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Introduction

§0. Statement of Main Results

The goal of this paper is to present a theory of r-pointed stable curves of
genus ¢ over p-adic schemes (for p odd), which, on the one hand, generalizes
the Serre-Tate theory of ordinary elliptic curves to the hyperbolic case (i.e., 29
—2+72>1), and, on the other hand, generalizes the complex uniformization
theory of hyperbolic Riemann surfaces (reviewed in §1 of this introductory
Chapter) due to Ahlfors, Bers, et al. to the p-adic case. We begin by setting up
the necessary algebraic machinery: that is, the language of indigenous bundles
(due to Gunning, although we rephrase Gunning's results in a more algebraic
form). An indigenous bundle is a P*-bundle over a curve, together with a con-
nection, that satisfy certain properties. One may think of an indigenous bundle
as an algebraic way of encoding uniformization data for a curve. We then
study the p-curvature of indigenous bundles in characteristic p, and show that a
generic r-pointed stable curve of genus ¢ has a finite, nonzero number of dis-
tinguished indigenous bundles (P, Vp). which are characterized by the following
two properties:

(1) the p-curvature of (P, Vp) is nilpotent;
(2) the space of indigenous bundles with nilpotent p-curvature is étale
over the moduli stack of curves at (P, Vs).

We call such (P, V) nilpotent and ordinary, and we call curves ordinary if they -
admit at least one such nilpotent. ordinary indigenous bundle. If a curve is
ordinary, then choosing any one of the finite number of nilpotent, ordinary in-
digenous bundles on the curve completely determines the “uniformization theory
of the curve”—to be described in the following paragraphs. Because of this, we
refer to this choice as the choice of a p-adic quasiconformal equivalence class to
which the curve belongs.

After studying various basic properties of ordinary curves and ordinary
indigenous bundles in characteristic p. we then consider the p-adic theory. Let

Jﬁg,r be the moduli stack of r-pointed stable curves of genhs g over Z,. Then

we show that there exists a canonical p-adic (nonempty) formal stack Ng¥
together with an étale morphism
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A7ord 7
NoF — Mgy

such that modulo p, /g% is the moduli stack of ordinary r-pointed curves of
genus ¢, together with a choice of p-adic quasiconformal equivalence class.

Moreover, the generic degree of N9 over My, is >1 (as long as 29 —2+r>1

and p is sufficiently large). It is over ./\7;’,5" that most of our theory will take

place. Our first main result is the following:

Theorem 0.1. Let €'°%— (N30 (where the “log” refers to canomical log
stack structures) be the tautological ovdinary r-pointed stable curve of genus g.

Then there exists a canonical Frobenius lifting @98 on (N95)'°%, together with a

canonical indigenous bundle (P, Vp) on €'°%. Moreover, % and (P, Vp) are
whiquely characterized by the fact (P, Vp) is “Frobenius invaviant” (in some suitable

- 1
sense) with respect to D%,

Moveover, theve is an open p-adic formal substack €"* S ¥ of “ordinary points”
of the curve. The open formal substack €°C € is dense in every fiber of € over

o Also, theve is a unique canonical Frobenius lifting
(Dlgog : (glog) ord __, ((glog) ord

which is ©%-linear and compatible with the Hodge section of the canowical indige-
nous bundle (P, Vp). Finally, ®¥% and ®'%% have various functoriality properties.
such as functoriality with respect to “log admissible coverings of €'°%" and with ve-

spect to vestriction to the boundary of Mg,,.

This Theorem is an amalgamation of Theorem 2.8 of Chapter III and Theorem
2.6 of Chapter V. In some sense all other results in this paper are formal con-
sequences of the above Theorem. For instance,

Corollary 0.2. The Frobenius lifting ®°% allows ome to define canonical
affine local coordinates on My, at an ordinary point o valued in k, a perfect field of
chavacteristic p. These coordinates ave well-defined as soon as one chooses a quasi-

conformal equivalence class to which & belongs. Also. at a point a € My, (k) corres-
ponding to a totally degenevate curve, (I)j‘?g defines canonical multiplicative local coor-

dinates.

This Corollary follows from Chapter III, Theorem 3.8 and Definition 3.13.
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Let a€N3P(A), where A=W (k), the ring of Witt vectors with coefficients

in a perfect field of characteristic p. If a corresponds to a morphism Spec
(A)— N which is Frobenius equivariant (with respect to the natural Frobenius

on A and the Frobenius lifting ®°® on N9) . then we call the curve corre-

sponding to & canonical. Let K be the quotient field of A. Let GL§ (—) be the
group scheme which is the quotient of GLz(—) by {1}

Theorem 0.3. Once one fixes a k-valued oy of N3%, theve is a unique canon-

ical a € N (A) that lifts a. Moveover, if a curve X' — Spec (4) is canonical,
it adwmits

(1) A canonical dual crystalline (in the sense of [Falt], §2) Galois repre-
sentation 0 : w1 (Xx) — GLF (Zy) (which satisfies certain properties);

(2) A canonical log p-divisible group G'% (up to {1} on X'°® whose
Tate module defines the vepresentation O;

(3) A canomical Frobemius lifting @Y% (X'°8)°Td— (X108) 0™ gypp the
ordinary locus (which satisfies certain properties).

Moreover, if a lifting X'°® — Spec (A) of o has any one of these objects (1) through
(3) (satisfying various properties) . then it is canonical.

This Theorem results from Chapter III, Theorem 3.2, Corollary 3.4; Chapter IV,
Theorem 1.1, Theorem 1.6, Definition 2.2, Proposition 2.3, Theorem 4.17.

The case of curves with ordinary reduction modulo p which are not canon-
ical is more complicated. Let us consider the universal case. Thus, let S'°¢=
(Ngrd)tog. |et flog: xlo8 — S92 1o the universal #-pointed stable curve of genus g.
Let T'°8 — S'°¢ he the finite covering (log étale in characteristic zero) which is
the Frobenius lifting ®°® of Theorem 0.1. Let P'*® — S'® be the inverse limit
of the coverings of S'°¢ which are iterates of the Frobenius lifting ®'%%. Let

X108 = X198 X 510gT'%8; X098 = X'°8 X g0 P'°%. We would like to consider the arith-
metic fundamental groups

def def
L= ((X9)q,); Mo=m((X2)q,)

Unlike the case of canonical curves, we do not get a canonical Galois repre-

sentation of II; into GLj (Z,). Instead, we have the following

Theorem 0.4. There is a canonical Galois representation
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O © I, — GL% (Zp)

Moreover, the obstruction to extending P to Il is nonirivial and is measured precise-
ly by the extent to which the canownical affine coordinates (of Corollary 0.2) are non-

zevo.  Also, there is a ring D™ with a continuous action of 7, (Ta’:) such that we
have a canonical dual crystalline representation

01 II,—GL? (@gal)

(ie., this is a twisted homomorphism, with respect to the action of Iy (acting
through (ng)) on D). Finally, the ving D has an augmentation D5 — Z,
which is Hw-equivariant (for the trivial action on Zy) and which is such that after
restricting to llw, and base changing by means of this augmentation, Oy reduces o
Ooo.

This follows from Chapter V, Theorems 1.4 and 1.7.

