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Picard Groups of Hypersurfaces in Toric Varieties

By

Shi-shyr ROAN*

Abstract

We study the structure of rational Picard groups of hypersurfaces of toric varieties. By using
the fan structure associated to the ambient toric variety, an explicit basis of the Picard group is de-
scribed by certain combinatorial data. We shall also discuss the application to Calabi-Yau spaces.

§1. Imtroduction

Throughout this paper by an orbifold we shall mean a complex variety with at
worst abelian quotient singularities. The orbifolds we shall study here are
toric varieties and their quasi-smooth hypersurfaces. Much of what was
needed in toric geometry is already in [7] [10] [12] [15] [16], and the present
paper borrows heavily from those references. The purpose of this paper is to
determine the (rational) Picard groups, i.e. the groups of Q-divisors, of hyper-
surfaces in toric varieties. The quantitative aspect of Picard groups, as well as
the qualitative one, will be the main concern of this work. In algebraic geome-
try, the toric divisors provide a combinatorial description for the structure of
Q-divisors of a toric variety [5] [14]. However, one can also study this sub-
ject from sympletic geometry point of view [3] [11]. As in the case of projec-
tive spaces where line bundles are obtained by the induced bundles from Hopf
bundle through characters of C", we can also describe the Picard groups of toric
varieties in a similar manner. The present work focuses on the structure on
Picard groups of hypersurfaces in toric varieties, which ultimately yields some
combinatorial basis-representation for H*! of Calabi-Yau (CY) mirror 3-folds.
There has been considerable progress on this subject over the last few years
[26]: the special case on quotients of “Fermat-type” CY hypersurfaces in [21]
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[22]: and also the general cases but focusing on Picard numbers only in [4].
The goal of this sequel is to show that an investigation of the general properties
reveals a remarkably profound structure, and hence to enrich our understand-
ing on toric geometry and mirror symmetry.

The following is a summary of the contents of this paper: Section 2 contains
some basic definitions in this work, including orbifold principal bundles with
torus as the structure group. The homogeneous coordinate system of toric
varieties found by Audin [3] and Cox [6] [18] [2] is the main example for such
notion in the present paper. In Section 3, the Picard groups of toric varieties
are constructed through the induced bundle-construction which behaves much
the same as in the usual projective space. In Section 4, we aim to give an over-
view of some basic properties on quasi-smooth hypersurfaces in toric varieties
for later use. For the purpose of illustrating the general results in the pre-
vious sections, we shall present some standard examples of toric varieties in
Section 5 by connecting them with some well-known facts on those varieties.
In the next two sections we shall deal with the most significant objects in this
paper. In Section 6, Picard groups of hypersurfaces of toric varieties are de-
termined through the related combinatorial data. The hypersurfaces are in
general not ample, however we must assume some additional (somewhat
unpleasant) conditions on the toric varieties. The prime examples in our mind
are CY spaces appeared in the context of mirror symmetry [4] [21] [22] [26],
whose structure has led us to this work. In Section 7, we shall apply the re-
sults of previous sections to anti-canonical hypersurfaces in the toric varieties
of reflexive polytope-type introduced by Batyrev in [4]. With an additional
“maximal” condition on the combinatorial data, the hypersurfaces are smooth in
the dimension 3. Hence we obtain a combinatorial description of Picard groups
for these CY spaces, which generalize the results in [21] [22] on the quotients
of Fermat-type CY hypersurfaces. In this paper, we have endeavored to put
the presentation in the context of complex geometry in the hope of making
easier access to differential geometers and topologists. Some of what is in-
cluded should be undoubtedly known to experts in toric geometry; nonetheless,
it seems difficult to find an appropriate references, especially in Sections 2 and
4, some subjects we have taken pains to include. We have put some elementary
arguments for a few well-known facts of the content in the appendix for easy
reference.

Notations

We prepare some notations for easier presentation of this paper.
Ax=A ®z K, for an abelian group A and a field K=@, R, C.
For a n -dimensional lattice L , we denote
T (L) =Lc/L(=exp (2mi L)), the n-dimensional (algebraic) torus having L
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as the group of one-parameter subgroups.
L*=Hom (L, Z), the dual lattice of L.
(e ) - L X Lg—R, the non-degenerate natural pairing which takes integral
values on LX L". For a subset 7 of Lg, the annihilator of 7 is defined by

tti={yE g | W=0V xE 7}

>.= a fan in Lgr, which will always be a rational simplical fan for the lat-

tice L throughout the paper unless otherwise specified. 2 denotes the i-th
skeleton of 2.

P = the T (L) -toric variety associated to a complete fan 22, (note that
P, is an orbifold by the assumption on X.).
§2. Orbifold Principal Bundles
For convenience of later discussions, we introduce the following notion on orbi-
folds as a generalization of principle bundles and induced line bundles in the
class of complex manifolds :
Definition 1. Let T be a (algebraic) torus. A morphism of orbifolds,

T:P—X,

is called a principal orbifold T-bundle if the following conditions hold:
(i) Pis a T-space with the right T-action :

PXT—P,
and 7 is a T-equivariant morphism with the trivial T-structure on X.

(ii) For x € X, there is an open neighborhood Us of x , and a finite abelian
group Gz such that

Tlrest - ! (UJ:) — Uz
is T-equivalent to a left Gz-quotient of the product bundle,

G\ (B (0) X T B (0)), B.(0) :=(z€ C": |z]<e,

where the Gz-action is given by
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GeXBe(0) XT = Be(0) XT, (g, (5, 0)) g (2, )=(g" 2 0(gt),

for some group homomorphism ¢ : G:— T.
(iii) G is the trivial group for a non-singular point x. [

Note that T acts on 77! (x) transitively for each + € X. Hence all elements of
771 (x) have the same finite isotropy subgroup of T, denoted by gz. For Uy in

(ii) of the above definition, an element y of Uy corresponds to a Gy-orbit [2z]
for some zo € C". We have the following isomorphic germs of analytic spaces:
(U y)=(z€C || z2=a| < 8)/Gau. [2]),
where Gy is the subgroup of G, stablizing the fiber over z, ( note that the
group Gz, does not depend on the choice of z). Then we have a surjective
homomorphism
Gy — &, for yE€ U’
Definition 2. For a principal orbifold T-bundle,
w:P— X,
and a character of T,
x:T—C"
PX 1 C is the quotient space of PXC by the T-action:
O - t=0-tx®O.
The fibration
Px1C— X, [(p. 01—z (p),

will be denoted by @ (x), called the orbifold line bundle induced by 3% ]

Note that 0 (x) is a line bundle outside the singular set of X. The sections of

ﬁ(x) over an open set U of X can be regarded as functions on 771(U). In fact,
one has

ru o)) ={= W) —=Clfp- ) =x 0 fp forpex*(U), t< T}
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We shall make this identification in what follows. For compact X, @ (x) is con-
sidered as an element of the rational Picard group of X by the following lemma :

Lemma 1. For a compact variety X, O (x") is a line bundle over X for some
positive integer N.

