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Picard-Lefschetz Theory for the Universal Coverings
of Complements to Affine Hypersurfaces

By

Ichiro SHIMADA *

Abstract

We study the global monodromy on the middle homology group of the universal coverings of
the complements to non-singular affine hypersurfaces which intersect the hyperplane at infinity
transversely. This monodromy can be regarded as a deformation of the monodromy on the middle
homology group of the affine hypersurfaces. We show that this representation becomes irreducible
when the deformation parameter is generic.

§0. Introduction

Let I denote the vector space I'(P”, 0 (d)), and I'* the space I'\{0}. We
assume that #=>2 and d=3. Let P.(I) stand for the projective space I'*/C*,
and pr: I'*—P.(I") the natural projection. This space P«(I") parameterizes all
projective hypersurfaces of degree d in P*. We fix a hyperplane at infinity H.
in P*, and consider the affine space A” :=P"\H,. We define UC P.(I") to be
the locus of all projective hypersurfaces of degree d which are non-singular and
intersect H, transversely, and define 9 to be the pull-back of U by the projec-
tion :

U:=pri(U) c I

For u € I'’", let f, denote the corresponding homogeneous polynomial of degree
d. We put

Xy ={fi =0}, Yy :=XyNHo, Xu =X, \Ys, and E, := A"\ X,.
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Then we have the monodromy representation
(0.1) o: (U, b) = Autz (Ha—1 (X3 Z)),

where b € AU is a base point and b € U is the point pr(b). This representation
has been well investigated by the classical Picard-Lefschetz theory.

The purpose of this paper is to construct a certain kind of deformation of
this classical monodromy representation.

The idea is to consider the middle homology group H,(F;;Z) of the univer-
sal covering

Fb_>Eb

of the complement E;. We cannot, however, define the acion of m (U, b) on
H,(F,:7Z) in a naive way, because the universal coverings F, — E, cannot be
constructed universally over U. In order to construct the universal family of
F,, we will enlarge the base space Uto % = pr-'(U). We fix an element 1 €
I'(P*, 0 (1)) which defines the hyperplane H.. Suppose that » € 4. When
the defining equation f, of X, is specified, the universal covering F, — E, of E,
can be defined as the pull-back of the exponential map C — C* by the polyno-
mial map f./h? : E,— C*. Thus we can construct the universal family of the

universal coverings over 4. We will show that 71 (2, b) is a central extension
of 7, (U, b) by Z (see Corollary 1.1).

Since Gal (F,/E,) = m (E,) is an infinite cyclic group, we can consider

H,(F,;Z) as a module over the ring of Laurent polynomials Z [g, ¢°'], where
the multiplication by g is identified with the action of a generator of Gal (F,/E,)
=7 on H,(F,:Z). This action is also defined globally over %U.

Therefore, we get a monodromy representation
(0.2) 0 :m (U, b) — Autzyen (H, (Fy; Z))
of m (AU, b) on the Z[g, ¢~*]-module H,(F;:;Z).

It is known that the complement E, is homotopically equivalent to the bou-
quet of S* and N := (d—1)" copies of S*([11 ; Corollary 1.2]). Hence H,(F;:Z)
is a free module of rank N over Z[g, ¢7*]. This rank N is equal with the (n—1)
-st Betti number of X;. More specifically, we shall show that there exists an
isomorphism
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(0.3) H,((Fy;Z) = H,- (X,;Z) ®7 Z1g, ¢

of Z[g, ¢ *]-modules such that the homomorphism H, (Fs ; Z) — Hy—y (X5 ; Z)
obtained from (0.3) combined with the homomorphism Hy— (X;;Z) ® Z [q. ¢7']
— H,_1(Xy ; Z) given by ¢ = 1 is m (U, b)-equivariant (see Theorems 6.1 and
Remark 7.1). Here m, (U, b) acts on H,(Fy;Z) by ¥, and on Hy—1(X;:Z) by p
composed with the natural surjective homomorphism 71 (U, b) — m (U, b) in-
duced by the projection pr: U — U.

This isomorphism (0.3) enables us to regard ¥ as a deformation of the
classical monodromy p in (0.1). Suppose that we are given a non-zero complex

number @. We can consider C as a Z [g, g7'] -module by identifying ¢ with .
Then the isomorphism (0.3) implies the isomorphism between complex vector
spaces

Hn (Fb ' Z) ®Z[q,q‘1] C = Hn-l (Xb : Z) ®Z C = Hn—l (Xb \ C)
Evaluating 0 at ¢=« and using this isomorphism, we obtain a representation
pla) i m (U, b) — Autc(Hui (X,:C)),

and thus we get a family of representations {p(a)} parameterized by all
non-zero complex numbers. The property of the isomorphism (0.3) implies
that p (1) is nothing but the complexified classical representation o ® z C com-
posed with the homomorphism m, (U) — m, (U).

The main theorem of this paper is as follows. Let Q (g) denote the quo-

tient field of Z[gq, ¢7'].

Irreducibility Theorem. The monodromy representation of m (U, b) on the
vector space HyFy: Z) ® 71001 Q(q) induced from D is absolutely irreducible.

Corollary. If a is general enough, then p () is irreducible.
This shows that our deformation is non-trivial, because the classical repre-
sentation p® z C is not irreducible. In fact, 0®z Q is composed of the follow-

ing two representations on the primitive parts of middle cohomology groups :

0o . m(U D) — Aute(Hh(X,:Q)), and
P m(U b — Autg(Hima (Y Q) ;
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that is, there exists an exact sequence
(0.4) 0— HEE (Y Q) — Hi (% Q) — Hinh(X,; Q) — 0,

which is preserved by the monodromy action of w1 (U, b). This exact sequence
follows from the isomorphism H,_; (X, ; Q) = H* (X, Y ; Q). It corresponds
to the weight filtration of the mixed Hodge structure on the middle term ([2]),
and hence is preserved by the monodromy action. The old Picard-Lefschetz
theory tells us the following :

Theorem. Both of 0o and P are absolutely irreducible.

Therefore, our deformation fuses these two irreducible representations into one
big irreducible representation.

Our irreducibility theorem can be regarded as a generalization of the
well-known fact that the reduced Burau representation of Artin’s braid group is
irreducible (cf.[1]). To see this, let us consider the case when #=1. In this
case, m;(U)is Artin’s braid group B, of d strings. We fix an affine coordinate ¢
of P! such that H.={t=o0}. Then we have a normalized defining equation

fui=(t—a)(t—as) .. t—as EU

of X, € U characterized by the property that the coefficient of ¢? is 1. This
means that there exists a section s of the projection U — U given by fsprun =
fu. Hence m (U) is isomorphic to the product ZX m,(U) = ZX B,. When n=
1, the covering F,=C X ¢<E, — E, is not the universal covering, but the cover-
ing corresponding to the homomorphism 7, (E,) — Z defined by the total linking
number. Then the representation of B; given by

S 0
Bi—m (au) — Autzigeu (Hl (Fu; Z))

coincides with the reduced Burau representation ([11; p.127]).
The complement I"*\%U consists of the following two irreducible divisors :
Do := {u€I'*:X, is singular}, and

@Oﬂ

{uer™ ;)?u does ot intersect He transversely}.

The main tool of the proof of Irreducibility Theorem is the Picard-Lefschetz for-
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mula, which describes the local monodromy action on H, (Fy ; Z) along simple
loops around these divisors. Roughly speaking, this formula is as follows.
First, we define a boundary 0F, of Fy, and an intersection pairing

( ) ) '-Hn(Fb',Z) XHn(-Fby anZZ) - Z[q, 4_1]

in an appropriate way. Let [y] € m; (4, b) be the homotopy class of a simple
loop around %o or De. Then there exists a pair of v[y] € H, (F, ; Z) and
v* [7] € H,(F,, 0F, ; Z) such that the action of [y]+ on H,(F;;Z) is given by

x = x+(x, v [7]) vyl

This is a natural generalization of the classical Picard-Lefschetz formula with Z

replaced by Z [¢, ¢7*] . The homology class v [y] is the “vanishing cycle”
associated with [7].

Moreover, we have the following two facts :

(1) As a module over the group ring Z[gq, ¢7*] [m1 (U, b)], H.(Fy: Z) is gener-
ated by one element v[7o], where 7o is an arbitrary simple loop around D,.

(2) Let 7 be a simple loop around Z.. Then there exists a simple loop 7o
around %o such that

(0.5) Lol « (vl7w]) # vl7a].

The first fact just corresponds to the classically known fact that the space
of vanishing cycles in the sense of [8; §3] is generated, as a module over the
group ring of the monodromy group, by one vanishing cycle for a simple loop, if
the coefficients of the homology groups are in Q (see[8:8§7]).

On the other hand, the second fact causes the crucial difference between the
classical representation o and our representation g. Indeed, for the classical
monodromy o (1), the inequality (0.5) does not hold; that is, we alway have

[To] * (U[Tm] )= [Tm] mod ¢g—1

for arbitrary simple loops 7o and 7. around %o and P, respectively. This con-
gruence modulo ¢—1 guarantees the stability of the subspace H{,‘;?H(Y,, : Q) of
H,_, (X, : Q) under the monodromy action, because this subspace is generated
by vanishing cycles v[7«] mod g—1 associated with simple loops 7« around P.
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The idea to look at the universal covering of the complement comes from
[6]. In this paper, Givental’ considered the versal deformation family of a
hypersurface singularity, and studied the monodromy action on the middle
homology group of the universal covering of the complement to the Milnor fiber.
In the case of simple singularity, the fundamental group of the complement to
the discriminant locus in the base space of the versal deformation family is
known to be isomorphic to the generalized braid group corresponding to the
Dynkin diagram of the simple singularity. What he obtained is a representa-
tion of the Iwahori-Hecke algebra, which connects the classical representations
on the module of vanishing cycles in odd dimensions and in even dimensions.

A similar investigation had been done in [13] in a more general setting
than ours.

In [11], Libgober has studied the higher homotopy groups 7s—x (Es) of the
complements to singular hypersurfaces X;. When X; has only isolated singular-
ities, 7, (Ep) is isomorphic to Hy (Fy; 7)., and a method for calculating this group
via the monodromy representation arising from the Lefschetz pencil is described
in [11; Theorem 2.4].

This paper is organized as follows.

In §1, we construct the universal family of the universal coverings F, — E,
of the complements E,= A"\ X, over the extended base space 4CI'*. We shall
show that the deck transformation T, : F, — F, over E, corresponding to a
generator of Gal (F,/E,) =7 is also constructed universally over 4. Thus we
obtain the representation P.

In §2, we investigate the polynomial map 514 := f,/h? . A" — C which de-
fines the affine hypersurface X, ; that is, X, = ¢;(0) and E, = ¢;1(C%).
We shall study the critical points of au and the behavior of the fibers 5;1 ©)
“at infinity”. We introduce a Zagski open dense subset Uy U, over which the
topology of the polynomial maps ¢, does not vary locally.

In §3, we introduce a continuous function € : U — Ry which is “small
enough”, and define two boundaries BoE, and 0wE, of E, as ¢35 (4*(0)) and
71 (A% (), respectively, where 4%*(0) := {z€C : 0 <|z|<e()} and
A% (o) := {z€C; |z <e(u)}. We then define two boundaries 8oF, and
0-F, of F, as the pull-backs of the boundaries of E, by the covering map F, —
E,. It turns out that the relative homology groups Hy (Fu, 0oF,) and Hy (F,
0-F,) , both of which are also Z[g, ¢~}]-modules, are easier to investigate than
H,(F,). The pleasant feature of this theory is that there is a certain kind of
duality between H, (Fy, 0oF.) and Hy(F,, 8=F.).
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In 84, we review the classical theory of Lefschetz [9], and fix some notion
and notation about vanishing cycles and thimbles. In this paper, a vanishing
cycle in X,, for example, is defined as a homotopy class of continuous maps
from S™! to X, which satisfies certain conditions, and a thimble in (E,, 0,E,),
for example, is defined as a homotopy class of continuous maps from the pair
(CS™1, S 1), where CS™! is the cone over S™ !, to (E,, 0¢E,) which posses-
ses certain properties.

In §5, we investigate the homology groups Hp-i(X,), H,(E,) and H,(E.,
0oE,). The main results are that, if » € Uy, then the homology classes of the
vanishing cycles corresponding to the critical points of ¢, form a basis of Hy—
(X,), and that the homology classes of the associated thimbles form a basis of
Hy(E,, 00E,). In particular, Hy—1(Xi) and H,(E,, 8,E,) are canonically isomor-
phic, and the rank of them is equal with the number of the critical points of @,.
These facts seem to be well-known. However, we present them with complete
proofs in order for the paper to be self-contained.

In 86 and §7, we study the structure of Hy (F.), Hu (F,, 00F.) and H, (F,,
0.F.) . We show that H,(F,) is embedded in Hy(F,, 8oF.) and Hy (F., 0-F,)
by the natural homomorphisms. We also show that the homology classes of the
thimbles lifted from (E,, 8oE.) (resp. (E., 0«E4)) form a set of basis of Hy (F,,
00F,) (resp. Hy (Fy, 0-F,)) over Z[q ¢ *]. In particular, we obtain isomorph-
isms

(06) H, (Fuy aOFu) =H, (Eu, aoEu) ®z7Z [Q« q_l] = H,, (Xu> ®z Z[(], q—l] , and
Hy, (Fu‘ aooFu) = Hy (Eu, aooEu) ®z Z[q 4-1].

These isomorphisms are, however, not canonical by any means, because there is
ambiguity in the way how to lift a given thimble in (E,, 0oE.) (resp. (E.,,
0=E.)) to (Fy, 00F,) (resp. (Fy, 0-FJ)). In order to state the isomorphisms
(0.6) precisely, we have to restrict ourselves to a smaller locus Uy €Uy, over
which a canonical lifting can be assigned to each thimble in (E,,00E,) or in
(Ew.0~E.). However, U\Uy is a real semi-algebraic subset of real codimension
1, and the homomorphism m; (Uy) — m (U) induced by the inclusion is not
surjective. Hence these isomorphisms cannot be m; (9)-equivariant.
(Otherwise, we would get a contradiction to Irreducibility Theorem above.)

In 88, we introduce two intersection pairings between the two relative

homology groups H,(F,, 8oF,) and Hy (F,, 0-F,), which take values in Z[g, ¢7'],
and prove that they are non-degenerate. The idea of these pairings is also due
to [6].
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In 8§89, we formulate and state the Picard-Lefschetz formula. Let 7o be a
simple loop around Do, and 7« a simple loop around P.. The precise definition
of simple loops is given in §9.1. We describe the action of [70] € 7 (4, b) on
H,(Fs, 8-Fy) in Theorem 9.2.1, and the action of [7=) € 7 (U, b) on H, (F,
0oF3) in Theorem 9.2.2, with the help of the “hermitian” intersection pairings de-
fined in §8. As is seen from the proofs, which are given in §9.4 and §9.7 re-
spectively, this is a more appropriate way to state Picard-Lefschetz formula
than to describe the action on Hy (F3). The action on H, (F;), however, can be
derived from these two theorems, because Hy (Fy) is embedded in Hy (Fs, 0xF3)
and Hy (Fy, 8F) by the natural homomorphisms.

As can be guessed from the fact that, for b € 9y, the basis of Hy (Fy, 0uF})
or H, (Fy, 80Fy) over Z[g, ¢~'] consists of the homology classes of lifted thim-
bles. each of which corresponds to a critical value of @, in a bijective way, the
main ingredient of the proof is to study the movements of the critical values of
$. when u makes a round trip along 7, or 7.. In the case of 7, it is quite easy
to see how the critical values moves on the complex plane. On the contrary, it
takes the whole subsection §9.6 in the case of 7w.

There is one more important result in §9. In §9.5, we give a proof of
Theorem 9.5.1, which states that H, (F}) is generated, as a module over the
group ring Z[q. ¢7*]1 [z (U, b)], by one “vanishing cycle” v[yo] associated with
an arbitrary simple loop 7o around Do.

By Zariski's hyperplane section theorem, m; (%) is generated by the homo-
topy classes of simple loops around % and P~. Hence, using the results in §9,
we can prove Irreducibility Theorem in §10.
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Conventions

(1) The symbol I always denotes the closed interval [0, 1] < R.

(2) A path I— Von a €°-manifold V is always assumed to be piece-wise
smooth.

(3) Let @: I— V and B:I— V be two paths on a topological space V.
We define the order of the product of paths in such a way that a8 is
well-defined if and only if (1) =a(0)"

(4) Let Vi and V, be two topological spaces, or two pairs of topological
spaces. Then [Vi, Vz] denotes the set of homotopy classes of continuous maps



PicARD-LEFSCHETZ THEORY 843

from Vi to V.

(5) Let V, W and W’ be topological spaces, and f: V— W, g: W — W
continuous maps. We say that fis locally trivial over g: W’ — W(or simply
over W’) if the pull-back WX 1 V — W’ of f by g is locally trivial.

(6) Let X; and Xz be complex manifolds, and let 4: X; — X, be a holomor-
phic map. We say that & is locally trivial if it is locally trivial in the category
of topological spaces and continuous maps.

(7) In this paper, we work with homology groups with coefficients Z un-
less otherwise stated, and we omit Z in the notation.

81. Construction of the Universal Family

We choose h € I'(P*, © (1)) which defines the hyperplane H.= {h=0}, and
fix it throughout this paper. Then h? € I'*. Recall that f, denote the
homogeneous polynomial of degree d corresponding to u € I'*. Using the fixed
homogeneous polynomial 4%, we get a morphism

u ::fu/hd (E,— ¢,

which is the restriction of the polvnomial map

Gu'= fu/h:A"—C

to E, = 5;1 (C*). The following lemma is easy to prove by using Zariski's
hyperplane section theorem ([14], [7]), and the theorem of Fulton-Deligne on
Zariski’s conjecture ([3], [4], [5]).

Lemma 1.1. Suppose that u € U. Then au induces an isomorphism m; (E,)
=71, (C*) on the fundamental groups. [

Let ¢: C — C* be the universal covering given by z > exp z. For every u
€ I'*, we define a complex manifold F, by the fiber product

¢
F. — E.
(1.1 ol O o
c — C~

e
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If w € U, then Lemma 1.1 implies that the covering ¢: F, — E, is the universal
covering of E, whose Galois group is canonically isomorphic to 7m; (C*). Let
T. : F, — F, denote the deck transformation over E, corresponding to the
counter-clockwise generator of 7, (C¥).

The construction of the universal covering F, — FE, can be carried out uni-
versally over the base space U. Let ¥ C A” X9 denote the universal family of
the affine hypersurfaces {X, ; u € U} with the natural projection ¥ — 4, and
let & stand for the complement (A”X%)\%, which is the universal family of{E, ;
u € U} with the natural projection § — U. By putting ¢, : E, — C* together,
we get a morphism & — C*, which maps (P, u) € & to ¢,(P) € C*. Let F be
the fiber product & X ¢«C, where € — C* is given by the exponential map e.
Then this # with the natural projection onto U is the universal family of {F,; u
€ QU}. Again, the natural map F — & is the Galois covering with the Galois
group canonically isomorphic to 71 (C*). Let 7 : % — F be the deck trans-
formation over & corresponding to the counter-clockwise generator of m; (cx).
Then the restriction of  to a fiber F, ©% over u € U gives the deck trans-
formation Ty, : Fy, — Fu.

Now it is easy to see tha the families ¥ — U, § — U and hence F — U are
all locally trivial. Therefore we obtain a natural monodromy representation of
7. (U, b) on H,(F;), where b € U is a base point. Since the deck transforma-
tions T, are defined globally over 4, we get the following :

Lemma 1.2. The monodromy action of w1(U,b) on Hy,(Fy) commutes with the
automorphism Ty : Hy (Fy) — Hy(Fy) induced by the deck transformation. [

We fix an isomorphism between the group ring Z [m; (C*)] and the ring of Lau-
rent polynomials Z [g, ¢7*] by identifying the counter-clockwise generator of

7, (C*) with ¢. Then H,(F,) becomes a Z [g, ¢~*]-module for each u € U, in
which the multiplication by ¢ is nothing but the automorphism Ty : Hy, (F,) —
Hy,(F,). Lemma 1.2 implies that the monodromy representation of m; (%, b) on

H,(F,) is a representation on the Z[g, ¢~*] -module, and thus we get
(12) T (OU, b) — Autzig.e-n (Hn (Fb) ) .
This monodromy representation is the central theme of this article.

The natural projection % — U is a C*-bundle. Hence the kernel of m; (U)
— 7 (U) is generated by an element ¢ € 7, (A) , which is represented by a
counter-clockwise loop in the fiber=C*. It is obvious that ¢ is contained in the
center of 71 ().
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Proposition 1.1. The action of ¢ on Hy (Fy) is equal with the multiplication
by q.

Proof. The homotopy class ¢ € m, (U, b) is represented by the loop 7:1—

U given by frn = ez"m'fb. The complement E,s does not move in A” even

when ¢ varies. The function ¢y = friy/h? : Exn — C* on Eyxn, however, varies

as @y = ez"m‘qﬁb. This is equivalent to rotate E, over C* once in the
counter-clockwise direction. Therefore it induces the deck transformation T
on F, and hence the multiplication by ¢ on H,(Fy). [

This proposition shows that the family &% — 4/ is not a pull-back of any family
over U, and hence justifies us in working, not with 7y (U), but with 7, (U) .
Later on, we shall prove that H,(F,) is torsion free as a Z [g, ¢~‘]-module

(Corollary 6.1). Hence ¢ has an infinite order in 7 (4, b). Therefore we have
the following :

Corollary 1.1. The fundamental group m (AU, b) is a central extension of
m (U, b) byZ. [

§2. Structure of the Polynomial Map ;ﬁu

The complement P (I") \ U consists of two irreducible divisors Dy and D,
where Dy consists of all singular hypersurfaces, while D. consists of all hyper-
surfaces whose intersections with He. are not transverse. Then a general point
of Dy corresponds to a hypersurface possessing one ordinary double point as its
only singularities, while a general point of D. corresponds to a non-singular

hypersurface X such that HoNX is a hypersurface in H. possessing only one
ordinary double point as its singularities.