All along, we note that when one specializes the theory to the case of ellip-
tic curves, one recovers the familiar classical theory ot Serre-Tate. For in-
stance, the definitions of “ordinary curves” and “canonical liftings” specialize to
the objects with the same names in Serre-Tate theory. The p-adic canonical
coordinates on the moduli stack J,, (Corollary 0.2) specialize to the
Serre-Tate parameter. The Galois obstruction to extending .. to a representa-
tion of II; specializes to the obstruction to splitting the well-known exact se-
quence of Galois modules that the p-adic Tate module of an ordinary elliptic
curve fits into.

For more detailed accounts of the results in each Chapter, we refer to the
introductory sections at the beginnings of each of the Chapters. In the rest of
this introductory Chapter, we explain the relationship between the p-adic case
and the classically known complex case.

Acknowled gements: 1 would like to thank Prof. Barry Mazur of Harvard Uni-
versity for providing the stimulating environment (during the Spring of 1994)
in which this paper was written. Also, I would like to thank both Prof.
Mazur and Prof. Yasutaka Thara (of RIMS, Kyoto University) for their efforts
in assisting me to publish this paper, and for permitting me to hold lecture
series at Harvard (Spring of 1994) and RIMS (Fall of 1994), respectively, dur-
ing which I discussed the contents of this paper. Finally, I would like to thank
Prof. Thara for informing me of the theory of [Ih], [Ih2], [Ih3], and [Ih4].
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This theory anticipates many aspects of the theory of the present paper
(especially, the discussion of Frobenius liftings and pseudo-correspondences in
Chapters III and IV). On the other hand, the techniques and point of view of
Prof. Thara's theory differ substantially from those of the present paper.
Moreover, from a rigorous, mathematical point of view, the main results of Prof.
Thara's theory neither imply nor are implied by the main results of the present
paper. However, it is the author’s subjective opinion that philosophically, the
motivation behind Prof. IThara's theory was much the same as that of the au-
thor's.

§1. Review of the Complex Theory

In order to explain the meaning of the main results of this paper, it is first
necessary to review the complex theory of uniformization in a fashion that
makes the generalization to finite primes more natural. This is the goal of the
present Section. Since all of the material is “standard” and “well-known", we
shall, of course, omit proofs, instead citing references for major results. We
shall say that a Riemann surface X is of finite type if it can be obtained by re-
moving a finite number of points py,..., p» from a compact Riemann surface Y of
genus 9. Note that in this case, ¥ and {p1,..., p,} are uniquely determined up
to isomorphism. We shall say that the Riemann surface of finite type X is
hyperbolic (respectively, parabolic; elliptic) if 29 —2+r=1 (respectively, 29 —2+7r
=0; 29 —2+7<0). In this paper, we shall be concerned exclusively with
Riemann surfaces of finite type (and their uniformizations). This is because it
is precisely these Riemann surfaces which correspond to algebraic objects.
Also, we shall mainly be concerned with the hyperbolic case, since this is the
most difficult. Indeed, from the point of view of the theory of uniformization
and moduli, the elliptic case is completely trivial, and the parabolic case
(although nontrivial) is relatively easy and explicit.

In some sense, the theme of our review of the classical complex theory is
that in most cases, there are two ways to approach results: the “classical” and
the “quasiconformal”. Typically, the classical approach was known earlier, and
is more geometric and intuitive. On the other hand, the classical approach has
the drawback of producing theories and results that are only real analytic,
rather than holomorphic in nature. By contrast the quasiconformal approach,
which was pioneered by Ahlfors and Bers, tends to give rise to holomorphic
structures and results naturally. It is thus natural that the connection between
the “quasiconformal approach” and the p-adic theory should be much more natu-
ral and transparent.
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Beltrami Differentials

Let X be a Riemann surface (not necessarily of finite type). Let us consid-
er the complex line bundle tx@ @x on X, where @x is the complex conjugate
bundle to the canonical bundle wx, and 7x is the tangent bundle. Note that if s
is a section of Tx&d@x over X, then we can consider its L®~norm NS ”m since the
transition functions of 7x&@@x have complex absolute value 1. A Beltrami dif-
ferential 1 on X is a measurable section of the line bundle

xRy
such that | z]l.<1.

Why the bundle tx&@@x ? The reason is that this bundle is closely con-
nected with the moduli of the Riemann surface X. Indeed, let us consider an
arbitrary € section y# of x@ @x. Now since 7x has the structure of a holo-
morphic line bundle, we have a 0 operator on Tx. If we look at global €~ sec-
tions, this gives us a complex

€= (X, %) > 6= (X, 1xQady)

which computes the analytic cohomology of 7x. If X is, for instance, compact,
then this analytic cohomology coincides with the cohomology in the Zariski
topology of the algebraic tangent bundle. Thus, for X compact and hyperbolic,
the above complex has cohomology groups H®=0, and H'=H' (X, 7x), which is
well-known to be the space of infinitesimal deformations of X. Moreover, if X
is compact of genus g =2, and J, is the moduli stack of curves of genus ¢, then
H' (X, tx) is precisely the tangent space to ./, at the point defined by X.

At any rate, (for X arbitrary) we have a natural surjection
&~ (X, xQay) — H* (X, 7x)
Thus, the image of g under this surjection defines an infinitesimal deformation
of the complex structure of X. This establishes the relationship between sec-
tions of

TX®CUX

and the moduli of X. The reason for considering measurable, rather than just
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%>, sections is that it is easier to obtain solutions to a certain differential equa-
tion, the Beltrami equation, when one works in this greater generality.

The Beltrami Equation

Having established the relationship between sections of 7x & @x and in-
finitesimal deformations, we now would like to integrate —i.e., to “give a reci-
procity law” —that assigns to a section ¢ of 7x&®@x not just an infinitesimal de-
formation of X, but an actual new Riemann surface, i.e., a new complex structure
on the topological manifold underlying X. To do this, we consider the Beltrami
equation

of=u - of

which we regard as a differential equation in the unknown function f. It is a
nontrivial result (proven, for instance, in [Lehto2] ) that when g is a Beltrami
differential, there exist local L? solutions f to the Beltrami equation that are
homeomorphisms (where they are defined). Such functions f are called quasi-
conformal (with dilatation g). 1f f and ¢ (defined on some open set US X) are
both quasiconformal with the same dilatation f, then it is easy to see that 0 ap-
plied to f+ g7* (in the distributional sense) is zero. That is, f=h' ¢ for some
biholomorphic function #. Thus, up to composition with a biholomorphic func-
tion, quasiconformal solutions to the Beltrami equation are unique.