Proof. Let Uz, Gz be the same as in the condition (ii) of Definition 1. By
the compactness of X, there is a positive interger N divisible by |Gz| for all x €
X Claim: @ (x") is a line bundle which is trivial over Uy. By the construc-
tion of orbifold line bundle, @’(XN) vz 1S equivalent to

br
G2\ (B (0) xC — B.(0)),
with the Gy-action given by
g (50

=g 2 x"( 10
=20, (by |G| IN).

Therefore 0 (x") u5 is isomorphic to Uy XC. [

Let P be the toric variety for a n-dimensional lattice L and a complete fan
> in Lg. By [3][6], P can be regarded as the orbit-space for some torus
action on a “homogeneous” affine variety. We are going to show that this fibra-
tion over Pz is in fact a principal orbifold bundle. The “homogeneous” affine
variety will be described through the toric construction as in [18].

Let 2! be the collection of primitive elements in L which are the generators
of elements in 1-skeleton ¥ . For a simplicial cone o of 25, the simplex in
Lr spanned by 2! N ¢ and the origin is denoted by A, Consider the
(compact) polytope in Lg,

A= 4. )
(=)

The faces of A,'s form a (simplicial) triangulation of A (L), denoted by {s,};es,
with 22*U {0} as the set of O-simplices. Hence the complete fans in Lg are in
one-to-one correspondence with the triangulated polytopes (4 (L), {s}ies) in
Lgr such that the following properties hold for 0-simplices s;,

s; € interior (4 (L)) & s;=the origin 0,
$;#0 = s;:an primitive element in L.
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The toric variety P is determined by the triangulation of A (L) . It is
known that the irreducible toric divisors of P,y are in one-to-one correspond-
ence with the elements in 2!, and denote ¢; the toric divisor corresponding to
an element § € X!, Consider the free Z-module Dy of rank d (: =|2'|) with
the Z-basis given by the set of all irreducible toric divisors of P, and we
shall denote Z-basis elements of Dy by e; again if no confusion could arise,

Dy = @ Ze,s.

gexl

(Note that no linear equivalent relation of divisors exists among e;'s in Dy.) De-
fine the homomorphism

‘Bo : Do — L with ‘80(65) = 6,
and denote its kernel by
n (=n(X, L)) :=Ker(Bo). (2)

Since the cokernel of B, is finite, by tensoring with R, we have the surjective
linear map:

B=(Bo)r: (D)r= P Re;— Lx. (3)

dezl

Let D be a lattice in @ jez1 Res with the following property :
(i) D 2 D,
(ii) B(D) =L, and B induces an isomorphism of finite abelian groups :

D/Do:L/Lo, with Lo L= Z Z5

ezl

Note that D is equal to @ sem Zes if 8o is surjective. In general, the lattice D is
not uniquely determined. However we simply choose one such lattice for our
purpose and denote it by D (=D(22, L)). Then we have the exact sequence of
abelian groups:

[4
0—n—D>L—0, )
and its dual sequence: ’

8* *

0— L"— D"—n*— 0. (5)
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Regard (4) and (5) as the corresponding 1-parameter subgroups and charac-
ters respectively for the exact sequence of tori:

0—T(m) — T — T —0,

and identify the following vector spaces:

D= (Do) k= €D Kes. for K=Q, R, C.

gext

Denote
{é5} 5ezn = the basis of Di dual to {es} sex.

For an element ¢ in a fan 2 in Lg, let T be the simplicial cone in Dg defined
by

o= Z R20€5 C DR, (6)

degni!

and i be the collection of all such @,
S :={%loe X}

Then X is a fan in Dr with its support |2| contained in the boundary of the
first quardrant cone 2 in Dg:

Let Cy be the T (D) -variety associated to the fan 2.. It is an open subset of

its closure C ), which is a T (D) -affine variety :

Cew € Ciep = Spec C[R"ND].

The above spaces can be realized as orbifolds in the following manner. Associ-

ate to the pair (X, L), one has the T (D,) -toric variety Ce 1o, which is isomor-
phic to C%

Coro= @ Ces=(C¢,

dezl
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and

C(z,l.w:m - U {E zseslzs=0 for 6 € I},

1

where the index I runs over subsets of 22! with I # ¢ N 22! for some 0 € 2.
Since the torus T (Dy)is a finite cover of T (D) with the kernel D/Dy:

0— D/Dy— T (D) — T (D) — 0,

one has the isomorphisms :

Cen=Cern/ (D/Do) =C*/(D/Dy),
Can=Cro/(D/Dy).

Therefore Czr) — Cpy is an union of affine subvarieties of Cyy having the
codimension =2. Since Cey is an union of T (D) -orbits, it is stable under the
action of T (n). The linear map B of (3) induces a map from 2 to 2 sending
¢ to 0, hence a morphism :

7:Cen— Pep. (7

Composing 7 with the finite projection from Cwiy to Cizz), one obtains the
morphism

o : Cro = P, )

The coordinates of the affine spaces Cry or Cr can be regarded as the
generalized homogeneous coordinates for the toric variety P in [3] [6] ( see
also [11] [18] ). And Py can be considered as the set of T (m) -orbits in

Cen:
Cap/Tm) =Peup.
In fact, Czy) is a principal T (n) -bundle over Py in the sense of Definition 1.

Lemma 2. With the T (n) -action on Cizp), the fibration (7) is a principle
orbifold T (m) - bundle.

Proof . 1t is known that U, (=Spec C[6 N L*]), 0 € X, form an open
affine cover of Py, and the T (L) -orbits in Py are in an one-to-one corres-
pondence with the open cones o:
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o< orb(o), 0 € .
Over U, 7~*(U,) is the affine open subvariety Vi of Cizz),
Vz:i= Spec C[G N D,
and the restriction of T,
To: Vi — U, (9)

is the morphism of toric varieties induced by 8. For x € orb(6), Uy is an open
neighborhood of » . Let {§;}7, be the intersection of 2! with o, and L, denotes
the sublattice L N 2Z72,R&; of L . Let pr, 1 <k<n —m), be elements in L

which form a basis of L by adding some basis-elements of L,. Consider the fol-
lowing lattices:

L=, Z0;+ 2" Zoy,
D=B1(L).