Then the divisors Py and P of I'* defined in Introduction are the

pull-backs of Dy and D., respectively, by the natural projection pr : I'* —
P.(I).

We write by §. € P. (I) the point corresponding to the multiple hyper-

plane d* H.. In this section, we always assume u € pr* (§), so that au A
— C is not a constant map.

Let Cr (u) ©C denote the set of critical values of au. By definition, we
have
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(2.1) te Cr(u) © ¢71(9) is non-singular.
In particular, » € U implies 0 €& Cr (u).

Let £, C I'* denote the affine line {f,—¢- h?; t€ C}, and let L, C P« (I
denote the projective line spanned by Y. and the point pr (u) € P« (I). We
put

L= L\ {ho).

Then the projection pr: I'* — P« (I") induces an isomorphism between £, and

Ly. There are natural parameterizations

tw:C— %, and ¢,:=pro¢,:C— LY

given by ¢,(t) :=f,—t- k. Note that the assumption u & pr~*(§) implies w
& pri(h.) for all wE &,. The following remark will be used frequently
throughout this paper.

Remark 2.1. By definition, the morphism au : A” — C is nothing but the
pull-back of the universal family ¥r— I"* by

CS ¢, I,

Cu

where X :={(P, w) € A»XI'*;P€ X,}, and ¥ — I'* is the second projec-
tion.

Proposition 2.1. Ifu € U, then ¢,: A*— C is locally trivial over C\Cr (u).

Proof By (2.1), it is enough to show that @, is locally trivial “at infinity”
over the complex plane C; that is, if » € U, then, for all ¢+ € C, the projective
compactification of the affine hypersurface 5;1 (t) is non-singular at every
point of the intersection with H., and moreover, the intersection is transverse.
This follows directly from two Lemmas below and Remark 2.1 [

Note that
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(2.2) Xo N Ho=Xy N Ho forall w€ %,

by the definition of £,.

Lemma 2.1. Suppose that X w 18 non-singular at a point P ex w N He for

omew€ ¥, Then )?wr is non-singular at P for all w € &L,

Lemma 2.2. Suppose that X intersects Hoo transversely at a point P € X
N He for one w € #,. Then X intersects He transversely at P for all W € Z.

Proofs of Lemmas 2.1 and 2.2. Let(z1,..,z2) be an affine coordinate system
on an affine open subset (A")” of P” with the origin P such that H.= {z,=0}.

Suppose that )?u is defined by
fiulzrnzn) =0

in (A")’, where fu{21....2) is an inhomogeneous polynomial with zero constant
term. If w=¢, (¢), then, after replacing z, with az, where & is an appropriate

non-zero constant, an inhomogeneous polynomial defining Ew is given by
fuw (Z1,...,Zn) = f (21,...,2;1) —t- th-

The projective hypersurface )?w is non-singular at P if and only if the

homogeneous part & (z1,....zx) of degree 1 in f, (z1,....z:) is non-zero. Since d=>
2, if it holds for one w € %,, then it holds for all w € ¥,. The condition that

the intersection of )_(w and H. is transverse at P is equivalent to the condition

that fi' (z1,..,22-1,0) is non-zero. Again, if it holds for one w € %, then it
holds for all we &,. [

These two lemmas imply the following two propositions.

Proposition 2.2. If u € Dw, then €, N D=0 . If u € Do, then ¥, C
P.. [

This implies that D € P+ (I) has a structure of the cone with the vertex B..

We have an inclusion Cr(u) C 7 (£, N Do) =71 (LL N Dy) from (2.1) and Re-
mark 2.1.
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Proposition 2.3. If Xy is non-singular at every point of X 4 N He, then
Cr{u) < C is equal with ¢;* (L, 0 Do) and with &7 (L N Dy). [

Corollary 2.1. If u<€ U, then £, N D= B, and Cr () = ¢ (L, N D) .
]

Let ¢4 (#,..,%,) be the polynomial expressing b A" — C in terms of
affine coordinates (,...4,) of A”. The critical points of ¢, are then given by
the solutions of

0%y _ .. _08u_
ax1 axn ’

Hence, if 4w € U is chosen generally, the number of the distinct critical points of

au is
N:= (g—1)"

Definition 2.1. Let Uy € U denote the locus of all # € U which satisfies
the following : _
(i) Cr(w) consists of distinct N values, and (ii) over each p € Cr(w), ¢, has
only one critical point and this critical point is non-degenerate.

Since both of (i) and (ii) are algebraically open conditions, the locus Uy is a
Zariski open subset of 4. It is easy to see that Uy # @ . Hence Uy T U is
dense.

Note that N is the maximal number which can be attained by the number of
elements of Cr(u). Hence Corollary 2.1 implies the following:

Proposition 2.4. If u € Uy, then &, intersects Dy at distinct N points of the
non-singular locus of Do transversely. [

Lemma 2.3. Let u be a point of Uy. Then we have L\Do=%, N U=Z,
N Uy.

Proof. Let w be an arbitrary point of €,. By definition, the affine line &,
is equal with #,, and we write this affine line simply by £. By Remark 2.1, we
have

(2.3) O Gu=tu0 Gu
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as a morphism from A” to ¥ ; that is, au and aw differ only by translation of
C. In particular, the morphism @, also satisfies the conditions (i) and (i) in
Definition 2.1. This implies that, if w € U, then w € Uy. On the other hand,
because of Corollary 2.1, we have £ N D= @ and hence L\Do=% N U=¢ N
Uy. [

Suppose that # € Uy. Let p € C be one of the critical values of au, and
let ¢ € A” be the critical point of au on 5;1 (p). Then there exists an analyti-
cally local coordinate system (wr...,w,) on a small neighborhood of ¢ in A” with
the center g such that au is given by

(24) (wryoum) > prwdt - +w?
locally around gq. Let € be a small positive real number. We put
B:= {(wrwa) ; [P+ +wl? <& C A7

Let Int B be the interior of B. Lemmas 2.1 and 2.2 imply the following (cf.[8;
§3. Ehresmann’s Fibration Theorem]):

Proposition 2.5. Let n be a positive real mumber small enough compared
with €, and let A C C be the closed disk with the center p and of radius . (1) By

the restriction of G, the pair (¢7' (A)\Int B, ¢;* (A) N BB) is a trivial fiber
space with boundary over A. (2) Moreover, ¢7* (p) is a strong deformation vetract

of g (4).

Proof. The situation near H. can be checked by Lemmas 2.1 and 2.2. The
situation near the point ¢ can be studied by the explicit formula (24) of @.,.

O

Construction 2.1. The critical values and the critical points of 5,4 define
multivalued functions from Uy to € and A" respectively. In order to make
them single-valued, and to study their behavior near a point of I'*\ Uy, we
make the following construction of a curve C and morphisms ,5,, gi.

Suppose that we are given the following data (&, ¢, b, 4):

A point ¢ of I'*, an affine line < I passing through ¢ such that N Uy#* @,
a sufficiently small closed disk 4 on & with the center ¢, and a base point b on
the boundary d A. Since A4 is small enough and & N Uy¥* @, we may assume
that

(2.5) AN{ < Uy.
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We consider the punctured affine line & N 9Uy. The critical values and the cri-
tical points of ¢, yield multi-valued algebraic functions on & N Uy to C and to
A", respectively. Let W be a simply-connected small open neighborhood of b
in & N Uy. The critical values and the critical points become single-valued
when u is restricted to move in W. Let

p:W—C, and g¢,: W— A" (i=1,.,N)
denote those single-valued functions on_W such that the critical point ¢ (w) €
A" of qbu is mapped to p(u) € C by ¢u A"—C for all u € W. The fun-

damental group w1 (& N Uy, b) acts on the set Cr (), and hence we get a natu-
ral homomorphism

m:m(d N Uy, b)) — S(Crib)),
where &(Cr (b)) is the permutation group of the set Cr{5). Let
o :C'—d N AUy

be the finite étale Galois covering corresponding to m. The Galois group is iso-
morphic to the image of m. We choose a base point b € C’ such that o’ (b)) =

b. Let W/ CC’ be the unique connected component of o’~* (W) which contains
the base point b". Then there exist single-valued algebraic functions

pi:C’—C for i=1..N

such that p; (w) =p (0" (w)) for w € W’, and there also exist algebraic morph-
isms

g.: C"— A" for i=1..N

such that ¢; (w’) = ¢ (0’ (w')) for w' € W’. The p; and the g, are determined
uniquely because C’ is connected. Let

op:C— 4

be the finite morphism extending the étale covering o’ : C'—« N Uy. Since g;
and p; are algebraic morphisms, they can be extended to the morphisms

Gi:C—P"=A"UH, and p:C—P' =CU {oo}
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in a unique way. By the construction, if w€ o™ (& N Uy) , then {G (W) ...,

dv (w)} is the set of critical points of ¢, and p; (w) = ap(w) (g:(w)) holds for i
=1,..,N.

Construction 2.2. Let A be the connected component of o t(A) contain-
ing b. Then there exists a unique point ¢ € A such that p (&) =¢ The
behavior of critical values and critical points near the point ¢ can be investi-
gated by looking at the morphisms p; and ¢, around ¢. We will be interested in
the case where one of the critical values tends to ©°, or one of the critical points
tends to He, when u approaches c.

We choose an affine subspace (A”)” of P* which contains g, (&) ,..., v (&) and
satisfies (A”)’' N H.# @. Let(z,..z:) be affine coordinates on (A”)’ such that
H.={z,=0}. Since 4 is located on the affine line &, the homogeneous polyno-
mial f, € I corresponding to v < A is written in the form

(26) fu = fc+t(‘M«) g,

where t: o — C is an affine coordinate such that t(c) =0, and g is a certain
polynomial in I By abuse of notation, we denote by f; (z,...,z2) and g(zi,....z4)
the inhomogeneous polynomials associated to f, and g, respectively. Note that
they are determined uniquely only up to multiplications by non-zero constants.
By choosing them suitably, we can write the rational function ¢, = f./h* on
(A™)” in the following form for u € A:

= _ fuzrnzn) _ felznz) (W) 0 g (21,0020)
2.7) Pu 4 4 :

We define polynomials Ay (1] 21,...20) v hin (105 21020) 1D 21,..,20 as fOllOWs

d aau — aﬁ¢ (21,...,Zn)

hilu: 2z, zm) 2= 25 oo os

for 1=1,.n—1, and
h'n(u; Zl,..-,Zn) = Z?‘f'l aaznu = 2z 0 u(g;n‘zn) - dfu (21,...,Zn).

Suppose that w € C satisfies 0(w) € & N Uy. Since g (w).... v (w) are the cri-
tical points of @, the definition of h,(u :2) implies h, (0 (w);g (w)) =0 holds
for i=1,...,n when §;(w) € (A")’. By continuity, we see the following :

(2.8) h(c;§;(6)) =0 forall i=1.n and j=1,.N
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Let H; (u) be the affine hypersurface in (A”)” defined by i (u; 20 = 0. We put
I(w) == Hi(w) N ...N Hy(w).

By the definition of & (u; 2), the set I(#)\(I(w) N Hz) coincides with the set of
critical points of ¢, contained in (A”)’. Recall that G (&) ...gv (&) € (A")".
Since 4 is small enough, the critical points G (w) ,...dy (W) of @,u remain in

(A" for all we A\{3.
(2.9) Iow)\U(e(w) N H.) = {Gi(w),...dvn(w} forall we A\,

These constructions and properties will be used in the proofs of Propositions
3.1 and 9.6.1.

§3. Boundaries of F;,
In this section, we always assume 1 € U.

Note that 0 € Cr(u) by (2.1). We define a function Z : % — Rso by
(3.1) 7 (w) :=min {pl, [p|™*;p € Cr(w)}.
Proposition 3.1. This function € is continuous.

Proof. Since Cr(u) = ¢z* (£, N Do) by Corollary 2.1, the critical values
vary continuously as » moves. Hence all we have to do is to delete the possi-
bility that therf might be a point ¢ € U such that, if u approaches ¢, then a crit-
ical value of ¢, tends to . Suppose that such a point ¢ exists in U. We
choose a general affine line & C I'* passing through ¢, a small closed disk 4
C 4 with the center ¢, and a base point » € 0 A, and apply Constructions 2.1
and 2.2, The assumed property of the point ¢ implies that there exists at least
one critical value among {f,...fn}, say f, such that f () =oo. This implies
that ¢ (9) € H.. Combining this with (2.8), we see that the coordinates of the
point 7 () are the solutions of

Zn = fc (21,---,2'71—1, 0) = 0, and

010 o =1, 1

az,-

Since f, (z1,....2s-1, 0) =0 defines the hypersurface X, N H. on H., the solution
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41 (8) must be a singular point of )-(—c N H.. This contradicts the fact ¢ € U.

L
Suppose that € : 2 — R is a continuous function which satisfies
3.2) 0<e(w) <% (u) forall u€qU,
whose existence is guaranteed by Proposition 3.1. We put
BY:={z€C*:0<|z<e(w)}, and By :={z€C*:|lqd'<e(w)},
each of which is a punctured closed disk on P!=C U {oo}. We also put
OoEs := ¢ (BY) C B 0uEy = ¢ (BY) C E,

and

aOFu = é_l (aoEu) = ¢;1 (é’_l(Bg)) c Fu;
amFu = 5_1 (aooEu) = 1;1 (e—_l (Bouo)) C Fu

(See (1.1) for the definition of ¢ and ¢,.) We put
Cr(w) := ¢ (Cr(w)).

Then the definition (1.1) of ¢, : F, — C and Proposition 2.1 implies the follow-
ing :

Proposition 3.2. The set of critical values of ¢, . F, — € coincides with
Cr(u), and ¢, is locally trivial over C\Gr(u). [

By the definition (3.1) of Z and the condition (3.2), there are no critical points
of ¢, : F,— C in 0yF, and in 0.F,. Moreover, each of the subspaces

C\e'(BY cC, C\e'(By)cC, and C\(c'(BY UeL(BY))C

is a strong deformation retract of C. Hence, by Proposition 3.2, each of the
subspaces

F\OF,CF, F\0-F,CF, and F\(8F,Ud.F,) CF,

is also a strong deformation retract of F,. Therefore, we can call 0¢F, and
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0wF, the boundaries of F,. In particular, since 0oFy N 0xF,= @, the intersec-
tion pairing

< y > :Hn(Fu, amFu) XHn(Fuy 60Fu) _>Z

between the relative homology groups is well defined.

It is obvious that each of the pairs (F, 8oF,) and (F., 0-F,) forms a local-
ly trivial family over 9 when u varies. Moreover, the deck transformation T, :
F, — F, induces automorphisms of 8oF, and 0-F, Hence H, (F,, 0oF,) and
Hy, (F,, 0.F,) can be regarded as Z[g, ¢~']-modules in the same way as H, (F,).
Therefore, each of H, (F,, 6,F,) and H, (F,, 0.F,) forms a locally constant sys-
tem of Z [g, ¢ *]-modules over U%. We thus obtain natural monodromy repre-
sentations

71 (U,b) — Autzige1 (Hy (Fy.00F)) and 1 (U.b) — Autzigen (Hn (Fy, 0F3)),

which are compatible with (1.2) via the natural homomorphisms H, (F;) —
Hy (Fy, 8oFy) and Hy (Fy) — H,(Fy, 0-F) of Z[g, ¢*]-modules.

Remark 3.1. The homeomorphism types of all spaces (E,, 0oE,) , (Ey, 0oFEy),
(Fy. 0oFy), (Fy, 0F.), and so on, or of the maps between them are independent
of the choice of the function e, provided that (3.2) is fulfilled. Therefore, we
will not specify any particular choice of €. Sometimes, however, we pick up a
sufficiently small positive real number 7, and use the function ¢ : = min{Z /2, 7},
so that ¢ is a constant function on a given compact subset of U.

§4. Vanishing Cycles and Thimbles

In this section, we fix notion and notation concerned with vanishing cycles
for ordinary double points and associated thimbles. For the proofs of the facts
stated in this section, we refer the reader to [8].

Let S*! be an oriented (n— 1)-sphere, and let ¥ [S*!, S* 1] be the
homotopy class of orientation-reversing self-homeomorphisms. Note that # €
[S™!, S™'] is the homotopy class of the identity. For a topological space T
and a homotopy class f€ [S™!, T], we write by —f€ [S™, T] the homotopy

class f o7 Note that, since S™! is oriented, we have a natural map [S"% T]
- Hn—1<T)~
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We denote by CS*! the cone over S”!; that is, the space obtained from I
X S$" ! by contracting {1} X S™! to a point, which is the vertex of the cone.
We equip CS™ ! with the orientation induced from that of the product space IX
S”1. Hence we have

0 Cs™i= -5t

Therefore, for a pair (7, S) of a topological space T and its subspace S, there is

a natural map [(CS™Y, S* 1), (T, S)] — H,(T, S), which makes the following
diagram anti-commutative :

[(cs™ 1 §") (T.S)] — H(T.S)
(4.1) | restriction la

N = Hya(S).

There is a unique class 7€ [(CS™L S" 1), (€S™!, S 1] which is repre-
sented by an orientation-reversing self-homeomorphism. For f &€ [(CS™ 7,
S*1), (T. S)], we write by —f the homotopy class f © #

Now we consider the following situation. Let W be a non-singular con-
nected complex manifold of dimension #, Z a Riemann surface, and g: W— Z
a surjective holomorphic map. For a point z € Z, let W, denote the fiber g*
(2). Suppose that the following conditions (wz-1)-(wz-3) are satisfied.

{wz-1) The map g has only one critical point ¢ € W, which is non-degenerate.
(wz-2) Moreover, g is locally trivial over Z\{p}, where p=g(g).

Because of (wz-1), there exist local analytic coordinates (wx,..,w,) on W with
the center ¢ and an analytic coordinate f on Z with the center p such that g is
given by

(4.2) (witig) > t= Wi+ +ud

locally around ¢. We choose a small positive real number € and a positive real
number 1 which is small enough compared with €, and put

Be:= {(wr,..un) € W;|wl’+- - +|wl’<e} and 4,:={te z:|i|<n).

The third condition we impose is the {ollowing:

(wz-3) the restriction of g to(g™2(4,) \Int B, g71(4,) N 8B.) is trivial over
Ay].
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Note that the conditions (wz-1)-(wz-3) imply that g~ (p) is a strong deforma-
tion retract of g7(4,).

The cases we are going to apply the facts explained in this section are, for
example, as follows. Let # be a point on Uy, and pE C a value in Cr (u) .
Then the situation

z=C\Cr\), w=E\ U ¢'(), and g=gulw

p’eCrw)\(p}

satisfies the conditions (wz-1) - (wz-3) because of Propositions 2.1, 2.5 and the
definition of Uy. We will also consider the following situation. Let u be as
above, and let € C be a value in €7(x). Then the data

z=C\@w\), w=F\ | ¢, and = d.lw

7 €@raw \ib}

satisfy the conditions (wz-1) - (wz-3) because ¢, is the pull-back of ¢, by the
étale covering e: C— C*.

Now we go back to the general situation.

Definition 4.1. Let a be a point on Z\{p}, and let % (a) be the space of
all paths @ : I— Z from a to p such that p & w ([0,1)). We equip P (a) with
the compact-open topology, and let [#(a)] denote the set of path-connected
components of P(a). For w € P(a) , let [w] € [P(a)] denote the path-
connected component containing w ; that is, the homotopy class of paths in # (a)
represented by w.

Proposition 4.1. For a point a € Z\ {p} and a homotopy class [w] €

[P (a)], there exists a homotopy class olw] € [S™ ™, W], unique up to sign, which
has the following properties. (i) Let o’ be another point on Z\{p}, and v: I— Z\{p}
a path from a’ to a. Then we have

olw - 1 = £zl (olw]),
where [T]«: [S™ Y, W, ] — [S™, W.] is the bijective map induced from the triv-

iality of g: W— Z over T: I— Z\{p}: (ii) Suppose that a € A,\{p} and w(I)
C A, Thenolw] € [S™, Wa] is represented by a continuous map
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S*1—>B N W, W,
such that the map S™ ' — Be N W, induces homotopy equivalence.

Sketch of Proof. Let a be a point on A,\{p}. The fact that Be N W, is
homotopically equivalent to S”7! follows from (4.2) (cf. [8 ; p. 37]) . Hence
olw] € [S™!, W,.] is uniquely determined, up to sign, by the property (i),
when w is a path in A,. For an arbitrary a € Z\ {p} and an arbitrary o €
® (a) , there exists A € (0. 1) such that w ([4, 1]) € A,. We decompose ®
into wy * @y at A ; that is, w; () =w (At) and w, () =w (A+t(1—A)). By the
above argument, we have o [ws] € [S™', Wauw]. The class olw] € [S™),

W,] is derived from o[w,] via the bijective map between [S*!, W,] and [S"},
Waw] induced by the triviality of g over wy, using property (i). [

Definition 4.2. We call the class o[w] € [S*!, W,] the vanishing cycle
for [w]. Let 6lw] € H,-,(W,) denote the corresponding homology class.

Remark 4.1. Traditionally, the homology class & [w] has been called the
vanishing cycle for [w].

