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Abstract

The investigations on the structure of alg-# cones {F, #} 1n topological tensor algebras are
continued, and they are aimed at the closed hulls and the extremal rays of such cones. Among
others, it is proven that the elements of the closed hulls of a large class of alg-# cones with respect
to some 1ntermediate l.c. topologies are explicitely given by (infinite) sums of elements of {F, #}.
Furthermore, a Krein-Milman like theorem is shown for some alg# cones, i.e., 1t is shown that there
are enough extremal rays i {F,#} so that cvery element of {F,#) is an (infinite) sum of extremals

of {F #}.
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§l. Introduction

The present paper is aimed at a further investigation of algebraic #-cones
(alg-# cones) in tensor algebras Ee such as their closed hulls and their ex-
tremal rays. It is the second paper of a series of papers on the structure of
alg-# cones. In the following the first paper of this series is referred to as
[I]. and theorems and formulae taken from [I] are denoted, e.g., by [I:
Theorem 3.3]and [I:(4)], respectively. In a subsequent paper the structure
of linear functionals that are positive on some given alg-# cone will be consid-
ered.

Let us recall that the concept of alg-# cones was introduced as a gener-
alization of the cones such as, e.g., the well-known cone of positivity, the cone of
reflexion positivity ([28],[33]) and certain cones of a-positivity ([21], [3],
[191, [20]), all of which are of some special interest within the algebraic
approach to general (axiomatic) quantum field theory (QFT). Let us further
mention that within the present investigations the basic space E[#] of the tensor
algebra Eg is chosen as general as possible so that applications to general QFT

such as QFT on B8-spaces ([27], [34]) and QFT on curved space-time ([37],
[30], [10]) are also covered.

One motivation for considering the closed hull of alg-# cones comes from
general QFT given in terms of Wightman functionals #. In order to get con-
tinuity of # it was first observed by Wyss ([39]) and further discussed by
Yngvason ([40]) that it is sufficient to demand positivity of # on the closed
hull ;JF@ of the cone of positivity of the completed tensor algebra ;5@ over the
basic space B (RY) (Schwartz-space of basic (rapidly dimishing) functions) .
Afterwards some papers on the closed hull of the cone of positive elements E%
in a tensor algebra Ee were published ([5], [12], [13], [32], [1]).

The present paper extends those results in the following ways : i) The cone
of positive elements E% is replaced by the more general concept of alg-# cones
{F, #} in Ee, ii) the closed hulls of finitely many alg-# cones are considered,
iii) the results of the present paper apply to more classes of topological tensor
algebras.

Let us mention that i), ii) are motivated by respectively, the Osterwalder-
Schrader and Hegerfeldt axioms (cf [28], [11], Example 3.11, below). With re-
spect to iii), let us stress that all the investigations in the present paper consid-
er as well graded as non-graded topologies (see [ I, §1]). Concerning graded



ON ALGEBRAIC #-CONES 731

topologies, it seems to be of interest also to consider l.c. topologies ([ .. )
with I" # RY since : 1) the interesting considerations on non-commutative mo-
ment problems, which are due to Dubois-Violette, Alcantara and Yngvason ([9,

2]), are based on l.c. topologies 7 such that the 7-completed hull E&, satisfies
Eb#Eb,

where the closed hull ﬁ is considered in Es, 2) the investigations of Dubin
and Hennings ([8]) are especially concerned with such topologies.

For studying the closed hulls of alg-# cones, the key is to distinguish
locally convex (l.c.) topologies 7 (see Definition 3.1) such that

(F#YNE"={F.#)} NE" (1)

n=0, 1, 2,.., where E" denotes the n-th truncated tensor algebra (see Chapter
2.1). Using (1), assertions on the sequence closure of {F,#} and on the equal-
ity of the closed hulls with respect to several l.c. topologies are implied (see
Corollary 3.2, Proposition 3.3). Using dual spaces, (1) is characterized by the
property that the set of all canonical projections of positive and 7-continuous
linear functionals from (Ee)” in (E?)" is weakly dense in the set of all the
{F. #YNE™ -positive and r-continuous linear functionals on EZ" (ef Lemma

3.6, below). As a consequence, a generalizations of Yngvason's density lemma is
obtained (cf [41, p. 17], Cor. 3.7, below).

Further, if the basic space E[t] is a nuclear (LF) -space and if the defin-
ing mapping # of {F, #} is t-continuous on the basic E [t] and satisfies a
further algebraic condition (see (5) below), then the closed hull of {F, #} is ex-
plicitely given for a large family of l.c. topologies by

(F#} ={(Fr#) ®={R#}g={2f<n#fm;fm cr}

1=1
where €g, €~ and € are given below in §8§ 2.2 and 3.2, espectively.

Furthermore, questions related to the Theorem of Krein-Milman and the
representation of convex cones as the closed convex hull of their extremal rays
are considered. Because alg-# cones do not contain (topological) interior points
with respect to all the intermediate topologies 7, ¢p < 7 < ¢ (see [I,
Theorem 2.3e)]), the well-known theory of Krein-Milman and Klee ([23, §25])
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does not apply. The special structure of alg-# cones however allows to prove
similar results. Along these lines it will be shown that under rather mild topolo-
gical assumption (the truncated tensor algebras E*[¢"], n=1, 2, 3,.., have to be
nuclear semi-Montel spaces) for a large class of alg-# cones {F, #} there are
enough extremal rays in {F,#} so that each 0%k € { F, £} ® can be given as
a (possibly infinite) sum of extremal elements of {(F#).

Let us mention that the last result is a generalization of a theorem due to
Alcantara ([1, Theorem 2]) since our assumptions are weaker and we prove
that the extremal decomposition under consideration is given by a sum, and not
only by a weak integral as in [1], [35].

The pattern of the present note is as follows. For the reader's conven-
ience, the prerequisites needed for the following investigations are briefly recal-
led in §2. While the definition of alg-# cones and some of their properties fre-
quently used in the following are given in §2.1, l.c. topologies are introduced
on Ee in §2.2. 83 is devoted to the closed hull of alg-# cones. In §3.1 the
basic definition of the closure condition with respect to some alg-# cone is
given, and then the theorem on the closed hull of alg-# cones in truncated ten-
sor algebras (Theorem 3.1) is stated and shown. Some immediate conse-
quences of Theorem 3.1 and a discussion of its assumptions are also contained
in §3.1. An explicite description of the elements of the closed hulls for a large
class of a alg-# cones is given in §3.2 (Theorems 3.10, 3.12). The closed hull
of finitely many alg-# cones is investigated in §3.3, and it is shown that under
rather mild assumptions the closed hull of the convex hull of finitely many
alg-# cones coincides with the convex hull of the closed hulls of the alg-# cones
considered (Theorem 3.13). In Example 3.14 the closed hull of the convex hull
of the cone of positivity JZE; and the cone of reflexion positivity are considered
in Eg, and it is shown that Theorem 3.13 applies to this example being of some
interest within the axiomatic approach to Euclidean QFT ([11], [28]). &4 is
devoted to an investigation of the extremal rays of involutive cones. In the
case of homogeneous elements of Eg a characterization of the extremal rays is
given in Lemma 4.2. Under assumptions listed above the main theorem of that
§ (Theorem 4.4) states that there are enough extremal rays in some given alg-#
cones {F, #} so that the eg-completed hull of {F, #} coincides with a (possibly
infinite) sum of extremal elements of {F, #}. Furthermore, those decomposi-
tions are uniquely defined, if and only if dim (F)=1. These results are finally

applied to the cone of positivity C& of the tensor algebra Ce (algebra of
polynomials) in §4.2.
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§2. Preliminaries

Let us briefly recall some of the prerequisites needed in the following.
For details the reader is refered to [ I].

§2.1. Some Facts on Alg-# Cones

For the following let us be given a vector space E over the field of complex
numbers €, and let

E,2=E®E®..®F (n copies)

stand for the n-fold algebraic tensor product of E by itself, n € N. The tensor
algebra Eg over the basic space E is then defined by

Ee=CO®E®E,®..(direct sum),
i.e., the elements f € Eg are terminating sequences
F=10,..0.fu, frsrefi, 0, 0,..), )

where f, € E,, n1=0,12,..., (E,,=C, EE=E), and f, is called the n-th homogeneous
component of f. 1f fy#0, fy#0 in (2), then

grad (f) =M and Grad (f) =N
are called the lower grade and the upper grade of f, respectively. Recall also that

E e becomes on (associative) *-algebra with unity 1= (1,0,0,0,.), where the
algebraic operations are defined as usual (see, e.g, [I]).

For the following let @, : Ee — @D%oE, (=E”) denote the canonical projec-
tions, where the truncaled tensor algebras E" are considered as subspaces of Es,
ie,

@ (f)=(fo,fn, 0,0, ..) €EE™ C Esg,
and fis taken from (2). For each fo € E, let

f2=(0,..f, 0,0,..) € Es.

Let us recall the definition of the class of alg-# cones which fits the alge-
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braic structure of E¢ very well. Let us now be given a subspace
F=0%, F;

of Ee, where F; C E,. Further let us consider an antilinear mapping # : Ee—
Ee which satisfies

=/, (3)
(@) =Qu (s (4)

for all f € Ee, n=0, 1, 2, ... Let us put
M
{F'#}Z{Z f(i)# (i); f(t) = R ME N}
1=1

Such cones {F, #} were called alg-# comes in [1]. Let us distinguish an in-
teresting class of alg-# cones, where the above mapping # also satisfies

(x(l) ® x(z) ®.® x(n)) #=x(1r(1))# ®x(7t(2))# ®.® x(n(n))# (5)

If # additionally satisfies

(fe)'=g's* 6)

for all f, g€ Ee, then {F, #} was denoted as inwvolutive cone. For important
and interesting examples of alg-# cones and some of their fundamental prop-
erties the reader is referred to [ I].