With these observations, we can define a new complex structure on X
associated to a Beltrami differential ¢ as follows. Let us call the resulting
Riemann surface X, Thus, the underlying topological manifold of X, is the
same as that of X. On an open set US X, we take a local quasiconformal func-
tion f of dilatation g, and define it to be a holomorphic function on X,. By the
essential uniqueness of solutions to the Beltrami equation, everything is
well-defined, and so we obtain a new global Riemann surface X,. Thus, the
assignment

u— X,
is the fundamental “reciprocity law” that we are looking for.
The Series Expansion of a Quasiconformal Function
In order to really understand the Beltrami equation, it is useful to look at

the explicit representation of its solutions as series “in #” (as in [Lehto], pp.
25-27). We begin by considering Cauchy's integral formula:
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Fle) ==L F(0dl lff fgd&zyz

2niJop (—2z

for a function f with L* derivatives on an open disk D in the complex plane.
Thus, if f (and its L' derivatives) are defined on all of C, and f(z) — 0 as z—
©o, then we obtain

fz) =Taof

where T is the operator on 6~ functions @ with compact support given by

(Tw) (2) = 1ff—i”—5‘i’i

Put another way. (from the point of view of the theory of pseudodifferential

operators) T is the parametrix for the elliptic differential operator 8. If we de-
fine the Hilbert transformation 11 by

o) =L f [ @l0stn

—z)?

then we obtain that 8T =H. Also, it can be shown that @ and 0 commute with
both T and H.

Now let us suppose that g is a Beltrami differential on C (say, with com-
pact support), and that f is quasiconformal on C with dilatation z#. Then f is
holomorphic at infinity, and so, after normalization, in a neighborhood of infinity,
it looks like

flz) =z+ Z buz™"

n=1
for some b,€C. Thus, f(z) —z goes to 0 as z— ©°, so we obtain that

of (2) =14+0{f(z) —2}
=14+0T0{f(z) —z}
=1+H0f (z)

Thus, since of=g - 8f, it follows that

of=p+p - Hof
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This integral equation has the formal solution

of =E (# -H'u
120
which converges in L? because

(1) it can be shown that H extends to an isometry LZ—L%
(2) since g is a Beltrami differential, ||¢[le <1 (which thus explains
this part of the definition of a Beltrami differential).

Thus, applying the operator T, we get the series solution

£(2) :Z+T<Z (4 H) '

120
to the Beltrami equation.

From our point of view, this series solution has two important conse-
quences. First of all, the set of all possible g clearly forms an open subset of a
(rather large) complex vector space (i.e., the space of measurable sections of 7
@ a@x). Thus, relative to the complex structure of this complex vector space,
the series solution makes it clear that f depends holomorphically on y. Second, it
computes the infinitesimal change in f as g varies to first order. Namely, this

def
term is given by =T (¢). Note that
0=y

It turns out that this result—that 0 applied to the infinitesimal change ¢ in the
solution to the Beltrami equation gives us back g¢—holds for arbitrary Beltrami
differentials g (See, e.g., [Gard], p. 72).

The reason why this observation is interesting is as follows. Suppose, for
simplicity, that g is €. Let U be an open covering of X such that the intersec-
tion of any finite collection of open sets in 9 is Stein. Then by considering the
standard isomorphism between the Cech cohomology (with respect to ) and
the 5-cohomology of 7x, it thus follows that the infinitesimal deformation X..,
(where € is “small”) in the complex structure of X given by solving the Beltra-
mi equation is precisely the same as the infinitesimal deformation given by map-
ping ¢ to H* (X, tx) via the surjection

€= (X, txQax)—H (X, Tx)
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considered previously. This completes the justification of the claim that the
assignment g+ X, is an “integrated version” of the “infinitesimal reciprocity

”

law

8~ (X, txQax) —H' (X, tx)

that follows just from the definition of the 5—cohomology of 7x.

Uniformization of Hyperbolic Riemann Surfaces

Let X be a hyperbolic Riemann surface. Let X be its universal covering

space. Thus, X inherits a natural complex structure from X. Then one of the
most basic results in the field is that we have an isomorphism of Riemann sur-
faces

where H is the upper half plane. By considering the covering transformations
of H—X, we get a homomorphism (well-defined up to conjugation)

o: w1 (X)—Aut (H) SPSL; (R)
which we call the canonical representation of X.

There are (at least) two ways to prove this result. The first approach is
the classical approach, and goes back to Koebe's work in the early twentieth

century. It involves considering Green's functions G(—, —) on X. There is an
intrinsic, a priori definition of Green’s functions, which is not important for us

here. A posteriori, that is, once one knows that X=H, we can pull-back the
hyperbolic metric

dx*+dy®
2

%
on H to X, so that we obtain a hyperbolic distance function of X. Then G (z, y)
(for =, y €X) is given by the logarithm of the hyperbolic distance between x

and y. One can find a detailed exposition of this approach in [FK].

The second approach (which is more relevant to the p-adic case) is the
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approach of Bers ([Bers]). Suppose that X is obtained by removing 7 points
from a compact Riemann surface Y of genus g. Then one first observes that
there exists a Riemann surface X’ which is obtained by removing 7 points from

a compact Riemann surface of genus g and whose universal covering space X is
isomorphic to H. Then one constructs (from purely elementary considerations)
a quasiconformal homeomorphism X'=X. This quasiconformal homeomorphism

defines a Beltrami differential # on X', which we can pull back to X' =H to
obtain a Beltrami differential gy on H. By reflection, one extends ty to a Bel-
trami differential Z on C. Then we solve the Beltrami equation for & on C so
that we obtain a quasiconformal homeomorphism

f;:€C—C

which goes to infinity at infinity. Let I'" be the group of Mobius transforma-

tion of H defined by the covering transformations of X' over X’. Thus, H/I''=
X'. Then it follows from the uniqueness of solutions to the Beltrami equation
that

def

F::fﬂr I";jEl

forms a group of Mébius transformation of C. Moreover, from the reflection
symmetry of f, it follows that f; preserves the real axis, and hence so does I'.
It thus follows that H/I" is a Riemann surface of finite type, and, by the defini-
tion of 4, that H/T=X. This completes the proof.

It turns out that it is this approach of uniformizing a single Riemann sur-
face (for each g. 7) and then “parallel transporting” the result over the rest of
the moduli space that will carry over to the p-adic case.

Uniformization of Moduli Stacks of Hyperbolic Riemann Surfaces

Let Mg, be the moduli stack of »-pointed smooth algebraic curves of genus
g over C. Let ﬂg,, be its universal covering space. Then the problem of uni-
formization of moduli is to give an explicit representation of ﬂg,r. From the
point of view of the Beltrami equation, this amounts to finding a small,
finite-dimensional subspace T of the space of Beltrami differentials g such that
the assignment g — X, defines a covering space map T — My,

We begin by fixing a “base point” of M, which corresponds to a hyperbo-
lic Riemann surface X. Let 4 (X) be the space of Beltrami differentials on X.
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Let @ be the space of holomorphic quadratic differentials on X with at most sim-
ple poles at the punctured points. Then there are two approaches to defining
morphisms from open subsets of @ into spaces of Beltrami differentials. The
first approach is that of Teichmiiller. In this approach, if ¢ € Q, we define a
norm

161= [ 14l

Let V< Q be the set of ¢ with ||¢]<1. Then Teichmiller's uniformization
map, for (nonzero) €V, is given by

6= m= U9l 1 fr

where ¢ € I' (X, @%?) is the complex conjugate of ¢. It is easy to see that
defines a Beltrami differential on X. Thus, we get a morphism V— M (X). If
we compose ¢ > yg with g—X,, we get a morphism

V— My,

The main result of Teichmiiller theory (see, e.g., [Gard], Chapter 6) is that this

morphism induces an isomorphism of V' onto ﬂg,,. One advantage of this
approach is that it admits a very satisfying geometric interpretation in terms of
a foliation on X induced by ¢ and deforming X into X,, by deforming a canoni-
cal coordinate arising from the foliation. The main disadvantage of this
approach from our point of view, however, is that the morphism @y, is nei-
ther holomorphic nor anti-holomorphic. Thus, it seems hopeless to try to find
an algebraic version of Teichmiiller's map.