Remark 4.2. There are usually two vanishing cycles ¢[w] and —o[w] =
olw] o rfor a given [w].

Let WX 7 I, be the pull-back of g: W— Zby w: I— Z, where w € P (a).
Then the inclusion W, < W X ; [, induces homotopy equivalence because of
(wz-1) - (wz-3). Combining the embedding W, W X 2I, with the homotopy
inverse WXz I, — W, of the inclusion, we get a contraction map

Cwi Wa”_> Wp

along w. Let {:I— Z\{p} be a loop with the base point a as follows : { goes
along @ from a to a point p’ :=w(1—A) € A,, where A is a positive real num-
ber small enough, draws a circle in the punctured disk A4,\{p} from p" to p" in

the counter-clockwise direction, and goes back to a along ™™

/P /@
a @ a

¢

Figure 1
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Then we have the monodromy action
[C)s: Hyod (Wa) = Hyey (We)

induced by [{] € m (Z\{p}, a). The classical theory of Lefschetz states the
following :

Theorem L1. (1) The kernel of Cos : Hyy (Wa) — Hyoy (W,) is generated
by the homology class T [w] of a vanishing cycle for [w]. (2) The image of the en-
domorphism 1d— [l « of Hy—1(Wa) is contained in the kernel of Cos. [

Now we describe the notion of thimbles. Let

p:CS"t—> ]

be the natural projection induced from the first projection I X S$"'— [

Proposition 4.2. Suppose that a € Z\{p} and w € P (a) are given. Sup-
pose also that the sign of the vamishing cycle olw] is specified. Then there exists a
unique homotopy class

0([w], olw]) € [(CS™1, S™1), (W, Wa)]
with the following properties. (i) The image of 0 ([w], olw]) by the natural map
[(cs™ =t s», (W, Wo)] — [S™, Wa]

is o[w]. (ii) The homotopy class 0 ([w], o[w]) is represented by a continuous

map T: CS™ 1 — W which makes the following diagram commutative

T
cs*t — W
0
o e
I -z

_and which maps the vertex of the cone CS™ ! to the critical point q.

Sketch of Proof Suppose that o [w] € [S"!, W,] is represented by s :
S”~' — W,. Then s, deforms continuously to s, : S* ' — Wy for t€ [0, 1].
We see from the property (ii) of the vanishing cycle that s, is homotopically

equivalent to the constant map S*~'— {g} < W,, because B N W, is contracti-
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ble by (4.2). Therefore, by changing the deformation s; homotopically, we may
assume that s is the constant map through {g}. The continuous map T is con-
structed by putting these s, together. [J

Definition 4.3. We call the homotopy class 6 ([w], olw]) the thimble for
[w] starting from o[w]. When the orientation does not need to be specified, we
write this thimble simply by 6([w]). (Note that §([w], —olw]) =—6([w],
olw]).) We denote its homology class by 6 ([w], olw]) € H,(W, W,).

Definition 44 Suppose that ’ € ? (a) is a path representing a homo-

topy class [w] € [#(a)]. We say that a continuous map T : CS* ' — W repre-
sents the thimble 0 ([w], olw]) over the path ', if the diagram

cS™t —T> w
s
I - Z

is commutative (in particular, T({0} X S™!) is contained in W,) and if T repre-
sents O ([w], olw]) in [(CS™, ™Y, (W, W,)].

Figure 2

It is obvious that, for any @’ € [w], there exists a continuous map T: CS* ! —
W which represents the thimble 8([w], alw]) over w'.

Definition 4.5. Let £§: I— Z be a sub-path of w ; that is, there is a con-
tinuous increasing map 1: I— I such that E=woi Let T:CS"!— W be a
continuous map representing the thimble 6 ([w], olw]) over w. The restriction
Tls of T to £ is the composite of i: (CS™!) X, — CS™* and T, where 1 is the
pull-back of i by p: CS®'— I If i(1) <1, then Tle is a map from IX S*! to
W. If i(1) =1, then T|e is a continuous map from CS” ! to W, which repre-
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sents the thimble 8([£]) over the path £ € #(£(0)).

Figure 3

Now we choose two points ¢ and a” in 4,\{p} such that the radius of the
disk A4, passing through a and the radius passing through a” are distinct. Let
w and " be the paths from a and a’, respectively, to the center p along the
radius of the disk 4, Let ¢+ and ¢ be the paths in 4,\{p} from a to a’ de-
scribed as follows : the path ¢4 (resp. ¢-) starts from a, goes to a point on the
boundary 0 4, along the radius, draws an arc on 0 4, in the counter-clockwise
direction (resp. in the clockwise direction) to the end point of the radius
passing through a’, and then goes to a” along this radius.

Figure 4

Suppose that a vanishing cycle o [@] € [S™!, W,] for [w] is chosen from
among the two possibilities. We put

ol = [e.]s(olw]), and o_le] := [ ] (olw]),

both of which are vanishing cycles for [@’], because [ * ¢7!] = [w - ¢Z1] =
[w] in [#(a))]. Then we have

o.lw] = (—D%_[w] in [S™}, W.].
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Let T, T, and T- be continuous maps from CS”"! to W which represent the
thimbles 6 ([w], olw]), 6 ([o'], 0+ [@]) and 0 ([w'], o-[w’]), respectively,
over w, @ and &', respectively. With the orientation of CS*!, we can consid-

er these maps as #-chains in W.
Lemma 4.1. We can choose the maps T, T+ and T- in such a way that the

n-chains T and Ty (resp. T and T-) intersect at only ome point q transversely with
the intersection nmumber (—1)"# 172 (resp. (—1)r®+072)

Proof. This lemma can be checked by direct calculation using the explicit
form (4.2) of g near the critical point ¢. [
§5. Structures of H,-,(X,), H,(E,) and H,(E,, 3,E,)
In this section, we always assume that # € U. We define two points
a:=c¢(u), and a2 :=1/e(w)

on C*, and consider the fibers

X% = ¢ (ad), and Xy := ¢;'(ay).

By the property (3.2) of € : U — Ry, there are no critical values of au on
the interval [0, e (#)] € R. Hence, by Proposition 2.1, there is a diffeomorph-
ism, unique up to homotopy,

(5.1) X. = $:2(0) = X3,

which is induced by the path from O to e (u) along R. It is obvious that each of
the families {X%; v € U} and {X; v € U} is locally trivial over U, and hence

7 (AU, b) acts on Hy—y (X3) and on Hu—i (X7). The lemma below follows im-
mediately from the definition of €.

Lemma 5.1. The isomorphism Hp—y (Xp) = Hy—1 (X9) induced by (5.1) is
Ty (U, b) -equivariant. [

Since a2 € Cr(w), Proposition 2.1 implies that X, and X2 are also diffeomor-
phic. However, the homotopy class of this diffeomorphism is not uniquely de-
termined, and we cannot expect that there exists a m; (U, b)-equivariant iso-
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morphism Hy_; (X;) = H,-; (X¥) by any means.
Note the following :

Theorem L2 (Lefschetz Hyperplane Section Theorem). The homology
groups Hy(X,) S H, (X)) =H,(X7) are zero for i>n—1.

Proof.  See, for example, [12; Theorem 7.1]. [

Definition 5.1. For a point @ € C*\Cr (#) and p € Cr (), let P, (a, p) de-
note the space of all paths w: I— C* which satisfy the following: (i) w(0) =
a, w (1) =p, and (ii) w ([0, 1)) N Cr(w) = @ . We equip P, (a, p) with the
compact-open topology. Let [#, (a, p)] denote the set of path-connected com-
ponents of P,(a, p). For w €P, (a, p), let [w] € [P, (¢, p)] denote the
path-connected component containing  ; that is, [w] denotes the homotopy
class of paths in @, (a, p) represented by w.

Suppose that » € Uy. Then Cr(u) consists of distinct N values {py.....pn}.

Definition 5.2. Suppose that a € C*\Cr (u) is given. A set of paths
{&1,....En). where & € P, (a, 1), is called a regular system of paths from a if the
following are satisfied: (i) each & : I— C* is injective, and (ii) & () N & (1) =
{a} if i#J.

It is obvious that there always exists a regular system of paths for every u €
Uy and every a € C*\Cr (u).

Since u € Uy, the morphism ¢, has only one critical point ¢; over each p.
Moreover, these critical points are all non-degenerate. Therefore, if we are
given a regular system {&,..Ex} of paths from a, we obtain vanishing cycles

Tol&] € [S™, ¢z (a)] for each [£], and the associated thimbles

+0([&], al&]) € [(cS™, S™Y), (Ey, ¢ (a)]
for each [£,].

Proposition 5.1. Suppose that u € Uy.

(0) Suppose that {€2,...E8} is a regular sysiem of paths from al. We choose a
vanishing cvele o[€0] € [S™1, X3 for each [E?] from among the two possibilities.
Then the homology classes T [E0] ,..T [EY] form a set of basis for the free
Z-module Hp—1 (X9).

(0) Suppose that {E7,...ER} is a regular system of paths from ag. We choose
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a vanishing cycle o[E] € [S™ Y, X3 for each [EF] from among the possibilities.
Then the homology classes T [Er) ..., T [EX] form a set of basis for the free
Z-module Hy—y (X3).

Proof. Since these two assertions can be proved in completely parallel
ways, we prove only the assertion (0).

Let A; © C* be a small closed disk with the center p. Since{£0,..£%} is a

regular system of paths, the union U¥,(E? () U A4)) is a strong deformation
retract of C, and it contains Cr (%) in its interior. By Proposition 2.1, the space

(5.2) A=¢:0(J @@ u a))

is also a strong deformation retract of A”. Hence A is contractible. We de-
compose A into the union of the two parts

N N

A= g2 (U &0, 1/21)), and 4= g (U (€ ([1/2,1]) U 4)).
i=1 1=1

By applying the Mayer-Vietoris sequence to this decomposition of the contracti-

ble space A, we obtain an isomorphism

(5.3) Hyoy (A 0 A3) = Hyoy (A)) @ Haoy (4))

induced by the inclusions. Using Propositions 2.1 and 2.5(2), we have canoni-
cal homotopy equivalences

Al ~ Xl? ’
A ~ ¥, ¢t (4) ~ Lot (p), and
AN 4, ~ Lrxp (the disjoint union of N copies of X0),

through which the isomorphism (5.3) is written as follows :

s® (a® - Ocy): D Hot(X) S Ho (X)) @ D Hyoy (92 (5)),

1=1 i=1

where s: ®¥, H,_, (X% — H,_, (XY is the summation (%,...5y) H— m+ -+
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v, and ¢ 1 Hyy (X8) — Hu-1 (@2 (1)) is the homomorphism induced by the con-
traction map X3 — ¢;* (p) along E’. Thus we get an isomorphism

N
Hyy (X2> = @ Ker ¢.
i=1

By Theorem L1, the kernel of ¢; is generated by the homology class @ [£f] of a
vanishing cycle for [£f]. Hence all we have to do now is to show that the
Z-module H,—:(XY) is torsion free of rank N; that is,

(54) bn-1 <X2) = by (Xu) =N= (d_]-)ny

where b,-; denotes the (n—1) -st Betti number. This is a well-known formula.

O
Next we shall investigate H,(E,) and H,(E,, 0.E,).

Proposition 5.2. Suppose thatu €.
(1) There exists an isomorphism between H,_ (X3) and H,(0oE,).
(2) The inclusion OoE, — E, induces an isomorphism H,(0.E,) = H,(E,).
(3) The natural homomorphism H,(E,) — H,(E,, 0oE,) is a zero map.
(4) The boundary homomorphism H,(E,, 0oE,) — Hy-1(0oE,) is an injection.
(5) The inclusion X3 < 0uE, induces an injection Hy_y (X3) < Hy_, (0oE,).
(6) There exists an isomorphism between Hy (E,, 0oE,) and Hy—1(X3).
(7) Moreover, when u="b, all the homomophisms above between the homology groups
are (U, b) -equivariand.

Proof. Since the homomorphisms in (2) - (5) are defined by natural topolo-
gical operations, they are obviously m; (%) -equivariant. The fact that the iso-
morphisms in (1) and (6) are m (U)-equivariant can be seen from the con-
struction below.

Let Acuw (0) < C be the closed disk of radius &(u) with the center 0. We
have

Bg = As(u) (O)\{O}

Since there are no critical values of ?qa : A" — C on Aew (0), Proposition 2.1 im-
plies that there is a diffeomorphism

(5.5) 7 (A (0)) = Acey (0) X X2
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over A.u (0) which induces the identity on X% By restricting it, we obtain a
diffeomorphism

(5.6) OoE, = ¢;*(BY) = BuX XY

over BY. Each of these diffeomorphisms is unique up to homotopy. Using
Theorem L2 and the Kiinneth formula, we obtain a canonical isomorphism

H,(B4E,) = H,_1 (X3 and hence (1) is proved. The Kinneth formula and (5.6)
also imply that there is a canonical decomposition

(5.7) Hy-1(BoE) = Hy1(X0) © Hypop(X3)

into a direct sum. The inclusion Hy—y (X3) < H,—, (8oE,) of the first factor is

induced from the inclusion X% <> 0oE,. Thus (5) is proved. Using the exci-
sion property of homology groups and the diffeomorphism (5.5), we get

(5.8) Hy(Ew, oEs) = Hy(A”, ¢ (40w (0)))
= Hn~1<¢;1 (Aew (0))) = Hy—y (X9).

Hence (6) is proved. We can easily see that this iscmorphism coincides with
the composite of the boundary map Hy, (E,, 0oE.) — Hn—1(0oE,) and the projec-

tion Hy—y (0oE.) — H,—y (X)) onto the first factor in (5.7) . Hence (4) is
proved. The assertion (3) is a consequence of (2) and (4). Therefore only
(2) remains to be proved.

It is enough to prove (2) when u is a point of Uy, because each of H, (3,E,)
and H,(E,) forms a locally constant system over % when » varies. Let 4, C
C* be a small closed disk with the center p. We can take a regular system

{£0...&%} of paths from af in such a way that

(5.9) E9(D N Auw(©) = (@ for i=1,.N.

Then the space
N
BLU | (U4 cex
1=1

is a strong deformation retract of C*, and it contains Cr{(u) in its interior.
Hence the space
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A<:=g¢r By U | &MU )

1=1

is also a strong deformation retract of E, by Proposition 2.1. Thus H, (E,) is
canonically isomorphic to H, (4%). We decompose A into the union of A de-

fined by (5.2) and 8oE,= ¢z (BS). Because of (5.9), we have A N 8y E,= X..
Recall that A is contractible. Hence the Mayer-Vietoris sequence for this de-
composition is written as follows :

— H,(X3) — Ha(0EJ) — Hu(4%)
- Hn—l(Xg) - Hn-l(ao Eu) -

Because of the injectivity of Hu—i (X3) — Hu—1 (8 E.) by (5) and of H,(X%) =0
by Theorem L2, we see that inclusion GoE, <> A induces an isomorphism be-
tween Hy(0oE,) and H,(4*) =H,(E,). [

As in Proposition 5.1, we will describe explicitly a set of basis for the free
Z-module Hy(E,, 0oE,) when u € Uy.

Proposition 5.3. Suppose that u € Uy. Let {EL,...EN} be a vegular system
of paths from al. Let o[£0] € [S™, XY] be a vanishing cycle for [EY], and let

0([&0], o[£0]) € [(cS™ 1, 8™ ), (Eu X9)]

be the thimble for [E0] starting from o [E2]. Then the homology classes 6 ([£0],
ol&]) o 0 ([E9], oles]) form a set of basis for Hy(Ey, 0oEy).

Proof. Note that, by the isomorphism from Hy(Ey, 0oE,) to Hu—1(X3) given
in Proposition 5.2(6) or (5.8), the homology class 8 ([E°], 6[£°]) is mapped to
— 7 [€?] because of the anti-commutativity of (4.1). Hence the assertion fol-
lows from Proposition 5.1. [J

Now we fix a base point b € U. We shall review the classical theory of
Lefschetz about monodromy representations, and study the structure of Hp-:1

(X9) as a m; (U, b) -module. Again, we refer the reader to [8] for the proof.
Let X9 C P” be the projective compactification of the affine hypersurface
X9C A" Taking Remark 2.1 into account, we see that X9 is non-singular

from Lemma 2.1 and the definition of a). Moreover, the intersection H. N
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X9 coincides with Y; :=Hwe N X, from (2.2). There is a canonical isomorphism

(5.10) Hooy (X9 = H™H(XS, V).

We put o,
gmln ) = Ker (Hn'-l()(g) - Hn—l(yb)), and

H2%:2.(Y,) := Coker (H*2(X9) — H*2(Y,)).

where 7 is the restriction homomorphism. Then, from (5.10), we obtain an ex-
act sequence

(5.11) 0— H255(Y,) — Hy_y (X9) — HZzh (X9) — 0.

The fundamental group m; (U, b) acts on this exact sequence. The action on
pr,m(Yb) factors through the natural homomorphism

(W) = 1 (M \D.) = 7 (P (1) \Dw),
while the action on H%k (X9) factors through
1 (U) — 7 (LF*\Do) — 7 (P (D) \Dy) .

Note that, by the Poincaré duality, H%mm 2) ® 2z Q corresponds to “the module

of vanishing cycles” in Hy—1 (X3) ®z Q in the sense of [8:§3]. Hence the clas-
sical theory of Lefschetz tells us the following :

Theorem L3. Suppose that b € Uy. Let p be a value in Cr(b), and let @
be an element of Py (a3, p). Let 7 [w]’ € Hiih X9) denote the image of the
homology class @ [w] € H,_1(X}) of a vanishing cycle o[w] for [w] by the homo-
morphism in (5.11). Then Hh (XY ® 7 Q is generated by one element & [w]’ as

a module over the group ring Q1 (P« (IN)\Dy, pr(p))]. [
§6. Structures of H,(F,), H,(F,, 0,F,) and H,(F,, 0.F,)

In order to state the main theorem of this section, we need two definitions.
First, we put
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U7 :={u€Uy:Cr(w) NReo= G}

The complement '\ 5 is a real semi-algebraic subset of real codimension > 1
in the affine space I. Second, we define the automorphism

]':Hn—l(X;’:) _’Hn—l(X;f)
for u € U as follows. We set
Cl:={z€C;ld =)}, and Cr:={z€C;ld =1/e(w)}.

Note that au has no critical values on these circles, and hence is locally trivial
on them by Proposition 2.1. Then j is defined as the monodromy on H,_; (X§)

along the loop with the base point a; which draws the circle C; in the
counter-clockwise direction.

Theorem 6.1. (1) Suppose that u € U. Then both of the natural homo-
morphisms Hy, (F,) — H, (F,, 0oF,) and H,(F,)— H,(F., 0-F,) are injective. (2)
Suppose that w € Uy . Then there is a canonical isomorphism

w‘uo : Hn—l (Xg) ®Z[q, q"l] = H, (Fu, aoFu)

of Z1gq, g1 -modules through which the image of H,(F.) < H,(F,, 0oF.) is identi-

fied with H,—y(X3) @ (1—q), where(1—q) € Z[q, ¢~ is the principal ideal gener-
ated by 1—q. There also exists a canonical isomorphism

U Hy (X;:) ®Z[q, q—l] = H, (Fu, awFu)

of Zg, g1 -modules through which the image of H,(F,) < H,(F,, 0.F,) is identi-
fied with the image of the endomorphism Id—j ® g of He—1(X5) ® Z[g, g7*].

Since each of the Z[g, ¢7*] -modules H,—, (X3) ® Z[q ¢'], Hi-1 (X3) ® Z
lg. g1, Hy(F,, 0oF,), Hy(F,. 0-F,) and H,(F,) forms a locally constant system

of Z1g, ¢7*]-modules over 4, Theorem 6.1 and Proposition 5.1 imply the follow-
ing:
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Corollary 6.1. For an arbitrary u € U, each of Hy (Fy, 0oF,), Hy (Fy, 0wFy)
and H,(F,) is a free Z1g, ¢~*1-module of rank N.

Remark 6.1. The assertion that the isomorphisms & and ¥,° are cano-
nical for # € 9y means that, when % moves on 4y, they form isomorphisms be-
tween the corresponding locally constant systems vestricted over Uy . Even
though Uy is dense in 4, these isomorphisms of locally constant systems cannot

be extended to the whole space 4. Otherwise, the isomorphisms ¥ and ¥,°
would be isomorphisms of (%) -modules, but this would contradict Irreduci-
bility Theorem in Introduction, which will be proved in §10. In particular, this
argument shows that the natural homomorphism m (Uy) — 71 (A) is not surjec-
tive.

Remark 6.2. The isomorphisms ¥ and ¥,° are not determined uniquely
by the properties described in Theorem 6.1. For example, we can replace ¥
with ¢” - ¥, for some v € Z. In the proof, however, we will construct one spe-
cific U0 and one specific ¥,° , for which Corollaries 6.2 and 6.3 below hold, and we
will use ¥ and ¥, to denote these specific isomorphisms in the following.

Before starting the proof, we prepare some notation. Suppose that u € U.
We define

0%:I— CY—>C*\Cr(w), and 07 :I— C3—C*\Cr(un)

to be the counter-clockwise loops along the circles with the base points 4% and

az, respectively.

Remark 6.3. Then the automorphism j: Hy_y (X5)— H,_; (X%) is nothing
but the monodromy operator [87]« On the other hand, since 5,, :A"—C is
locally trivial on the close disk 4w (0) =B U {0}, the monodromy action [09]+:
Hy—1 (X9 —H,_,(X3) is the identity by Proposition 2.1.(See(5.5).)