Then the following sequence is exact :
0=n-> D> L =0,
Through the homomorphism B8, D/IY is isomorphic to L/L". Denote the group
G::=D/D'=L/L. (10)
One has an exact sequence of tori :
0—T(n) = T(D) = T(L) =0,

and G is imbedded into T (1Y) and T (L") compatibly with the above epimorph-
ism. Denote

Us=Spec C[d N L], V3=Spec C[& N D'}
Then B induces an equivariant morphism (with respective to T (D) and T (L)),

Ty: Vi— Ug.
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7, defines a principle T (n) -bundle on which the group G acts as a bundle

morphism through (10). It is easy to see that 7 is equivalent to the trivial
bundle,

pr: UsXT(n) — Us.
Since the Gy-quotient of 7, gives the fibration (9), therefore the conditions of
Defintion 1 for the fibration (7) are satisfied. [
§3. Rational Picard Groups of Toric Varieties

Let Py be the same as in the previous section. We are going to describe the
rational Picard group of P« in terms of orbifold line bundles. Since

H*(Psp, 0) =0, for ¢g=1,
we have a natural identification:
Pic(Peu)k=H*(Psu, K), K=Q R, C, (1)

by assigning to a line bundle its Chern class. It is known that the rational
cohomology ring of P,y is the @-algebra generated by the classes of toric di-
visors [7] [10] [16]. Hence we have the following result, (see [16] Corollary
25.):

Lemma 3. Pic(Pwp)q is the Q-space generated by the “line bundles
associated to the toric divisors in Psy. [

(Here a non-zero multiple of a toric divisor D is a Cartier divisor, so one can
talk about its “line bundle” in the rational Picard group of Pw.p).

By Lemma 1 and 2, there associates an orbifold line bundle &(y) over

P from the T (m) -orbifold bundle Cy) for a character x of T(m). Hence
we have the homomorphism

nh(=n(X, )§) — Pic(Pzun) @ (12)
which sends an element x of m* to 0(;(). Define the group

G2, L) :={¢: Cyp—Cxw, T(m)-equivariant biregular morphism}.
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Note that each element in G(22, L) can always be extended to an automorphism

of Cezp. It has been shown in [6] that G(X2, L) is an affine algebraic group,

consisting of all the T (n) -biregular morphism of Ci. The G(22, L) -action
on C(z 1y induces a bundle morphism :

G(Z, XxCen — Caun
! !
G(Z, DXPgn — P,

hence a G (2, L) -action on € (x). Therefore we obtain a representation of
G(X, L) on the vector space H* (P, O(x)).

Theorem 1. For a n-dimensional lattice L and a complete fan 2. in LR, let
d be the number of irreducible toric divisors in Py and n be the (d — n)-
dimensional lattice defined bv (2). Then Pic (Pwn)q is a (d— n) -dimensional
vector space generated by toric divisors, and the homomorphism (12) induces a natu-
ral identification :

Pic (P():,u) Q=ng,

under which a character x in n* corresponds to the orbifold line bundle O (x) over
P, In pariicular, the “line bundle’ associaled to the linear equivalent class of
toric divisor es in Pp) is given by ¢* (e5) under the above identification.

Proof We are going to show the homomorphism (12) is bijective. The
coordinates of C 1) are determined by the basis {¢}}sex of D, and the function
of Cpy for ¢ is a global section of @ (c*(¢5)) with its zeros at the toric divisor
es. Hence the surjectivity of (12) follows from Lemma 3. Assume ¥ is a char-
acter of T (n) such that @ (x%) is the trivial line bundle over Py for some
positive integer N. There exists a never-vanishing holomorphic function f on

C., which extends to Cy by Hartogs' theorem, with
fz)=x"(t)f(z), fort€T), z€ Cey.
This implies

1V () F(0)=(0)#0, for t€ T(n),

here 0 is the O-dimensional T (D) -orbit in Cyy. Therefore xV is the trivial
character, and x =0 € n§. This shows the injectivity of (12). [J]
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Remark. For the rest of this paper, we shall use the additive operation, in-
stead of the multiplicative one, for the character group of T (m) which will be

identified with m*. Then the canonical sheaf of P is given by the element
¢* (k) in n*, where

x==—§:£ED§CD& (13)

ezt

e.g. for the ordinary projective n-space P? the ¢'s form the (n + 1)
homogeneous coordinates #, ... .%,+1 and ¢* (k) is equal to the line bundle associ-

ated to — 2% D; where D; the divisor of P”* defined by x,=0.

Now we describe some properties related to the ampleness of @ (¢c*o) for p
€ D'. For a n-dimensional lattice L, define the (n+1)-dimensional lattice,

L=1P z

and the element,

By the natural inclusion and projection, one has the splitting exact sequence :

0—Z—L—L—0, (14)
It corresponds to the exact sequence of tori:

0—C"—T(L) = T(L) =0, (15)

whose characters are given by the dual sequence of (14) :

0= L= L"—=Z—0
For p in D", we shall denote

ps:=p(es) EZ, for 6 € XN

The piecewise linear functional f, on Lg (=12,

fo:Lr— R,
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is defined by f, (§) =, for € 2, and linear on each cone in 2. Consider
the graph of f,:

Ir— Lr (’-‘-LR@ R), x+—(x £,(x).

The fan 2. of Lr gives rise to a simplicial cone decomposition of the above
graph, denoted by

> (p) = {T(U) loe 2}, T(U) : = the graph of f, over the region o. (16)

Then 2 (p) is a rational fan in ZR with its support |2 (p)l equal to the graph
of f,. Let E} be the T (L) -toric variety associated to 2 (o), hence it is acted

by C* via the sequence (15). One has the equivariant morphism from T (Z)
-variety E% onto the T (L) -variety P,

AL
To: Ep— P,

extending the projection of T(L) to T(L). It is not hard to see that the above
fibration 7, is a principal orbifold C*-bundle. We are going to construct a
partial compactification of Ej along fibers of 7, as follows. Let %, be the epi-
graph of f;, ie.

€, :={(x EZR|012fo(x), x € Lgr}. (17)

%, is a (n+1)-dimensional cone whose interior contains the element q.. A
simplicial cone decomposition of €, is obtained by starring 2 (o) at ¢ :

> (o) *q= U {faces of (r(0) +Rxoqr)}. (18)

r(o)e(p)

which is a fan in Lg containing 2 (p) with |2 (o) *¢.|=%,. Let E, be the
T (L) -variety associated to the fan X (0)*q.. The projection,

2 (p) *q — 2,

gives rise to an equivariant morphism from E, onto Px,. By the commutative
diagram
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| m A (19)
Peo = Pew,

E,— E} isomorphic to Py ) under the map 7,, and E, is a partial compactifica-
tion of E;. On the other hand, the homomorphism,

po: D=Lz — (B(x), p(x), (20)
induces a tori-morphism

T(D) = T(L).