For proving deeper results on the structure of alg-# cones, estimates be-
tween the homogeneous components of their elements were established in [I].
Along these lines it is important to distinguish the class of (in general
nonlinear) functionals £ : Ee— C satisfying property (A) with respect to some
given alg-# cone {F, #} and some sequence of reals (w;) 5o, @;>0 (see [I :
Definition 3.1]). Remember also that there are interesting examples of func-
tionals £ satisfying property (A) such as {F, #}-positive linear functionals on
Ee, and &»— (resp. 0») — continuous semi norms on Ee (see [ I : Examples

34]). For each XX, fP* @ e {F #)}, f¥ € F(i=1, 2,.M), the matrix A=
(ays) 3s=0 was considered, where
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M
aﬂ=z fi# ®f§i)_

t=1
Then, the diagonal elements
L,2=J/% (ann)

are of some special interest because there are i) estimates from below and ii)
estimates from above.

ad i). Recall the definitions of the universal estimate-sequences

(B;rlz (Cy (wl) ) );:t=n» (Bm (C, (wz) ) m=1

introduced in [T : (18)..(20)]. Along these lines remember also that if ¢<1,
w, =1 (4=0,1,2,..), then

B2 (™)1

m=12,.. (cf [4, eq. (1.3)]).

Then there is the following theorem which is the key for the following con-
siderations on the closed hulls of alg-# cones.

Theorem 2.1. Let us be given an alg-# come {F, #} and a functional £
satisfying (A) with respect to {F, #} and a sequence (w,)>o, w,>0, and an ele-

ment 28, fE P e R #} FP € F (1=12,...M) such that L, <1 for all n=0,
1, 2, ... If there are an even ndex my=2sy and two constants ¢>0, 1>0>0 such
that

o= (L2257 ( ), al,

7+5=2S0

then there is an even index 2m>ny with

2£C Y 0),1>88 (1=6) 0, (w)) 2 Bon (1=0) 0 (ws)).

r+s=2m
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Proof. See [ 1:Theorem 3.3c)].

ad ii). Let us be given two sequences (@,) -0, (dn) 5o of reals w,, dy>0,
and consider the diagonalized matrix D=diag[dp, di, da,...]. Then, let A w.a de-

note the set of all the sequences (an)y=o With @z =0, a1 =0 (s=0, 1, 2, ...)
such that the matrix inequality G =D holds, where G= (g;) ¥j=¢ and

_ a ti=]
gu—1\ _ Ty
W,W,xi1j * iF 5.

For every sequence (o) € A let us introduce the semi norm

f__)ll f”(£,(an)) = Z a2n|£ (];Zn) |,

fE€ Eg. In [I :3.6] there it is shown that Hw a7 0.

Theorem 2.2. Let us be given an alg-# cone {F, #}, sequences (w,), (dn)
as above and a functional £ satisfying (A) with vespect to {F, #} and (w,). If

(an> n=0 € rd(w.d), then
® M
Z dn (L) 2< ”Z FOD e mn
n=0 =1

for f? € F, i=1,2,..M (MEN).

Proof. See [ I : Theorem 3.5a)].

§2.2. Locally Convex Topologies on Tensor Algebras
Assume now that E[ t] is an Lc. vector space. Then, there is the following
concept to introduce l.c. topologies on Ee in a canonical way, see [ 1, §1], [18].
First, on E, let us consider the class of compatible l.c. topologies t,, i.e.,

En < by < ¢y,

where &, and ¢, denote the injective and inductive topologies on the tensor prod-
ucts E, (n=2, 3, ...), respectively (cf [23]). (For any two l.c. topologies 7, 7,
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let 7 < 7’ denote that 7’ is finer (not necessarily strictly finer) than t.)
Secondly, let Eg be furnished with an intermediate l.c. topology T, i.e.,

T‘Emztm (m=0, 1, 2, ...),

where 7ig, denotes the topology inherited by 7 on the subspace Em C Eg, h=t
and £ denotes the Euclidean topology on E;=C. Further, let us also put

Tigm=— [ (m=0, ]., 2,) .

Let us now be given E,[t.], =0, 1, 2, ... In order to define intermediate
topologies 7 on Eg, the algebraic structure of Eg defines the weakest intermedi-
ate and the finest intermediate l.c. topology on Ee denoted by ey and Te,uw,

respectively. Recall that Te uw is the topology of the direct sum Do E, [t ,
and Tpy iS the topology which is induced by the topology of the direct product

[5-0 Ex [t:] on its subspace Ee. Hence, an l.c. topology 7 on Eg is an in-
termediate one, if and only if

Toum < T <X To,um.

If tw=¢em (m=2,3, 4, ..), then let us write &» and e instead of Tpu, and
T®,um, respectively.

Let us recall the definition of the important topologies of general character
€w, T introduced by G. Lassner in the special case of So ([24]). Let () =
{pa; 0 € A}, A is a directed set of indices, by a system of semi norms defining ¢
on E. Recall that

@(571) ={piszPa®e" B € A}

n copies

defines &, on E,. Consider now the semi norms

DPirm),a (f) = Z Tn;bfz'” (fn) ,
n=0

Pam e (F) =Z T & (fa)

n=0

Gn,a (f) =Pg” (fn) ,

where f= (fo. firfw 0,0, ...) € Eo, p (f) =1 fil, (7a) € RY" (set of all the
sequences of positive reals) . The topologies &p, €~, € are then explicitely
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given by the following systems of semi norms

P(ep) ={gna;a €A, nEN?}
y(&n) = {p(m),zx ) (Tn) € RN*, a<€ A},
P(ee) = {poman; (7n) ERY, a€ AN,

where AN" denotes the set of all the sequence (@) 50 y € A. Obviously,
ep <X €w X €.

Considering the projective topologies @, on E,, n=2, 3,..., the definitions of 7p,
T», Te are analogously. Along these lines recall that nuclearity of the basic
space E[#] implies e,=7, (n=2, 3, ..), ep=1Tp, =10, @ =T o.

Let us recall that the topology €. is of some special interest since it is well
adopted as well i) to the algebraic structure of Ee (see Lemma 2.3) as ii) to
the semi-ordering induced by an alg-# cone {F,#} (e.g., see [ I, Example 4.6,
Remark a)]). The interplay between i) and ii) is reflected by Lemma 2.4 used
in the sequal. Let us mention that Lemma 2.3 a) was first shown for Fe =J e
in [24], and Lemma 2.4 under the additional assumption of the nuclearity of
E[t] in [1, Lemma 1 (iv)].

Lemma 2.3. a) The multiplication
m: Eg [800] X Es [&»] —Es [Eco],

m(f g) =fg, f g € Ee, is jointly continmous.
b) The linear mappings

M: E® [7Too] ®E® [7[00]._—)E® [77::» ®1r T[oe] ,
M, : E*[7"] ® E*[z"] —E* 7" ®, "]

are continmous, where T" =T @ jgn=Tpign, My=Mpn, M(f ® g) =fg.

Proof. a) : Noticing that for each sequence (7a)3=o € R} there is some
(80) 50 € RY" satisfying

72 < min {0,0,},

k+i=n

n=0, 1, 2,..., the assertion under consideration follows from
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Pum.a(f8) = Z Tap i ( Z fk®g1) —Z Tn Z pi® (fi) p1% (1)

k+l=n n=0 k+i=n

<3V 6t () (38 (8) = e () Pawa )

n=0 k+l=n

f, £ € Es.
b): Let us be given P (#) ={pa; @ € A}, A is a directed set of indices, and

P () ={pP=pa® 7. ® 1 po; aEA}

n copies

defining ¢t on E and 7, on E,, respectively. For each

P(m) a (f) Z Tnp & (fn) s

fE Ee, (1.) €ERY", @ € A, choose (1,) € RY asina). Considering {=Xice
%" ® ¢ € Eg ® Es, it follows

Pirm.a (M(D)) =Z T,p‘”(z Z I ® g

r=0 1< S+i=7
<Y Y ) a2 () G (&)
r=0 i< S+t=7
= Z Pioma (FO) boma (g2,
1<

and consequently the first statement under consideration is implied since

baw,a(M(Q) SiIlf{Z Pom.a(8) paw.a B (= Z fP*® ¢V € Eg®Eg)
1<00 i<co

= (Pioma®z Pam.a) (0).

The second statement under consideration now follows from the first one and
the fact that the topologies 7" are equivalent to the topologies of the direct prod-

ucts 697=0 E; [ﬂ,'j] .
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Lemma 24. Let us be given an alg-# cone {F, #} satisfying (5) in Es.
Further let the mapping # : E[t] — E[t] induced by the involution # on E[1] be
continuous. Then, there is a system of semi norms P (=) defining €= such that for
ecach p € P (&), the following hold :

i) p(g*)=p(g) forall g € Es,
ii) p(k+k) =p(k) holds for all k, k' € {(F, # }°=,

iii) there are two semi novms §f, ' € P (e) such that

p(f) VP (1) <p(f)
for all fE€ F.