We put

Ry :=¢'(CY) =loge(w) ++/—1R, R :=¢(C%) =loge(w)'+v/—1R,

and

N
Ro
I
QI
-
Py
Q
so
N
|

=logeluw) +v—12Z, Z3:=¢'(ag) =loge(w) +,/—1Z,
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where ¢: C— C* is the exponential map. For each v € Z, we put
ally) :=loge(w) +/—1v € Z% and a2{w) :=loge(w) '+/—1y € Z3.
We also put
XKW = ¢ (ad<w>), and Xglw) = ¢itlaglw)).
Then we have the natural isomorphisms
(6.1) Xolw = X7, and Xi<w) = X7

induced from the covering map ¢: F;, — E,.

Now suppose that # € 9Uy. For each v € Z, there exists a unique con-
nected component (C\R <o) <v> of ¢! (C\R <o) which contains a$<v> and
az{v>. Let {py,...pn} be the set Cr(«), which is contained in C\R<,. For each
v € Z, let p,<v) denote the unique point on (C\R<o) {»> which is mapped to p,
by e. Therefore, we have

@r(w) = 1 Cr(w) <.

veZ
where
Cr(uw) < = {p<w) ;i=1..,N}.
Note that —w<arg p,<m for i = 1,..,N. We put

(6.2) n(u) = —%— min {zx—arg p,, t+arg p, ;1= 1,...N}.

Then 7 : Uy — Rso is a continuous function on Uy . We put

K, :=1{z€C*:e(n S[zlgs(u)—l, and “TC+7](M) < arg Z-<—7[—77(u)}v
and
K, {v) : = the unique connected component of ¢! (K,) containing a}{v> and
az V).

Then, for each v, the exponential map ¢: C — C* induces an isomorphism be-
tween K, <) and K,, and ¢ '(K,) is the disjoint union of all K,{v>. Moreover,
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each Cr () v is contained in the interior of K,{v>. We put

Me:=o1 (K, U CcY) = (I K,&»)) U Ry C, and
veZ

M2 :=¢Y K, UCo) = (I K.<o») U Ry < C.
veZ

We also put

Ny:=K,N Ci and N7:= K NCy,

both of which are arcs in C*.
sides are given by

Each K.{v> is a rectangle in C, whose vertical

NY<w) == K, ») N Ry, and Nz<w:= K<v N Ry,

R? : Ry
adiy +1 K.(v+1D Nedy+1D 1 Ny +D K v+ 4a=(y+D
allv) K, {v) N2 () é NYCw) J AT a? (v
iy =D % K.(y—D NeCy =D | NGy =D Kilv =1 ka2 (y—D
M} ' M
Figure 5
Then we have
(N = NI, and ¢ '(Ng) =11 Nyw).
veZ veZ

Proof of Theorem 6.1. We will give a proof only to the assertions con-
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cerned with H, (F,, 0.F,) and ¥,°. The assertions concerned with H, (F,,

0oF,) and ¥ can be proved completely in the same way. All we have to do is
just to replace every oo appearing in the argument with 0, and to notice that the

monodromy action on H,—; (X3) associated to the loop 09 is the identity. (See
Remark 6.3.)

Since ¢, has no critical values in ¢! (By), and ¢! (Bg) is contractible,

Proposition 3.2 implies that the inclusion X5 <) <> ¢;' (7 (BY)) = 0«F, in-
duces homotopy equivalence. Combining this with (6.1) and Theorem L2, we

have H,(0.F,) =H,(XZ) =0. Thus the natural homomorphism H, (F,)— H, (F,,
0-F,) is injective.

Now suppose that » € Uy . The pair (Mg, Ry) is a strong deformation
retract of the pair (C, ¢ (By)). Since €7(u) is contained in the interior of
M7y, Proposition 3.2 implies that the inclusion

(9 (M), ¢t (RT)) = (Fu, 0=F.)

induces homotopy equivalence, and there exists a strong deformation retraction

(6.3) (Fu, 0=F0) — (@ (M3), ¢ (R3)),

which is the homotopy inverse of the inclusion. Note that the deck transforma-
tion Ty, on (F,, 0.F,) induces an automorphism of the pair of subspaces (gb;l
(M%), ¢z*(R%)). Thus both of Hy,(¢z"(M3)) and H,(¢y' (M7), ¢z'(R%)) can
be considered as Z [g, ¢!] -modules, and we obtain a commutative diagram

of Zlg, ¢*]-modules ;

H,(¢g* (M) — Ha(@ut (M), ¢ (R )
(6.4) |9 s
Hn (Fu) - Hrl (Fﬂy aoeFu),
where the horizontal arrows are the natural homomorphisms and the vertical

arrows are the isomorphisms induced by the inclusions. By the excision prop-
erty of homology groups, we have

n

H, (o7 (M), 7P (Ry)) = H, (g7t (U K, <v>), ¢z (1T Na<w))

veZ veZ

(6.5)
= @ H,(¢7 (K0, ¢t (Ng<u))).

veZ
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On the other hand, the deck transformation T, on (F,, 8=F,) induces isomorph-
isms
(@t (K ), gt (N <)) 5 (9t (Kuv D)), gt (Np<u+1))

for all v € Z, and these isomorphisms are compatible with the isomorphisms

(6.6) (Pt (K X)), gt (Nedw))) = (¢t (KW, ¢t (NY))

given by the restriction of the covering map ¢: F,—E, Hence the multiplica-
tion by ¢ in the decomposition (6.5) into the direct sum is given by the shift of
the numbering {v>;

Hy (95" (K, ), ¢t (N D)) S Hy (97t (K, v +10) . ¢t (N u+1D)),

which commutes with the isomorphisms

Hy (9t (Kulw), ¢ (Neled)) = Ho (¢t (K, ¢ (N3))

for p=v and y=v+1 induced by (6.6).
Therefore, we get a unique isomorphism of Z[g, 7] -modules

(6.7) H, (g (M), ¢ (R3)) = Hy (¢ (K, ¢t (N3)) ® Zg, g7

characterized by the commutativity of the following diagram for ally € Z :

Hy (¢t (K, <v>), gt (N2 <w))) Lg H (¢t (M), ¢t (R2))

by (6.5)
lsby 66) ls by (67)
H,(¢z* (K, ¢* (N3))
= H,(¢: (K, 9P (N2)) - ¢¢ —  Hy(¢a (K, ¢t (N3)) ® Z[g, g7'].

This characterization of (6.7) will determine the specific isomorphism &° men-
tioned in Remark 6.2.

On the other hand, since K, € C is a strong deformation retract of C, which
contains all of the critical values Cr (u) of au : A" — C in its interior, the
pull-back ¢;! (K,) = a;l (K.) is also a strong deformation retract of A” by
Proposition 2.1. Combining this with the isomorphisms (6.6), we see that
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(6.8) 71 (K,) and ¢;'(K,<v)) are all contractible spaces.
This implies that we get isomorphisms

H,(¢ (K), ¢:7(N3)) = Hyy(¢7*(N3)), and
Hy (o7 (K, ), ¢t (N2<wY)) S Hyo (9t (N2 <))

(6.9)

induced by the boundary homomorphisms. Combining these with (6.5) and
(6.7), we obtain the isomorphisms

I

H, (' (M3), ¢ (RD)) = @ Huot (9t (NZW))

veZ
= Hya (¢t (N2)) ® Zlg, 7]

(6.10)

of Z[q, g7']1-modules. Now, since ¢, and ¢, are locally trivial over the arc Ny
C C* and the line segment Ny<v> C C, respectively, the inclusions

(6.11) Xw < @it (N3) and  Xp<w) < @it (Ng<W)

induce homotopy equivalences. Therefore (6.10) can be written as

In

B He(Xz)

veZ
Hi (X7) ® Zlg, q7'].

6.12) H (9 (M), it (RD))

IR

Note that, because of the characterization of (6.7), an element #% of the direct
summand H,_; (X3 <v)) corresponds via (6.12) to x, ® ¢* € H,.,(X3Z) ® Z [4g,
¢ '], where x, € H,—1 (X3) is the image of %, by the isomorphism Hp-1 (X5 <))
= H,,(XZ%) induced from (6.1). Combining this with (6.4), we get the de-

sired isomorphism ¥,° of Z [q ¢ ']-modules. Note that the homeomorphism
types of all spaces and continuous maps which have appeared in the course of

the construction of ¥,;° do not change when u varies continuously in AUy .

Hence the isomorphisms ¥,” with u € Uy yield an isomorphism between the
corresponding locally constant systems over Uy .

Now we shall calculate Hy,(F,) = H,(¢;' (M3)) by applying the Mayer-

Vietoris sequence to the decomposition*

SME) = ¢ (1 KXd) U ¢t (RY).

veZ
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N
ote that (/)1;_1( H Ku<u>) n ¢;1 (R::) — H gb;l (N:(U))

veZ veZ

Since ¢ (K,<v)) is contractible for each v € Z by (6.8), the Mayer-Vietoris
sequence is of the form

- @ H@WNe W) — Hgi'(RT))  — Hlga' (M)

veZ

- D B (g (N <) = Hua (@' (RY)) —

veZ

(6.13)

Recall the construction of the isomorphism (6.10). It has been derived from
(6.5) through the boundary map (6.9). Then it can be easily checked that the
following diagram is commutative ;

0 in(6.13)
Hpa M) > D B, (g (N D))
veZ
(6.4) l { (6.4) and (6.10) [ {
h ral
Hy(R) e H,(F, 8.F,).

Hence the image of the injection Hy (F,)— Hy, (F,, 0.F,) is identified, via (6.4)
and (6.10), with the kernel of the homomorphism

¢ D Hoa (9 (N2 ) = Hoo (921 (RD))

veZ
in (6.13) induced by the inclusions. Since ¢, has no critical values on R, the

inclusion X3 {v> < ¢z (Ry) induces homotopy equivalence for each v € Z.
Let

(6.14) (R — X0y

be a continuous map which represents the homotopy inverse of the inclusion
X20> < ¢;*(RY). Consider the composite

X2 = X - o (RY) — X330 — X3,

6.1) (6.14) (6.1)
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of continuous maps, each of which induces homotopy equivalence. The induced
automorphism Hy—; (X%) — H,_, (XZ) is nothing but the monodromy operator
47 because the path on C from a5 <v> to a5 <0> along Ry is mapped to the loop
(05) ™ on C* by e. Therefore, through the isomorphisms

6.15) B Hoa (@t (N ))) = P Hy (X2 0)) = Hi (X2 ®Z[gq7"]
veZ (6.11) veZ (6.12)

and

Hy (¢ (RY)) = Hyet (X3400) = Hyey (X3),

(€.14) (6.1)

we can indentify ¢ in (6.13) with ¢: Hyoy (X3) ® Z[g, ¢1] — Hp—1 (X3) given
by

?(Z n®¢)) = Z 7 (%), where x € H,i(X3),

veZ veZ

because an element %, ® ¢* of H,_; (X3) ® Z [q, '] corresponds to an element

of the direct summand Hy—; (7' (Ng<v))) = Hpy (X3<w>) via (6.15) by the
characterization of (6.7) above. Then it can be easily checked that the kernel

of this ¢ coincides with the image of the endomorphism Id—; ® ¢. Since & is
given by (6.15) combined with (6.10), (6.12) and (64), we complete the proof.
L

By looking back at the constructions and taking the characterization of (6.7)
into account, we can descride the isomorphisms ¥ and ¥,° in a geometric
way.

Corollary 6.2. Let A be an(n—1) -cycle in X3 (resp. X5). Let I, be an
n-chain in ¢zt (K, v>) such that oI, C X3<v> (resp. oI, € X2<v)) and that
[06,] is mapped to [A] via the isomorphism Hy—y (X3v)) = H,_1 (X3) (resp. Hy—y
(X2 <) ZHy1(X3)) induced by (6.1). Then

[Fv] =7 ([A] ® (I”) (l’eSD- [Fv] =1 ([A] ® ‘f))

holds in Hy, (F,, 8o F.,) (resp. in H,(F., 0oFy,)). In particular, let I be an n-chain
in ¢zt (K,) such that 8= A. Let I'V> be the n-chain in ¢i' (K, VD) corre-
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sponding to I' via the isomorphism (6.6) . Then [I'<v)] = &2 ([A] ® ¢) (resp.
rml=wr (A1 eq¢). O

Remark 6.4. Since ¢;' (K,) is contractible, there always exists an #n-chain
I' © ¢;*(K,) such that OI'=A for any (n-1)-cycle A € X (resp. A C X3).

Corollary 6.3. Suppose, the other way around, that we ave given an n-cycle I’
in (F, 0oF,) (resp. in(F,, 0.F,)). LetI'’ be the image of I" by the retraction

(Fu, 0o Fu)—*(gb;l(Mg), Qb;l(Rg)) (I’GSD- (Fu. awFu)_)(dl;l(M;), 1:1(R:¢°))),

which is the homotopy inverse of the inclusion. We put I, := I'" 0 ¢yt (K, D).
Then, since 0I'" C ¢z (RY) (resp. OI'" < ¢z (RT) ), we have 0T, < ¢z (NI<v))

(resp. Oy < gt (Ng<w>)). Let A, C X (resp. A, © X)) be the image of 0T
by the continuos map

SLNIW) = ¢ (NS — X9, (resp. @7t (Nelw)) = ¢ 1 (Ng) — X3)
rt rt

where 1t is the homotopy inverse of the inclusion. Then

m=w () (lee) (e =22 () (4] ® )

veZ veZ

holds in Hy(Fy, 0oF,) (resp. in Hy(Fy, 0.Fy)). [

From now on, we consider H,(F,) as Z[g, ¢~*]-submodules of H,(F,, 8oF,)
and of H,(F,, 0-F,). For u € Uy, we put

¢7== wuw o (].® (I) ° (w;‘eo)—l : Hn(Fu, amFu) - Hn(Fu, 6wFu>
Then we have
(6.16)  H,(F) = (1-@) Hy(Fy, 8oF.), and Hy(F,) = (1—q) Hy(F., 8-F.).

Corollary 6.4. The natural maps induce isomorphisms of Q(q) [my (U,0)] -
modules

Ha(Fy) ® 210.0-1Q (@) = H, (Fy,00F) ® 710,0-1Q () = Hy (F3,0.F3) ® 2i0,0-1Q(g),
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where Q(q) 1is the quotient field of Zlg, g1, and Q(q) [, (U, b)] is the group ring
of Ty (U, b) with coefficients in Q(g).

Proof. The first isomorphism is obvious from (6.16). Note that the en-

domorphism 1d —;® g on the vector space Hy—1 (X5) ® z Q(g) over Q(g) is in-
vertible. Hence the second isomorphism also holds. [

The following Lemma 6.1 will be used in §10.

Lemma 6.1. Suppose that w € Uy. Suppose that an element A € H,_; (X9)
is given. Then there exist elements Ao, Ay € H,—1(XZ) such that

holds in Hy (F).

Proof. First we shall describe an wn-cycle in F, which represents the
homology class

Let A € X be an (n—1) -cycle which represents A, and let A<{W) € XI<v) be
the lifting of A by (6.1). By Remark 6.4, we have an #n-chain I"in ¢;*(K,) such

that its lifting I'<v) C ¢, (K, <v)) satisfies ' <v> = A <) for all v € Z.
Recall that there exists a diffeomorphism

(6.17) (CY) = CoX XY

over the circle C$ which induces the identity on X3 (See (5.6) or Remark
6.3.) Such a diffeomorphism is unique up to homotopy. By taking the covering
of (6.17), we get a diffeomorphism

(6.18) (RY) = RYX XY

over RY, which induces the isomorphism (6.1) over each point af V) € RS
Let

Hwd : IXA— ¢t (RY)

be the composite of the inverse of the diffeomorphism (6.18) with
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0%<yy Xinclusion : IXA— Ry X X}

where 03<v) : I— RY is the lifting of the path 6 such that 63<v) (0) =al<{v).
Then we have

0] > = A+1) =AW = o w+1D—=T<w).
Hence
T,i=J<w — T<w+1> +I'w

is an n-cycle in F,. Since J<v» is contained in 0oFy. we see from Corollary 6.2
that

[TL]=—[Io+D]I+Ip] == A ® ¢*) + T (2 ® ¢*) in Hy(F,. doF.),
and hence
[Tv] = (1_‘1) wuo (R ® Q”’) in Hn(Fu)

Note that the m-cyele T, in F, is contained in the subspace ¢y’ (K$) of
~1(M2), where

K = K, 0> U 03<0> () U K, <{1).
Consider the composite
(6.19) (M) <= By — ¢t (M)
of the inclusion and the retraction (6.3), both of which induce homotopy equiva-

lence. We can choose the maps in (6.19) in such a way that they are lift of the
continuous maps on the base space

(6.20) M, = C— My

which are the inclusion and a retraction. By choosing an appropriate retrac-
tion, we can assume that K3, € MY is mapped to

K=K, 00 U 650> (D) U K, {1> © M
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by (6.20), where 05 <0> (I) is the segment of RZ between a7 <0) and a2 <{1).
For example, we can choose the retraction rt : C— My in such a way that
z—rt(z) €R holds for all z€ C. Hence the n-cycle To € ¢;' (K81) is map-
ped by (6.19) to an n-cycle T, contained in ¢;*(K&). In particular, we have

To N ¢ (K, <Ww) =@ if v+#01

Hence Corollary 6.3 implies that the homology class [7To] = [To] € H, (F.) is
written in the form & (1o ® 14+1; ® ¢q) by some Ao, 4, € H,—, (X3). [

§7. Description of the Basis of H,(F,, 6,F,) and H,(F,, 0.F,)

In this section, we will describe explicitly n-cycles representing the basis
of the free Z[q, ¢~*]-modules Hy (Fy, 0oF,) and H,(F,, 0-F,). Throughout this
section, we assume u € Uy .

First we define the notion of a K-regular system of paths. Recall that we
have defined the closed subset K, of C* for u € Uy in §6.

Definition 7.1. Suppose that a point a € K, \Cr (u) is given. A regular
system {&,,...Ex} of paths from a (see Definition 5.2) is said to be K-regular if
& (D is contained in K, for i=1,...N.

It is obvious that a K-regular system of paths from @ always exists for every
# € Uy and every a € K,\Cr (u).

Next, we fix some notation concerned with the lifting of objects on C* and
E, by the étale coverings ¢: C— C* and ¢: F, — E,.

Definition 7.2. Suppose that a point ¢ € C\ €7 (u) is given. For p €
€r(w), let P, (G, p) denote the space of all paths w: I— C which satisfy the fol-
lowing : (i) w(0) =4, w(1) =5, and (i) w([0,1)) N Gr(w) =@ . We equip
this space with the compact-open topology, and denote by [?, (@, p)] the set of
path-connected components of %, (a4, p). For a path w € @, (@, p), let [w] €
[ (G, p)] denote the path-connected component of #;, (4, ) containing @ ; or
equivalently, the homotopy class of paths in #;, (G, §) represented by w.

Recall that (C\R <o) {V) is the unique connected component of ¢ (C\
R <o) containing K, {v>. For a point ¢ € C\R <o, we let ¢{v> denote the in-

tersection point of ¢7*(¢) and (C\R <) ).
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Definition 7.3. Suppose that a path w : I— C* with @ (0) € C\R <, is
given. Then w{v> : I— C is the unique lifting of ® to C by e¢: C— C* such
that

wlw) (0) = w(0) <W.
By definition, the following is obvious:

Proposition 7.1.  Suppose that p; € Cr(u) and a € C\(R<o U Cr(u)) are
given.
(1) For any v, u € Z, the map

(7.1) (2, (alw), pilv+w)] — [P (a, )]

given by ¢: C— C* is injective, and its image is independent of v. (2) Let P, de-
note the image of (7.1). Then [Pu(a, p)] is the disjoint union of all P,(u € Z) .
(3) The homotopy class [w] € [Py (a, pi)] is contained in P, if and only if
(<) (1) = (1)) v+ for all v € Z. In particular, if () < C\R<o, then

Definition 7.4. Suppose that a path w € %, (a, p;) with a € C\(R<o, U
Cr (u)) and an integer v € Z are given. Then the homotopy class [w V)],
which is an element of [#, (a<w>, piv+w] with plv+pw =wlwv) (1) for
some ¢ € Z, is uniquely determined by the homotopy class [w] ; that is, [«
W] = [w <] holds for all @ € [w]. Hence we can denote [w {¥>] by
[w] <.

For a path w € ®, (a, p) with a€C\ R <o U Cr (u)), we have a
vanishing cycle

olw] € [$", ¢:'(a)]
for [w], unique up to sign, and the thimble
6([w], olw]) € [(CS™, $™Y), (B ¢a*(a))]
for [w] starting from o[w].

Definition 7.5. For each v € Z, the vanishing cycle o [w] lifts uniquely
to a vanishing cycle

olw]<w> € [S™, ¢it(alw))],
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which is one of the two vanishing cycles for [w] <) = [w{W] € [P (alV),
piy+u>)]. Also the thimble 8([w], o[w]) lifts uniquely to the thimble

O([ww>], olwl <)) € [(€cS™, ™), (F, ¢7t(alw)))]

for [w] <v> = [w<W>] starting from ¢ [w] {v>. The thimble 8 ([w{V}], olw]
{v») is uniquely determined by [w] € [?,(a p;)], v € Z, and the choice of the
sign of o[w]. Hence we can use the following notation for denoting the lifted
thimble :

0([w]. olw]) <> = 6([wlv)], olwl {W)).

Its homology class is denoted by

0 ([w], olw]) W) € Hy(F., ¢t (alp))).