On the other hand, Bers’ approach is as follows. Since we now know that
X can be uniformized by the upper half plane, let vx be the hyperbolic volume
element on X induced by the hyperbolic volume element

_dx/Ndy
VH— 2

Y

on the upper half plane. Let X° be the conjugate Riemann surface to X. That is,
the underlying topological manifold of X¢ is the same as that of X, but the holo-
morphic functions on X¢ are exactly the anti-holomorphic functions on X. Sup-
pose that &€ Q. Then by conjugating the “input variable,” we obtain that ¢ de-
fines a section ¢¢ of @S%. Now define
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def __2 c
Ue =

Vye

Then for some appropriate (see [Gard], pp. 100-104) open set VEQ, this g
defines a Beltrami differential on X°. Integrating, we get a Riemann surface Xj.
Then the assignment @¢— X}, defines a morphism

vV — M.,

”

where the superscript “c¢” denotes the conjugate complex manifold. This
morphism induces an isomorphism of V onto J?/Zﬁ,y (IGard], p. 101). The impor-
tant thing here is that the correspondence @y is holomorphic. Since u—Xj is

always holomorphic, it thus follows that the isomorphism V= ﬂ;,, is biholomor-
phic. Put another way, we have a holomorphic embedding

B:M,, — Q°

which is called the Bers embedding. This embedding will be central to our en-
tire treatment of the complex theory, and its p-adic analogue will be central to
our treatment of the p-adic theory.

Quasidisks and the Bers Embedding

One can also define the Bers embedding in terms of Bers' simultaneous uni-
formization and Schwarzian derivatives. For details, see [Gard], pp. 100-101.
To do this, we fix an isomorphism of X with H. Let H be the lower half plane.
Thus, if H uniformizes X, then H® naturally uniformizes X°. Let I' be the group
of Mobius transformiations of C which are the covering transformations for H=
X— X. Then we may think of the space Jf (X¢) of Beltrami differentials on
X¢ as the space of Beltrami differentials on H® which are invariant under I.
Let g€ M (X%). Let f C— C be the unique quasiconformal homeomorphism
which fixes 0 and 1, goes to infinity at infinity, has Beltrami coefficient ¢ on H®
and is conformal on H. Let I'*=s#- T'> (f*)~! Then it follows from the u-
niqueness of solutions to the Beltrami equation that I'# forms a group of Mébius
transformations of C. Moreover, we have conformal isomorphisms

fH)/Te=Xg f“H)/T*=X

1t follows that if we take the Schwarzian derivative of the conformal “quasidisk”
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embedding
fHaH < C

we get a I' -invariant quadratic differential on H, hence a quadratic differential
¢ (with at most simple poles at the punctures) on X. The content of the Lemma
of Ahlfors-Weill ([Gard], p. 100) is that the assignment:

Xpr ¢

is equal to B ~§,y C— Q. On the one hand. this description of the Bers embed-
ding is geometrically more satisfying than the definition given in the previous
subsection, but it has the disadvantage that it obscures the relationship between
the hyperbolic and parabolic cases. So far we have been mainly discussing the
hyperbolic case, but we shall discuss the parabolic case later.

The Infinitesimal Form of the Modular Uniformizations

Often it is useful to express modular uniformizations in their infinitesimal
form, as metrics. On the one hand, the global uniformizations can always be
essentially recovered by integrating the metrics, and on the other hand, metrics,
being local in nature, can often be studied more easily.

In the Teichmiiller case, if K is defined by

Iol=%7

then one obtains a distance function on /%,,, given by
1
d <1Y, Xﬂa) ""Elog (K)

which turns out to be equal to the general hyperbolic distance introduced by
Kobayashi for an arbitrary hyperbolic complex manifold (see [Gard], Chapter
7, for an exposition). The infinitesimal form of this distance is given by the

norm | ¢ ||=L | ¢ | on quadratic differentials (see [Royd]).

We shall be more interested in the case of the Bers embedding

B:M,, — Q°
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By using the hyperbolic volume form vx on X, we obtain the Weil~-Petersson inner
product:

o= [L

X Ux

for ¢, $€Q. It is a result of Weil and Ahlfors that the resulting metric, called
the Weil-Petersson metvic on M, is Kahler. Moreover, if we differentiate B, we
get at X, a map on tangent spaces

aB: QY — Q"

whose inverse is exactly the morphism Q°— Q" defined by the Weil-Petersson
inner product. Finally, the coordinates obtained from the Bers embedding are
canowical coovdinates for the Weil-Petersson metric ([Royd]). (We shall review
the general theory of canonical coordinates associated to a real analytic Kahler
metric in §2.)

It turns out that it is precisely the p-adic analogue of the Weil-Petersson
metric that will play a central role in this paper.

Coordinates of Degeneration

While the Bers coordinates are useful for understanding what happens in
the interior of My, they are not so useful for understanding what happens as
one goes out to the boundary, that is, as the Riemann surface degenerates to a
Riemann surface with nodes. To study this sort of degeneration, one fixes a
decomposition of the Riemann surface into “pants”, which are topologically
equivalent to an open disk with two smaller disks in the interior removed. For
a detailed description of the theory of pants and the coordinates they define, we
refer to [Abikoff] , Chapter 2. In summary, what happens is the following.
Let X be a hyperbolic Riemann surface (of genus g with 7 punctures), with a
decomposition into pants. We shall call the curves on X which occur in the
boundary of the pants partition curves. There are exactly 3¢ — 3 +r partition
curves, a,..., (3, s, We assume that this decomposition is “maximal” in the
sense that each partition curve is a simple closed geodesic (in the hyperbolic
metric on X). Then it turns out that the isomorphism class of X as a Riemann
surface is completely determined by 3¢ —3-++ complex numbers {,=1, ¢’ (i=1,
... 3¢ —3+47), one for each partition curve. Basically I, describes the cir-
cumference of the partition curve a,, while #, describes the angle of twisting in-
volved in gluing together the boundary curves of two neighboring pants to form
o;. These coordinates {, are called the Fenchel-Nielsen coordinates of X. The
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degeneration corresponding to pinching a; to a node is given by /;— 0. This
degeneration respects the hyperbolic metrics involved: that is, if a family of
smooth X; degenerates to a nodal Riemann surface Z, then the hyperbolic met-
rics on the X; degenerate to the hyperbolic metric on Z (given by taking the
hyperbolic metric on the smooth subsurface of Z which is the complement of the
nodes). Thus, the Fenchel-Nielsen coordinates have the virtue of admitting a
very satisfying differential-geometric description (as just summarized), but the
disadvantage of not being holomorphic.