Proof. i): Using the continuity of # : E[t]—E[t], there is a system of semi
norms % (¢) defining t and satisfying

p(r) =p(") (7)

for all fEE, p€ P (). Considering g,= X%, f*Y® .. Q@ f*” € E,, MEN,
pE P (P, it follows

M 4
(+)
P®e--»®sp(gz) :Sup{iz H T(i) (f(t',j)#)] : T(J’)E Ug}

i=1 j=1

M n (%)
:sup{|§: M TV TP & UD=p®..9, p(g), (8)

j=1 J=1

where

T*(f)=T(%),
TEE’, f€ E. ((+) follows from (5) and the definition of e-topologies. (*):

Due to (7) itis T€ US if and only if T* € US. (*) is now evident) (8) im-
plies the continuity of # : Ee [é=] — Ee €], and i) is now evident. ii): The
continuity of # also yields that the projections

Pi:Eslen]l—h(Es, #) [ex],

7=1, 2, are continuous, where the topology induced by €. on the Hermitian part
h(Ee,#)=1{g € Ee ; g=g" is also denoted by ¢, and P1 () =3(f +5*) P, (f)
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=%(f#—f) , € Eg. Using the closedness of h(Eg,#) in Ee [£.], the topolo-

gical isomorphism
Eelen]l Zn(Ee, #) [x] ®in(Es, #) [c.] (9)

follows. Noticing that the Remark to [ I : Example 4.6] and [31, V.3.1] imply
the e»-normality of {F, #}°" and that furthermore the closedness of h(Ee,#) in

Ee [ew] yields {F, #} C h(Ee, #), it is implied that there is a system of semi
norms %  defining €. on the real vector space h (Ee,#) and satisfying

p(k+k)=pk) forall pE P, k, k' € (F,#}°. Because of (9) it follows that
P(e) = p; € P)

defines €« on Ee, where p(f) =p(f+r*), ;(f) =p(i(f*—f)), f€ Ee. Itisim-
mediate that ? (e.) satisfies 1), ii).

iii): Let (1) ={¢{?; B A}, A is a directed set of indices, be the system
of semi norms given above and defining ¢ on E such that (7) applies. Then,

@(Ew) = {g—_)Q(Tn),ﬁ (g) ; (Tn) = RN*: ‘8 € A},

Qi3 (8) = Zieo 140 (22), 487 =i ® .. ® ¢’ (m copies), m=1, 2, .., ¢ =|g,
defines €. on Eg. Note that there is a cofinal subsystem 7 (ew) of g’ (em) such
that each Q € P satisfies condition (A). Lel us now be given some semi_norm
pE€ P (). Then there are a constant ¢>0 and a semi norm Qums € P (£w)
such that

1(2) <cQum s (g)

for all g € Es. For g € Ee, fE F, consider

La=v g (ff ®fa), n=0,1,2,.,

£00=) 0 (a).

n=0
Applying Theorem 2.2, there is a sequence (@) =0 € RY" such that

) = o

(Quns (NS ). enlradl? (5)2= Y en (1) 0

n=0 n=0
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<t flleeanm = Zaznqéﬁ) ((F* am) <Qams(F* 1),

n=0

where ¢, =1 —{—% (m*+n(n+1) (2u+1)). Hence, p = Qums satisfies the first ine-

quality of iii). The second inequality of iii) is a consequence of Lemma 2.3a)
and i). ((*) holds because for each sequence (x,)7-0 € d (vector space of ter-
minating sequences) the inequality

RS

2
is satisfied, where Ans= 20y ¥ 2+ 27, 12=%—+~<15—(n(n+1) @2n+1)).

(1+Anz)x§

u MS

In the sequal, Lemma 2.4 will be applied together with the following (cf

[26]).

Lemma 2.5. Let us be given a nuclear vector space X[t] and some t-normal
come K. Ifk=272, kP € E kW € K, 32+ is convergent with respect to T, then for
every T-continuous semi norm p there is a T-continuous semi norm q such that

s

p(E®) <q(k).

W

1

Proof. Recalling that the nuclearity of X[z] implies that for p there are a

7-continuous semi norm 7 and sequences (¢,)i1 € I, x>0, (T &=y, T, € US
such that

pN<) alT(p)

fe X (see [ 29, Satz 41.4]), and that the 7-normality of K yields that for 7
there is a 7-continuous semi norm s such that for each T, € U} there are posi-
tive linear functionals S{® € U? (m=1,...4), satisfying

Tn:Sﬁll)__s’(f)_{_i(s’(f)_s;#))

(see [31, V.3.3, Cor. 1]), it follows
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imkm) ZZ ol T (k) l—Zchl PSP HilSP—SE)) (k)]
SZZ Z S ) = Y Z S (8)

<der(k),

where ¢= 2521 <. Setting g=4c7, the proof is completed.

Corollary 2.6. Let us be given an alg-# come {F, #} in a tensor algebra
Ee with muclear basic space E[t], and k=27, fP* ¥ € Eg [en], f? € F.
Then for every €w—continuous semi novm p there is some €w—continuous semi norm q
such that

o0

Y ()2 <q).

Proof. Recalling that Ee [e.] is nuclear, and every alg-# cone is
ew-normal ([ I, Ex4.6, Remark a)]), Lemmata 2.4, 2.5 readily yield the Corol-
lary under consideration.

For further investigations of the topological structure of tensor algebras,
the reader is refered to [16], [18].

§3. On the Closed Hulls of Alg-# Cones
§3.1. On the Closed Hulls of Alg-# Cones in Truncated Tensor Algebras

Definition 3.1. Let us be given a tensor algebra Ee endowed with an l.c.
topology 7, ep < T < ¢, and an alg-# cone {F, #}. Then it is said that 7
satisfies the closure condition with respect to {F, #}, if there is a system of semi
norms #? (1) defining 7 on Ee and satisfying the following properties :

i) For each semi norm p € % () there is a sequence (@) =0, w,>0, such
that f—p(f), f € Ee, satisfies property (A) with respect to {F,#} and (@)=

ii) For each p€ 2 (1), p(f) = p(Q:(f)) holds for all f € Ee and n=0, 1,
2, ..

iii) For each p € # (r) and every constant ¢ > O there are a T-continuous
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semi norm # and a sequence (@)oo € # (0,0, where (w,) 3, is taken from i)
and d,=1 (0=0, L, 2, ...), such that

() <y () (10)
“f”m,(gznngpl(f) amn
¥ fan) <# (£) ] (12)
P(on) <min{2¢, Bon (¢, (w)} v (on) (13)

are satisfied for all f € Eg and n=0, 1, 2, ...

Remarks. a) If p and ¢/ are graded semi norms, then ii) and (12) follow im-
mediately.

b) Assume that there is a system of semi norms % () defining 7 on Ee
such that each p € P (¢) is graded and satisfies property (A) with respect to
{F, #} and a sequence (wy) =0, W,>0, depending on p. If for every constant
¢>0 and each p € P (1) there is a sequence (@) =0 € Lw,a with dy=1 (n=0,
1, 2, ..) such that the semi norm

5= ()

is also T-continuous, where p, () =p(%), 72a= max{(Ban(c, (1)) ™%, Qza}, Tonss
=1(n=0, 1, 2, ...), then the closure condition is satisfied for T with respect to
{F#}.

¢) An immediate consequence of b) is that if the assumptions of [ I: Exam-
ple 3.4b), (resp. Example 3.4c))] are fulfilled, then €= (resp. 0w) satisfies the
closure condition for every alg-# cone {F, #}.

The definition given above is motivated by the following theorem.
Theorem 3.1. Let us be given an alg-# cone {F, #} in some tensor algebra

Ee and an l.c. topology T which satisfies the closure condition with vespect to {F,#}.
Then,

a) (F#) NE®={F#} N E*,
b) if additionally Eg (7] € T30 Enlts], ta=Tizn. is satisfied, then

(F#) n B =R #iD =)™,
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for n=0, 1, 2, ..., where = denotes the completed hull.

Proof. a) : Obviously, {F,#}t NE»D{F#} N EZ”T, n=0, 1, 2,... Assuming
that there is an index #o € N* (=10, 1, 2,..}) such that the assertion of the
theorem under consideration does not hold, there is a.

o= (g0, @G, 0,0...) € ({F.#) NEX\(F#)N E™ (14)

Further, let ?(7) be a system of semi norms defining 7 on Ee and satisfying
Definition 3.1. Due to (14) there is a semi norm p € ? (r) and some constant &
with

such that

M
p(g __Z f(n#f(n) >k
i1 (16)

for all f? € (FN E#™) i=1,2..,M (M€ N). Choose now a sequence (@w,) =0
such that i) of Definition 3.1 is satisfied for p. Set

B=max{@,: n=n+1, ne+2,..2n,
= (/242 (o) *w)?,

where @,=max{w;w;; i+j=mn i#j}. Choose then a sequence (a,)s0 and a
7-continuous semi norm # such that iii) of Definition 3.1 is fulfilled. Without
loss of generality assume that

1
“gH(p.(an)) <§ 17)

(otherwise, if (17) does not apply, then consider g = Ag and £’ =2k with 1=
(2ilgll) 7! instead of g and & in (15) and (16)). Since g€ {F, #1 N Ew
there is an

M
hzz b(t)# b(l) (= {F'# },

1=1
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b= (b§ ..., by, 0, 0...) EF, M’ €N, such that p (g— h) < /2. Using
(10),

plg—n) <f (g—hn) <k/2 (18)

follow. Setting (L,)2=p(Z¥, 8% p ), n=0, 1, 2...

oo

Ln)2<“h”(p(nn))<”g“(i>(an))+”g h“(p(an)) +;b(g h)$2+2—<—1

n
imply that
L,<1 (19)

for n=0, 1,2, ... ((*) is a consequence of Theorem 2.2. (**) is satisfied because
of (17) and (11).) Further, there are an index 7, 10 <7 <2u, and an Ly, 7o
<po=<2np, such that the following estimates hold

’

%Sﬁ*p(g“"%) (g ) (Qno (69))* (Quo (6))) —p(g— Quno (1))

1

X

i

M’ 2no M’
<Y (Qu (6) Qu ()] = Qe W) =p( )] ) ) (62 B+ B b))
1=1 r=no+l1 p+v=r i=1
#=no+1
M’
() ) G e+ o 6)) <mo ). wuoLul
v+y=ro i=1 u+v=ro
“=>no+1 ©2=no+1

<o (10— 10) @ Lyp < (m0) 23 Ly

((4) holds because of (17) and p(g— Qomo (B)) = p(Qono (g— 1)) <p(g—h) due
to Definition 3.1 ii).) Hence,

Ly= =J2c.

K
2(no)*@ (20)
Using (19) and ii) of Definition 3.1, Theorem 2.1 applies to £=p. Thus, either
P(}:LZuo) =c (21>

or there is an index m> o with
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Uiom) > 56580 (0. (@) > 5Buom (e (@,)) (22)

Using (21) (resp. (22)), it follows

# a2 (g h) ) V) = () > D) o6 )

(resp. p'(g— 1) = § (hom) >*B%> 2) This is a contradiction to (15)

and (18). The proof of a) is completed. b) follows analogously.