As before, when the orientation is irrelevant, we write them simply by 8 ([w])

W) and 6 ([w]) <W).

When a=a} (resp. a=ay,) . this homology class can be considered as an ele-
ment of H, (Fﬂ 0oF,) (resp. of H, (F,, 0.F,)), which will be denoted by the
same symbol 6 ([w], olw])<v>. By definition, we have

(7.2) 70 ([w], alw]) ) = 6 ([w], olw]) W+1D

in the Z[q, ¢"']1-module H,(F,, 0, F,) (resp. H,(F,, 0.F,)).

Proposition 7.2. Suppose that w € Uy . Let p; be a value in Cr(u), and let

w be an element of P, (al, p) (resp. of Pulay, p1)) such that w(I) < K,. Then we
have

(7.3) 6 ([w], olw]) W) = — T (Flw] ® ¢)
(resp. 6 ([w], olw]) <) = =T (T[w] ® ¢))

holds in H,(F,, 0oF,) (vesp. in H,(F,, 0.F,)).

Proof. Let I': CS" ! — E, be a continuous map representing the thimble 6
([w], olw]) over the path w. Since w () C K,, the n-chain I"is contained in

71 (K,) . Its boundary OI represenits — @ [w] in Hy—y (X3) (resp. in Hp-y
(X)) by the anti-commutativity of (4.1). The homology class 6 ([w], o[w])
{v) is represented by the n-chain I'y) C ¢! (K,{v)) corresponding to I via
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the isomorphism (6.6). Hence Corollary 6.2 implies (7.3). ]

Proposition 7.3. Suppose that u € Uy .
(0) Let {£0,... €Y} be a K-vegular system of paths from al, and let o[E2] €
[S"1 XY be a vanishing cvcle for [E?).  Then the homology classes

6 ([&7], o[&P1) <O, ........ .0 ([&8], o[&R]) <0>

of the lifted thimbles form a set of basis for the free Z[q, ¢ *] - module H,(F,, 0oF,).
(00) Let {E{,..,EX} be a K-regular system of paths from a5, and let 6 [E7] €
[S" 1 X1 be a vanishing cycle for [E°].  Then the homology classes

0 ([E7], al&r]) 0D, ... L6 ([&3]), ol&7]) <0D

of the lifted thimbles form a set of basis for the free Z[q, g1 -module Hy(Fy, 0xFy).
Proof. By the assumption of K-regularity, Proposition 5.1 implies that

o [E0]..... o [E§] form a set of basis for the free Z-module H,—;(X9), and Prop-
osition 7.2 implies that

(7.4) 0 ([£2], o[£0]) vy = — W2 (T[E] ® ¢).

Hence the assertion (0) follows Theorem 6.1 and (7.2). The assertion (c0) fol-
lows from

(7.4)" 6([°], ol&r]) > = — W (TlEr] © ¢)
by the same argument. ]

Theorem 7.1. Let b € U be a base point which is contained in Uy . The
homomorphism

(7.5) H,(Fy, 8oFy) — Hp—1(X9)

which is the composite of the inverse map of ¥y and the homomorphism H,_; (X9)
® Zlg g1 = Hy—1(X9) given by g — 1 is m, (U, b) -equivariant.

Proof. We will prove this theorem by showing that (75) is equal with the
composite
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K-regular systems of paths {£{.....E8} from af and {&7°,...E%} from af
Figure 6

(7.6) Hy (Fy, 00F3) — Hy (Ey, BoEs) C}) Hy1(X9),

ex

where &« is the homomorphism induced from the covering map z: F — E; and
(A) is the isomorphism in Proposition 5.2(6). It is obvious that & is 7, (U,b) -
equivariant. By Proposition 5.2(7),(A) is also m (U,b) ~equivariant.

We fix a K-regular system {£?,..E%} of paths from a4} and, for each i=
1....N, we choose a vanishing cycle o[&?] € [S*7!, X9]. We put

69<wy := 6 ([&1, 0[£7]) <v> € Hu(Fy, BoF).
We have 82> =¢ 6°<0) for all v € Z by (7.2). By Proposition 7.3, the set
{60y :vEZand i=1,..N}

form a set of basis for the free Z-module H, (Fy, 0oFy). Therefore, it is enough
to show that the two homomorphisms (7.5) and (7.6) map each 67 <) to a

same element of H,_;(X9).

By (7.4), the homomorphism (7.5) maps 69 <»> to — & [£?]. On the
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other hand, &, maps to 692<w) to 6 ([£°], o[&P]) € H,(E,, GoE;) because of the
definition of the lifting. By the isomorphism (5.8), this element is mapped to

20 ([&71, o[&f]) = — T [&0]

because of the anti-commutativity of (4.1). Hence (7.6) also maps 0?<y) to —

7l&) € H(x). [

Remark 7.1. The isomorphism (0.3) in Introduction is obtained as follows :

Hn(Fb) Hn(Fb, aOFb) ;’; Hy- I(X ®ZZ[4 q IJ_BHn I(Xb) ®ZZ[q q ]

b

where (B) is the multiplication by 1/(1—¢), and (C) is the isomorphism H,_,
(X9 = H,_, (X;) induced from (5.1) tensored with the identity on Z[gq, ¢7].

Then. by Lemmas 1.2, 5.1 and Theorem 7.1, we see that (0.3) has the required
property.
§8. Intersection Forms on H,(F,, 0,F,) X H,(F,, 0.F,)

As in [6], we introduce “hermitian” intersection forms

( , )0 : Hn(Fu, awFu> X Hy (Fuy aOFu) - Z[Qx 4_1], and
( ) )oo 3Hn(Fu, aOFu)an(Fu, aooFu)—_)Z[Qv q'l],

for u € U. Note that the usual intersection form
< , > . Hn(Fuy awFu) XHn(Fu, aOFu) —Z

is well-defined. (See §3.) For x € H,(F,, 0.F,) and y € H,(F,, 0.F,), we put

(%, %) Z<x g €Zlg gl

veZ

Let *: Z[q ¢*] — Z[q g '] be the ring automorphism given by *¢g=g¢'. It is
obvious that <{g” x, ¢° 3> =<x, » for all v € Z. Therefore, for arbitrary a, , b,
v € Zlq g1, we have,



886 ICHIRO SHIMADA

(ax+a'?, y) o= alx, yotad («, 90 and

8.1
1) (2, by+by) o = xb(x, 9o+ (%, 5o

We define the hermitian form( , )« by
(#, Mo = x(y, x)0.

Remark 81. For any [y] € m (U, b), we have {[7]«x [r] w0 =<x, ».
Combining this with Lemma 1.2, we get

([r)ex, [7]s9) o = (2, 9)o.

This implies that ( , )o and ( , )« are hermitian intersectian forms between the
locally constant systems on % corresponding to H, (Fy, 00Fs) and Hy (Fy, 0-Fp) .

Lemma 8.1. Suppose that u € Uy . Let a and B be elements of Hy_y (X3

and Hy-1(XS), respectively. Then the integer <U° (a® ¢*), T2 (B® ¢*)) is zero
unless y=L.

Proof. By Corollary 6.2 and Remark 6.4, ¥° (@®.¢*) is represented by an
n-chain I',{v)> contained in ¢;*(K,{v>), while &2 (8®¢*) is represented by an
n-chain I3<{g> contained in ¢z* (K, <w>). If v#u, then K, {»> N K, =10,
and hence {[Ia<w], [I<w]>=0. I

Combining Lemma 8.1 with (8.1), we get the following formula. Let a, (v € Z)

and B, (u € Z) be elements of Hy—, (X3) and Hy—1 (X)), respectively, such that
almost all of them are zero. Then

@ () o), B() B¢
veZ ueZ

(8.2)
=Z( Z T (a,®1), B (Bﬂ®1)>> g~

keZ v-u=k

Lemma 8.2. Suppose that u€ Uy . Let p and p’ be values in Cr (), and

let €° and £ be paths in P, (al, p) and P, (ag, p'), respectively. Suppose that
€ () € K, and £*(I) C K,. (1) Suppose that p=p and E°(I) N &=(D) = {p}.
Then !

(6 ([&=1) <y, 0 ([E) <)o = g™
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(2) Suppose that pF and E°(1) N E=(D) = @. Then
(6 ([=1) vy, 6 ([°]) <)o = 0.

Proof. By (82) and Proposition 7.2, we see that (8 ([£=]) W), 6 ([£°])
{u)) o is a multiple of ¢** by the integer < 8 ([£=])<0>, 0 ([£°])<0>>. Let T°:
CS*1— F, and T : CS"!— F, be continuous maps representing the thimble

O ([E%) 0> over £°0>, and the thimble O ([£%]) <0 over €0, respectively.
By the assumptions on the paths &° and &%, we have

{p<0>} in the case (1), and

%0 (1) N £=K0Y (D) =
@ in the case (2).

In the case (1), using Lemma 4.1, we can choose the n-chains T° and T* in
such a way that they intersect only at the critical point of ¢, over p<0>, and
that the intersection is transverse. Hence <[T=], [T°]> = <@ ([£~]) <0,
0 ([°) <0>> = £ 1. In the case (2), the n-chains T® and T° are disjoint.
Hence <[T=], [T is zero. [J

Now we shall prove the following :
Proposition 8.1. The intersection forms (,)o and ()« are non-degenerate.

Here the non-degeneracy of (, ), means that the map

Hy (Fu. aOFu) — Homzg,4-1 (Hn (Fuy awFu) , Z [q, q_l])
given by y — (., ), is a bijection.

Proof. By Remark 8.1, it is enough to prove Proposition 8.1 under the
assumption that » € Uy. We can take K-regular systems {&0..&%} and

{&7.,...ER} of paths from @ and from ay, respectively, in such a way that the
following holds :
@ if i# 4, and

& ng = [{p‘} fi=

By Lemma 8.2, we have

(61r1)<0>, 6 ([71)<0>) 0= <O ([EF1) 40>, B ([1)<0))> = £ 4.
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Thus, in terms of the basis {8 ([£°])<0) ;i =1,..N} of H,(F,, 8.F,) over Z[qg,

7] and {6 ([£7]) <0) ; i=1,.,N} of H,(F,, 0-F.) over Z[q, q*], the intersec-
tion form (, )o is expressed by a diagonal matrix with diagonal coefficients

+1. I

Defimition 8.1. An element x € H, (F,, 8oF.) (resp. y € H, (Fu, 0.F.)) is
called primitive if there exists an element 1 € H, (F, 0wF,) (resp. ¥ € H, (F,,
0oF,)) such that (¥, x)o=1(resp. (¥, »)==1).

Definition 8.2. Let U(Zlg, ¢']) denote the group of the units {x ¢’ ; vE
Z} of the ring Z [¢q, ¢7']. We say that two elements x and " of a Z [g, q°]
-module is said to be congruent modulo U(Z [q, q‘l]) and write x = %/, if there
exists a unit a € U(Z[q, ¢7*]) such that x=ax’.

For example if x is a primitive element of H,(Fy, 0=F,) and x=«, then « is also
primitive.

§9. Picard-Lefschetz Formula for Local Monodromies
around Do and Do

§9.1. Definition of Simple Loops and Local Monodromies
We fix a base point b € U.

Definition 9.1.1. A loop 7; I— 9 with the base point b is called a simple
loop around Do (resp. D) if the following are satisfied ; (i) there exist a
non-singular point ¢ on Do\ (Do N De) (resp. Do\ (Do N Dw)) and a small
closed disk 4 in I' with the center ¢ which intersects Do U Do transversely at
only one point ¢, (ii) there exists a path 8 on % from b to a point ¥ on the
boundary @4 of 4, and (iii) the loop 7 starts from b, goes to ¥ along B, draws

a circle 8 4 in the counter-clockwise direction, and goes back to b along 71

Definition 9.1.2. Let y: I— 4 be a simple loop around Do (resp. D) .
Then the monodromy action [7]« on various sets or groups is called a local
monodromy around Dy (resp. D) .

Proposition 9.1.1. Let b and b be two base points of U, and let 7: 1 — U
and 7" I— U be simple loops around Do with the base points b and b, respectively.

Then there exists a path a - I — U from b to ¥ such that [a™*y’al = [y] in
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(U, b). The same assertion holds for simple loops around De.

Proof. Since both of the hypersurfaces Do and P are irreducible, each of
the non-singular loci of Do\ (Do N Pw) and D\ (Do N D) is also irreducible.
]

§9.2. Picard-Lefschetz Formula
Now we shall state our main theorems.

Theorem 9.2.1. Let [70] € m (U, b) be the homotopy class of a simple loop
around Do.  There exists a pair

(U[To], v [To]) € H,(Fy) X H,(Fy, 00F»)
such that the local monodvomy (7o) « around Do on Hy(Fy, OFs) is given by

(9.2.1) x = x+ (x v [70l)o * v7dl.

Moreover, such a pair (7o), v™ [70]) is unique up to U(Z{g, ¢ 1). and v™ 7o) is
primitive.  We also have

(9.2.2) vly] = (=1)"* P2 (g=1) v~ [1o].

Theorem 9.2.2. Let [7-] € w1 (AU b) be the homotopy class of a simple loop
around De. There exists a pair

(V[Too] , v [Too]) € H, (Fb, aOFb) X Hy (Fb, acoFb)
such that the local monodromy [7e]« around Dew on Hy (Fy, 0oFs) is given by

(9.2.3) x = at (5 v [Fel)w - v[7wl.

Moreover, such a pair (v[7=], v [1=]) is unique up to U(Z[q, ¢7*1), and v™ [7«] is
primitive.

Remark 9.2.1. Comparing Theorems 9.2.1 and 9.2.2, we can see that there is
a certain kind of duality between “0” and “o0”. This duality, however, is not
perfect. Contrary to the case in Theorem 9.2.1, the homology class v[y.] €
H,(Fy, 0oFs) in Theorem 9.2.2 is not contained in H, (F,) . This difference

comes from the fact that,while the action of [7o] « on H,—, (X¥) is trivial (cf.
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Claim 2 in the proof of Proposition 9.4.1 below) , the action of [7w]+ on

H,_; (X9 is non-trivial (cf. Proposition 9.7.1). Moreover, the relation between
v" [7.] and v[7.] is not so simple as (9.2.2). A detailed description of v[7w]
is given in Proposition 9.7.2.

Remark 9.2.2. The uniqueness of (v[yol, v" [70]) in Theorems 9.2.1 follows
easily from the property (9.2.1) and the primitiveness of v”[7,]. Suppose that
(9.2.1) holds for all x € H, (Fy, 0.F,) with some pair (v[7o]. v" [70)), and that
v” 7o) is primitive. Then the image of the endomorphism Id — [yol« of H, (F},

0-Fy) is a free Z[g, ¢ '] -module of rank 1, and hence its generator v[7o] is de-

termined uniquely modulo U(Z[g, ¢°*]). Suppose that a generator v[7o] is fix-
ed. Then the endomorphism Id— [7o]« is written in the form x = 1(x) * v[70]

by some Z[g, ¢'] -linear form I: H, (F}, 0-Fs) — Z[q ¢ ']. Then v [70] €
H, (Fy. 0oFy) is uniquely determined by the non-degeneracy of (, ), (cf.
Proposition 8.1). If we replace the generator v[7,] with a - v[7o] by some unit

0 € U(Zlg, ¢q*]), then the linear form I should be replaced with a™' * [=%q - |,
and hence v~ [7,] should be replaced with a - v~ [yo] by the hermitian prop-
erty (81) of (. )o. The uniqueness of the pair (v [7«], v [7<]) modulo

U([Zgq, ¢7']) is also derived from (9.2.3) and the primitiveness of v™ [7w]) in the
same way.

Remark 9.2.3. Suppose that Theorem 9.2.1 holds for omne simple loop 7o

around P, with the base point b. Then it holds for an arbitrary simple loop 7
around P, with the base point o’ arbitrarily chosen. Indeed, by Proposition
9.1.1, there exists a path a: I— U from b to b such that

la'ra] = [y0] in m @, v).

Let
lals : Hy(Fy, 0Fy) — H,(F, 8.F,), and

[a)s : Hy(Fy, BoFy) = Hu(Fy, GoF)
be the isomorphisms induced by the path &. Then
[r0]- = [ali' o [olx© [al+ on Ha(Fy, 0=Fv).
By Remark 8.1, we have

([ed«(x), v [re))o = (% [ed s (v"[1r0]))o
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for all x € H,(Fy, 0-Fy). Hence the formula (9.2.1) holds for [7o]« if we set
(9.2.4) v 1ol = [l (v [0)), and wlyel = [alit (vlyd)).

It is obvious that if v~ [70] is primitive, then so is [a}s* (v” [70]). The relation
(9.2.2) also remains true for the pair (v[7o], v” [70]) defined by (9.2.4).
Same argument is valid for Theorem 9.2.2.

It is therefore enough to prove each of Theorems 9.2.1 and 9.2.2 only for
one suitably chosen simple loop.

Remark 9.2.4. Note that the complement %\%y is of complex codimension |
in 2. Note also that the complement U\4Uy is of real codimension = 1 in 9.
Combining these with Remark 9.2.3, we may assume that the base point b is con-
tained in Uy, and the simple loops 7 and 7. are contained in Uy.

§9.3. Deformation of Thimbles

Taking Remark 9.2.4 into account, we will descride a method for calculating
the action of [7] € m Uy, b) with b € Uy on H,(Fy, 0oF,) and H,(Fy, 0.F).

Let 7: I— Uy be a loop with the base point b. By the definition of Uy, the
fundamental group m (Uy, b) acts on the sets Cr (b)) < C* and €7 (b)) < C.
Let [7]«:Cr(b) — Cr(b) and [7]«: €7(b) — €+(b) denote the actions of [y] €
1 (Uy, b). For u € Uy, we put

Sui=%r(w) U Z3 U z3 c C,

where Z9 = {al<w) ;v E€ Z} and Z7 = {ay<v) ; v € Z}, and call it the set of
distinguished points. Then the points of By move on € continuously when ¢
varies, and any two distinct points do not collide during this movement because
of the definitions of Uy and Z3, Z3. Moreover, [7]« acts on both of Z§ and ZJ
trivially. Hence we can denote this movement by the continuous map

M I X 3y— C

which satisfies the following :

(1) M,(0,s) = sforall s € B,

(2) M., p) = [1]«(p) for pE €r(b),

3) M (1, a3<vd) = adn <>, My (L ap <)) = a5p<V) for all vE Z and tE I,
and

(4) M,(t, - ) :8,— C is injective for all t€ I
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We consequently obtain, for each critical value § € €7 (b), the bijective
maps of the sets of homotopy classes of paths

[7]e: [P5 (@30), D1 = [P (a3<, [7]+(H))],  and
(1]« [27 (ax<wd, p1 = (25 (e, [71.(3)]

(9.3.1)

induced by the movement ..

Now suppose that we are given a path @ € %; (a)<v>, p). We choose a
vanishing cycle g[@] € [S™, X)<w)] for [@] € [P, (a)<v>, p)], and con-
sider the thimble

6([@], ola@]) € [(cS™, s*Y), (F, X3<w)]

for [@] starting from o[ @]. We have natural actions

9.32)  [rle: [(CS™ 1,81 (F.X3>)] — [(CS™ 1.5 1), (Fy, X 9<w)) ]

and

9.33)  [7le: [S™L X8> [S™1 X80, [r]e: [S™ x93 ] = [S* 1 x9<wh].

By the definition, [y]l«{(c[@]) € [S**, X3<v>] is one of the vanishing cycles
for [v].([@]) € [P; (ad<v>, [¥]+ ()], and we have a formula

(9.3.4) [r].(6([@], ol@])) = 6([y]([@]), [7]-(c[@])).
In particular, we have
(9.3.5) [7].(0([@])) = £6([r].([&])),

because the thimble is determined uniquely up to sign by the homotopy class of
the underlying path. The vanishing cycle [7]«(c[@]) in (9.3.4) is calculated

by looking at the action [7]« on the set [S”}, X3]. Indeed, the path @ is the
lift @ <> of the path w := ¢ © @ € P, (a3, p), where p=-c¢ (p), and the
vanishing cycle ¢ [@] is the lift o[w] V) of olw] € [S*!, XJ]. The two ac-
tions in (9.3.3) are compatible via the isomorphism [S”7!, X3<w>]1=[S*1, XJ]
given by (6.1). Hence we have
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(9.3.6) [rl-(el@]) = ([r]«(olw])) ).

By Proposition 7.3, Hy (Fy, 0oFs) is generated by the homology classes of thim-
bles for the homotopy classes of paths from a$<0> to values in €7(b). Hence
the formulae (9.34) and (9.3.6) enable us to calculate the action of [7] €
71 (Un, b) on Hy (Fy, 00Fs) by looking at the map [7]« : [P5 (ad<0), ﬁ)]—:
(2, (6340, [7l« (B)] for p€ €7 (b) and the action [7]« : [S*%, X3 —
[S™1, x9].

Same argument holds when 0 is replaced with .

In order to investigate the maps (9.3.1), we introduce the notion of homo-
topy equivalence of movements of points on C.

Definition 9.3.1. Let My : IX S — C and M, : IX S — C be two move-
ments of a set of points & on € such that
(i) Mo(0, ) = M0, s) for all s € B,
(i1) Mo(1, s) = M+ (1, s) for all s € B, and
(iii) for all £, both of the maps from & to € given by s + Mo(t, s) and by s —
My (t, s) are injective.
These two movements are said to be homotopically equivalent if there exists a
continuous map M : IXIX S — C such that the movements A (7) :=M(z, -, * ):
IX 8 — C satisfy the following:
(1) M) = Mo, M) = My,
(2) M(7) (0, s) = Mo(0, s) = M (0, s) for all T € I and s € J,
(3) M)A, s) =M1, s) = M (1, 5) forall 7 € Tand s € B, and
(4) M(7)(t - ) :8— C is injective for all (7, ) € IXL

It is obvious that the maps (9.3.1) depend only on the homotopy class of the
movement .. Therefore, we will find a simpler movement in the homotopy
equivalence class containing .