One has the commutative diagram of exact sequences :

¢ 8
0— n— D— L—0
l{\P l«pﬂ “ (21>

0—» Z— L— L—0,
and its dual diagram:

0— L"— ["— Z—0

I I 1y (22)
g I
0— L*— D'— n"—0

where 7 is the linear map sending 1 to ¢*p, and p; has the expression
Pl > D, (e — B () tap fora€R, I E Lk
For 0 € X, 7(0) is generated by {p,(e;)|0 € 0 N X}, and the linear map,
po: Dr— Lg,

sends the simplicial cone & of (6) in Dr to 7(0). Hence we have the expres-
sion

o) =1{p(7) o€ X},
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from which one obtains the induced “bundle” morphism:

Cen — E;
l T l Ty
Pen = Pew.

With the character ¢*o of T (n) on Cy) and the identity character of C* on E}
in Definition 2, one has the commutative diagram :

O0(0)=Cen X1l = E;Xc«C=E,
| !
P(z,u = P(}:,L).

In this manner, E; is identified with the complement of the zero section of & (—
t* p) over Pz, and (19) is equivalent to the diagram :

0 (—¢*p) — (zero-section) C O(—(*p)
{ !

Peo = Pso.

From now on, we consider only those O (z*p) having non-trivial sections.
Without loss of generality we shall always make the following assumption on o
for the rest of this paper:

0= Zp,; EE€D—{0). 5 €Zsy forall b, (23)

ses!

or equivalently, f, is a non-negative and non-trivial function on Lr. Note that
the cone 6, in Lg is non-convex in general; while the p,~image of first quadrant
cone 2 of Dg, p, (£), is always a convex polyhedral cone, which is characte-

rized as the convex cone in Lg generated by (8, ps), 6 € 31 Since p is not
trivial, p, (£2) is a (n+1)-dimensional cone containing gz and the relation

holds. The equality of the above sets is related to the convexity of o in the
context of ample toric line bundles [7] [12] [15]. As the generating set ¢ N
2! of a n-dimensional cone ¢ in 2 forms a Q-basis of Lq, there is an unique
Q-linear functional Iy of Lq with the property :
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1:(6) =p5, ford€oc N 2t
The following definition is given in [16] [19]:

Definition 3. For an element p in (23), we say
(i) p is convex if the functional f, on Lg is a convex function, i.e.

1o (x) <f, (%), for 0 € ™, s € Ly,
¢>fo (x+y) Sfp (x) +fp (_’V) , for x, yE LRr.

(ii) p is strictly convex if f, is a strictly convex function, i.e. for ¢ € 2™
and x € Lg,

lo(x) <f,(x), and “=" holds iff x € ¢.

Proposition 1. The following conditions are equivalent
(1) 0 is convex if and only if €, is a convex cone. In this situation, the follow-
ing equality holds :

Co=1o (9).

(ii) o is strictly convex if and only if €, is a convex cone in ZR having all the
proper faces to be simplicial and with {(8, 05)10 € 21} as the fundamental gener-
ators, (i.e. irredundant ones) . In this situation, the cone €, is strongly conves, i.e.

€, N (—%,) ={0}.

Proof. Since the elements (J, ps5) of €, generate the convex cone p,(£2), the
convex condition for €, is equivalent to the equality of €, and p,(2). For o €

> +(0) is a n-dimensional cone in ZR generated by elements (8, 05) for § €

6 N 2. The graph of Iy in ZR coincides with 7 (o) over the region 6. There-
fore the condition of 7(0) S 0p, (2) becomes p (x) =1, (x) for x € £, which is
equivalent to

£,(8) (=p5) 21,(0) for 6 € 2.

Therefore we obtain (i). It is not hard to see that the strictly convexity of o is
equivalent to the irredundant conditior; of the generators (9, pa) 's together with
the simplical proper face-property of p, (£2). In this situation, we have €, =
(). 1f p,(£) contains a linear space generated by a non-trivial element v in

Lg, write
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v=(m ), w € Lr, ¢ €R

1, belongs to some n-dimensional cone ¢ of 2. Since p, () is contained in the

“upper” half-space of Lg, @ is equal to 0, hence v € dp, (2). This implies
1,(x,) =0. By the strictly convex condition of p and — %% 0, fo (— 1) > lo(—x0)
=0, which contradicts —v(=(—x,, 0)) € p, (2). Therefore %, is strongly
convex. []

As a consequence of Proposition 1, the ampleness for a multiple of
anti-canonical divisor of P is now determined by the polytope 4 (L)of (1) :

Corollary. Let k be the element (13) and v a negative rational number such
that v« € D*.  Then

7K : convex < A(L) : convex;

7K : stvictly convex & A(L) : convex come with simplical proper faces and
having {0}sex as a set of minimal gener-
ators.

OJ

For a convex element o, €, is a (n+1) -dimensional convex cone in the upper
half-space of Lg. Let v, be the maximal linear subspace of Ly contained in €,

and vy be its annihilating subspace in Lg. Then the dual cone %, is a convex
cone in vy +Rgp* with g+ € Int(€}):

@ €6 S vi+Rax S Ir.

The relation between %; and the dual first quardrant cone 2% (= Zses' R>e})
of Dk is given by p}:

v 6 =0 (| nTw.

Since the boundary of €, is the graph of f,, every l-face of €, must intersect
the (¢; =1)-hyperplane at one point. %} is determined by its cross section
with the (g, =1)-hyperplane. Let A (L"), be the projection of this cross sec-
tion to LR :

AN, :=eLi| (x1) €3 (24)
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Then 4 (L*)p is a compact convex polytope in va, hence in Lg. In the next sec-
tion we shall show that integral elements in 4 (L"), determine the sections of
ﬁ(:*p) ovVer P(z,L).

84. Quasi-smooth Hypersurfaces in Toric Varieties

First let us recall the notion of quasi-smoothness of a hypersurface in a toric
variety introduced by Batyrev and Cox in [5]. A hypersurface X in Py is
called to be quasi-smooth if 7§ (X) is non-singular in Cgze where 7 is the
morphism in (8). This concept is equivalent to “simplicially toroidal pairs” by
Danilov [9]. In this section we are going to discuss some basic properties of
quasi-smooth hypersurfaces defined by sections of an orbifold line bundle over

P, Let o be a convex element of D*  with the cone %, in ZR, its dual con-

vex cone %3 in L'g, and the convex polytope 4 (L"), in Lx.

Proposition 2. The vector space I'(P.1), € (¢*0)) has a basis consisting

of elements z € L N %% with gz, 2> = 1, which are in one-to-one correspond-
ence with elements in L N 4(L"),, ie.

T'(Pep, O(c0)) =@ (Czlz€ 1" N €, {q, 2>= 1},
~d{CxlzeL" N AL",).