On the other hand, one can define holomorphic coordinates (as in [Wolp]),
as follows. Recall the quasidisk description of the Bers embedding. Thus, we
had a ¢ € M (X°), and a quasiconformal homeomorphism f*: C— C, together
with a new group of Mobius transformations I™“. Then each a, defines (by
integration) an element 4;€1™“. Up to conjugation, A4, is of the form z — m; * z
for some m; €C with |m,|>1. This complex number m, is uniquely defined.
Then the coordinates

XS (ma, ... mag_ser)

are holomorphic in p. In [Wolp] . the relationship between these coordinates
and the Bers coordinates is studied. In these coordinates, the degeneration of

X5 corresponding to the case where the partition curve «, is pinched to a node
is given by m,— 1. It turns out that these coordinates are probably the best
complex analogue to the “multiplicative parameters at infinity” that we construct
in the p-adic case.

The Parabolic Case

So far we have mainly been discussing the case of hyperbolic Riemann sur-
faces, since this case is by far the most interesting. However, often it is very
difficult to make explicit computations for hyperbolic Riemann surfaces. Thus,
mn order to get one's bearings, it is sometimes useful to consider the analogous
constructions in the parabolic case, where explicit computations are much easier
to carry out. Let X be a parabolic Riemann surface. Then X is either compact
of genus 1, or it is isomorphic to the projective line minus two points. We
shall mainly be interested in the compact case, where there are nontrivial mod-
uli.

Thus, let X be compact of genus 1. Then one can carry out Teichmiiller
theory in this case (as in [Lehto], Chapter V, §6). One can also define a para-
bolic analogue of the Bers embedding, as follows. Namely, we simply copy the
formula
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def —20°

Us =

Vye

of the hyperbolic case, except that we take vx to be the parabolic volume element
(as opposed to the hyperbolic volume element) on X°, with | . vyx=1. Then

one sees (as in [Lehto], p. 220) that one obtains a holomorphic embedding
Bro: JZZLO e Q°

whose image is an open disk D & Q° of some radius. One can also define a
Weil-Petersson metric on Jl1,, by simply replacing the hyperbolic volume ele-
ment used before by the parabolic volume element. A simple calculation then
reveals that one obtains the standard hyperbolic metric on the open disk D. In
particular, (just as in the hyperbolic case). the standard coordinate on D is nor-
mal at O for the Weil-Petersson metric.

One thing that is interesting about this parabolic case is that even though
the complex analytic stacks My0 and Ay, are isomorphic, the “Bers theory” dil-

fers substantially in the two cases. For instance, the Bers embedding of JZZM is
far from being an open disk. In fact, (as the author was told by C.
McMullen) the boundary of this hyperbolic Bers embedding has lots of cusps.
A computer-generated illustration of this boundary appears in [McM]. Also, it
is not difficult to show that the Weil-Petersson metrics are quite different.
This contrasts considerably with the “Teichmiiller theory” of 1,0 and Af1:: In-
deed, since Teichmiiller’'s metric always coincides with Kobayashi's intrinsic
hyperbolic metric, it follows that the Teichmiller metrics of M0 and A, coin-
cide.

Real Curves

A Riemann surface X of finite type is called real if X=X®. In other words,
this means that the C-valued point defined by X in the algebraic stack (My,)r
(over Spec (R)) is, in fact, defined over R {up to perhaps reordering the marked
points). Various interesting properties of real Riemann surfaces (related to
uniformization theory) are studied in [Falt2] . Many of these properties are
obtained by looking at various one-dimensional real analytic submanifolds of a
real X.

From our point of view, however, the notable fact about real hyperbolic
Riemann surfaces X is the following. Let ¢: X =X be a holomorphic isomor-
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phism. For simplicity, suppose that there exists a point x € X such that ¢ (x)
=x° and that ¢°© ¢ =idy. Fix an isomorphism X=H. This induces an iso-
morphism X°=H®. On the other hand, ¢ induces a holomorphic isomorphism ¢:

H— H® Let C: H°— H be the conjugation map. Let ¢=C° @. Thus, ¢ is an
anti-holomorphic automorphism of H. Now let lIc=m; (X, x). Since X° has the
same underlying topological space as X, we have llc=m; (X%, ). Thus, ¢ in-
duces an automorphism ¢n of Ilc of degree 2. Let IIr be the extension

1—TIc— IIr— Gal (C/R) — 1

which is the crossed product of IIc with Gal (C/R) given by letting the nontriv-
ial element of Gal (C/R) act on Ilc by means of ¢n. Now let us consider the
Lie group

def
G(R) = {MEGL,(R)| det (M) ==*1}/{x1}
Thus, PSL, (R) SG (R) €GL# (R), so we can write
oc: Ilc— GL5 (R)

for the canonical representation of X (uniformized by the upper half plane H).
Note that the full group GLF (R) acts on the upper half plane as follows: if A=

b
<“ . >EGL5t (R). we let

c

_ aw+b
cwtd

A (z)

where w=z (respectively, w=2") if det (4) is positive (respectively, negative).
Thus, the map defined by A is a holomorphic (respectively, anti-holomorphic)
automorphism of H if det(4) is positive (respectively, negative). In particular,
the anti-holomorphic automorphism ¢ :H — H defines an element (which by
abuse of notation we call) ¢ €G (R). Now note that if yEIlg, then ¢ - o (7) -
¢'=p(¢n(y)). Thus, by mapping the nontrivial element of Gal (C/R) in the
crossed product definition of Ilg to ¢, we see that we obtain a natural homo-
morphism

Or: HR - GL-ZL (R)

which extends p¢ and is such that the composite with the determinant det:
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GL# (R) — R” is trivial on Ilc and equal to the sign representation on
Gal(C/R). It is this representation pr that will be relevant to our discussion
of the p-adic case.

§2. Translation into the p-Adic Case

In this Section, we discuss the dictionary for translating the complex analy-
tic theory of §1 into the p-adic results discussed in §0. Undoubtedly, the most
fundamental tool, which is, in fact, of an algebraic, not an arithmetic nature, is
the systematic use of the indigenous bundles of [Gunning]. This enables one to
get rid of the upper half plane, and thus to bring uniformization theory into a
somewhat more algebraic setting. In any sort of nontrivial arithmetic theory of
this nature, however, algebraic manipulations alone can never be enough.
Thus, the fundamental arithmetic observation is the following:

Kihler metrics in the complex case correspond to Frobenius actions in
the p-adic case.

Since one typically gets a natural Frobenius action for free modulo p, a
Frobenius action typically means a canonical lifting of the natural Frobenius ac-
tion modulo p. In fact, in some sense, if one sorts through the complex analytic
theory reviewed §1, one can essentially distill evervthing down to two objects,
both of which happen to be Kihler metrics:

(1) the hyperbolic metric on a hyperbolic Riemann surface (which en-
codes the upper half plane uniformization); and

(2) the Weil-Petersson metric on the moduli space (which encodes the

Bers uniformization).

Moreover, these two metrics are related to each other in the sense that the lat-
ter is essentially the push-forward of the former. In a similar way, the p-adic
theory revolves around two fundamental Frobenius liftings:

(1) the canonical Frobenius lifting on a canonical hyperbolic curve;
and

(2) the canonical Frobenius lifting on a certain stack which is étale
over the moduli stack.