For every set M C Eg and every l.c. topology 7 let us distinguish between
—T —f,T
the 7-closed hull M and the sequence-closed hull M  which is obtained by
adding all the limit points of T-convergent sequences to M. Obviously,
.__f, —
MM, (23)
Corollary 3.2. Assuming that the assumptions of Theorem 3.1 are satisfied,
the following hold. a) If T’ denotes a further l.c. topology om E o such that © < 7/
and T'ipe=Tig=0"(n=0, 1, 2, ...), then

b) If the truncated temsor algebras E"[*], (n=0, 1, 2, ...) are metrizable l.c. vector
spaces, then

{(F#} ={F#}

Proof. a) Using Theorem 3.1, the assertion under consideration follows from

FE# cFir = (E# nE™

n=0

= B nem= BHNnE" c(FH),

n=0 n=0

b) The assertion to be shown is a consequence of (23) and

Far=UGEH nem=UFEHner =

n=0 n=0

f.T

U FEHne” " " cmi) ",
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where (*) is a consequence of the metrizability of EZ*[#"].

Proposition 3.3. Let us be given a tensor algebra Es and an alg-# cone
{F, #) satisfying (5). Let further the basic space E[t] be a metrizable lLc. vector
space, and let # induce a continuous mapping on E[t]. Then.

F#Y°=1F#)

follows.

Proof. Recalling that . satisfies the closure-condition with respect to {F,
#1} (see Remark ¢) on Definition 3.1), the assertion to be shown follows from

P @ fem (FD) fe
e crE = U EH NEFT C mE)Y O

n=0

{F.#}

((t) is a consequence of (23) and €= < €. (f): Noticing that E" [¢"] =
®%_o Enlem]l (n=0, 1, 2,..) are metrizable l.c. vector spaces, () follows from

Theorem 3.1. (1) holds because of €wjpm=¢ce pm=¢c™".)

Remark. 1f Theorem 3.1b) applies, then similar statements as those of
Corollary 3.2 and Proposition 3.3 follow for the completed hulls.

The following two lemmas are aimed at a discussion of the assumptions of
Theorem 3.1 and Proposition 3.3. In Lemma 3.4 it will be shown that the asser-
tions of Theorem 3.1 and Proposition 3.3 are a consequence of the special alge-
braic structure of alg-# cones because there are sets /4 not being alg-# cones
and not satisfying the above assertions. The aim of Lemma 3.5 and its remark
is to indicate that the assumption that 7 has to satisfy the closure condition is
not redundant in Theorem 3.1. It will be shown on one hand that €r does not
satisfy the closure condition and on the other hand that there are involutive
cones not satisfying the assertions of Theorem 3.1.

Let us now be given a metrizable l.c. vector space E[t] such that there is a
continuous norm p on E. Setting

p=p®. .. ®; p (ucopies)

let us consider the set
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M=A{fi+fn € Ee ; n(p(f) + () >1} C Ee.

fe® ——fE=aC—co

Lemma 3.4. It holds M M +M

Proof. The proof uses the following assertion (*) which is a well-known
fact of the theories of l.c. direct sums and topological tensor algebras [17].

(*) Let us be given a sequence (f)%., f? € Ee, and a g € Ee such that
FfP— g as i — 0 with respect to €w. Then there is an index M € N such that
Grad (f) <M for alli € N.

Using (*) and € @ g = € = €2, nE N, M/*® = J{7*~ follows. The
second part of the lemma under consideration follows from

i) 0 & grem
i) 0 € M°®

Proof of 7). Assuming that i) is not satisfied, there is a sequence (f™)s-1,
F™ € M, such that f™-—0 as m—° with respect to &~. Hence,

Y ubu (77 —0 (20)

as m— for every sequence (7)o, 72>>0, which is a contradiction to (¥).

Proof of ii). Take some system of semi norms #(t) ={p™ ;n=1, 2, 3,.}
which defines the l.c. topology t on E. Consider the semi norms

p=p"™ ®, .. ®, p™ (m copies)
on E,, m=1, 2, 3,... Notice that € is defined by the system of semi norms

P (o) = {pomum ; (7n) ERY, 120, (k,) € NN,

where pow,im (f) = Zieo 7205 (f), f= (fo. fi..) € E. Let us now be given
0>0 and some semi norm pomum € P (o). Choose an f; € E such that

5
0<pi™ (A1) <5
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and then an # € N with #/>1/p,(fi). Choose further an fyr € E, such that

)

(kn’) A
0<p ¥ (fy) < T

Setting f=f1+j§1r € Ee, it follows that f € J since

Pamam () =710 () + 7wp & (fr) <g+_<23.: 5

Hence, every O-neighborhood of € contains an f € 4 proving ii). The proof
of Lemma 3.4 is completed.

Lemma 3.5. Let us be given a tensor algebra Eg and an involutive come
{Ee,#}. Letep be metrizable. a) Then,

{Eg, #1770 {g=(g0,....47, 0,0,...) € Eg ; 2020, g, € h(Ep, #), n=123,.},

where h(Eq,, #) =1{f, € Eq; fi=1).

b) If # is continuous on the basic space E[t], then the assertion of Theorem 3.1
does not apply to {Ee, # } with respect to ep.

Proof. a) Let us be given some f, € h(E, #), n€N. For each m € N let

(m)
v

us recursively define a sequence (&™) %o of reals by

Cém) -

’ Cl(m) =m, ZCéM) Cr(m) + X Ci(m) C](m) =O,
i+j=7r
ij=1

1
m

r=2, 3, 4,.... Setting f,s=/f,®..® f,, s copies, consider
f(m)= Cé"”ll+Cfm)ﬁ‘*‘Cz(m’jén‘*'..."FC&m’fmn € Fe.

Noting that (6) implies 1¥=1,

f(M)#f(m)z_i;B+2f"+Z ( Z C;m)C§M))f(m+u>n
u=1

7+s=m+u
rS=p
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follow. Hence, f™# fm—2f a5 m— o0 with respect to &p. Thus, f, € {Ee, 1

>
Noticing also that obviously g € C, go = 0, implies % € {Es,#} , the proof of
a) is completed.

b) Using a), there are no € N and
0% i1 € (B, #) ' N Eany © {Ee, #} N E™.
Assume now that
Jon1 € {Eo, #) N E?, (25)
Using the metrizability of ep, there is a sequence (g™)im=1 with

g™ € {Eg,#} N E™™ (26)

m=1, 2, 3,..., such that

™= fono-s (27)
as m—00 with respect to &p. Because of (26) it follows

Mm
g(m) — Z a(z,m)#

1=1

a(z,m),

where ™™ € Eg and Grad (a¥™) <ny, i=12,.. My, (MyE€EN), m=123,...
As m—c°, (27) implies that

g — 0 with respect to zm,
g = famo—1 With respect to €zm-1, (28)
gim_, — 0 with respect to &z,

Because of the continuity of # on E[t] there is a system of semi norms % (¢)
defining t on E such that p(x) =p(x*) for each pE #(¢) and all x € E. Setting

2, =p®...®. p (n copies),

the systems of semi norms % (e,) = {p,; pE€ P (t)} define the injective topolo-
gies g, on E,, n=1, 2, 3,.... Recall that
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=)= )

f € Ee, to(f) =|fol, satisfies property (A) with (@)%, w;=1, i
(see [I: Example 34¢)]).

)R =1, =0,1 2
Setting

/

Mm
(m) o (i,m)# (i,m)
L= /sz—z (Z ang?” @ an™

and using [ I: Theorem 3.5] and (27), the existence of an index m, € N follows
such that Ly, <1 for all m>my. Now,

Mm
Pores (68 = s () (@™ ® aim +asm® @

(i, m)))

i=1

S2L5™  bane (52) —0

as m— o0 for all p€ P (t) yield a contradiction to (28) since -1 is a Haus
dorff topology.

Remark. Noting that ep does not satisfy property (A;;) with respect to
{Ee, #}, ep does not fulfil the closure condition

Hence, Lemma 3.5b) shows
that the assumption on the closure condition is not redundant in Theorem 3.1

The following is aimed at a characterization of (1) using dual spaces. For
each n € N and every l.c. topology 7 on Es, let us consider the following sub
sets of (Ee [7])":

¥r={Q,,S;S€ (Egl7])’, SUF #}) =0},
yr={Te€ (Egl1]); T=Q,T: TUF.#} N E?) >0},

where QT (f) = T(Quf), f € Ee. Obviously, ¥ C ¥y

Setting E " =
®2%, E; and using the canoical isomorphism

]' -E (Zn)__.,,EZn

let @ denote the l.c. topology defined by j§

and Tjz (lc. topology inherited
by = on the subspace E*) on E®?

Put further @™ = j ¥, Y2m = jyn
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where 7T (x) = T(x), x € E®. Let us also consider the duality (E @, (E@»
[z®])") and the corresponding weak topology a=a(E®", (E® [t%])").

A Hahn-Banach like extension theorem for positive functionals (cf [38,
Theorem 2.15]) then yields the following.

Lemma 3.6. For each n € N and every lc. topology T on E o the following
are equivalent :

(i) (F#Y NE*={F#} N E™
(ii) & is o-dense in Y &P,
Corollary 3.2 a) and Lemma 3.6 yield the following.

Corollary 3.7. If T satisfies the closure condition and Tizn=1t", n € N, .then

¥ is o-dense in Y7 .

Remark. Noticing that ¢ < 77 implies ¥ C %% and that there are
graded topologies 7 (I'..) satisfying the assumptions of Corollary 3.7 and I'#
RN, Corollary 3.7 thus yields a generalization of Yngvason's density-lemma
([41, p. 17]).

§3.2. On the Closed Hulls of Alg-# Cones

Jhe following lemma relates the closed hull {F, #} (resp. completed hull
{F #}) of some given alg-# cone to its basic space F.

Lemma 3.8. Let us be given an alg-# come {F, #} in some tensor algebra
Ee [7] such that the multiplication m : F* X F—=Ee is jointly T-continuous, and #
is T-continuous. Then, { F#}={F,#} and {F, #}={F, #}, where the completed
hulls = are concerning T and the closure is in Eg [T].