Proof. Consider the fibration E, over Py in (19). It is isomorphic to
the orbifold line bundle @ (—¢*p) over P, with the scalar multiplication cor-
responding to the action of one-parameter subgroup ¢. on E,. Hence the sec-
tions in I'(Pwy), O (¢*p)) can be regarded as regular functions of E,. linear
with respect to the C*-action induced by ¢. By | 2 (0)|=%,, L' N &} deter-
mines the regular functions of E,. Hence a basis of I'(Px., 0 (¢*0)) consists
of the elements in L* N €, whose g;-values equal to 1. It is easy to see that
they are in one-to-one correspondence with elements in L"N 4(L%),. [

By the Proposition 2, a section s in I'(P1), @ (¢*p)) has the following expres-
sion :

s= Z azx,  or equivalently @ s= Z a.z. (25)

zel*n AL*p ze L*ngh<q,z>=1

One can consider s as a function on the T (L) -variety E, (=@ (—¢*p)). The
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Newton polygon of s is defined to be the convex hull in Lk spanned by #’s
with az# 0, hence is contained in A (L*),. Let X be the hypersurface of Py
defined by the zeros of s. We are going to describe the local defining equation

of X. For ¢ € 2™, we have the affine open subset U, of Py :
Uy = Spec C[a N L] € Py,

Denote

{0)75=2' N o, (26)

and let I, be the finite subgroup of C** defined by the image of L under the fol-
lowing homomorphism :

n n
Z R51 - Cm, Z x,-6, = (eme' e ,eZn'um) .
1=1

1=1

Then I, is isomorphic to L/2%, Z&;, and U, is realized as an orbifold through
the projection :

¢:C"—= Us=C"1I, (27)

where the dual basis of {§;}7-; gives rise to the coordinates (f,...t») of C". By
Proposition 3. 5 of [5], quasi-smooth hypersurfaces have the following local
description. X N Uy is quasi-smooth if ¢* (X N U,) is a smooth hypersurface
in C*, and we call X to be quasi-smooth if X N U, is quasi-smooth for all ¢ €
™ Let

p;=(0;, ps,), for 1< i <m,

Dn+1=qr.

All the p;'s are primitive elements in L and they generate a (n+1) -simplicial
cone in 2 (p). The first # elements py,....p, lie in an unique #-dimensional face
of ,, annihilated by a vertex z(0) of the polytope €; N (¢ = 1). Note that

z(0) may not be an element in L* unless 4 (L), is the Newton polygon of s.

The dual elements p;, 1<;< (n+1), are in FQ with

$pry 030 =04, 154, i< (nt1).
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Hence

pi... i€ Ly pha=2z(0),

and {pf}%, is the dual basis of {§;}%-;. By
n+l
% C Z R>opj,
j=1
for z € L*N%: with {q, 2> =1, one has

b 1=z = 2(0)= ) k(#t, with k(={p, D € Zae

i=1

Consider v, (2) as a regular function of U,., Through (27), one has

O (yo(2)) = H 1@,

and we obtain the defining equation for X N Uy,

X ﬂ Us : Z a.ys(2) =0.

ze L*nGH<qpz>=1

The hypersurface ¢*(X N U,) in C* is now defined by

n
No: Z a; H (e =,

ze L ngh<qz>=1 =1

(28)

(29)

Now assume %, is a strongly convex polyhedral cone in Lg. One has the order

reversing bijective map :

{face of €,} ——— {face of €;}
T < rr=g;Nrt

with dim (7) +dim () =#. 7’ is called the dual of 7 in %5. The dual of a facet,
(i.e. codimensional one face), of %, is the 1-face of €, generated by (v, 1) for

some vertex v of A(L"),, and we have
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vE L' 1) €L"
Lemma 4. Let X be a hypersurface of P,y defined by zeros of a section s €

TPy, O(*0)). Fora vertex v of A(L),, let T be the facet of €, dual to (v, 1)
€ §,. If the Newion polygon of s contains v, then

x() Uorb(o)=09,

rioycr

where orb (0) is the T(L)-orbit in P and v (0) is the cone (16) in the fan
2 (0) associated to o.

Proof. Regard s as a function of Ej (=0 (—¢*p) - (zero-section)). For ¢
€ Int(r) and x € L* N A(L"), with az#0 in (25), we have

<t, (x,1)> =0, and “=" holds iff x=v.
For 7(06) C 7 and an element ¢ of E} lying over orb (), we have
s(e) =ayv(e) #0.
Therefore the conclusion follows immediately. []

Definition 4. Let M be a lattice. A convex polytope in Mg is called in-
tegral (with respect to M) if all its vertices arein M. [

The following result is obvious.

Lemma 5. The following conditions are equivalent

(i) Newton polygon of s is equal to A(L"),.

(i) A(L"), is an integral polytope in Lk, and the coefficient az n (25) is
non-zero for each vertex x of A (L*)p. U

Remark. For an integral polytope A(L"),, a generic section s of I'(Pp,
0 (c*p)) always satisfies the above lemma, and it defines a quasi-smooth hyper-
surface of Pep).

For a strictly convex element p, %, is a strongly convex polyhedral cone in iR
by Proposition 1, hence A(L"), is a n-dimensional convex polytope in Lk Let

A, be the affine T (L) -variety associated to the cone %, :
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A,=Spec C[L* N &2]. (30)

Since {(5, ps) |6 € X'} forms a system of fundamental generators of %, A, is

the T (L) -variety obtained by adding one point (=the O-dimensional orbit) to
Ej;. In fact, A, is the affine variety obtained by blowing down the zero section
of the orbifold line bundle & (—¢*0) over Py, :

E,=0(=1c"0) = Ay,
and the one-parameter subgroup ¢; gives the C*~action on A4, :
C'xA,— A, (A,2 —A-z.
By Proposition 2, one has the identification :
I'(Psp, 0(c0))={f:A4,—C|f(A-2=2f(2) for A€C", z€ 4,}.

The affine coordinates of A, can be considered as the “homogeneous” coordi-
nates of P, for sections of 0 (¢*0). The Lefschetz-type theorem on the coho-
mology of P,y and its hypersurface was obtained by Danilov and Khovanskii
[8]. The following form can be derived by a similar argument as in Theorem 2
of [1]. We repeat it here for the sake of completeness.