The goal of this Section is to explain this analogy in greater detail.
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Gunning’s Theory of Indigenous Bundies

Let X be a compact hyperbolic Riemann surface. Let H— X be its uniform-
ization by the upper half plane. Then by considering the covering transforma-
tions of H— X, we get a homomorphism (unique up to conjugation)

o: i (X)—Aut (H) SPSL, (R)

which we call the canonical representation of X. If we regard p as defining a
morphism into PSL;(C), then we obtain (in the usual fashion), a local system of
P'-bundles on X, which thus gives us a holomorphic P!-bundle with connection
(P, Vp) on X. By Serre’'s GAGA, (P, Vp) is necessarily algebraic. It turns out
that P is always isomorphic to a certain P*-bundle of jets (which is also entire-
ly algebraic). Thus, the upper half plane uniformization may be thought of as
just being a special choice of connection Ve A pair “like” (P, Vp) (satisfying
certain technical properties dicsussed in Chapter I, §2) is called an indigenous
bundle. By working with log structures, one can also define indigenous bundles
in a natural way for smooth X with punctures, as well as for nodal X.

As emphasized earlier, the point of dealing with indigenous buadles is that
they allow one to translate the upper half plane uniformization into the purely
algebraic information of a connection on P. Of course, how one chooses this
particular special connection on P is a very nontrivial arithmetic issue. We shall
call the pair (P, Vp) consisting of P equipped with this particular connection
the canonical indigenous bundle on X. Universally, over the moduli stack ,/ﬂg,,‘
(of stable r-pointed curves of genus g over C), the space of all indigenous bun-
dles forms a holomorphic torsor

—‘Zg'r - :/ﬂg,r

over the logarithmic cotangent bundle i%i/c of ./%g,y. In the holomorphic cate-
gory, we shall see (in Chapter I, §3) that this torsor is highly nontrivial. In
the real analytic category, however, the canonical indigenous bundle determines a
trivializing section

sH: Bgr— Mg,

of this torsor.

In fact, indigenous bundles also allow us to translate such differential-
geometric information as the hyperbolic geometry of X into algebraic terms.
For instance, consider the degeneration of Riemann surfaces from the point of
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view of hyperbolic geometry. As reviewed in §1, this may be thought of in
terms of certain geodesic partition curves whose lengths go to zero as a family
of smooth X, degenerates to a nodal Riemann surface Z. From the complex
theory, we know that the hyperbolic metric on X; degenerates to the hyperbolic
metric on Z. Using indigenous bundles, we can translate this into a more
algebraic statement as follows: We define the canonical indigenous bundle on Z
to be the indigenous bundle obtained by gluing together the canonical indige-
nous bundles of the pointed Riemann surfaces occurring in the normalization of
Z. Then the statement is that as X; degenerates to Z, the canonical indigenous
bundle on X; degenerates to the canonical indigenous bundle on Z. The state-
ment that the lengths of the partition geodesics go to zero then takes the form
that the monodromy of the limit indigenous bundle of the canonical indigenous
bundles of the X;'s is nilpotent at the nodes.

The Canonical Coordinates Associated to a Kihler Metric

In this subsection we discuss how a Kahler metric on a complex manifold
can be used to define canonical affine, holomorphic coordinates on the manifold
locally in a neighborhood of a given point. We believe that what is discussed
here is well-known, but our point of view is somewhat different from that usu-
ally taken in the literature.

Let M be a smooth complex manifold of complex dimension m. The com-
plex analytic structure on M defines, in particular, a real analylic structure on
M. Let ¢ be a real analytic (1,1) -form on M that defines a Kdhler metric in M.
In particular, g is a closed differential form. Let M be the conjugate complex
manifold to M: that is to say, we take M€ to be that complex manifold which has
the same underlying real analytic manifold structure as M, but whose holomor-
phic functions are the anti-holomorphic functions of M. Let us fix a point ¢ €
M. Let N be the germ of a complex manifold obtained by localizing the complex
manifold M X M at (e, ¢) € M® X M (where this last expression makes sense
since M has the same underlying set as M). Let Q"' (respectively, Q) be
the holomorphic vector bundle on N obtained by pulling back the bundle Qy
(respectively, Qu) of holomorphic differentials on M (respectively, M<) to M®X
M via the projection M®X M— M (respectively, M® X M— M°¢) , and then re-
stricting to N. Thus, in summary, we have a 2m-dimensional germ of a com-
plex manifold N, together with two m~-dimensional holomorphic vector bundles

(locally free sheaves) Q" and Q% on N.

Note that locally at ¢ € M, the fact that ¢ is real analytic means that we
can wrile ¢ as a convergent power series in holomorphic and anti-holomorphic
local coordinates at e. In other words, if we restrict # to N, we may regard g |y
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as defining a holomorphic section of Q"0'Qyg, Q™ (where Oy is the sheaf of holo-

morphic functions on N). Let d"' (respectively, d®) be the exterior derivative
on N with respect to the variables coming from M (respectively, M®). Note that

since Q" is constructed via pull-back from M, we can apply d*" to sections of
Q" We thus obtain a sort of de Rham complex with respect to d"

ant ant ant

0—— Qhol — Qhol®gﬂgant - Qhol@@N (/\ZQant) —— e

Relative to this complex, the section gly of QM'®Q™ satisfies d*™ uly=0 (since
t is a closed form). It thus follows from the Poincaré Lemma that there exists a
(holomorphic) section a of Q" that vanishes at (¢, ¢) €N and satisfies d®™ a=
/,LIN. Let M, be the germ of a complex manifold obtained by localizing M at e €
M. Let

¢ MS SN

be the inclusion induced by the map M®— M® X M that takes fE€ M to (f, ¢) EM®
X M. Then ¢*(a) defines a holomorphic morphism B: M5— Qj., where Que
is the affine complex analvtic space defined by the cotangent space of M at e.
Note, moreover, that although a (as chosen above) is not unique, B is nonethe-
less independent of the choice of @. Moreover, 8 is an immersion: Indeed, to
see this, it suffices to check that the map induced by 8 on tangent spaces is an
isomorphism, but this follows from the fact that d®™ a= |y, and the fact that
the Hermitian form defined by g is nondegenerate.

In summary, we see that from the Kahler metric g, we obtain a canonical
holomorphic local affine uniformization

B:M, & Q5,

Pulling back the standard affine coordinates on 2§, gives us a canonical collec-
tion of holomorphic coordinates on M,.

Definition 2.1. We shall refer to these coordinates as the canonical holo-
morphic local coordinates of the Kdhler manifold (M, u) at e. We shall refer to 8¢

as the canonical local affine uniformization of the Kdihler manifold (M , p) at e.

Now let us consider some basic well-known examples:
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Example 1. Let M= {zeC| |2/ <1}, with the standard hyperbolic metric
2dz/N\dz
1=z
fices to note that d™' (z < dz') =dz Adz, which is equal to the metric modulo the
ideal generated by z in Oy. Note that by the Kobe uniformization theorem, this

example essentially covers all hyperbolic Riemann surfaces.

Then z is a canonical coordinate at 0. Indeed, to see this it sui-

Example 2. Let M be the Teichmiiller space of Riemann surfaces of genus
g with r punctures, where 29 —2-+7=1. Then as stated earlier, it is known
([Royd]) that the coordinates arising from the Bers embedding are canonical
coordinates with respect to the Weil-Petersson metric on M. In fact, in this
case, by Theorem 2.3 (proven below) the real analytic section sy defined by the
canonical indigenous bundle essentially already serves as an “a” in the above
discussion. Thus, in a very real sense, the section sy already is the Bers embed-
ding.