Proof. The assertions on # and m imply that there is a system of semi-
norms ® (t) defining 7 such that

p(r*) =p(r),
p€ P (1), and for each p € P (1) there is some ¢ € P(7) such that

p(F*9) <q(f)q(g (29)
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for all f, g € F. Let us now be given a net {(f®}4ecs, /¥ € F, A is a directed
set of indices, such that

f(a)___>f

with respect to 7. Further, let us be given p € #(z) and §>0. Choose then g
€ P (7) satisfying (29), and an oo € A such that

aF—f@) <q(H)2+02—q(f))/2=:p

for all > a,. The lemma under consideration then follows from

p(}(#f___f(a)#f(af)) Sq(f(a)#—f#) q(f(a)) +q(f#) q(f(a’)_f)
<p(g(r) +o) +4(f) o) <20(g(f) +p)
=3%/2.

The following theorem on the representation of the elements of respectively,
the closed and completed hulls of alg-# cones by infinite sums of “squares” was
first shown for the cone of positivity of the completed tensor algebra
Jo [eo] used in the Wightman-axioms of general QFT (see [12], [13], [5]).
Later, in [32], [1] the proofs were generalized for the cones of positivity in
completed tensor algebras ]’qua [es], where the basic spaces E[t] are nuclear
(F)- and nuclear (LF)-spaces, respectively. The following key-lemma is a
minor generalization of a lemma due to Schmiidgen ([32, Lemma 2]).

Lemma 3.9. Let us be given a truncated tensor algebra EN [e¥] endowed
with a continuous, antilinear and involutive bijection #, and F¥N =@ o, F» C E,,
such that FY [t], t= &M, is nuclear and metrizable. Considering K= {2M,
[P i fYe F, MEN} C EN® EY and the injective topology e=1®; t on
EY ® EV, it then follows that

K={) f9*@s». fdefF }: is convergent in (EN ® EV) [e]},

=Te

il
-

1

Proof. For simplicity let us write F and H instead of F¥ and E”, respective-
ly. Using that Flt], F"T[t] are nuclear Frechet-spaces, it follows ¢t ® . [=i®, ¢
on F¥® F ([29]). Furthermore, for each

EE€ F¥ @, F=FF ®.F,
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there are sequences (&)=, nloes, 2 0 € F, {At5=1 € 1 satisfying

t—lim x£=0, t—1lim y,=0,

n—00 7— 00

s

E: Zn xﬁ®yn,

It
-

n

where ... is convergent with respect to { ®,f (cf. [31, Theorem I.6.4]) .

Assume now that there are £ € ﬁ"@sﬁ‘ and

Mr
67’:2 LTEQ L) & }':’\T@ F

1=1
such that
&—E& (30)
as ¥— o0 with respect to &, where x"? € I i=1, 2,., M,(M, €N). For SE F
let us define S* € (F*)" by $*(f*) =S(f), f€ F. Recall that p € ? (¢) implies
that S € UY if and only if S* € UY, where the polar sets are considered in the
dualities (F, F’) and (F*, (F*)’), respectively. Hence, (30) implies

sup{lS* ® T(§,—8)|; S, T € U—0 (31)

as r—0 for each p € P(t). On F’ let us now define a semi-scalar product by

Mr
(S, T)=&(S*, T)=1lim ((S*® T) (§,)) =lim (Zg(xmi)) T (7Y
¥—r00 y—00

1=1

S, T € F’. Consider then the pre-Hilbert space

Fr=F7Ger (D).

Ti|=+{T,T> =0}, and the canonical mapping g : F~"—>I?:'.

ker (|.I) ={re F;|

Let us denote the norm induced by HH on F’ by H|| also.
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Considering the l.c. topology of precompact convergence 7, (F) on the dual
space F’ (cf [23, §21.6]), the continuity of the identity mapping ¢ : F’ [7.]—
FULIA follows from

©

ITIP=E(T* D) =]) 2T () TGm)|<(

=Cpu (D)7, (32)

[2a) (sup{T(®)|; 2 € U})?

=

where C=202.1|,] < % and U C Fis some absolutely convex and precompact

set containing the O-sequences {x:}5-1, {su}5n=1. Hence, the canonical mapping

P e ]—=F )]

is continuous, too. Since for every ¢-continuous seminorm p, the polar set U,
is 7.-compact ([23, §21.6 (3)]), the continuity of ¢ and g imply that U, and
©(U,) are compact sets in F’[||.]|]] and F'[||.]|], respectively. Using now the
metrizability of ¢, there is a system of seminorms # (£) ={p,: =1, 2,..} defining
t such that

and consequently, F'[||.]|] is a separable pre-Hilbert space due to the compact-
ness of ¢ (U,).

Choosing a countable and total system (¢”’)$2; of ortho-normal vectors e

S F’, let us consider linear functionals
27 - S"’<B(l), [l(S)>

on F’, j=1, 2, 3,.... Because of (32) there is a 7,~continuous semi norm ¢} on F’
such that

|22 ()<l [l (< i (5)

for each S€ F’. Hence, 2 € (F'[r.])'=F, j=1, 2, 3.. (cf [23, §21.6(1)]).
It follows now that
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§=Z 2@ L0
j=1

due to
k

(b8, 1) (6= ) 2" @ 29) =

1=1

=supll(T* ® 9) (O — ), T* ") ()] 1%, € UP =
7=1

(%)

k
=sup(<T, =), TET s(z) ; T.5 € UY
1=1

=supf] Z TGE?)SEP) |: T.Se Uy < Z p(27)2
=kt J=k+1
(k)

—0

as k—oo. ((*) is a consequence of

(TS =u(D), 1(8)>=C), 2 (1)e?, ) 2(5) ) =
i=1 =1
Z(i) (T) z(z) (S) — Z T(Z(i)> S(Z(t)) )

=1

(ngsl

1=1

I

(**) Since nuclearity yields ¥ ® . e =¥ ®, ¥, the continuity of My follows

from Lemma 2.3b.), and consequently, p(XZ52; 29%27) <oo. (**) is now a con-
sequence of Corollary 2.6) The proof is completed.

In the following let us be given a topological lensor algebra Eg [ ] and an
alg-# cone {F.#}, where F=EF, ® FF® 1, ® .., 1€ F and T |z,=6,(n=0, 1,
2,..), e1=1, € denotes the Euclidean topology on Ey=C. Further, let us consid-
er
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E™[e"] = @7, Ei[e] (C Ee),
Fm=®%, F;(C Es),
Y(m): (Fm)# ® Fm,
(Fm)#__-{f#;f = Fm},

m=0, 1, 2,....

Theorem 3.10. Let us be given Eg [€] with an alg-# cone {F, #} such
that
a) € satisfies the closure condition with respect to {F,#},
b) # is continmous on Ei[e] and satisfies (5),
¢) Fplea) are metrizable and nuclear, n = 1,2,....
Then,

!

—~——

(FE) =(FF) =(FEY"=(FE)°=

fOEfD . e ;‘7 =1, ZZ is convergent in g [e*] (n=0,1,2,..)},

C=Ts

={

i=1

and

FE =GH =FH - =Fi "=

= {Z FOF D gD e pr =12 ) is convergent in E#[e*] (n=0, 1, 2,.)},
i1

Proof. Let us now consider the linear mappings
My: YY" —{F#} N E™

where My, (f* ® g) =f*g f,g € F® n=1, 2, 3,... Noticing that the nuclearity of
Fulen] implies 7" ® ; 7"=¢" ® . ¢" Lemma 2.3b) yields the continuity of

M,: Y?[e" ®, "] —E#"[e™].

The continuous extension of M, onto the completed hull (Y™) [¢" ® . "] will
also be denoted by M.

Let us be given #» € N and a sequence (v”);2; such that



ON ALGEBRAIC #-CONES 759

N7
,U(r)z x(r,j)# x(r,j),
1=1
P e F® =12 N, (N, €N) and
—1: (7)
v=lim v
lim (33)

€2n

in E*[e*]. Hence, for every e®-continuous semi norm g there is a constant

C,>0 such that
supf{g(v?); =1, 2.} <C,.

Consider further

Nr
Er=z x(r,j)# ® x(r,j) =] Y(n)'
j=1
Because of b), ¢) there is a system of semi norms % (e.) such that Lemma

2.4 applies and €" = €wign, n=1, 2,.... Noting then Corollary 2.6 implies that for
each €”-continuous semi norm p there is some semi norm g € # (e..) such that

(P ®sp) (Er) "<‘Z p(x(r,z)#)P(x(r.i)) SZ (p(x(r,t)))z < q(v(r)) < Cq,

r=1 r=1

the boundedness of {&, ; &€ N} C Y® follows. Since (Y?™) [¢" ® . "] are
nuclear (F)-spaces and consequently (FM)-spaces ([36, p 520]) there are £ €

(Y™) " and a subsequence (&,)5= of (§,) such that

lim &-=§& (34)

¥’ —o0
with respect to £” ®, ”. Using Lemma 3.9 there are f¥ € F” such that
5=Z fOF® f9, (35)
i=1

where 2. is convergent with respect to €* ®.&"”. Applying now the continuity
of My, (33),(34), and (35), it follows that
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v=1lim v’ =lim M,(& ) =M, (&)=Z JAL AL (36)

7 —0 7’ >0

Because of assumption a), Theorem 3.1 and (36), it is implied that

F#r= ®#rn ==

n=0

z fOF D f0 e FR Z is convergent in E#[¢*]} =

= X fOF 0. g0 e | X is convergent in Eg [eo]}.

The remaining to be shown concerning the closed hulls are now a consequence
of Remark ¢) on Definition 3.1, Corollary 3.2a) , Lemmata 2.3 and 3.8. The

assertions on the completed hulls follow analogously.

The aim of the following is to weaken the assumptions of Lemma 3.9 and
Theorem 3.10. Let us be given H[¢] as in Lemma 3.9 and a subspace FC H

Consider further a subspace G C F, and put

K:{ f(i)# ®f(i):fm (<] E NE N} - F# ® F,

3=

il
—

4

C_-:{ g(i)#® g(i): g(i) = G, NE N} c G#@ G.