Proposition 3. Let o be a strictly convex element in D™, and X be a
quasi-smooth hypersurface of Ps,1) defined by a section of O (:*p). Then the homo-
morphism

H (PeunC) — H'(X,C)
induced by inclusion is an isomorphism for i<n—1, and injective for i=n—1.
Proof. Let U be the complement of X in Pzy. The quasi-smooth proper-
ty for X and U implies that U is a rational homology manifold where Poincaré
duality holds for the cohomology (with complex coefficients throughout) :

H' (P(Z,L)v X) :HZn—t (U) . (31>

Since @ (¢*p) is an ample line bundle over Py, U is an affine variety, there-
fore a Stein space. By the acyclic resolution of the constant sheaf Cy:
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d d d

one has
H (U)=0 for j>n, (32)
hence
H' Pep, X) =Hp-; (V) =0, for j<n
By the exact cohomology sequence :
o> H' Pan, X) > HPsn) = H(X) = H* Pep, X) — -+ (33)
the conclusion follows immediately. [
Remark. A similar statement can be found in Theorem 3.7 of [8]. The re-
lation between Hodge groups of X and Py can be derived from the above
proposition, for the argument see Appendix (I).

§5. Examples

In this section, some examples are given for the illustration of the results
obtained in previous sections.

(I) The case for n=1. We have
L=7Z,
Z={R20. RSO, O},
Zl= {5+, 5—}, 5:‘_— il,
P(z,L)"—'Pl,
hence
D =ZZ(=Z&7++Z€5_> .

The map B is given by

B:D— L, (m, my) > my—my,
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with the kernel
n=2(1, 1).
The C*-bundle (7) is the well-known Hopf fibration :

. C?—{0} — P~

For a given
o=(k, 1) €D"—{0}, k, 1 € Zx,,
one has
,=R>o(1, k) +R=o(—1, 1,
hence p is always strongly convex by Proposition 1, and

€;=R>0(l, 1) +Rxo(—k, 1)
A (L*)pz [_k, l] .

The bundle G (¢*p) is the ample line bundle Opi (k+1). The map p, of (20) is
given by

bo: D—’Z, (m, my) = (my—my, kmy~+Imy)

whose cokernel is generated by ¢; with (k+1)¢=p,(1,1). The dual map p; be-
comes :

g L"(=2%) — D" (=22, (b, a) — (ak+b, al—b).

p, induces an isomorphism between the first quadrant cone in Dg and the cone

%, in Lr. Hence the space E3 is the quotient of C*— {0} by the multiplication
w (=the primitive (k1) -th root of unity), and the bundle map induced by p,
is the projection

C*—{0} — (C*—{0}) /{w>=E3.
The basis of I'Psp, 6(c*p)) in Proposition 2 consists of

(m 1), meZ N [—k, 1],
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bijective to the following elements under pj :

(my, mp) € 2%, m+m=k+1.

This gives the usual monomial polynomial basis for '(P', 6 (k+1)). As a con-
sequence, for a general hypersurface X of Py defined by a section of
0 (¢*0), the equality

| X|=/L" n Int(A(LY),) | +1 (34)

holds.

(I) The weighted projective #n-space P%, with weights m, 1 <i<n+1,
satisfying ged (#, |j#: i)=1 for all i. Now L is the n-dimensional lattice gener-
ated by n+1 elements §;, 1<j<n+1, with the only relation

n+1
z 7;0,=0.

j=1

Set
D = 7"+
B:D— L, (ma, ... ,mpsr) > 2202 myd;.
S={Z,ar Rao0;| 1 {1,... n+1}, | I|<u}.
We have
n = Z(Vll.. .. ,nn+1),
2t = {51 7:11,
Pen = Phy,

and (7) is the natural projection:
7 C—{0} = Pl, (2,....2m1) P 21,0 2001

Let us make the following identifications :

D*=Z"+1, L*={(k1, Ce ,kn+1) € D* | Z ﬂjkj=0}.
j
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For
0=(01,....0n1) ED*—{0}, p; € Zx,,

the linear map

Do D(=Z"Y)—L, (m, ... Myrr) — (Zmﬁj, Zm,-p,-)
] i

induces an isomorphism between the first quadrant cone in Dg and the cone %,

in ZR. Hence p is strictly convex by Proposition 1. It is easy to see the rela-
tion

n+l
- (]
qL =Z n0, 01, 1=
k=1 MOk
1=1
holds in ZQ. The affine variety A, of (30) is isomorphic to the quotient of
C™*! by the cyclic group generated by a diagonal element dia.[n,... ,7%+1]. One
can easily see that

— for 157,
*— Sl R .._—_{ O '
(gp Z;—l 20((“},11 aj,n+1), l), Aj,i nl Zk#] Ot for i=j

A (L") ,=the convex hull spanned by (g1, ... ,¢me1), 1 <i<n+1.

Therefore the integral condition for A(L"), is equivalent to

n+l

| Z Oxme for all 4.
k=1

(III) Toric variety which dominates P%,/G with G a finite diagonal linear

group of C**'.  Consider C*™**! as the diagonal group and denote

exp: Rn+1 — C*’Hl, (11, o ,1'n+1) —> (e21rizl’ o ,eZman)'
exp™'(G) is a lattice in R**! containing the standard one Z**%, and exp™*(G) N
Q(my, ... my1) is a 1-dimensional lattice with the generator (qy,...,gns1). Let L

be the n-dimension lattice defined by -

L:=exp ' (G)/Z(qy,... gn+1).
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and d;, 1<j<n+1, be the elements in L corresponding to the standard basis of
7! Define the fan 25 in Lg by

zo={2 R, |/ C .t 1), 1< n.

el

Then P%,/G is the toric variety Pe,. A refinement 2 of 2, gives rise a
toric morphism

Pen— P

Irreducible toric divisors of P,y are parametrized by

2(1)2 {61, N ,5n+1},

and they give rise to n+1 irreducible toric divisors in Py, in which the rest
ones are given by ¢;, 0 € 22— 2%, For d € 22— 2} one has the expression

ntl

5=Z as:0;5, as,; € Q.
=1

Then the subspace nc of D¢ is generated by the following elements :
n+l

n+1
Z gies, . €5 Z asjes, 0 € 21— 234,
7=1

J=1

which form a basis of n¢ indexed by {0} U 22*— 23, Hence one has the follow-
ing isomorphic vector spaces :

Pic (P(z,]_)) c=ne= @ Cz (35)

ze{0} Uzl-z}
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§6. Rational Picard Groups of Hypersurfaces

Now we are going to determine the rational Picard groups of hypersurfaces in a
toric varieties. The non-ample hypersurfaces will be our main concern here.
For the rest of this paper, we shall always assume the dimension of Py is at
least 4, i.e.

n=4.

First we consider the case when %, is strongly convex, (a weaker condition
than the ampleness of @ (¢*p)). A similar conclusion for the second cohomolo-
gy in Proposition 3 holds for this situation, which was stated in [8] without the
proof. Here we present a detailed argument.

Proposition 4. Let o be an element in D* such that €, is a strongly convex
come with {(5, 05) |10€ XY as the fundamental gemerators. Let X be a
quasi-smooth hypersurface of Py defined by a section of O (¢"0). Then the follow-
ing vector spaces are naturally isomorphic :

H? (P, ©) =H*(X, C) = Pic(X)c.
Consequently the inclusion map induces the isomorphism
Pic (Pen)c = Pic(X)c.