Reduction 1. Note that, for all € €7(b) and for all ¢ € I, the point
M, (t p) remains on the right-hand side of the vertical line R %y, which contains
the points adn V> =M, (¢, ad<v>), and on the left-hand side of the vertical line
R%p, which contains the points afin <¥> =M, (¢, ay {v>). Hence the movement
M, is always homotopically equivalent to a movement J{; such that

(9.3.7) Mt ad<vd) = adv> and Myt af<VY) = af{y) forall tE I

This reduction is also obtained by using the following :

Remark 9.31. We choose a small positive real number 7, and use mini /2,
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as the function € from now on to the end of this paper. All the loops and the paths
on U which will appear in the argument of this paper will be defined without
using this chosen number 7, and their number is finte. Each loop or path is
compact, and hence their union is also compact. Therefore, taking 7 sufficiently
small, we can assume that € (@ (t)) is constantly equal with v for every loop or path
o : I U which will appear from now on. In particular, the points an, aan €

C*, and a%n <>, gz <> € C do not move.

Reduction 2. Suppose that there exists a subset J of {1,...N} with satis-
fies the following : (i) [y]+ (p,) =pj for all ;€ J, and (ii) for each j € J, there
exists a continuous map gj : 4 — C* from a closed unit disk 4 such that
g, (8 4) coincides with the loop drawn by the movement of the critical value p,
on C*, and that g; (4) is disjoint from the trace of the movement of any other
critical value p, (i#7) on C*. Then we have [1]«(p<w)) =p<v) for all jE€J
and all v € Z. Moreover, the movement /{, is homotopically equivalent to ./
which has, in addition to (9.3.7), the following property : if j € J, then J; (t,

p<w>) =p<w> for all tE€ I and all v € Z, while if i & J. then M, (¢, pi <)) =
My, (t, piy)) for all v € Z ; that is, the movements of p;{y) with j € J can be
deformed to the non-movement without affecting the movements of the other cri-
tical values p,<v> (i & J).

Remark 9.3.2. Note that [7] € m (Uy, b) induces a bijective map from

[P (a3, p] to [Ps (a3, [7]«(p))]. It is obvious that this action is compatible
with the action (9.3.1) via the lifting; that is, we have

(9.3.8) (7]« ([w]<w)) = ([r]«([w])) <v>  for all [w] € [P, (al, p)].

We also have a natural action of [7] € m (Uy, b) on [(CS™!, S*Y), (B, X9)],
which is compatible with (9.3.2) via the lifting; that is,

(7]« (0([w <], olwi?])) = ([1).(6([w], alw]))) v
for all  6([w], olw]) €[(CS™?, ™), (B, X9].

Same argument holds when 0 is replaced with ©°,
§9.4. Proof of Theorem 9.2.1

We fix a point u of Uy.

Recall that £, C I'* is the affine line {f,—t - h?; t € C} with the para-
meterization ¢, : C=%, given by t = f,—t-h®. Let wbe an arbitrary point on
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%,. By definition, the affine line %, is equal with £,. and we write this affine
line simply by €. By Lemma 2.3, we have

(9.4.1) PND=LNU=2 N Uy

Let ¢,....en be the intersection points of & and Do. Then, by Corollary 2.1, the
critical values of @, are accordingly numbered ;

Cr(w) = {p(w),...on(w)}, where p(w) = ¢z (c,).

The point wis on € N D=L\ if and only if one of p (w) ..., oy (w) is zero.

Lemma 9.4.1. We have p.(w) =pi(w) + s for i=1,...N, where s,: = t5* (u)
=—¢; (w). In particular, p, (u) — p;i (w) = p, (w) —p,(w) holds for all w € L.

Proof. The two parameterizations ¢,: C — £ and ¢, : C — £ differ only by
an additive constant, and an easy calculation shows that ¢3! © ¢, (s) = s+ s,

O

This lemma shows that the set Cr (w) < € moves by parallel translation when
w moves on .
Let o be a complex number with 0 € R and |o| small enough. We choose

the point

(9.4.2) b= ¢, (p(u) —p) € L\D, € Uy

as the base point, so that p;(b) =p. Since |o| is sufficiently small and Im p+0,
we may assume that none of ¢,,....cy is on the real semi-line ¢, (p; (u) —p+R<,) ;

that is

(9.4.3) be Uy,

In particular, we have K, € C* and the isomorphisms &Y, ¥;°. By Lemma
9.4.1, we have

(9.4.4) p(0) = p () —pr (w) +p.
Since Ipl is small enough, this implies that

945  Ip®]>3-1pl if i#1, and|p®)—p®)|>3-lol if i#;
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Now we consider the closed disk 4 on £ with the center ¢ (py (b)) =12 (o)
= and of radius lpl . The base point b=¢, (0) is located on the boundary 0 4.
Since |p| is small enough, the intersection 4 N Dy consists of only one point c.
Moreover, since u € Uy, ¥ intersects Py transversely by Proposition 2.4. The
loop 7: I— 04 C ¥ given by

(9.4.6) () =t (u(5) —0@™ 1Y) = 4y(p(1—=11)
is therefore a simple loop around %, with the base point . By (9.4.1), we have
(9.4.7) 7(I) < Uy.

Note that the number # which we have chosen in Remark 9.3.1 is small enough

even compared with |p| and hence we have ady = rvand ayn = /7 forall t € [

Let D; € C be the closed disk with the center 0 and of radius |p| The
critical value p1 (b)) = p is located on the boundary of this disk. We see from
(9.4.5) that Dy N Cr(b) consists of only one point p, (b). Note also that D; N

K, is simply-connected. Therefore, there exists a unique homotopy class [£7]
€ [#(al, p(0))] of paths which is represented by a path & such that

(9.4.8) E(D € D N K,

DN K,

0x ab‘”

n®

Figure 7
Now, by Remarks 9.2.2 and 9.2.3, Theorem 9.2.1 follows from the following :
Proposition 9.4.1. Let
v = 0 ([£2])40) € Hy(F, BoFy)
be the homology class of the lifted thimble 6 ([ED]) <O), where [EP] € [P (ad,

1 (0))] is the umique homotopy class of paths characterized by (9.4.8). We define
the element v of H,(F3) by
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(9.4.9) pi= (=102 (g—1) v

using (6.16) . Then, v™ is primitive, and the local monodromy action [y] « on
H, (Fy, 0.F;) along the simple loop 1 around Dy given by (9.4.6) is written as fol-
lows :

(9.4.10) =+ (x v) v

Proof. By Lemma 9.4.1 and (9.4.6), we have

(9.4.11) ar(D) = p(p) — p(1—g=V-11),

This means that, when ¢ moves from 0 to 1, each p; (y(#)) draws a circle of the
radius |p| with the center p, () —p in the counter-clockwise direction. Let C,
denote this circle, and D; the disk circumscribed by C;. Note that this D; coin-
cides with that D; which we have defined just before the statement of Proposi-
tion 9.4.1. By (9.4.7), [y]« acts on the set €7(b). By (9.4.3), each value in
r(b) is written in the form p,(b) <u>, where i=1,..,.Nand vy € Z. We see from
(9.45) that

(9.4.12) D.®0 if i#F 1.

On the other hand, we see that D;2 0, and the circle C; traverses R <o in the
positive direction. Hence we have

1 (b) <w» if i # 1, and

(9.413) [ OO =1, )t ifi=1

By (94.3), we have a K-regular system {£,...E¥} of paths from af. We see
from (9.4.5) that

(9.4.14) DN D=@ if i#]

It is therefore possible to take the K-regular system in such a way that

a if1# 1, and
(9415) FUND=10 0y =1
Now we choose a vanishing cycle o7 := o [£7] € [S™?, X§] for each [&7]

from among the two possibilities, and consider the lift of the associated thimble
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070> = G([&7], o7) 0> € [(CS™ 1, §77Y), (R, X5<00)],

which is the thimble for [£7°<0>] starting from the lifted vanishing cycle ;> <0>

in Xg<0). Since the homology classes 07 <0)..., 0% <0> of these thimbles form
a set of basis of H, (Fy, 0-Fy) by Proposition 7.3, it is enough to prove (9.4.10)
when x runs through the set of these classes.

The intersection number (8 <0Y,v7)o € Z[g, ¢°'] is calculated as follows :

Claim 1.

if 1 # 1, and

(F7 <0, v = (B0, TN @)=, Hi11]

Proof Because of (94.8) and (9.4.15), we can derive Claim 1 from Lemma

82. [

This claim, in particular, shows that v~ is primitive.

We choose the sign of the vanishing cycle of° for [£°] in such a way that
(9.4.16) (6540, v7)o = 1.

Claim 2. The monodromy action [7]. on [S™!, X7 is trivial.

Proof. We see that

X3 =7 (asn)

=¢rh (1/7) by Remark 9.3.1
=¢;' 0 65 © 6y (1/7) by (2.3)
=¢i (I/rto—pe=11) by (9.4.6);

that is, the family {X$3 ; t € I} over @ A=7(I) is isomorphic to the restriction
of @y : Es — C* to the circle Co € C* of radius |p| with the center 1/7+ p.
Since 7 can be taken arbitrarily small, this circle can be far away from 0 as
much as we want. Thus we can conclude that the disk Dw circumscribed by Ce
does not contain any critical values of ¢,. Hence Claim 2 follows from Prop-
osition 2.1. [
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Claim 3. [7].([67<00]) =[£2<0>] fori=2,..N.

Proof By (9.4.12), (9.4.14) and Reductions 1 and 2 in §9.3, the movement
M, of the distinguished points J; is homotopically equivalent to a mavement Jf;

which remains a3 <v>, ay <{v) fixed for all v € Z, and p,{v> also fixed for i=
2,.,N and for all v € Z, while it moves p1 (b) <v> to p1 (b)) <v+1> along the ver-

tical line log lo|++v—1R=¢1(0D,). If i#1, then the path & <0) is disjoint
from this vertical line because of (94.15), and hence it is not affected by the
movement of p;(b) <v). Therefore we obtain the claim. [

Applying Claims 2 and 3 to the formulae (9.3.4) and (9.3.6), we obtain

(9.4.17) [7](67°K0>) = 67°<0> for i=2,..N.

We put

v 1= [7].(0740>) — 67K0> € Hy(Fy, 0-F).
By Claim 1, the choice of sign (9.4.16), and (9.4.17), we see that
[1]e(x) =2+, v )o- v forall x€ Hy(Fy, 0Fy).

Now we shall prove that / is equal with (—1)"* Y2 (4—1)v" € H,(F,),
and prove (9.4.9). First remark that the formulae (9.34), (9.3.6) and Claim 2
imply that

(9.4.18)
(7] (62 ) = 0[] ([Er w2 ]), [r]« (a2 <)) =0([r]. ([Er < 1), o7 <w)).

Because of (9.4.13), the homotopy class [7]«([£°<v>]) of paths is an element
of

[25 (a5 <w), o () W+ 1) ].

Now we shall describe paths which represent this homotopy class.

By the description of the movement J/{; in the proof of Claim 3, the homo-
topy class [7]« ([E7 <v>]) is represented by a path & <v) defined as follows.

Note that by (9.4.15), the path & {v) is on the right-hand side of the vertical
line
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Ay :=log || +v—1R,

along which the points p (7(#)) <W> =log lo|++—1 (v+arg p+1t) moves. Then

€<y starts from ayF <), goes to a point p1<v> : = p, (b) <V> +k along &<V,
where £ is a sufficiently small complex number with Re k>0, draws an arc in

the counter-clockwise direction to the point p B < +/—-1 lii.'l on the line Ay
along the circle of radius || with the center p, (5) v, and goes to p1 (b)) <W+1D
along A,.

Let &0 <) be the path on C\&7(b) from ay <{v> to ad{v) defined as fol-
lows. Note that, by (9.4.8), the path £ <v) is on the left-hand side of the ver-
tical line Ao. Then the path &2°<v)> starts from aiy {v>, goes to p1<{v) along
£ <v), draws an arc on the circle of radius |&| with the center p;(b) {v) in the
counter-clockwise direction to the point p; (b) {v> —&” on &P <{w) (I), where &’ is
a certain complex number with || =|k| and Re #">0, and goes to a§<v) along
EP<W> ™ It is easy to see that

[r]. ([&r<w]) = [E' ] = [ v+ 108w -E°<w ] in
(2, (ax <, o (B) <w+1D)].

(See §6 for the definition of the path 8§.) We put

ECOy := EPC1)> - 33K0D - £7040).
Then, from (9.4.18), we have

[7].(67<0Y) = 0([E<0>]. 07 <0).

We decompose the path & <0> into two parts at p1<0> ; that is, we write & <0>
=1y, where 1, is the path from ay<0> to p1<0> along & <0>, and %, is the
remaining part. Then &£7°<0> also decomposes into 737 Let

T:CS*"'—F, and T,:CS"™!'— F,

be continuous maps representing 8;° 0> over & 0> and [y] . (65 <0>) over
E <0) , respectively. Since 67<0> ‘and [7]« (67 <0>) start from the same

vanishing cycle 61> {0> by Claim 2, we can choose T and T in such a way that
their restrictions to the sub-path 7, coincide ;
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(9.4.19) Tl = Tyl -

(See Definition 4.5 for the definition of the restriction to a sub-path.) Let T’
be the restriction of T to the sub-path %,, and T the restriction of T, to the

sub-path & 1> 69 <0> 1,. Then we have 87" =0T, and hence we obtain an
n-cycle

T// R

Il

T,—T :CS*"™ U (—CS™Y) — F,

over the path & <1>35<0> 1,nz! from p; (b) <0 to p1 (b) <1>. Its homology class
is

[77] = [T]=[T] = [T]=[T] = [7].(67<0>) — 670> = v

Here we have used (9.4.19). This shows that o € H,(F}).

RY Ao : R Ao : R Ao
af (1% i %}K i

k b)Y L)

e f |

CeoN——— | T |

: i from a;°<0 ' i from af*(0)

the path £°(0) i the path & (0 the path
EYCL) 8240137571
Figure 8

The restriction T of this n-cycle T” to the sub-path & <1)> represents a thim-

ble for [EP 1] ; that is, 6 ([£0]) (1> or — 6([&P]) <1>. Hence its homology
class is either gv” or —qv~. Let T be the restriction of —T” to the sub-path

N3t Since [n,03'] = [EP<0>] in [P (a9€0>, o (b) <O>)], Ty represents a
thimble for [£2<0>]. Hence its homology class is either v~ or —v". By the
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construction, 8Tq) € X3<0> and 0Ty < X9<1> define a same homology class
in Hy_y (05 (RY)). Let @9 be the image of this homology class by the iso-
morphism H,—; (¢3! (RY)) = H,—; (X3) induced from (6.18) . Since the dif-
feomorphism (6.18) induces the isomorphism (6.1) over each point a${v> € R},

Corollary 6.2 implies that [Tl =T (72 ® 1) and [Tl =P (70 ® ¢). and
thus we have [T] =¢[Tw]. Since the remaining part of T” after deleting T
and — Tq) is contained in 0oF», we have

[T”] = [T(q)] - [Tu)} = =x (Q_U v” in Hn(Fb, aOFb)-
The sign is determined by the condition (9.4.16) and Lemma 4.1. []
As in Remarks 9.2.2 and 9.2.3, we get the following :

Corollary 9.4.1. Let v and 7’ be simple loops around Do with the base point

band b, respectively. Let & be a path from b to b" in U such that [a] 1 [7] [a] =
[y] holds in 1 (U, b). Then we have a congruence (v[7’], v [1']) = [al. (w[7].

v [1]) modulo U(Z[q, ¢711) in Hy(Fy) X Hy(Fy, 0o Fy). [

89.5. A Generator of H,(F,) as a m,(U)-Module

Let Zlg, ¢7'] [m (U, b)] be the group ring of m; (U, b) with coefficients in
Zlg, g7']. We can consider H,(Fs), H,(Fs, 0oFs) and Hy(Fs, 0w F3) as modules
over this ring in a natural way.

Theorem 9.5.1. Let v : I— U be a simple loop around Do with the base
point b.  Then v™ [y] in Theorem 9.2.1 generates the Z [q, ¢~*] [m, (U, b) ] -module
Hy, (Fy, 00Fy), and vly] generates the Zlg, ¢~'1 [y (U, b) ] -module Hy(Fy).

Before proving this theorem, we need some preparation.

Definition 9.5.1. We define Uy C U5 to be the locus of all u € Uy such
that, if p, and p; are distinct values in Cr(w), then Iarg p — arg p,' is not O nor
.

It is obvious that I'\Ay is a real semi-algebraic subset of real codimension = 1.

Lemma 9.5.1. Let b be a point of Uy. We put Cr(b) = {pr,..on}. Let 2?:
I— C* be the path given by t /— (1 — t)v + t * p, where v is the small positive

real number chosen in Remark 9.3.1. Then A° is an element of Py (al, p1). Moreo-
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ver, there exist paths E) € P, (al, p) for + = 1,..N such that [E)] = [A]] in
(2, (ad, p)] for each i, and that {E€),...E%} is a K-regular system of paths from as.

Proof. Note that we have a) = 7 by Remark 9.3.1. By the definition of Uy,
the path ¢t = ¢ - p, on € from 0 to p; does not pass through any critical values of

®, other than #,. Since 7 is small enough, A? is also disjoint from Cr (5) \ {p,}.
Hence A € Py (al, p1). We put

Ky =K U{z€C;lzl<r,and —z+n(b) /2<arg(z—7) <z—n(b) /2},

where 7 is the function defined by (6.2). Then each A? is contained in Kj. It
is easy to see that there is a homotopy of continuous maps {g : K; — Kb} ter
which satisfies the following : (i) go is the identity, (ii) g (K;) € K, (iii) & is
a homeomorphism onto its image for all t€ I, and (v) g (p) =p, i = 1,..N)
and g (a)) =af for all tE€ I We put €2 :=g, 0 2% It is obvious that [£?] =
[29] in [P (ad, p)], and that {&), ..., &N} is a K-regular system of paths from
ah. [

K} K,

the paths {4}, ..., A%} and {&7, .., &%}
Figure 9

Now Theorem 9.5.1 follows from the following proposition whose proof will
be given later. This proposition also plays an important role in the proof of
Irreducibility Theorem.

Proposition 9.5.1. Suppose that b€ Uy. Let p be a value in Cr (b), and
let 2° 1 I— C be the path from a§=1to p given by t — (1 — )r+1t - p.  Then
there exists a simple loop 1o around Do with the base point b such that v [yo] =
-5 ([2°1) 0> in H, (Fb, aoFb) .
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Proof of Theorem 9.5.1. Since v[y]=x (1—¢) v [7] and H,(F) =(1—¢) H,
(Fy, 0oF), the second assertion follows from the first.

It is enough to prove this theorem under the assumption that b € ”U:; We
put Cr (b) = {py,...pn}, and let A? : I— C denote the path given by ¢t — (1—10)r
+ t - p. By Lemma 9.5.1, there exists a K-regular system {£0,...8} of paths
from @y = 7 such that [£!] = [2] in [# (af, p)]. In particular, we have
6 ([£P]) 0> =+ 6 ([29]) <0Y in H, (F,, 8oFy) for i = 1,..N. By Proposition
7.3, we see that 6 ([EP]) <0) ... 8 ([€8]) O generate H, (F, 8oFs) as a
Z g, ¢7'] -module. By Proposition 9.5.1, there exist simple loops 7i,., 7w
around D, with the base point b such that v*[7;] = 6 [£0] 0D for i = 1,.,N.
Hence v [71],...v" [yn] generate H, (Fy, 0oFs) as a Z[g ¢~*] -module. On the
other hand, by Proposition 9.1.1, there exists [a:] € m; (U, b) for each i such
that [a,] 7' [7:] [@:] = [7]. where 7 is the simple loop around @, given in the
statement of Theorem 9.5.1. By Corollary 9.4.1, we have v” [1:] = [ai] = v [7].
Hence v [7] generates H, (Fy, 8o F3) as a Z[g, ¢~4] [m1 (U, b)]-module. []

Proof of Proposition 9.5.1. We use the following notation: for two values w, z
€ C, we denote by A[w, z] : I — C the path from z to w given by t — (1—1¢)z
+ tw, and by A[w, 2] its image A[w, 2] () < C.

Let {ci,...cx} be the intersection points of £, and @D. For u € ¥, we put

p(w) =tz (). We have Cr(w) ={p. (w),...pon (w)} by Corollary 2.1. By re-
numbering ¢i,...,cy, we assume that the point p € Cr(b) given in the statement of
Proposition 9.5.1 is p (p).

Since b € Uy, we have
(9.5.1) Alp(5),0] N Cr(p) = {p(n)}).

Let 4, C C denote a sufficiently small closed disk with the center p(b) .
(However, the number # in Remark 9.3.1 is small enough compared with the
radius of A;) Since 4, is small enough, (9.5.1) implies that there exists a
point 1 (b) — o on the boundary 8 4; such that

(95.2) Alpr(5) —p, 0] N 41 = {p(b) —p} and Alp:(b) —p. 0] N Cr(p) = .

Moreover, we may assume that
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Im p>0 if Im p (b) >0,
(9.5.3) Im p = 0 and Re p>0if Im p, () = 0, and
Im p<0 if Im p, (b) <O.

