)-(UY.5), (E.1) and (E.2) hold. It is obvious that (E.3) and (E.5) hold.
By (UY.6) and @ >0, we can see that (E.4) holds. Noting (UY.5), we choose 7
>0 satisfying 2—2a+ < 7z+1i1}1 inf 7(7), and put 7(¢)=1, by which and

(UY.3) we have (E.6). Then for sufficiently large » we have 2—2a+n—( 7.
+7(7))<0. Noting (UY.3), (UY.6) and

zRg—ZaTZ(a—-ﬁ)o.(r)-z. G(r)-exp<[:2_2a+ To—t( 72t 77(l‘)) dt),

we have (E.7). Let a; satisfy @1>a1>1 and @2>a2>0. Then we have (F.2)
from (UY.8) and the fact ¢:07'Q:=0(1), which follows from (UY.7). Let di=
d1, Q(x)=0 and p(7)=(C.+ Cs)r™®3+%2  Then by (UY.9) and (UY.10) we
have (G). Therefore, noting @:(»)=(7/R.)7"*®(r), by our Theorems 0.1 and 0.
2 we have their results.

Remark 1.7.
(1) Uchiyama-Yamada [9, Example 1.7, Cases 2 and 3] gave the examples
such that 771+1rim 7(r)=2—24. Noting (UY.5), we cannot, in general, put 7:

7.
(2) The above condition (UY.7) can be replaced with

(UY.7) lim ro(r) (9(r)—o(r))=0.

In fact in the above argument we use (UY.7) only to show ¢:07'Qi=0(1),
which also comes out from (UY.7)".

§2. Proof of Theorem 1.1
Lemma 2.1. Let K=0, L=0, 0<M <1 be constants and

f(t):%{Kz+2L+ K’

7 Z_t}(0<t<2).

Then we have
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inf (sup{f($)|B<t<B+2M})=A,

0<B<2-2M

where

A=t i+ L+ JRAR 20~ D),

which is the one given in the statement of Theorem 1.1.

Proof . First let us consider the case K>0. Put

__2/K*+2L
K+JVK*+2L°

to

Then we have
1<46<2,
Orgi?zf(t)=f(to)=2‘1{K2+L+KvK2+2L},

F#(t) is continuous in (0, 2),
f(¢) is decreasing in (0, f) and increasing in (f, 2).

Let us consider the case 0< M <1. Noting ltifr()l f(t)=ltiTn;1 f(#)=00, we apply the

intermediate-value theorem. Then for any sE€(f(4), o) there uniquely exist
some 1 =HhH(s)E(0, %) and t.=t(s)E (%, 2) such that s=F(4(s))=F(t(s)). We
can see that f(s)—h(s) is a positive continuous increasing function of s&

(f (%), ©0), lli}{tl)(tz(s)—h(s))=0, Lifg(tz(s)—tl(s))=2. Noting 0< M <1, we

apply the intermediate-value theorem again. Then there uniquely exists some So
E(f(t), o) such that t2(s0) — t(s0)=2M. We put B1=t(s0). Since #1(so0)+2M
=1(50)<2 we have £1€(0, 2—2M) and F(B)=F(B1+2M).
If M =0, then we put Si=t.
So for M =0, we have 0<8:1<2—2M and
min (sup{f(1)|3<t<p+2M})
B<2-2M
=,.min (max{/(8), f/(8+2M)})
=f(B).
By f(B1)=/(B1+2M) we have

LB 28 {K*+(Q2—M)L}+2(1— M)(K?+2L)=0.

0<

Thus

5= {L-l{K2+(2—M)L—JK2(K2+2L)+L2M2} if L>0,
lh-m if L=0.
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Since for L=>0
27187 (K% +2L)
=41 —-M)"{WVK(K*+2L)+ L*M?* + K*+(2—M)L},
22— p) K2
=471+ M) VK K*+2L)+ L*M? + K*— LM},
we have f(81)=A.
Next let us consider the case K=0. In this case we have f(¢)=Lt¢"" and
o inf (sup{f(t)!ﬁété,@-l-ZM})

HB=5—L=a. O

0 /i<2 2M

Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Noting 1>/l by the condition (6) in the statement
of Theorem 1.1, we choose €<(0, 371(1—A)). Since A is continuous in M E
[0, 1), by Lemma 2.1 there exists M’ (M, 1) such that
. 1(K*+2L , K? H . })
0<51<I:}-f-2M'<SuD{ 2 { ¢ + 2—1t B=t=p+2M
<A+ e