Proof. Let U be the complement of X in P). By the argument in Prop-
osition 3, we have the exact sequence (33) and the isomorphism (31). For the
first isomorphism of the conclusion, it suffices to show the vanishing of the fol-
lowing cohomology (with complex coefficients throughout) :

H73(U) = H»2(U) = 0. (36)

Let 2 be the complete fan in Lg obtained by the projection of proper faces of
%,. Note that 2, may not be simplical in general, while 2 is a simplicial re-

finement 2o with 228’=2%. Hence one has the equivariant morphism :
¢:Pen— Peo, (37)

which induces the isomorphic toric divisor-groups. The graph of f, is linear
on each polyhedral cone in 23, By the strong convexity of €,, 0 determines an
ample toric divisor in P,r, whose pull-back under the map ¢ equals to the
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bundle O (¢*0) over Pz. As they have the same global sections, there is an
ample hypersurface Xo of P,z with X = ¢~1(X,). Denote

Us : = Py — Xo,

then U is an affine variety with ¢~ (Us) = U and H’(Uy) =0 for § >#n. Since
(0, p5), 0 € 21, are the fundamental generators of %,, the exceptional set of ¢
is of codimension greater than one. There exists an analytic subspace V, of Up

such that V (:=¢~*(Vy)) is of codimension = 2 and

[
U_ V:Uo_ Vo.

For a suitable “tubular” neighborhood T of Vin U, and T°=T—V , we have
the following commutative Mayer-Vietoris exact sequences :

— H2n—3(U0) - HZn—S(Uo_VO) @HZn—:s(VO) N HZn—3(¢(T0)) — HZn—Z(Uo) —

i ! ! l
— Hzn—3<U) — HZ"_S(U_V) B HZn—3(v) — HZn—3(T°) — HZn—Z(U) —

Since
H'(Uy) = H' (V,) = H (V) =0, for j=2n—3,

we obtain (36), hence the isomorphism between H2(Pgp, C) and HZ (X, C).
Next we are going to show the vanishing property of the cohomology groups,

H'(X,0) = H?(X, 0) = 0,

which implies the isomorphism between H?(X, C) and Pic(X)c. Let L, be a sub-
lattice of L such that the pull-back of X, denoted by Xj, is Cartier under the fi-
nite abelian cover :

Pew—Peun.

Now it suffices to show the vanishing of H' (X;, 0), for i=12. By replacing
X1, Ly by X and L, we may assume the hypersurface X to be Cartier in Py,
but with no quasi-smooth condition required, for the purpose of vanishing prop-
erty of H' (X, 0) for i=12. By the cohomology sequence associated to the ex-
act sequence of sheaves over Py :
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0= 0Opyy (—X) = Opy,y— Ox— 0,
and the well-known fact
H (P, 6) =0 for j>0,
the vanishing of H*(X, @), (i = 1,2) follows from
H' (Pep, Opyy (—X) =0 for j=2,3.

Note that Op, (—X) is the sheaf of sections for the line bundle 6 (—¢*p). By

Serre duality, H (P, Opy,y, (— X)) is dual to H*7 (Pgp, wpg,, (X)), where
Wpy,;, is the canonical sheaf of Przz. Under the map ¢ of (37), we have

wpg, (X) = ¢ (@pg, ) (X0).

Since X, is an ample divisor in Py,
H*(Peon. Opg,; (X)) =0 for k> 0.

By n = 4 and

RS, Opgyy =0 for k>0,
one has

H (Pew, wpgy (X)) = H (Peop, wpgy (X)) =0 for j=23.

This completes the proof of this proposition. [

We now generalize Proposition 4 to a larger class of hypersurfaces in toric
varieties.

Theorem 2. Let X be a quasi-smooth hypersurface of P,y defined by a sec-

tion s of O (¢*0) for a convex element o in D*. Let X () be the fan in Lr defined
by (16). Assume the Newton polygon of s is equal to A (L") ,, and 2 (0) satisfies
the following conditions :
(i)
("N U Int(F) = 0.

F: facet of %,
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(ii) 2 (o) is a refinement of some fan A in Ly with:
|A| =08, AY = {1-face of €,}.
Then we have the isomorphism of vector spaces :

Pic(X) c=Pic (P(z,L))C@ @ {CZ" z €

7.z

(Int() N A(L) NL) X (Int(z’) N A(L"),NL)},

where the index T rumns over the codimensional 2 faces of €, with its dual T in 8,
T, T/ mean the projection on Lr, Lk respectively, and A (L), A(L"), are defined by

(1) (24).

Proof. Let 2, be the complete fan in Lg obtained by the projection of A.
Then X is a refinement of X, and one has the T (L) -morphism,

¢:Pepn— P,

with the relation of toric divisors given by
2D 20

Let 1 by the element in D(2,, L) § defined by

n = E Nees, N5 : = ps for 0 € 24

sez)

The cones %, and €, are the same in Lg, which implies
o=¢"(n)

as divisors in P ). Hence there exists a quasi-smooth hypersurface X, in
P with ¢* (Xo) =X. The Newton polygon for the equation of X, equals to
A(L"),, which is the same as A(L"),. Since the Picard groups of Pz and X
are generated by divisors, hence one has the following identification of vector
spaces :

Pic(X) ¢ =Pic (X)) c® D {Ce| e:irreducible exceptional divisor in X over Xy}
Pic (Pz.0) C =Pic (P o) c®
@{C E| E:irreducible exceptional divisor in P over Pop}.
(38)
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In the second equality above, the right hand side is a vector space with a basis
parametrized by 2.'. By Proposition 4, we have

Pic (Xo) ¢ = Pic Pson) c.

Let orb (1) be T (L) -orbit in P, for A € 2. The closure orb () of orb (1)
is a toric variety having the lattice and the fan given by

L/Z(L N A), Star(Q) :={G o€ X0, A < 0},

where T denotes the image of ¢ in Lg/RA. Hence dim orb (1) + dim (1) = .
Every element A in A is contained in an unique face 7 (1) of €, with the same
dimension. One has

€Nt =7 (=€;Nnc)).

Since the Newton polygon for Xp is equal to A(L"),, together with the equality

of (34) for each 1-dimensional orb(1), one concludes the following relation
holds :

g, if dim orb (1) = 0,
a finite set with |Int(z (1)) N 4(L"),NL*|+1 elements,

if dim orb(2) =1,
a connected set, if dim orb(2) = 2.