The Weil-Petersson Metric from the Point of View of Indigenous Bundles

Let X be a compact hyperbolic Riemann surface. Let (m: P—X,V5s) be the
canonical indigenous bundle on X. Let Ad (P) =m47p/x be the push-forward of
the relative tangent bundle of 7. Thus, Ad (P) is a rank 3 vector bundle on X,
equipped with a simple Lie algebra structure, hence with a nondegenerate Kill-
ing form <—, —>: Ad (P) Qg, Ad (P)—0x. Moreover. Vp induces a connec-
tion Vason Ad{P). Moreover, as an indigenous bundle, Ad (P) comes equipped
with a section o : X—P (the “Hodge section”) which defines a Hodge filtration
F° (Ad(P)) on Ad{P). (See Chapter I for more details.) At any rate, we can
take the first de Rham cohomology Hpy (Ad (P), Vag) module of (Ad (P), Vaa).

The Hodge filtration on Ad (P) then defines a Hodge filtration on the de Rham
cohomology, hence an exact sequence:

0— H' (X, f*) — Hbe (Ad(P), Va) = H' (X, 7)) — 0
On the other hand, recall the representation that we used to define (P, V,):
o0:m(X) — Aut(H) S PSL,(R)

Let Ad (Vr) denote the 7, (X) -module obtained by letting 71 (X) act on the Lie

def
algebra sl (R) by applying o and then conjugating matrices. Let Ad (V¢) =

Ad (Vr) ®rC. Then (it is elementary that) we have a “comparison theorem”
that gives a natural isomorphism between the de Rham cohomology module just
considered and the group cohomology of Ad (Vc):
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Hi(Ad(P), Vag) = HY (m (X)), Ad(Vc))
On the other hand, we also have:
H' (7, (X), Ad (V) = H' (m(X), Ad(Vr)) ®r C

which, combined with the above comparison theorem, thus gives a real structure
on Hhg (Ad (P), Vas). One way to express this real structure is as an R-linear
conjugation morphism (read: “Frobenius action”) cpr: Hbz (Ad (P), Vad) —

Hbr (Ad(P), Vaa).
Now let us consider the relationship between cpr and the Hodge filtration.

If we compose the natural inclusion H® (X, ®%?) < HL.(Ad(P), Vas) with cpr

followed by the natural projection Hbg (Ad (P), Vas) — H' (X, 7x). we obtain a
C-bilinear form

B:H' (X, 0®) Q¢ H* (X, ©®?)¢ — C
(where the superscript “c” stands for the complex conjugate C-vector space).

Proposition 2.2. The form B3 is precisely the Weil-Petersson metric on quad-
ratic differentials defined in §1 by means of integration. In particular, B is non-
degenerate.

Proof. In order to obtain B, we implicitly used the special case of Serre
duality given by H' (X, 7x) = H°(X, w%?)V. But in the complex analytic con-
text, the pairing that defines this sort of duality is given by integrating the pro-
duct of ((0, 1) — and (1, 0) —) forms. The volume form vx appears for the
sake of defining the duality between wx and @x. With these remarks, the claim
of the Lemma becomes a tautology. O

Now let us recall the real analytic section sg: /ﬂg,,-—’.gw. Since Eg,,.*»
ﬁg,, is a holomorphic torsor, we may form Osu, which gives a section of Qlﬁi/c®
Q_‘,i,‘f,,c. On the other hand. the Weil-Petersson metric also defines a section pwe

of Q% . ®Q%E .. Now we have the following result (stated in [ZT], but from
a somewhat different point of view):

Theorem 2.3. The form Osy is equal to fwe.

Proof. By introducing log structures. one can handle the general case; here,
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for simplicity, we restrict our attention to the case of smooth compact Riemann
surfaces. Let us consider the composite of the natural inclusion H° (X, w$?) “—
Hi (Ad(P), Vas) with cpr followed by the natural projection Hi, (Ad (P), Vaa)
— H'(X, 7x); this composite gives a C-linear morphism:

H (X, %) — H' (X, ©x)°

which is invertible by Lemma 2.2. Taking its inverse, and dualizing, we obtain
an element

0 € B (X, 0§ Qc H* (X, 0%?)°

On the other hand, sorting through the definitions, it is a tautology in linear

algebra that the value of dsg at the point [X] € M, is given by §. But, com-
bining this with Lemma 2.2, we see that we have proven the Theorem. O

The important point here is that this Theorem shows that:

The Weil-Petersson wmetric, and hence the Bers embedding, is obtained
precisely by considering the extent to which “Frobenius” —i.e., complex con-
Jugation —1s compatible with the canonical indigenous bundle section sy.

Stated in this way, the classical complex theory becomes all the more formally
analogous to the p-adic theory to be discussed in this paper.

The Philosophy of Kéihler Metrics as Frobenius Liftings

Before going into a detailed account of the correspondence between complex
and p-adic results, we pause to explain some of the motivation for considering
Kahler metrics as Frobenius liftings. Let § be a smooth p-adic formal scheme
over Z,. A Frobenius lifting on S is a morphism ® : S— S whose reduction
modulo p is equal to the Frobenius morphism in characteristic p. Then the
main point of the analogy is that just as (real analytic) Kahler metrics define
canonical coordinates (as discussed above), Frobenius liftings ® : S— S (that
satisfy a certain technical condition called ordinariness — see Chapter III, §1 for
details) also define canonical coordinates, as follows:

The most basic example of an ordinary Frobenius lifting is the case when S
is the p-adic completion of Z, [T, T7!] (where T is an indeterminate) , and

O'(T) = T?. Then the theory of ordinary Frobenius liftings (Chapter III,
§1) states that by means of a certain “integration” procedure, every ordinary
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Frobenius lifting on an arbitrary S becomes (after completing at a point of S)
isomorphic to a product of copies of this basic example. This “integration pro-
cedure” is thus analogous to the integration procedure just reviewed which
allowed us to construct canonical coordinates associated to real analytic Kéhler
metrics.

The Dictionary

The fundamental “nuts and bolts” of the complex theory lies in the Beltrami
equation. Suppose that we think of the Beltrami equation not as a differential
equation whose unknown is the quasiconformal function f,. but instead as an
equation whose unknown is the conformal quasidisk embedding function f*|z (in
the discussion of quasidisks). A quasidisk embedding of the universal cover-
ing space of a hyperbolic Riemann surface X defines an indigenous bundle (P,
Vp), on X in a natural way. Thus, from this point of view, we can think of the
Beltrami equation as an equation whose unknown is (P, V»),. Moreover, the
Beltrami coefficient g defines the “shearing” or distortion factor between z and
z. Thus, in summary, we may regard the Beltrami equation as an equation in
the unknown (P, V), in terms of the distortion factor (effected by the quasi-
disk embedding f*| 5) between z and its “Frobenius conjugate” .