=

Il
—

1

On respectively, G* ® G and F* ® Fintroduce 1.c topologies
g'=tigt ®c tig

and
e=tirt O tip.

Note €i¢t sc=¢ (cf [22, p 348]). Consider again the linear mapping
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M:Eg ® Es—Eg
defined in Lemma 2.3.

Lemma 3.11. a) If F(t] is nuclear, then C =K N (GF ® G) .
b) Let us be given an alg-# cone {(F, #} C Ee such that # is €w-continuons,
and Flew) is nuclear. Then for everv subspace G C F, it follows

G#Y ={F#} nM{G®0

Proof. a) Letting L stand for G and F, respectively, consider the (real) vec-
tor spaces

(e L),={te1*’L; =8,

where (f*® 9)'=g"® f g 7€ L. Let further N (L*, L) denote the set of all
nuclear bilinear forms b on L*X L, and

WN(LE L)) w=be NWLE L) ; b(&, 9)=b( 2,5y € L.

Using the nuclearity of G* ® G[¢’] and F* ® Fle] (cf [29, Satz 5.1.1, 54.1]),
the kernel theorem ([22, §21.3.5]) implies that

(L5 ® La) s, W(L5, L)) )

are dual pairs, and consequently,

—’

95: c®, (37)
K=K% (38)

due to the bipolar theorem ([23, §§20.7 (6), 20.8(5)]), (where the above polars
are taken in the appropriate dualities). Consider the set of matrices

d.={A= (ay)%j-1; ay € C, Z lasl < o0, A = 0},

1,j=1

and let %, (resp. 9%, ) denote the set of all sequences (7 )f; of linearly inde-
pendent T® € F’ (resp. T € G') satisfying p°(T®) =1 (resp. p°(T®)
=1), =1, 2,..., where p° denotes the Minkowski-functional of
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US=A{T€ G,; | T®)|<p(x) for all x € G,}

(resp. p’° that of UY-). It then follows

co'={— E aiTP*® T (a,) 51 EAw, (TO)H E Gy, tV € P (16)} (39)
1,j=1
k0= (=) 0T 8 T, (@) 5us € du, (TR EFppE 2] WO

i,j=1

(The proofs will be given at the end of the present proof.)

Noticing that for each seminorm p € % (t¢) there is a seminorm p € P (¢r)
such that p(g) =p (g), g € 9, the Hahn-Banach theorem implies that for each

T® € G’ satisfying p°(T @) =1 there is a functional S € F’ such that

S (e =T(g),
pO(S®) =1,

i=1, 2,... Hence for each 7 € C° there is an 4 € K° such that
Bictec=7,
and consequently,
C° € {Jistec; S € K.

Then,

K°N (G*® G),={£€ (G*® G),;S(6) <0forall S € K°% C
c{Ee(G*® G),: TE L0forall T € C%=C,

and

Kn({G'®e6,cC (41)
follow due to (37), (38). Noticing that the converse of (41) is obviously true,
the assertion under consideration is implied.

b) Due to the nuclearity of Fle»] and Lemma 2.3 b), the continuity of

M: F*les] @ Flewl —{F #}[es)
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follows. Noticing M(K) ={F. #}, M(C) ={G, #}, it is implied

G# =m0 =MCH)=ME N G*®Q={F ) N MG ®0
where &= (€wigt) ®¢ (Ewig), E=Ew®; Eu.

Proof of (40). Recall that

)

WF* F))y={T=— Z ay TV* @ TV (ay) =1 EAn(TY) 2 EFp, p € P (4p)},

1,j=1

where o, denotes the set of all hermitean matrices satisfying 5y-1|aij|<oo
([22, 821. 3]). Assuming (ai;) 71 =0 and considering z;=T® (x\?), E=X¥,
W ® £ 4P € F, it follows

oo
Z Iaif
.g=1

00

N
Zuzil < z (lasl Z | Zuzinl <
=1

i,j=1

1=

4

Il
-

< ) pepem) 3 la<oo

I=

—

2,7=1

and

T =- i (Cbu'(f: —Z—zlzj!)>=—‘§: i ai; Z 1211 <0.

i,j=1 =1 i,j=1
Hence, 7 € K§. On the other hand, assume now that (a;;) € &, and (a;;) # 0.
Then there is a vector z= (2, 2,...) T, z € C, max{|z|; i € N} <1 and z#0 only
for finitely many ¢ € N such that

c 322*((1;;) 2<0,

where 2= (Z1, Za..). Define on the subspace £=span {T?, T®_ .} C F’ a
linear functional % by

(TP =z,

1=1, 2, 3,.... Then,
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p%(2) =sup{—~l*zi-— -4=1,23.}=

2°(T9)
=sup{lz| ; i=1, 2, 3,.} <1.
Using the Hahn-Banach theorem there is anx € F” = F such that %= % and

p(x) <1, Settig y=%_"—;,

o b

P78 T DTs

i T(i) (x) T(}') (x) -
1

Tt ey =

H

a«u E—izj = 4

o |

i,j=1

implies 7 & K° (39) follows analogously.

Lemma 3.9 and Lemma 3.11 b) now yield the following.

Theorem 3.12. Assume that the assumptions a) . b) of Theovem 3.10 are
satisfied. Let us further assume ¢): Let F[t] be nuclear, and let there be a se-

quence (Gn) 2=y of subspaces G, < F such that
GcGea. |J G=F
n=1

and by . = tic, are meirizable, n=1, 2, .... Then,

F#i=(r#) =F#r°=

:{ f(i)#f(i) : f(t) = é:"' n ﬁ‘ i=1, 2, 3’“.,

A gl

i=1

2 is convergent in E*[e¥], n, m=1, 2, 3,..}.

§3.3. On the Closed Hull of the Convex Hull
of Finitely Many Alg-# Cones

In the following the convex hull

]
Y (R, 42)

s=1
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(s)
F C Eg, of finitely many alg-# cones {F #3,s=1,2 3, .., 1 is considered.

For a given functional £ : Eg—C and XX a*% ¢ € {F, #3, a0 e F® 4
=1,2,.., Ms (M; € N), set

Ms
L;(f)_ /£Z (Z (1,8)#s ® a;;i’S)) i (43)

=1

y
I Ms

L;,I’Z""'l)=\/ Zn(zz ag,s)#s ® a;lz,s)), (44)
s=1li=1

Remember that condition (A) is modified for the convex hull (42) to (A’) such
that [1: (32)] holds. Definition 3.1 is now generalized to the convex hull (42).
It is said that some l.c. topology 7 satisfies the closure condition with respect to
the convex hull (42), if ii), iii) of Definition 3.1 are satisfied and i) is replaced
by i’) : For each semi norm p € #(7) there is a sequence (w,) =0, W,>0, such
that p satisfies (A’) with respect to (42) and (wn)5=0:

I Ms
Pn( Z z Z aﬁli,s)#s ® a,;,{'S)) < Z (Ura)kL(rl'm'” L§1.~--,1)’

r+k=n s=1 1=1 r+k=n
r+k r¥+k

where p, () =p(f), see [1: (32)].

Theorem 3.13. Let us be given a topological tensor algebra Ee [T] with |
alg-# cones

(s)
{F #,s=123.,(lIEN).

Assume further that T satisfies the closure condition with vespect to the comvex hull

st (B4,
a) Then,
1 —_—T T
K (F.#) nE”—Z (F#) N E™
s=1
forn=20,1,2,..

b) Assume furthermore that E"[t"], (resp. E* [t"]), n=0, 1, 2,.., are
semi- Montel spaces, and for every p € P (T) there is a sequence (dy) =0, dn>0, such
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that

I
Z (3)<drnLn12 ( )
s=1 45

n=0, 1, 2,..., where Ly’ are defined in (43), (44) replacing £ by p € P (t). Then,

(F#d =) (P4,

[ ]
s=1 s=1

where the closed hulls are considered in Ee (7] (resp. Eo [7]). Further, for every

l
=0+ R € Z (F#)

"
kS € {F, # , with Grad (v) <2N, it then follows that
Grad (k) <2N, s=1,., L

Proof. a) The proof is analogous to that of Theorem 3.1. b) Obviously,

s=1 s=1

—_—7
(s)
For proving the converse, consider some v € 25, {F, #5} . There is then a net

(s)
(kP4 4+ k") g, B is a directed set of indices, such that k% € {F, # (s
=1,2,.,) and

YO+ - EP—y (46)
with respect to 7. Using a) there are indices N€ N and B, € B such that
Grad (kP +..+ k"9) <2N (47)

for B € B with B>B,. For p € P (r) and
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Ms
X i (s)
k(s.ﬁ) :Z a(s,B,t)#s a(s,ﬂ,z) c {F, #S}
1=1

consider

Ms
L;’s;p,ﬁ)z\/p((z (s,8,t)#s ® (sﬁt)) ) ,

-

Ms
L(lz IPE)M\/p ZZ Bl)#s®a£,s‘e”))

Using (47), [I: Lemma 3.2], (45), it follows

G2t = (48)
LB =0 (49)

for each p € P (1), B>y, and n> N. Hence, there is a constant D>0 depending
on p such that

p(E®P) <D (50)
for B>y, because otherwise, due to

0 (%) 2N

pk02) < Z 2 < Y (Lot ) ww LEro L00),

n=0 7+5=n
r#Ss

there would be an 1y € N, 0<n,< N, such that (L 3??) zcp is not bounded yield-
ing a contradiction to

(+)
(1:9,8) (1,-5:p,8)
LB <, Lk ti2B <

! Ms
<all)) ) a0t go80] 0,

s=1 i=1

the 7-continuity of ||./|¢.c,) (see (11)), (46) and v € Es. Further, (49) implies

=

p(( a’(zl,ﬂ.i)#l ® a;l,ﬂ.i))“) =0

i=1

U
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for all u>N, p € P(r) and B>Bo. Since 7 is a Hausdorff topology,

=

a,‘,l"g’”#’ ® a;lyﬁ.i) =(

1)
-

follows. Using [I: Theorem 2.3b)], a¥? =0 is implied for i=1, 2,..., My, n>
N, and 8> . [I: Lemma 2.2a)] implies now that

Grad (k™?) <2N (51)

for B> B,. Since E® [{®] is a semi~Montel space, (50) yields that the set
(k%8 . B€ A, B> B0} is relatively compact in E® [¢%]  Hence, there are a
cofinal subset B € B and a k¥ € E® such that kX“#—k® for B = B’. (46)
thus implies

Ie) SR
vE (F.#) Z F#) .
The assertions to be shown now follow by induction. ((*) is a consequence of

[1: (21)] and (49). (+) follows from Theorem 2.2.)