X, ﬂ orb(A) =

By the condition (i) in our assumption and (38), we obtain the result. []

§7. Anti-Canocnical Hypersurfaces and Calabi-Yau 3-Folds

In this section, we are going to apply our previous results to the discussion of
an anti-canonical hypersurface X in P;. Note that such X has the trivial
canonical sheaf. As the canonical sheaf of Py is given by ¢*k for £ defined
in (13), we now set the element o of D™ in Section 6 equal to — & for the dis-
cussion of this section. By the corollary of Proposition 1, the convexity of —&
is equivalent to the convex property of the polytope A4 (L) in Lg. In this situa-
tion, 4 (L) is integral with respect to L, and A (L") _, is the dual polytope of
A (L) in Lk defined by

A :={ye k| w=—1V € 4AW)}.
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If the Newton polygon of a section of @ (—¢*k) is equal to A (L*) _., (4 (L), L)
forms a reflexive polytope in the sense of Batyrev [4] :

Definition 4. Let L be a lattice, and A a convex polytope in Lg. (4, L)
is called a reflexive polytope if both A and A* are integral. [J

Conversely, for a toric variety Pz with the reflexive polytope (A(L), L),
—k is an element in D*. Consider a hypersurface X of P with wx=0x, or
equivalently to say, X is defined by a section of O (—¢*k). As a corollary of
Theorem 1 and 2, one has the following result:

Proposition 5. For n = 4, let Py be a n-dimensional tovic variety with
(A(L) L) being a reflexive polytope. Let X be a quasi-smooth hypersurface of
P defined by a section in O(— ¢*k) whose Newton polygon equals to A(L)™.
Assuming

(i)
2N U Int(F) = 0.

F:facet of A(L)

(il) 2 is a refinement of some fan 2o in Lr with 2.5={vertex of A(L)}.
Then we have the isomorphic vector spaces :

Pic(X)c =n(X, 1)e® P {Cz|z€

F,z

(Int(F) N AL)NL) X Int(F)N A@L)*NLY)},

where the index F runs over the codimensional 2 faces of A(L) with its dual face
F’ defined by

Fi={ye A" |z, 0 = —1 forz € F}.
O

For n=4, the hypersurface X in the above proposition is smooth under some
“maximal” condition on 2%

Proposition 6. Let X be a hypersurface of Py in Proposition 5 for n=4,
and assume

St=@noaw) -  J  mus.

F:facet of A(L)
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Then X is a smooth CY space.

Proof. As in the proof of Theorem 2, we consider the morphism ¢ from
Pio to Pson, and the quasi-smooth hypersurface Xo of Pson with X=0¢*(Xo).
Now X, has the trivial canonical sheaf and the Newton polygon of its equation
equals to A4(L)". Given an element p in Xo, we are going to show that X is
smooth near ¢~'(p). Let A be the element in 2, such that the T (L) -orbit
orb(2) in P, contains p. From the assumption on 2, and X, it needs only
to consider the case when m: =dim orb (1) =23. Let o be a 3-dimensional
simplicial cone in 2o which contains A as a proper face. o is generated by the
vertices 0;, 1<i<4, of A (L), and one may assume

o= i R>o0;, A= i R>00;,.

71=1 j=1

Associated to o, there is the affine open subset Us of P,y with a finite abelian
cover (27):

4
§:Cio Uy = C/1L, Uy := Spec C[6N LT, I : = L/Z 76,
i=1

Let (&, fo I3, f) be the coordinates of C* corresponding to the dual basis

{6741 By (29), ¢*(XoN U,) is a non-singular hypersurface in C* defined by
a I,-invariant polynomial :

4
n0 = ) e, wwi= [T k()= 0L +L
1=1

yeLl*n AWL)*

Let yo be the vertice of A(L)™ dual to the facet of A(L) containing all §;'s.
Since the Newton polygon for X, is equal to A(L)", yo belongs to L* and

A, tf® = q,, # 0.

In the case for m=3, by Lemma 4 and the condition (i) of the assumption, i,
02, 03, together with some vertex 0; of A(L) not equal to &, forms a
3-dimensional element in 2, hence it§ dual vertex y in A(L)" is not equal to
3. The same conclusion holds also for the case m=2 if one starts with a suit-
able choice of §;, 1<i<4. Therefore we have



PicARD GROUPS OF HYPERSURFACES IN TORIC V ARIETIES 831
) — k4
o KW = i kg 2 2,

and the projection to the first three components (#, f, t3) defines the local coor-

dinate system of ¢ (Xo" U,) near ¢~*(p). Through the functions &, ts, t; and
f(t), one has the isomorphims :

(P, p) = (C¥G,0)x(C,0) = (X, p) X (C,0), (39)

where G is a finite diagonal subgroup of SLs(C) (by the trivial canonical sheaf
of Xo). The group of G is described by

Denote {§,>7; the convex set spanned by {§,}7%,. Since G is a subgroup of
SLyn (C) for m=2, 3, LN X7, RJ, is a sublattice of L generated by L N
BT, whose classes generate the group G . The fan 2 induces a triangula-

tion of <077 with LN <{§,>7; as the set of vertices, hence it gives a crepant
toric resolutlon of C¥G [13] [20] . By (39) , both Pg; and X are

non-singular near ¢’ (p). Therefore we obtain the result of this proposition.

g

Remark. When the polytope is a 4-dimensional simplex, the concept of re-
flexive simplex (4, L) is equivalent to P4, /G in Sect. 5 (III) with G < SL;(C)

and the “Fermat-type” condition on weights #,’s, (a precise statement see
Appendix (II)). In this situation, Propositions 5 and 6 are given in [21] [22]
[23].

§8. Appendix

() Remark on Proposition 3. For a hypersurface X of Py in Proposition
3, one has the isomorphic Hodge groups :

HY(X, 28) =H" (Paw, Qby,,), for p+q>n,
hence

HY (X 92) =0, forp+q=unp#*q.
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In fact, the spectral sequence
EY = H'Pepn, 2y, (logX)) = H*Pen—X C),
degenerates at Ei-term [7] [25]. By (32), we have
H (Peo, b5, (log X)) =0, forp+qg>n.
Then the conclusion follows from
H (Pep, @by, =0, for p+# g,
and the cohmologoy sequence for the exact sequence of sheves:

0= Of, = Of, (log 1) — 04 —0.
(1) Reflexive simplex. The following two sets are in one-one correspond-

ence :

(i) The collection of all reflexive pair (4, M) with A a 4-dimensional simplex.

(ii) The collection of all (Pt,,, G) with the weights s and the group G satis-

fying the conditions :

n
d,==—nd;ez Vi di=) m QSGESD
i=1

where Q is the group generated by dia. [#9,...,#%/%] and SD={dia.[t,,..,t]
€ SL;(C) | t¥=1 for all i}.

(For a proof of the above statement, see [4] [23])
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