Thus there exists some B0 (0, 2—2M’) such that for any tE[So, Bo+2M'] we
have

2 2
_%_{K +2L+ K

7 9— }<A+£o

.1)

Let

m=lim inf Q(7), z=lim sup Q(r),

and we have M =p— 1. Let
= o+ M — 11— p,
and we have
ao+21irglicnf QUr)=av+2m=Lo+M — M > P,
a'o+21inr]~swup RQUr)=a+2m=PF+M +M<Bo+2M'.

Therefore there exists R > R, such that for any » >F; we have
2.2 0< Bo< a+2Q(7)< Bo+2M’'<2.
By (2.1), for any » = R: we have
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A+€o >%{

K*+2L I K? }
a+2Q(r)  2—a—2Q(r)

i L + K?

T awt2Q(r)  {a+2Q(r)H2—a—2Q(»)}

By the conditions (2), (3), (4) and (2.2), there exists R»=>R; such that for any
7 = R, we have

A+2¢e
5 Vi) Va4 BGOxP
> 1200 T O G 0= a0 200

And by (2.2), there exists some constant Cs>0 such that for any » > R, we have

Cs{z - a’o—zQ(V)}
€o {an+2Q(7)}

Adding above two inequalities and noting A >/ +3¢& and (2.2), for any » = R»
we have

Q3 g Hat 2N A -4

R e T LA Uz k)
<—Cs.
Let

q:1(x)=Vi(x)— 4,
g2(x)= Va(x)+ Va(7).

Then the equation (1.1) coincides with (0.1). Our Assumptions B)>-D) are
satisfied. Now we shall check over all the conditions given in Assumptions (E)-
G.

Let for 1=1, 2

0r)=2—a—2Q(r),
7(r)=a+2Q(r),
(7)=2"Ao,
gi(r)=1,

Qo(x)z Q(’”),
p(r)=Cy,

where C4>0 is a sufficiently large constant. Then we have

Q:(7)=2""a—1)+Q(»),
o:(7)+9r)=2,
O:(7r)=7R5".
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Noting (2.2) it can be easily seen that (E) and (G) except (E.7) are satisfied.
By (2.2), for any t=R; we have (#)—7:(¢)< —27"§, which leads us to (E.7).
By (2.3), (F.2) holds with @;=1. By Arai-Uchiyama [2, Remark 1.6] we can see
that (F.2) with (F.1) holds.

Now we assume that supp[«] is not a compact set in 2. Then by Theorem
0.2 we have u(x)¥ L*(2), which contradicts with the assumptions of Theorem
1.1. Thus suppl#] is a compact set in 0. Since the unique continuation
theorem holds to our problem (, see e.g. Garofalo-Lin [4, Theorem 1.1]), we
have #(x)=0 on £. O

§3. Proof of Theorem 1.3

Proof of Theorem 1.3. If &(r) satisfies the assumptions, then for &:>0,
which will be determined later, &(7) replaced with &(7)+ 77"~ also satisfies
all the conditions given in Theorem 1.3. Thus we can assume, without loss of
generality, that for any » =Ry we have

(3.0 G(r)=r7on
By (i)} and positivity of A— Vi(x), there exist constants Cs>0 and Cs>0 such
that for any » =R,
(3.2) A— Vi(x)> Cspr¥eD exp(—/;ré‘l(t)a’t)z Cer®e1,
where in the last inequality we used (i).

We put

q1(x)=Vi(x) =4, q2(x)= Valx) + V(7).

Then the equation (1.2) coincides with (0.1). Our Assumptions (B-D) are

satisfied.
Let €2>0 and &3>0 be constants determined later and we put

o:(r)=1+2e)r{&(r)+ &(r)} —2Q(») (i=1, 2),
n(r)=2(1—a)+1+2e&)r{&(r)+ &(»)}+2Q(r),
72(r)=2(1—a)+ e+ (1 +2e)r{&(»)+ &(»)}+2Q(»),
g(r)=7r""%(1=1, 2).