In the following let us discuss an interesting example for the convex hull of
two alg-# cones used by G.Hegerfeldt in the axiomatic approach to Euclidean
QFT([11]). See also [I: Examples 2.4, 3.7].

Example 3.14. Setting S=J8(R%, d €N, d>2 (Schwartz space of basic
(rapidly dimishing) functons), let us consider the ee-completed hull

Fe=C O30 3,0 S, @

where xzm=d (R%™), m=2, 3,.... The cone of positivity is then given by

M
E%={Z fu)* f‘” : f(‘) = E;, MeE N},

1=1

Where for f=(fo, fi, fu, 0,0,.) € S the involution is given by f*= (70 fr ey
f;, 0,0,..) with
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Fn ooy in) = fo Cin, An1yeenin)

n=1,2,..

As in [I: Example 2.4b)] let us also consider the cone of reflexion positiv-
ity {Z,#}, where F=®5_0 Fm Fo=C and

Fo={f, € Bn:supp(f) C {xER™; 0< << <}},

£,:= (% 2}, 28 €R? (=1, 2,..m), n € N, and the antilinear bijection # is
defined by setting f*= (fo, 1, £3,..),

(ﬁz)# (1 ey ) = f (B oo B,

7= (—x% x} ... x%7) € R? = denotes the complex value of -. Recall that 3%
and {#,#} are involutive cones.

On S, the semi norms f, = pI™ (f,), f» € S, are considered, where

po (1) = sup max |TT T A+ D)™ (3/66)% £ (ar oo 2,

zeRdn pi<y 1=1 1=0
1

m, n=0, 1, 2....p0 (fo) =lfol. Setting

p(rn),m (f) = Z Tnp;z’n) (fn) ’

n=0

f € 2;, the system of semi norms {pomm ; (7n) € RY, m=0, 1, 2,..} then de-
fines the topology €~ on S . Because of Remark c) on Definition 3.1, it follows

that . satisfies the closure condition with respect to 3% and {%,#}.

For every pumm and each M, ¢ a® € 3%, T, p*p € {F, #} (M,
M’ € N), let us put

M
L;,*)z\/?é;m (Z a};)* ® a;‘i))' (52)
1=1

-
L= / o () B ), (53)
=1
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M M’
I,L*'#)=/p§2”’ (Z o ® ag)_,.E B* @ ) | (54)
i=1 i=1
Recall that
LO+LP< (1+/2) L, (55)

n=0, 1, 2,...(see [I: Example 3.7. Lemma]). [I:Lemma 3.6] implies now that

& satisfies the closure condition with respect to & + (%, #}. Since S"[e"], n
=0, 1, 2,..., are Montel spaces, Theorem 3.13 and Corollary 3.2a) imply

€

=T t= ® €®
Bo+F4Y =3y +{F#)

Finally,

¢®

Bs ={) for 0.0 e Fo Z is convergent in Sg [ee]),

ek

i
KX

¥ gD g0 e G Z is convergent in Se [ce]}

=

t®
F.#r ={

Il
—-

H

follow.

§4. On the Extremal Rays of Alg-# Cones
in Topological Tensor Algebras

§4.1. A Theorem on the Representation of Alg-# Cones
as the Sum of Their Extremal Rays

Let us start with some definitions and notions of the theory of extremal rays
and convex sets (e.g., [23, §25]). Let X denote some vector space. For each
2 € X, x#0, let us consider the ray

o(x)={y€ X; y=px, 0<pu< 0},

Let furtherK be some convex cone with apex 0 in X. Then, p(x) € K is called
extremal vay, if every open intervall contained in K and intersecting p (x) is com-
pletely contained in o (x). The set of all the extremal rays of K is denoted by
R (K). In the following let
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(ab)={y€ X; y=pa+ (1—p) b 0<pu<1}
and
la, ) ={y € X there are k” € K (i=1, 2) with y=a+kV=0p—F?}

denote the open intervall and order intervall between a, b € X, respectively,
There is the following characterization of extremal rays.

Lemma 4.1. Let us be given a vector space X, a convex cone K < X wilh apex
0, and some 0F x € K. The following are then equivalent

i) o(x) € 8R(K),
ii) for each k € [0, x], k#0, there exists 0<u<1 with k=px,

iii) if kY € K and x=kP+k®, then there ave pi, 0<p; <1, such that K’ =p,x, i
=1, 2.

The proof is straightforward.

The following two lemmas are the prerequisites for the proof of the main
theorem of this section. There is the following characterization of extremal
rays in the case of homogeneous elements f € F (Grad (f) =grad (f)).

Lemma 4.2. Let { F,#} be an alg-# cone in some tensor algebra Es. Let

further Eo (€ ®] be nuclear and the involution #: Ee [ee]— Ee [ee] be con-
tinuous.  If furthermove

(F¥)e N = {Z g g0 e F N E? Z is convergent in E¥* (2]},

i=1
n=0, 1, 2,..., then for each f € F with Grad (f) =grad (f) it follows that
o(f*f) € 8R({FF)ee).

Proof. In the proof an idea of Brauer is used (see [7]). Assume that
there are k, k' € {F, #}°®, k+0, K #0, such that

fif=k+k. (56)

Since there is an M € N with k&, k¥ € EEM, the assumptions of the lemma under
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consideration imply the existence of g, g € F N E¥ such that

k E: g(ﬂ#

i=1

=) g'®t g’ (57)

(gl

1=1

and ¥ is convergent in E¥[¢¥]. The assumption Grad (f) =grad (f) =N, f € F,
implies

Grad (f*f) =grad (f*f) =2N. (58)
Then, max{Grad (k), Grad (k") } =2N, because if

)]

2N>max{Grad (k), Grad(¥)} = Grad(k+k)=2N

there would be a contradiction, and if 2M’=max{.} > 2N there would be some
i € N such that gi#’#0 or g i’ #0, and

ngé?" ® gz‘v‘ﬁ+z £uw' ® gi=0
1=1 1=1

yielding a contradiction to (g@* ® g, (¢ W* @ g W) € {F #} (i=1, 2, 3,

..) and the fact that {F, #}* is a (proper) cone. By the same reasoning, min
{grad (k), grad (k") } =2N follows. Hence,

Grad (k) =Grad (k') =grad (k) =grad (k') =
implying
Grad(g?) =Grad (¢ ”) =grad(¢?) =grad (¢ ¥) =N (59)
by [I: Lemma 2.2a)], i=1,2, 3, ...

For every continuous functional Ty on Ey [en] with Ty (fN) =0 and each j
€ N, it follows
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ITu (e ) P+ T (¢ DY, 1Ty (e P+ ), 1Tl )
i=1 1=1

=TH® T(), &* @ g)+ T4 ® Ty} £ ® £ )
1=1 t=1

= T4 ® Tw(rt ® fiv) =|Tw (i) =0,

and consequently, g’ =u? fv, & ¥ =t'® fy, u?, ' € C. (59) and (56) imply

Z |w|2+‘Z =1,
i=1 1=1

k=), P sy
t=1
K=, ) sy

The assertion to be shown is now a consequence of Lemma 4.1.
In the following let 0,; denote Kronecker’s delta.

Lemma 4.3. Let us be given a tensor algebra Ee with nuclear basic space
E[t], continuous mapping # , and an alg-# cone {F, #} satisfying 5). If f* f=

20 29 g with Grad (f) =M, £, g € F**, then there is a unitary matrix U=
(M’U') :J=l: Uy S C, such that

oo

h‘”=2 wig” € F N EX, ey =01./u (i=1, 2,3, ...),

1=1

f#f=z h(z)# h(z)
1=1
where all the sums are convergent in Eg [£w).

Proof. In the proof there are used some ideas of H.J.Borchers (see [5, VLI,
V1.3]). The proof is subdivided into two steps i), ii).

i) Let U= (w;,) Fj=1 be any unitary matrix and 2218 g®, ¢® € F, be con-

vergent in Eo [6x] . Then, Loy uyg? = h®, T2, h* 1D are summing in
Eelenl. Furthermore,
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@# ) —
g & =

1 i=1

h(i)# h(i)

Nt
0-s

i

Proof of i). As in the proof of Lemma 4.2, f* =2, g”%g” implies g*
€ Fs N EM, 1=1, 2, 3,.... Corollary 2.6 implies that for every €. semi norm p
there is some &»~continuous seminorm ¢ such that

00

ZP(W £”) Si luislp(8?) /(Z Jsl?) ip(g‘”)z) =\/§ p(g”)?
1_ s i

and consequently,

h(i)zz i g(i) c E?M [EM]

j=1

and X - is absolutely summing. Further, using Lemma 2.4 and Corollary 2.6,
there are ¢, f € P (e.) such that

D # (l)

P(ftu Uit &8 uu “tl' P (g(’));b (gm)

<L L
/ Wul) ( (]))2) /
(f j=1

proving that for each i € N, h?* n¥ =312, 3% @ju, g% is also absolutely
summing.