(Note that if Im p(b) = 0, then Re p1(b) >0 because of b € Uy .) We put
b = ¢, (1 (b) —p),

and let 7o : I — ¥, be a counter-clockwise loop along ¢, (@ 4,) with the base
point . Since ¥, intersects D, transversely by Proposition 2.4, and |p| is

sufficiently small, ¢ is a simple loop around Po. Since lo| is small enough and
b € Uy, (95.3) implies that none of py(b),...,pn (b) is on the horizontal semi-line
m(b) —p+R<o Hence, by Lemma 9.4.1, we have

(9.5.4) b €Uy,

so that we can use Proposition 9.4.1 for the local monodromy [70]« around D.
We have p; (b') = p by Lemma 94.1. Let D7 < C be the closed disk with the

center 0 and of radius |p|. Since |p| is small enough, we have DN Cr (p") =
{p1 (0)}. We also have € (b') = r by Remark 9.3.1. Therefore, the homotopy

class [Alp, 1] € [Py (ad, p(b"))] of the straight path A[p, 7] from ay = 7 to
P (b") = p is represented by a path & which is contained in Ky N D}. Hence

[A o, 1] = [£0] is the unique homotopy class in [Py (ad, ; (b))] character-
ized by (9.4.8). Using Proposition 9.4.1, we have

(955) ‘U‘ [T’o] = —é ([2 [,0, 1’]]) <0> in Hy (Fb/, aoFb').
Let 8 be a path on &, from b” to b given by
Bi=1 0 A0, ;m(b) — p].

By (9.5.2), this path does not pass through any point of ¢, (Cr(8)) = £, N Dy,
and hence it is a path in U by Corollary 2.1. Note that a}wy = 7 for all tE€ ]
because of Remark 9.3.1. In particular, we have a) = . We put

70 := Bro BV

Since 7o is a simple loop around Py, so is the loop 7o. We shall show that this
7o is the desired loop; that is, v~ [70] is congruent with 6 ([2°]) <0> in H, (F,,



906 ICHIRO SHIMADA

doF;) modulo U(Z[gg™']). By Corollary 9.4.1, we have

(9.5.6) v (7o) = [Bl«(w [15]) in Ha(Fy 8oF).

By (9.5.5) and (9.5.6), it is enough to prove

95.7) G (A<K0> = + [81.(6 ([Alp, A1) <0>) in Hu(F, doFy).

In order to prove this, we will study the bijective map

958)  [Bl.: [(CS™, §77Y), (Fy, X3400)] = [(CS™, $77Y), (B, X$0>)].
By Lemma 2.3, we have \%y € Uy. Hence we have a map [B]+«: €r(d")
— @v(b). The value p(B(£)) draws a straight path A[p:(b), p] on C by Lem-

ma 9.4.1. Because of the assumption (9.5.3), this path does not traverse R <.
Hence we have

(9.5.9) Bla(p (0) <) = p(0)<»> forall vEZ
From (9.5.9), we obtain the following commutative diagram :

[P @B <0, n) O] = 27 (a0, pu(5)<0))]

(95.10) ] s ]
[Py (a¥, (1)) ] e (24 (a8, ;1 (0)) ],

where the vertical hook-arrows are the injective maps in Proposition 7.1. Be-
cause both of Alp, ] and 2°(D) = A[p(b), 7] are contained in C\R <o, we have
Ao, 140> (1) =p, (") 0> and A°€0> (1) = p(b) O); that is,

[A[p, 71€0>] € [Py (ad40), p (v7)<0))], and
(9.5.11)
[2940)] € [95 (a0, p1(b) <OD)].

In order to to prove (9.5.7), it is enough to show that

(9.5.12) (Bl«([alo, 1) = [2°1 in [P5(ad, p1(0))].

Indeed, by the commutative diagram ¢9.5.10) and the first formula of (9.5.11),
(9.5.12) will imply that [B]+ ([A [, 7] <0>]) is an element of [#; (&) <0>,
1 (5) <0>)] whose projection in [ (a3, 1 (5))] is [2°]. Hence, by the second
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formula of (9.5.11), we obtain

(9.5.13) (Bl ([alp, 11€0>1) = [2°%€0>] in  [2; (a9<0>, p(b) <OD)].

Since 8([2°]) 0> is a thimble for [21°€0>] and 8([Alp, 71]1) <0 is a thimble for
[Alp, 71 <0>], (9.5.13) implies that the bijection [B]« in (9.5.8) maps 6 ([4 [po,
711)<0> to 6([2°])<0> or —B([2°])<0>. This implies(9.5.7).

Now we shall prove (9.5.12). By Lemma 9.4.1, we see that p; (B(t)) draws
the path A [p; (b), p; (b")], and that p; (»") is given by p; (b") = p; (b) — b, (b) +p.
The track of the movement of the ending point p1 (b") =p of A[p, 7] is given by
Alp (b)), p]. We shall see that

x pb) pab)
Am®) pb
>/p2(b')
p3(d)
! pN(bl)
on. %, ? onC
Figure 10

9514)  Alp(p), plVAlp, 71) N Alpi(0), p(6)] = @ if i#1.

Indeed, the two line segments A [p (b) 0] and A [p; (b), p; (b)) —p1 (8)] are par-
allel, but, if 4 # 1, they are not on the same line because of b € Uy. Hence
‘they are disjoint. Since 7 and o are small enough, we see that (A[p (8), p] U
Alp, 7]) and Ap; (8), pi (0) — p () + 0] are still disjoint if 4+ # 1. Hence
(9.5.14) holds. This implies that the path A [0, 7] stretches to A [py (b), o] -
Alo, 7] by the movement of the ending point p; (B(t)) of the path without being
affected by the movement of any other points p (B(t)) ,...px (B (8)), and with the
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starting point fixed by Remark 9.3.1. Thus we have

(9.5.15) B1-([2lo, 1)) = [a[m(b), 0] - alo, 1].

It is easy to see from (9.5.3) that the triangle (or the line segment if it
degenerates) spanned by the three points p; (b), o and 7 does not contain O.
Moreover, since ¥ and p are sufficiently small, (9.5.1) implies that this triangle
does not contain any points of Cr (6) \{p(s)}. Hence we have

(A6 (0), 0] - Alp, 11] = [Alp(0), 1] = [2°] in [P, (a, 11 (0))].

Combining this with (9.5.15), we get (9.5.12). [

89.6. The Behavior of Cr(x) near 9.

In this’\subsection, we shall investigate how the set of the critical values
Cr (u) of ¢, behaves when u approaches a point of Dw. The result will be
used in the proof of Theorem 9.2.2.

We choose a general affine line & in I. Let ¢ be an intersection point of &
and D.. Since & is general, ¢ is a non-singular point of P\ (Dw N Do), and
the intersection of 4 and P is transverse at ¢. Let 4 be a sufficiently small
closed disk on & with the center ¢. We choose a base point b on the boundary
04, and let 7: I— 4 denote the counter-clockwise loop with the base point b
along 0 4. Since 4 is small enough, 7 is a simple loop around P.. We shall
say that 7 is a simple loop around D. associated with the data (4, ¢, b, 4) .
Since 4 is general and 4 is small, we may assume that

(9.6.1) AN{c} < Uy.

Moreover, by choosing b generally, we may also assume that
(9.6.2) bE Uy.

By (9.6.1), [7]+ acts on the set Cr(b).

Proposition 9.6.1. (1) The action of [y]+ on Cr(b) is trivial. In particu-
lar, there are holomorphic functions py(u) ,....ox (w) on AN{c} such that

Cr(w) = {p(w),..on(w)} for ue A\{d.
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(2) There exists one and only ome function among {py (u) ,...ov (W}, say py (u),
which has a pole of order d—1 at uw = ¢. (3) The other functions p, (w) .....pn-1 (1)
can be extended holomorphically over u = c. (4) The values py (c) yeeesDN=1 (¢) are
distinct to each other and different from 0.

Proof. Since & is general and A is small enough, we have the following :
(x-1) iu is non-singular for all u € A4,
(x-2) X, is tangent to Hw at a point P,
(x-3) )—(—c N H. has an ordinary double point at P as its only singularities, and
(x-4) if w€ A\{c}, then X, N He is non-singular.

We apply Construction 2.1 to our data (&, ¢, b, 4) and obtain the finite cover-
ing 0 : C— 4 with morphisms §,: C—=P" = A" U Hoand §;: C—=P'=C U
{00},

Claim 1. There is one and only one morphism among {g....4n}, say g,
such that gn (&) is contained in H.. Moreover we have gy (é) = P.

Proof. As in Construction 2.2, we choose an affine subspace (A”)” of P*
which contains G (&) ,...4v (¢) and moreover, the point P. Let (z1...,z.) be affine
coordinates on (A"’ such that

Ho=1{z,=0}, and P= (0,.0).

Recall that there exist an affine coordinate t: & — C with t(¢) = 0 and a
homogeneous polynomial g € I'* such that f, is equal with f;+t(«) * g for u €
A . (See (26).) We choose inhomogeneous polynomials f. (z,..,z) and
g(z1,...2n) associated to f; and g, respectively, such that the rational function au
=f,/h® on (A"’ can be written in the form (2.7) for u€ A. Let f¥ (z.....z,)
denote the homogeneous part of degree v of

(9.6.3) ful2tynzm) = fo(210nzn) + t(w) - g(21,.020).
Then the properties (x-1)-(x-3) imply that

(fe-1) fO =0,

(fe-2) fB = az,, where a is a non-zero constant, and

(fe-3) f2(z,...2n-1, 0) is a non-degenerate quadratic form in z,....zs-1.
Recall the definition of the polynomials A; (#; 21,....2n) ,.o.in (4 ; 21,...,z,) in Con-
struction 2.2. By (fc-1) and (fc-2), we see that
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Q—Zh'—?(c; 0..0) =0 for i=1..n—1 and g—zh"(c; 0..0) = (1—d)a+#0.

Combining these with (fc-3), we obtain the following :

(9.6.4) det[%(c; o,.A.,o)],,,ﬂ,...,,, £ 0.
]

Recall also that I (#) is defined to be the intersection of the hypersurfaces
H; (u) defined by h, (u; z1,...2,) = 0. We will prove the following three asser-
tions :

Sub-claim 1; I(¢) N H. consists of only one point P,

Sub-claim 2 : if w € A\{c}, then I(x) N H. = @, and

Sub-claim 3 ; each of H; (¢),...H, (¢) is non-singular at P and they intersect
transversely at P.

Indeed, the coordinates of a point in I(#) N H. are the solution of

22 = fulz1,02-1, 0) = 0, and

LUAC N S R

i=
0z,

Since f, (z1,....2n~1, 0) = 0 defines the hypersurface )?u N H. on Hs, the solution

must be the coordinates of a singular point of )}-u N H.. Hence the properties
(x-3) and (x-4) imply Sub-claims 1 and 2, respectively. Sub-claim 3 follows
from the non-degeneracy (9.6.4) of the Jacobian matrix of the defining equa-
tions of the hypersurfaces H;(c) at P.

By (2.9) and Sub-claim 2, we have
(9.6.5) Ilow) = {G(w) ....an(w} for all we A\(S.

Let V < (A™)’ be a small open neighborhood of H. N (A”)”. Then Sub-claims
1 and 3 imply that, if # € A4, then V N I(u) consists of only one point, say
P(u), such that P(¢) = P: that is, the intersection point P = P(¢) of the hyper-
surfaces H, (¢) (i = 1,...m) does not vanish nor split into plural points when u
moves away from ¢. If w # ¢ then P(o (w)) must be among {G (w) ...4v (w)}
because of (9.6.5). Putting gv(w) = P(o{(w)), we have proved Claim 1.

Claim 1 implies that the morphism from & N Uy to A” corresponding to
the critical point gy (b) is single-valued on A\{¢c} ; that is, if we define gy : 4
— P" by gy () = P(u), then gvli = o gwli. Therefore, the corresponding
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critical value is also single-valued on A4 \{c}. In particular, px(b) € Cr(b) is
not changed under the action of [7]+ on Cr(b). Let py: A\{c} = C denote the
corresponding critical value ; that is, py (w) *= ¢. (gv (w)). Then we have
Bl A\ict = ,0*1?1’\” A\lch

Claim 2. The function py has a pole of order d—1 at u = ¢

Proof. Let (& () ,..,Cn (u)) denote the coordinates of the point gy (u) =
P(u) in terms of (z,..z:) above. Since gy (c) = P{(c) = P is the origin, we
have

(9.6.6) each &, () has a zero of order = 1 at u = ¢

The function

p"(u) — 8 (q}v(u)) — fu(Cl(u),,Cn(u>)
N ! Cn (M/)d

has a pole of order d — 1 at u = ¢ if the following holds :

(9.6.7) both of &, (u) and £, (& (w) ..., (w)) have a zero of order exactly 1
at u = ¢

We put @ *= limg—e Cn(u) /t(n). By (fc-1), (fc-2) and (9.6.6), we have

Sfu (Cl (u> u--:Cn(u)> —

}‘i_I'Icl G att,+g(0,...,0).
Hence (9.6.7) is equivalent to the following :
(9.6.8) on# 0, and aa,+g(0,..0) # 0.

By (9.6.5), we see that %, (u; & (u),....Cn(w)) is constantly equal with O for all u
€ A\{d). Hence, by (fc-1), (fc-2) and (9.6.6) again, we obtain the following :

(9.6.9) lim (s G G u))

t(u)

atty,—d(ac,+g(0,..,0)) =0

Uu—c

Because & has been chosen generally, we can assume that g(0,....0) # 0. Hence
(9.6.9) implies the two inequalities in (9.6.8). Thus Claim 2 is proved.
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We define the subset Do 0f Do N Dw to be the locus of all X e Do N De
such that H. is disjoint from the singular locus of X. It is obvious that Dy is

a Zariski open subset of Dy N Dw. Recall that L5 < Py (I) is the affine line
L.\{y.}. Suppose that v is a point of D*. Then L, is a line in D. passing

through Y« by Proposition 2.2, and hence LN Do T Dy N Dw. If v € Do is

general, then X, is non-singular and hence Lemma 2.1 implies that
(9.6.10) L2 N Dy € Dy for a general v € D.,.
We shall prove the following :

Claim 3. The locus Dy is irreducible.

Proof. Let (P”)~ denote the dual projective space of P”. For a singular

" projective hypersurface X e Dy, we put

X" = {He (P")"; His tangent to X at its non-singular point}, and
X“:={He X ;HN Sing X = 9}.

The dual hypersurface X~ of X is the closure of X*. If X € D, is general,
then X has only one ordinary double point as its singularities. Hence, because
of d>3, X" is an irreducible locally Zariski closed subset of codimension 1 in

(P")*. There are no X € D, such that X = is Zariski open dense in (P")".
We put

¥ :={(X,H ;HeX™) < Dyx (P")".
Since Dy is irreducible, the above consideration implies that there exists only
one irreducible component ¥max of ¥ which is mapped dominantly onto Dy by
the first projection, and moreover, if there exists any other irreducible compo-
nent X of ¥, then we have
(9.6.11) dim %" < dim Emex.
Now consider the second projection

prs: £ - (pr)-.

This is a locally trivial fiber space in the sense of complex analytic geometry,
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because the automorphism group PGL (n+ 1) of P” acts on both of ¥ and
(P") - in such a natural way that pre is equivariant, and because this action is
transitive on (P")*. The space Dy is nothing but the fiber of pr: over Ho €
(P™) ~. Since Dy is Zariski open in Dy N Da, every irreducible component of
Dow is of codimension 2 in P« (I"). Hence every irreducible component of ¥
must have a same dimension. Combining this with (9.6.11), we see that X7 is
irreducible. Therefore the fiber Dyo of prs must be irreducible because P -
is simply-connected. Thus Claim 3 is proved.

Claim 4. At every point of L2 N Dy, D, is non-singular, and L2 intersects
D, transversely.

Proof. Let x be a point of P« (I"), and let £ € I'* be a lifting of x. Since
L% < P.(I') does not depend on the choice of Z, we can denote it by L4 instead
of L% Consider the locus 4 of all points x € D..\{h} such that, at every point
of LS N Dy, Dy is non-singular and LY intersects D, transversely. This locus 4
in obviously Zariski open in Dm\{f)m}. By the generality of the position of ¢ in
PDe, it is enough to show that ¢ is non-empty. Using (9.6.10) and Claim 3, we
can reduce the claim & # @ to the following : there exists at least one point y

€ Dy such that Dy is non-singular at y and that L} intersects Do transversely
at .

Let Ver: (P*)"— P« (I') be the morphism given by H — d - H. Note that
Ver is projectively equivalent to the Veronese embedding of degree d. Let )_(w
be the singular projective hypersurface corresponding to a general point w of
Dy, and let XsC (P") - be the dual hypersurface of )?w. Because )—(w has one
ordinary double point as its only singularities, and because of d=3, we see that,
for a general point HEX,L, the singular point of }(—'w is disjoint from H. Note
also that the degree of Xuis = d+1 because of d=>3. Hence Ver ()—(J,) is not
contained in any hyperplane of P.(I"). Note that D, is non-singular at w be-
cause w is general in Dy, Let T, € P.(I) be the tangent hyperplane of D, at
w. Then Vev()—(,;,) N T, is of codimension 1 in Ver(}_(,},). Hence there exists a
hyperplane H; € )_(J, with the following properties :
(hl) Ver(H,) & T,
(h2) Hi is tangent to )?w at its non-singular point, and
(h3) Sing(X,) N H = 0.
The automorphism group PGL (n+1) of P* acts on (P*)~ and P (I") in such a

natural way that Ver is equivariant. Note that Dy € P« (I) is stable under
this action. There is an element g € PGL(n+1) such that g(H)) = H.. Con-
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sider the point g(w) € Do, which corresponds to the singular hypersurface g(X )
C P". Then Dy is also non-singular at g(w), and the tangent hyperplane Tyw)
CP.(I) to Dy at g(w) is given by g(T,). By (h2) and (h3), we see that g(w)
€ Dpw. Because of (hl), §u = Ver(H.) = g(Ver(H;)) is not contained in Tyuw.
Hence the line L, connecting He and g(w) intersects Do transversely at g(w).
Claim 4 is proved.

Now we shall complete the proof of Proposition 9.6.1. The property (x-1)
and Proposition 2.3 imply that

(9.6.12) Cr(u) = ZT;(LSN Dy) forall u € A.

When u € A\{c}, L} intersects Dy at distinct N points transxersely by Proposi-
tion 2.4 and (9.6.1). Claim 1 implies that when w moves in 4, the points 4 (w),
win-1(w) are contained in a bounded domain of A”, and hence

(9.6.13)  # (w)...pv—1(w) are contained in a bounded domain of C.

Combining this with Claim 2, we see from (9.6.12) that, when u approaches «

one of the intersection points of L% and Do tends to the point §e € L,. while the
other N — 1 points remain aloof from h.. Moreover, Claim 4 implies that

(9.6.14) these N — 1 points remain distinct even when u = ¢.

These show in particular that the action of [7]« on the set L) N Dy of intersec-
tion points is trivial. Hence the assertion (1) of Proposition is proved. The
assertions (2) and (3) follow from Claim 2 and the fact (9.6.13), respectively.
The fact (9.6.14) implies that p1 (¢) ,...pv—1 (¢) are distinct. The assertion that
p () # 0 for i =1,.,N — 1 follows because the position of ¢ in %« is general.
Indeed, if we replace ¢ with ¢/ € D such that for = fo+a- h? for some a € C,
we have p;(¢’) = pi(c) +a. Thus the assertion (4) is proved. [

Remark 9.6.1. The locus Dy N Dw consists of two irreducible components;
one is the closure of Dy defined above, and the other is the locus of all singular

hypersurfaces )_( such that Sing )_( N Ho #+ @.
§9.7. Proof of Theorem 9.2.2

We take an affine line & C I, a small closed disk 4 C o with the center ¢
€4 N Pw, and the base point b € § 4 of the simple loop 7 around Y= as in

the beginning of §9.6. By (9.6.2), we have K, © C*, and the isomorphisms &}
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and Ty .

Proposition 9.7.1. There exist a non—zero element e in the kernel of the
natural homomorphism Hy—(X$) — Hn—1(X}) and a Z-linear form | : Hy—y(X3) —
Z such that the monodromy action [7]« on Hu—1 (X3) is given by

(9.7.1) x = x+i(x) e
Moreover the pair (e, 1) is unique up to sign.

This proposition will be proved later together with Proposition 9.7.2 below.
Since A4 is small enough, Proposition 9.6.1 implies that

(9.7.2) low (F (D) > [p. (y ()] for i# N
holds for all t € I. Consider the disk

Dg:={z€CU {0} :|z] = | pv(d)}.

It is obvious that K, N D% is simply-connected and its intersection with Cr (b)
consists of only one point py (b) because of (9.7.2). By definition, K, N Dy
contains ay. Therefore, there exists a unique homotopy class of paths

[&7] € [Ps(as, pv(D))]

which is represented by a path &y such that
(9.7.3) &v () € K, N D3
Now by Remarks 9.2.2 and 9.2.3, Theorem 9.2.2 follows from the following:

Proposition 9.7.2, Let
v = 0 ([£x])<0> € H,(F, 0.F)

be the homology class of the lifted thimble 6 ([EX]) 0>, where [EF] € [P (aF,
v (b))] is the umique homotopy class of paths characterized by (9.7.3). Then v is
primitive, and there is an element v, € H,(Fy) such that the local monodromy action
(7]« on Hy (Fy, 0oFs) along the simple loop 7 around De associated with the data
(A, c b A) is given by
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(9.7.4) s at (5 0)e s (=02 (e ® 1)+,

where ¢ € Hy-1 (X3) is the element in Proposition 9.7.1. Let o [Ex] € [S*, X¥]
be the vanishing cycle from which the thimble 0 ([EX]) starts, so that v =
-0 (G [Ex]®1). Then vy is written as follows :

v, = U (TER] ® (£ ¢ Hagrpg™ 2+ taig™)) + 8 (w® 1)
<975) = — (i q"’+1+a_d+zq"”2+---+a.1q'l) RN /P (w ® 1),

where a_gus,...,0-1 are ceriain integers, and w € H,_, (X¥) is a certain homology
class.