By (i), (vi), i) and (3.1) there exist some &2 >0, &3>0, C;>0 and R3> R, such that
for any » > R3 we have

(3.3) 2—nr)=C; (i=1, 2),
(3.4) 1Q(7)| <2 ear{Gi(7)+ &(7)},
(3.5) r <1+ e)r{&(r)+ &)} <o:(r) <A +3e) r{&(r) + &)}
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So the Assumptions (E.1)-(E.3) are satisfied. Let 0<e:<min{a, es}, 0< < &3
—e&1 and t(¢)=1n. By (3.5), we have (E.4). (E.5) is obvious since 01=o0: and
m—72 is a constant. (E.6) is also obvious by (ii) and (3.5). By (3.4) and
non-negativities of &i(7) and &(7) we have 7(¢)—7:(¢)<n—2(1—a)—es for
any ¢t =Rs. Then by (3.5)

¢%O‘El exp(ﬁ —z—-—(—t);t————”z(t)-—dt)gconst 7,To+51—ea,
which leads us to (E.7).
Now we shall show (F.2). By (i, (3.4) and (3.5), we have for any » = Rs

o7 {(70rqr+ 7:q1)
— o {—ams (222 £ ) o)

H{&+2e(li+ &)+ €302+ 27 QHA— Vl)]
<—roi{&+ e+ &) A— 1)
< —{ro7 &+ e(14+3e2) HA— 1),

where 0y is Kronecker’s delta. Let a;=1+¢2 (>1). By (3.5) and non-negativity
of &(7) we have a:#&<o0; for any » > Rs. Note that Q;=4"(7:—0:)=Q(»)
+27'(1—a)+4 "e38:2. Then by (iv) and (v) we have for any » >R

a:07%|rge— Q= a0 Vi’ < airo*G(A— V)< vo7 G(A— V).
By (i), (3.3) and 0:=7(&+ &) we have for any » > R;
07" (2= 7)Y BxP< Cr' (7 )(A— W).
Thus, noting (3.2), for any » = Rs we have

Qo [ vorqi+ nig+ aioi | rga— Qi+ (2— 5:) 7| Bx[?]
< — 22 gy(14+3&2) ' — Cil ()M A— 1)
< — Ce{e2(1+3e2) 71— Cu(r)},

which and i) lead us to (F.2).

Since unique continuation theorem can be applied to our problem (1.2) and
u*0, we can admit that supp[«] is not a compact set. Thus we can apply
Theorem 0.1 and, using positivity of A— Vi(x), we obtain

liminf [ 0uDuP+{r*+(A— i())|ul1aS >0,

where d)l(r)=exp<‘£ deé Cs7'™* by (i) with some positive

constant Cs. Now by (i) and (3.2) there exist some constants ;= Rs; and Co>
0 such that for any » = R4 we have
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(3.6) r*(A— Vi(x))=Const >0,
(37) [ 1Dul+ (A= Vil ads > Core,
(3.8) L(r)<2ar.

By (iv), (v), (3.6) and (3.8), we have
lgz— 771 Q'|=| Vo| <27 &+ (A— V1)} < Const(A— ).

Thus 2 (x)=Const(A— Vi(x)) and Qi(x)=Q(7) satisfy the assumptions of
Arai-Uchiyama [2, Lemma 6.2] and there exist some Ks=>R, and Cio>0 such
that for any @(7)E C§(Rs, c©) we have

[ oGP Dul+ (3= Vi) ulldx
< Cu [ {G= Vi) o P+ ¢ (r Plulas.

Let ¢1(¢)= C(R) be a function satisfying 0< ¢1(¢)<1 in (—o0, o), @:(#)
=0 for t<1/4 and t=1, and ¢:(¢)=1 for 1/2<¢<3/4. Let R >4Rs and put
er(7)=@i(r/R). Then for any R >4Rs5, ¢r(7)E Ci(Rs, ) and (3.7) holds for
any » >R/2. Integrate both sides of (3.7) in R/2<7<(3R)/4. Then there
exists some Ci1>0 such that for any R >4Rs we have

CuR*< fo s [1Du+ = ViCelal e
< [[@n(lx P11 Duf+ (A= Vi)l

< Cuo [ (= Vi) oa(r )+ o Pl
<Const ﬁmxld(ﬂ— Vi(x))lul*dx,

where in the last inequality, noting (3.6), we have used @#(7)*<Const »2<
Const(A— Vi(x)). Thus we have (1.3). O
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