C=e
(b

11

U

J 1

1] B Eps

=g

) Z /(£)7)

I/\

>

Setting h*™ =271 wi; g9, notice that for = fixed,

o0 p(h(;’,n)# h(t,n)) iii p(ﬁjz Mikg(j)# g(k)) <diii luji u'ikl
=1 i=1j=1k=1 i=1j=1k=1
=a) () lud Z ) < / VG Y () b
i=1 j=1 k=1 i=1 j=1 =1 k=1
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implies that 252y A“"*p9" is absolutely summing, where p € P (e..),
d=max{p(g?* g*) ; j, k=1, 2,.., n},

and Z;;l Wi wir=0jr. Now,

Z Z s wi g9 g(k><p(z Z(Z (i wie) g% &

p<z (h(x ) # h(i n)

i=1

u' Ms

Z <g(1))2<q/(f#f)

implies that > A®* b is summing in E* [e?™]. Noting h” € F, Lemma 2.5 im-
plies that 2. h™* h® is absolutely summing, too. 2%, &P% g¥ =22, AW* 1 is

now obvious.v
ii) For fiy € F, Lemma 4.2 implies

gI(l}) =l fu, (60)

u, €C, X2, |wl>*=1. Now, choose a unitary matrix V= (u;;)¥j=1, v € C, with
=; j=1,2 3,.. Using i), it follows

f#f_:z h(i)# h(i)

i=1
for K =232, vy, g, (60), the definition of v; and the unitarity of V then im-
ply

o

Z lesl? fiu=fu,
j=1

0
Z Usj D1y fM

s=2, 3, 4,... The proof of the lemma under consideration is comleted.

Il
De
S

<.
It
—-

=
Il
S Ms

We are now able to state and prove the main theorem of this section.

Theorem 4.4. Let us be given an alg-# cone { F, #} satisfying (5) in some
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tensor algebra Eg. Further let the following be satiesfied :
a) mapping # is ee-continuous,

b) E7[e"], n=1, 2, 3,..("=1), are nuclear semi-Montel spaces,
c) it holds

(F#)e n E7= {z g% g0 g0 e FNER S is summing in Eg (o]}

Then,
(1) for each k € {F, F}°®, then there is a sequence (2°) %1, 2 € F. such that

0 (29 20) € gR({F #1%®) (=1, 2, 3,...),

[y

Z(t)# Z(l)Y

k=

(b

1=1

U

where Y. - is summing in Eo [£s],
(I1) the decomposition of k given in (I) is unique (up to rearrangements of
summands) , if and only if dim (F) =1.

Proof. (I) © The proof is subdivided into four steps 1),.., ), and it is based
on an application of Zorn's lemma. In the following let R ({ F, #}°®) be
abbreviated by %.

i) For 0#f € F, M=Grad (f), consider

%,={x € F; xyy=/fy, there is some k; € (F #)e® with =+ xt+ks),
Y,={k, € {F F}°®; there is some x € %; with [* =4 x+ks}.

Then there is some z € % with p (2% z2) € ER.

Proof of i). If M = 0, then i) is satisfied since f € %, and p (f* f) € 8.
Assume M>1 now. Since f € &, X+ @ follows. If x € %, then

Grad(x) =M, Grad (k;) <2M—2

follow since {F, #} is a (proper) cone. Consider ? (€») introduced in Lemma

2.4. The boundedness of ¥; C E? [¢2] and ¥, C E®~2[¢2-2] follow, since
for each p € P (e.) there is some §f € P (e..) such that
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p(0) VP (o) SV () =1 <o (61)
plkz) <p(F* f) <oo.

Let us now introduce a semi-ordering " <" in %, by setting x <y, x, y € %, if
there is a kzy € {F,#} © with

i x=y gtk (62)
x < ythen imply

Frr=at atk,=y* yt ko, tho=y* yt+k,

and consequently

p(#* x) 2p(s* ), (63)
p(ky) =p(ks),

for all p € P (e.) (see Lemma 2.4ii)). Let {g“}aca be a linearly ordered sub-
set of %;. Since %, and ¥ are bounded and consequently relatively compact due
to assumption c¢), there are cofinal subnets {g%"} arenr, k@ Y grear, A’ C A, k&
t =k, such that

g(a')__)ge gj\@ ’EVZM’~
K@k (FF) 0 EF?

where f* f=g"®* g9+ k@ Notice that g}’ = fy implies gy = fy. Further, f* f=
g' gtk holds because of

;b(f#f—g# g— k) Sp(f#f_g(a’)#g(cx’)__k(a')) +p(k__k(a’)) +p(g# g__.g(a’J# g(a’>)
Sp(k_k(a')) +P, (g(a’)#~gﬁ) P' (g) +PI (g(a’)#) ;b, (g_ gm'))
<p(k—k@") +2¢,0 (g— ") —0,

where p, p € P (ew) are taken from Lemma 2.4, and ¢, from (61). Hence, g €

%, Noticing that g > g for all @ € A, Zorn's lemma applies. Then, there is
some maximal element z € %, that satisfies

oz z) € 8R
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because otherwise Lemma 4.1 would imply the existence of a € FN E¥ and

two indices v, ¢ € N such that zfz= 252 a®* ¢ and p (a®* a®) #p (a¥* o).
Using Lemma 4.3, there would be b € FN EY with by =2z, p (0* ) #p0 (' 2),
and 2* z=b* b+ ks, 0%k; € {F, #}°® implying b € %, and b > 2z This is a con-
tradiction to the maximality of z.

H) Let f*f= Sm, % g, g% o = S iy =1 23 with o,
b%” € F be satisfied. Using the bijective mapping s : N XN—N given by

_ #=3it2i+F—5+2
2 ’

set g9 =0 Then,

($)# _(s)
g &

Led 00
#f=z Z (,)# b(t])
i=1 j=1

Proof of ii). Using Corollary 2.6, for each p € P (e.) there are ¢/, ¢, p, ¢’
€ ? (e..) such that

EMS

p(b(i,i)# b(i.i)) SZ p/ (b(i,j)> 2L 4 (a(i)# a(i)) ,

Jj=1

Z q/(a(t)# (t)) Z (a(i))ZSq"(f#ﬂ.

i=1

ki
A

8

Consequently, 2o 252 b("’)# b7 is absolutely summing, and thus, ii) follows.

iii) For each 0 # fE€ F there is a sequence (gP)5,, g € E such that
0(g™* g9) € &R and

(D# (1)

ffr=) g¥ g".

=Te

i=1
Proof of iii). The proof is inductively given with respect fo Grad (). Let
1o = min{Grad (v) ; 0% v € F}.

Noticing that f € F and Grad (f) = ny imply grad (f) = no, f* f € R follows
from Lemma 4.2. Assume now that there is some n € N, n= np, such that for
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each 0# f € F with Grad (f) <, the assertion under consideration is satisfied.
Setting

v,=min{Grad (v) : v € F, Grad (v) >},

choose some y € F with Grad (y) =y, Due to i) there are z€ %, k. € (F#}
such that o (s*2) € R and

yty=2"2+k,.

It further follows Grad (k,) <2u, and due to assumption d) there is a sequence
(a(')):o=1, a? € FN E% with

kz:z a(1)# a(z)'
i=1

Using the above assumption, there are sequences (%)%, v € FN E*, with
p(b(i,i)# b(i,f)) = g% and

a0 g = Z pE0E e
1=1
i=1,2, 3,... Now, ii) implies
f#f:Z Z+Z Z pion# b(z,J):Z# Z+Z g(s)# g(s)
1=1 7=1 s=1
completing the proof of iii).

iv) 0#k € {F #} and assumption c) yield the existence of some M € N
and some sequence (a?”),, a® € F N E¥, such that Grad (k) =2M and

o0
kzz g @# g
i=1

Applying iii), there are sequences (b))%, 3 € FN EM with o (pUn* pa?)
€ R and
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aPF g =

(g

(ED# pGg)
b b,

1

)

i=1, 2, 3,.... Setting 29 =g =0 as in ii), it follows k=2, 2%z complet-
ing the proof of Theorem 4.4. (I).

Proof of (II) : (&) : is obvious. (=) : Assuming that dim (F) =2 there are
1" x, 3" y € 8% and #, y are linearly independent. Consider

k=25 5429 y= (x+9) * (x+) + (x—9) * (x—y). (64)

If (x+y)*Gx+y, G—»*(x—y € 8R, (64) yields the non-uniqueness of
the decomposition of k. Otherwise, if (x+9)*(x+3) & R (or (x—)*(x—3) & ER),
consider the decomposition of the right hand side of (64) into extremal rays
given in (I) . Noticing that this decomposition contains at least three sum-
mands, the non-uniqueness of the decomposition of k into extremal rays follows
also.

§4.2. An Example: The Extremal Rays of C%

Let us shortly illustrate the preceeding for the simplest examples : the tensor
algebra

Ce=Co®CaCo .,

and its cone of positivity

M
C§= {Z c(:)*cm : Cu) c C@, ME N}.

=

Recall that there is a *-isomorphism 7 between Cg and the algebra of
polynomial C[¢] with complex coefficients and one varile t € R given by

{c) =i cnl®,

n=0

c= (Co, C1,-.-y CN, 0, 0,) = C@.
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Theorem 4.5. a) It is p € Ch, if and only if w(p) (t) =0 for all t € R.
b) It is C5=C% ©.
) It holds p(c*c) € 8R(C%), if and only if w(c)(¢) has real roots only.
d) Assuming that w(c)(t) has ¥#0 non-real voots a;+ib;(0F b €ER, q¢; €

R), and n—r real voots a; (j=1,.., v; I=v+ 1., n), a decomposition of ¢*¢c into ex-
tremal rays is given by

() = Hx,'i'st Hx, Z b, b, Hx,-+,..+

s1,82=1 j=1
ﬁf:s S1<s2 J#sx s2
7
2 2
+ Z (bsyon.bsy-r) l l %+ l l b? I l x, (65)
81,",S7-1 i=1 I=r+1
$1<+<8r-1 JF S1+87r~1

where n,= (t—a)?, v=1,2,.,

Proof. a),b) are shown in [25]. ¢): see [7, Satz 5.1], [14].
d) : Using

2@ =[] = @+a)) J] t—a).

=1 I=r+1

(65) is implied. Since each summand on the right-hand side of (65) is positive
for all t€ R and is the square of polynomials with real roots only, a) and ¢)

imply that the preimages of all of these summands are in R (C%).
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