Remark 9.7.1. The fact that the coefficient of ¢~*** in (9.7.5) is 1 or —1
plays an important role in the proof of Irreducibility Theorem in the next sec-
tion.

Remark 9.7.2. We can determine neither the combination of signs in (9.7.4)
and (9.7.5), nor the values of the integers a—asz ..., a—1. We would like to fill
up this unsatisfactory part of the theory in the future.

Proofs of Propositions 9.7.1 and 9.7.2. We write the set Cr(b) simply by
{py,...on} instead of {p () ,...pw(b)}. The movement .M, of the distinguished
points S = €7(b) U Z§ U Z7 in C along the loop 7 is homotopically equivalent
to the movement A, : I X B, — C described as follows : the points aj<y> and

ay <V remain fixed, the points p;{v> also remain fixed if { # N, and they stay
left-hand side of the vertical line

Ao = log |py] + V—1IR = ¢71(0D5),

while the point py<{v> moves down to py{v—d+ 1) along the vertical line A..
This can be seen as follows. Let p;(4) © C U {0} be the image of the mero-
morphic function 4 — CU {0} corresponding to the i-th critical value, whose
existence has been proved in Proposition 9.6.1. Since 4 is small enough, Prop-
osition 9.6.1 implies that

(9.7.6) pi(4) € C* if i# N,

and

9.7.7) p:(4) Np(A) =@ if i# ]
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The movements of a§<y> and ay<v> are homotopically equivalent to the
now-movement by Reduction 1 or Remark 9.3.1 in §9.3. By (9.7.6) and (9.7.7),
if £ # N, then the movement of p;{V? is also homotopically equivalent to the
non-movement by Reduction 2 in §9.3. On the other hand, Proposition 9.6.1 (2)
implies that py € C* makes round trips along a large circle in the clockwise
direction (d—1)-times. Combining this with (9.7.7), the trace of the movement
of px<v) can be deformed to the segment of A, between py<v> and py{v—d+1>
without affecting the movements of the other distinguished points.

By (9.7.2), there exists a K-regular system {&?,..&%} of paths from af
which satisfies the following property :

g if ¢# N, and

We choose a vanishing cycle
of == o[&] € [s", X1]

for each [£?]. By Proposition 5.1, their homology classes 77{...,G% form a set
of basis of the free Z-module Hy—1 (X3). We define a Z-linear form I: Hy—; (X9)
— Z by
0 if 1 # N, and

_0 .= y
(9.7.9) 1(a7) {1 fi= N
By Proposition 9.6.1(1) and (9.6.1), [7]+ acts on the set [#; (a3, p.)], and if i #
N, this action lifts to the action on [#; (ad <v), p;<¥>)] because (9.7.6) implies
[r] « (pi <) = p<w> for i # N. Since & (I) C K;, we have [} ()] €
(25 (a9<u>, p<v>)]. From (9.7.6) and (9.7.7), we can easily see that

(9.7.10) [71.([821) =[] in [P(ad, p)] for i+ N,

and, combining this with (9.3.8), we have

9711)  [l.([&<]) = [E<w] in [P7 (@), p»)] for i# N,
This also can be seen as follows. Because the path &°<V> is disjoint from Aw

for i # N by (9.7.8), the description of the movement /{; above implies that, if
# N, then & <v) is not affected by the movement of pn<{w> for any y € Z.
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Since [r]+(a?) € [S™*, XJ] is a vanishing cycle for [7]([€2]), (9.7.10)
implies that, if ¢ # N, then [7].(0?) is either 60 or —of?. We shall show that

9.7.12) [1]1+(a?) =060 for i+ N,
and that
(9713) = [T]*(ﬁl(\)l) - 6:1(\)1 € Ker (Hn—l (X(b)> - Hn—l(k-g)>

First note that the action of [7]x on Hy_i (X9 is trivial. Indeed, the property
(x-1) in 8§9.6 implies that [7]« acts on Hn_l()_(,,) trivially. By the same argu-
ment as Lemma 5.1, [7]« acts on H,_; (X9 also trivially. This, in particular,
implies (9.7.13) . Second, note that the image (T?)  of @¢ by the natural
homomorphism Hy—; (X§) — Hn—l()_(g) is non-zero for 1 = 1,...N. Indeed, the
image of Hy—1(X9) — Hu_ (X9 is, by definition, H% (X 9 in the exact se-
quence (5.11). Theorem L3 in §5 tells us that, for each i, the element (G?)’
generates H2gL (X 2) ®Q as a Q[m (W) ]-module. Therefore, (T?)’ is not
zero for each ¢ = 1,..,N. Combining these two facts, we see that [7]«(T?) can-

not be —@¢. Therefore, [7]«(0?) cannot be —¢?. Hence (9.7.12) is proved.
We shall show that e defined in (9.7.13) is non-zero. If it were zero, then [7]«

would act on Hy—y (X)) trivially because of (9.7.12). However, since Y, = )—(C
N Ho = ‘%2 N H. has an ordinary double point by the property (x-3) in §9.6,
the action of [7]« on the non-zero sub-module H27%(Y;) of H,_y (X9 is
non-trivial, because Hzix (¥;) ® Q corresponds to the module of “vanishing cy-

cles” in Hy—2(Y;) ® @ in the sense of [8; §3] by the Poincaré duality.
Then, by (9.7.12) and the definitions (9.7.9) and (9.7.13), we obtain

[7]+(x) = 2s+1(x) - e forall x€ H,_1(X)).

This formula being established, e is characterized as a generater of the image of

the endomorphism Id — [7]+ on H,_; (X9), which is a free Z-module of rank 1,
and hence ¢ is uniquely determined up to sign. Therefore the pair (e, I) is also
unique up to sign. Thus Proposition 9.7.1 is proved.

Let .

6 := 6([&7], o) € [(CS™, §77Y), (Es, X9)]
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denote the thimble for [&?] starting from ¢, and let
62<v> € [(€S™ 1, §771), (Fy, X3{w))]

denote its lifting, which is the thimble for [£7<v>] € [P (ad<v?, p<v))] start-
ing from o?<v>. By Proposition 7.3, the homology classes 67{<07,...05<0> in

H, (Fy, 0oFy) form a set of basis over Z[g, ¢ ']. Hence it is enough to prove
(9.7.4) when x runs through the set of these classes. By (9.7.3) and (9.7.8),

the paths & and &% are disjoint if ¢ # N, and the paths &% and &7 have a com-
mon ending point py as their only intersection. Hence, by Lemma 8.2, we have

(9.7.14)

(B0, ) = (GUED) O, B &1 0N = [, LT N2

+1 ifi=N.
In particular, this shows that v” is primitive.
We can and will choose the sign of o in such a way that

(9.7.15) (09€0), v)w = 1.

From the formulae (9.3.4) and (9.3.6), the results (9.7.11) and (9.7.12) im-
ply that

[7].(62€0%) = 620> for i# N

Combining this with (9.7.14) and (9.7.15), we see that the action [7]« on Hy(Fj,
0o Fy) is given by

s+ (g v)e 1,

where

(9.7.16) v = [7].(0§€0)) — 65<0).

Now we shall show that this homology class v" is equal, up to sign, with

— U0 (¢ ® 1) + v, where 1 is an element of Hy, (F;) which can be written in the
form (9.7.5).

From the description of the movement {; we see that [r]« ([£] (b)),
which is an element of [#; (af<v), pv{v — d + 1>)], is represented by a path
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£7{v> as follows. Note that £3<v> (I) is on the left-hand side of the vertical
line Aw = log |pv| + ¥V—1R because of (9.7.8). Then the path & <v) starts
from a3<v>, and goes to a point py<v) := py{v> — k&’ along EX<v> where &’ is

a sufficiently small complex number with Re &> 0, goes down to py<{v — d +
1> = pv{v—d+1> — &’ along the vertical line parallel to A, and then reaches

pv{v—d~+1> along EF{v—d+1).

We define the path & <v> from af <¥> to ay > as follows. Note that
& <w> (I) is on the right-hand side of the vertical line A. because of (9.7.3).

Then E§°<v> goes from a3<v) to the point py<v> along E¥<v>, and draws an
arc on the circle of radius || with the center py<¥) in the counter-clockwise

direction to a point py<v> = py<v> + &” on EF<w> (I), where £” is a complex
number such that |¢’| = |£”’| and Re £”> 0, and then goes to af V> along
Ex<{w>~1. Note that EF° <) is a path in K<w).

We put
pr = e(pniw) € &7 () < C*,

and define a loop 7 with the base point a§ in C*\Cr (b) as follows : T goes from
a¥ to py along &v, draws a circle of radius IpN"p}&I with the center py in the

counter-clockwise direction, and then goes back to af along (£§) ~. Note that
7 is a path in Kj.

Now we are going to be interested exclusively in the case v = 0. It is easy
to see that

(7] ([&2<€0>]) = [67€0>] =[] in [P5 (aB40D, pu{—a+1>)],
where { := (- & <0? and

U= Ep<—d+1) « (05{—d+1>) - {—d+2)- (0 {—d+2>) L
o r{ =3 - (07 (=3)) 1 r{=2>- (6{—=2>) 1 {—1>- (op<{—1>) L

(See §6 for the definition of the path 85.) We put
o = [7].(a8<0>)

This is a vanishing cycle for [{] in X3<0>, and by formula (9.3.4), we have
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[71.(68<0>) = 6([Q, 07) € [(CS™, 7Y, (R, X9<0>)].

In order to determine its homology class, we choose a continuous map T : CS*!
— F, which represents 6 ([{], 0") over the path . Let To and Ti denote the

restrictions of T to the sub-paths &§°<0> and {’ of {, respectively. As
n-chains in Fy, we have T = To + Ti. Then Ty is a continuous map from I X

St to ¢3! (K;<0>) because of £5°<0> (I) € K,<0>, and Ty: CS"™* — F) repre-
sents a thimble for [{’] over {’. Their boundaries are given by

0Ty = —S"+S’, and 8T, = —S’

where S”: S"! — X340 represents the vanishing cycle 6 = [7]+ (a§<0>),

and S’ : S" ! — X7<0> represents a vanishing cycle for [{']. Since ¢;* (K;

{0Y) is contractible (cf. (6.8)), there are m-chains I"" and I"" in @5 (K,<0))

such that 8" = S  and &I = S’. The sum To+ I —I" is an n-cycle in ¢;?
(K,<0>), which is obviously homologous to zero because of the contractibility of
71 (K;<0>). Hence we have

(9.7.17) [1].(680Y) = [T] = [-T" 1+ "+ T in Hy(F, 0oFy).
Note that I+ T} is an n-cycle in F}, because 0Ty = —S’. We put
(9718) vy = [F,+ TL] € H, (Fb)

Since the homology class of the boundary 8I'" = S™ in X3<0> is & =
[7]+ (G %<0>), it is mapped to [7]«(Tg) by the isomorphism H,_, (X3<0)) =
Hy—y (X9) induced from (6.1). By the definition of e (cf. (9.7.13)), we have
[]1.(T%) = GY+e Since I' is contained in ¢35 (K,<0)), we see from Corol-

lary 6.2 that

(9.7.19) —[r=- ([y].(3Y ®1) = =L (GLO1) — ¥ (¢® 1).

On the other hand, we have 8<0> = —¥® (g§ ® 1) because of Proposition
7.2. Combining this with (9.7.16)-(9.7.19), we obtain

‘U, = [T]*(_éj(\)r<0>>_-_1(\)r<0> = —Wbo (€®1)+[F,+Tl] = ”Wbo (e®1)+’l)z

We shall express v, = [+ Ty] € H,(F) in terms of ¥;°, and show that
the expression is of the form (9.75). For g = —1, —2,..,—d+2, let T, de-
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note the restriction of Ti to the sub-path z<¢> of {’, and let T(—s+1 denote the
restriction of T} to the ending piece & {—d+1) of {’. Since the restriction of

Ti to (02 <v>) ' is contained in 0= F; for all v, we have

(9-7-20) w=[["+Td=["1+[Tp] + [T(—Z)] +e+ [Tcasn] in Hy (Fy,00Fy).
We define w € Hy—1(X7) to be the image of the homology class
(0] = [S'] € H,-1 (X7407)

by the isomorphism Hy_; (X$<0)) = H,-,(X§) induced from (6.1). Since I is
contained in ¢5'(K;<0>), we see from Corollary 6.2 that

(9.7.21) M=o (wel).

The continuous map Ti-g+n : CS™ ' — ¢3! (K,{—d+ 1)) represents a thimble
for [Ex{—d+1>] over the path & {—d+1), which is either O([EF]) {—d+ 1>
or —0([Ex]){—d+1). Therefore we have

(9.7.22)
[Tearn] = £ 0 ([EF]D) (—d+D=£g"6 ([&r]) 0> =£4*v"

For ¢ = —1,..,—d+2, the boundary of the n-chain T, : IX S" ! — ¢3! (Kp>)
is of the form — S,+ S,. where S, and S, are continuous maps from S”! to

X7<{u>. Their homology classes are related by

[Su] = [#=w]«([S]) in He (Xplw).

By Theorem L1(2) in 84, the difference
0[Tw] =[S — [S] = ([ew].—1) [SJ]

is a multiple of the homology class of a vanishing cycle in X5 <> for [& <] ;
that is, it is written as a, @ [EF] {¢> by some integer a,. The class @ [&x] {w>
is mapped to @ [EX] by the isomorphism Hy—; (X7 <)) = H,—1 (X3) induced
from (6.1). Since 7<w> (I) € K{w>, T is contained in ¢ (Ky<p>). There-
fore, we see from Corollary 6.2 that

(9.7.23) [Tw] = a, T (TIER]I®¢*) = —a, ¢ 0 ([ER]1) 0> = —au-¢* v
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Combining (9.7.20) - (9.7.23), we get
v =T (w® 1) — (£ g9t a_gp2q @2+ tapg?tag?) - v,

and hence we get (9.75). [

from a0’

>———  pRO :

i 3 a0
(=D i '\\ (s5(—=1)1
| fapt D i A
CpR-D ; r(—2>'\ (0p(=2))7"
s a(—2) | :

~ . ‘ ! :
A
Lpii—d+2) | § r<—d+2)@\\
s aR(—d+2) | ~

L o —dt+D | f (65t—d+1)!
i fap(—d+1 \

; ! { EN{—d+D

the path £7(Q) the path ¢

Figure 11

Again, by Remarks 9.2.2 and 9.2.3, we get the following :

Corollary 9.7.1. Let 7 and 7’ be simple loops around D with the base point
b and V', respectively. Let & be a path from b to b’ in U such that [a] 7' [7'] [a]
= [y] holds in 1 (U,b). Then we have a congruence (v[7']1,v [7']) =[al« (1],
v [7]) modulo U(Zlq, ¢7*1) in Hy(Fy,00Fy) X Hy(Fy, 0Fy). [J
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§10. Irreducibility of the Monodromy Representation
Let b be a base point of U. In this section, we deal with the vector space

Hy (Fb) ® Zlg,q-1] Q ((I)

over the quotient field Q () of Z[g, ¢7']. For brevity, we denote this space by

H,(F;) ® Q(g). Let Q(g) be the algebraic closure of @(g). A representation
on Hy(F5) ® Q(g) is said to be absolutely irreducible if the induced representa-

tion on Hy, (F;) ® Q(g) is also irreducible. The purpose of this section is to
prove the following :

Irreducibility Theorem. The monodromy representation of m (U, b) on
Hy,(Fy) ® Q(q) is absolutely irreducible.

Proof. First remark that the natural isomorphisms in Corollary 6.4 enable
us to apply Theorems 9.2.1 and 9.2.2 to the representation of m; (4, b) on
H,(Fy) ® Q(g). In particular, we can consider the homology class v[7] and its
dual v"[7] as elements of H, (F3) ® Q(g) for any simple loop 7 around Do or
Des.

Let x be an arbitrary non-zero element of H, (F,) ® Q(g), and let M be the

smallest Q(g) [, (U, b)]-submodule of H,(F;) ® Q(g) containing x. We have
to show that M coincides with the total space. For this purpose, it suffices to
prove that M contains an element v [y] € H, (F;) , where 7 is a simple loop
around 9,, because of Theorem 9.5.1.

We consider the vector space I' = I'(P*, 6 (d)) as an affine part of a pro-
jective space P/ and let # be the hyperplane P#™\I"  Then % is the com-
plement to the reducible projective hypersurface 50 U9.U #, where @0 and D..
denote the closures of Py and %=, respectively. Hence, Zariski’s hyperplane
section theorem ([14], [7]) implies that 7, (U, b) is generated by the homotopy
classes of simple loops around %, and P.. In particular, the generater ¢ €
71 (U, b) of the kernel of the natural homomorphism 7, (%) — 7, (U) is written
as a product

[rd® - [rd® o0 - [l %,

where each 7; is a simple loop around %o or D=, and G; is = 1. By Proposition
1.1, we have
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(1) = gx # &

Hence there exists at least one element among [71]...,[7x], say [7:], such that
[yJ+(x) # x. By Theorems 9.2.1 and 9.2.2, we have

[rd«(x) —x=a- ovlrl],

where a is a non-zero element of Q(g). Hence we have

Therefore, if 7; is a simple loop around %Y, the proof is completed.

Now suppose that 7; is a simple loop around P«. Let 7; be a simple loop
around P. as the one given at the beginning of §9.6 associated with a data (4,

¢, b, A). We can assume that the base point b” of the loop 7/ satisfies the fol-
lowing :

(10.2) b €Uy C Uy
By Proposition 9.1.1, there is a path & : I— U from b to b such that

(10.3) [7] = lal 7 y]la]l in (%, b).

By Proposition 9.6.1 (1), we can write Cr () = {p () ,..px ()} for u €
A\{d), where p (u) ,...pv (u) are holomorphic functions on A\{c}. By Proposi-
tion 9.6.1(2), there is one and only one function among them, say DN (), which

has a pole at u = ¢. Let [&¥] € [Py (ap, pv (b"))] be the unique homotopy
class of paths characterized by the property of being represented by a path &y

such that
(10.4) & (I) < D% N Ky

where Dg := {z€ C U {00} ; |z] = |pw (»")]}. This homotopy class is the one
appeared in Proposition 9.7.2. Hence we can write v[7;] in the form

v[T;] =T (e®1) +¥7 (w®1)
(10.5) + U (G LER] ® (£ ¢4 + acguag ™2+ +a1q?))
€ H,(Fy, 0oFy)

by some ¢ € H,_, (X$), some wE H, ; (X3) and some integers a—r,...a—gsz
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Consider the element
oly] == A—g@oly/] € Ho(Fy).

Here we have used (6.16). By Lemma 6.1, we can write (1—¢) ¥ (¢® 1) €
Hy (Fy) as @Y (e ® g+ ¢ ® 1) by some e,e0 € Ho—y (X3). Putting this into
(10.5), we see that 9711 is written in the form

(106) T (a1 ® gtrap® 1+a-; ® g '+ +a_gs2 ® ¢72E G [EF] ® g9,
where ai....,Q—q+2 are certain elements of Hy—1(X7).

Let A} be the path from ay = 7 to py (b’) given by
(10.7) ) == A—=pr+ ¢ pw(d).

By (10.2) and Lemma 9.5.1, A% is an element of %y (a¥, pv(b")). By (10.2) and
Proposition 9.5.1, there is a simple loop B’ around @, with the base point b’
such that

10.8) v [B1 = 6N = - (T[] ® 1) in H,(Fy, 0:Fy).

Here we have used Proposition 7.2. (Note that [A%] is represented by a path
contained in Ky by Lemma 9.5.1.) We shall prove that

(10.9) 871+ (oly 1) # alri].

Note that since 9[7;] € H,(Fy) € H,(Fy, 0-Fy), we can apply Theorem 9.2.1
to the calculation of [87]+(5[77]1). By Theorem 9.2.1, in order to prove (10.9),
it is enough to show that (#[y/], v"[87])o is not zero. By (10.8), the Laurent
polynomial (#[7/]1, v"[B])¢ is congruent with (#[77], 6 ([2%]) €0Y) o modulo
U(Zlg ¢7'1). Using the descriptions (10.6) of 5[y/] and (10.8) of 8 ([%]) <0,
and applying the formula (8.2), we see that the coefficient of g ¢*!

rent polynomial (#[71], 6 ([2%])<0Y), is the integer

in the Lau-

(10.10) '
£ (G ER]1®1), WP (o (AT ®1)>==% (8 ([Ex]) 0>, 6 ([A%]) <0))..
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By (10.4) and (10.7), the paths £y and A% have a common ending point py (4")
as their only intersection point. Hence Lemma 8.2 implies that the integer
(10.10) is =£1. Thus (10.9) is proved.

Now we put 8 := a™'f’a, which is a simple loop around P, with the base
point b. We also set

o[yl == Q=9gln] € () N M

(Recall the relation (10.1).) From (10.3), we have o[y] = [als* (#[y/]) by
Corollary 9.7.1. Therefore (10.9) implies that

(81« (5[y:]) # olrd.
This implies »[8] € M. [
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