On the other hand, the “nuts and bolts” of the p-adic theory lies in the
study of the Verschiebung on indigenous bundles, which occupies most of Chap-
ter II. As a function on the indigenous bundles of a hyperbolic curve in char-
acteristic p, the Verschiebung — which is essentially the determinant of the
p-curvature — measures the distortion factor between applying Frobenius to an
infinitesimal on the curve and applying Frobenius to an infinitesimal motion in
the ( “quasidisk”) uniformization defined by the indigenous bundle. Thus, for
instance, when the p-curvature is nilpotent, there is no distortion factor, and so
the indigenous bundle provides the “right” uniformization for the curve. In this
sense, we feel that there is an analogy between the Beltrami equation in the
complex theory and the Verschiebung on indigenous bundles in the p-adic
theory.

Relative to this analogy, the fundamental existence and uniqueness theorem
for solutions to the Beltrami equation becomes the result (in Chapter II) that
the Verschiebung on indigenous bundles is finite and flat. Since in the p-adic
case, its degree is not one, we only have uniqueness up to a finite number of
possibilities. This is why we get several distinct “quasiconformal equivalence
classes” in the p-adic case. Moreover, the important integral operator “7T"—i.e.,

the parametrix to 0- which gives the first term in the series expansion for f,
may be regarded as having its analogue in the p-adic theory in the infinitesimal
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Verschiebung, which plays an important role throughout the paper.

More obvious is the analogy between the canonical representation Oc:
7y (X) — PSLz (R) of a hyperbolic Riemann surface (arising from the upper half

plane uniformization), and the canonical representation pw : Ile— GL3 (Z,) of
an ordinary p-adic curve (in Theorem 0.4). Of course in the p-adic case, Il
has a substantial arithmetic part in addition to its geometric part. Although
generally in the complex case, there is not much of a Galois group to work with,
at least for real curves, we saw at the end of §1, that one does get a natural rep-

“

resentation or of the full “arithmetic fundamental group” Ilr into GLF(R).
Moreover, our approach to constructing p in the p-adic case is very much akin
to Bers’ approach to constructing oc in the complex case: Namely, if one traces
through the proof (which lies in Chapters II through V), one sees that effective-
ly what we are doing is noting that the result is true for totally degenerate
curves, and then transporting this result over the rest of the moduli stack of
ordinary curves.

Next let us consider metrics and geometry. As we stated earlier, in some
sense, one can summarize the entire complex theory by saying: We start with
the hyperbolic (Kahler) metric on a hyperbolic curve, define the Weil-
Petersson (Kihler) metric on the moduli stack precisely so as to be compatible
with the hyperbolic metric on the curves being parametrized; then our holomor-
phic uniformizations — i.e., both the upper half plane uniformization of the
hyperbolic curve and the Bers uniformization of the moduli stack —are obtained
by “integrating” the respective metrics. Similarly, the fundamental result in the
p-adic theory —namely, Theorem 0.1 —is a result about the existence of certain
Frobenius liftings on the universal hyperbolic curve and its moduli stack which
are uniquely characterized by the fact that they are compatible with each other.
Here the compatibility is expressed through the tool of the canonical indigenous
bundle. Then, by “integrating” these Frobenius actions, we obtain canonical

(p-adically holomorphic) coordinates (as in Corollary 0.2) on €° and N
This particular analogy lies at the heart of this work.

The Bers coordinates and the coordinates of Chapter III, Theorem 2.4, are
appropriate in the locus J,, of smooth curves. For totally degenerate curves,
one has multiplicative parameters (Chapter III, Definition 2.7) which we be-
lieve are analogous to the holomorphic coordinates of degeneration of [Wolp],
reviewed in §1. For instance, both sets of parameters are holomorphic and
naturally indexed by the nodes of the totally degenerate curve.

For elliptic curves —regarded parabolically —one has, on the one hand, the
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well-known theory of the hyperbolic upper half plane, or unit disk, in the com-
plex case, and Serre Tate theory in the p-adic case. It is interesting to note
that at both types of primes (complex and p-adic), the parabolic theory may be
obtained in a very precise sense as the parabolic specializations, respectively, of
Bers’ theory and of the hyperbolic p-adic theory developed in this paper. In
fact, this is one of our reasons for feeling that the canonical p-adic coordinates
of Corollary 0.2 are the p-adic analogue, not of Teichmiiller’s coordinates, but of
Bers: Namely, in addition to the fact that Teichmiiller’'s coordinates are not
holomorphic, whereas Bers' are, Teichmiiller obtains the same coordinates for
1-pointed curves of genus 1 and parabolic elliptic curves. On the other hand,
it is well-known that Bers’ coordinates are very different for 1-pointed curves
of genus 1 and parabolic elliptic curves, which is consistent with the fact that
the canonical coordinates of Corollary 0.2 are also very different for 1-pointed
curves of genus 1 and parabolic elliptic curves.

Loose Ends

We close by saving that although, as described above, there are (what the
author believes to be) very strong analogies between Bers’ complex theory and
the p-adic theory presented here, the picture is by no means complete. For in-
stance, one fundamental fact in the complex case is that all r-pointed smooth
curves of genus ¢ are quasiconformally equivalent, whereas in the p-adic case, the
theory behaves as though there are several different quasiconformal equivalence
classes that are permuted around to each other by a certain monodromy action
in such a way that there seems to be no one quasiconformal equivalence class
“which is better than the others.” Ideally, one would like to have a much more
complete understanding of this phenomenon. In particular, one would like to
know precisely how many quasiconformal equivalence classes there are (at least
generically). as well as a more explicit description of the set of such classes.

Also, I still do not understand what the complex, or global, analogue of a
“canonical p-adic curve” is. For ordinary elliptic curves, since Serre-Tate
canonical liftings have complex multiplication, one can ask what the hyperbolic
analogue of having complex multiplication is. Since having complex multiplica-
tion for an elliptic curve means having lots of isogenies, it is natural to ask if
the proper hyperbolic analogue is having lots of correspondences, which are a
sort of higher genus version of isogenies. If a hyperbolic curve does have a lot
of correspondences, then one knows ([Marg]) that the image of its canonical
representation is arithmetic. In Chapter IV, we prove that a canonical curve
has lots of “pseudo-correspondences.” but unfortunately, at the time of writing, 1
do not see how to make these pseudo-correspondences into genuine correspond-
ences, so that one could apply Margulis’ result. Another issue that arises in
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this connection is the question of whether one can characterize “hyperbolic
curves with complex multiplication” — whatever the correct definition should be
for this term—in terms of the Bers coordinates.

Finally, as the title implies, the present work deals exclusively with the
case of ordinary curves. In a complete theory, one would like to know what hap-
pens when one has a nilpotent indigenous bundle which is not ordinary.

At any rate, in summary, with respect to these three issues of quasiconfor-
mal equivalence classes, canonical curves, and non-ordinary curves, much work
remains to be done. We hope to be able to address these issues in future pa-
pers.

Chapter I: Crystalline Projective Structures

§0. Introduction

The purpose of this Chapter is to study the algebraic analogue of projective
structures on a Riemann surface. In particular, we prove many of the ana-
logues of results of [Gunning] in a purely algebraic framework, often making
use of the crystalline site where complex analytically one would restrict to a
simply connected neighborhood on which one can integrate. Unlike Gunning,
we make systematic use of the log structures of [Kato], which enable us to
work with a very general sort of “log-curve”, that is, we can handle the case of
curves with marked points, as well as singular nodal curves on an equal footing
to the smooth case.

In 81, we discuss the notion of a Schwarz structure, which is the algebraic
analogue of [Gunning]'s projective structures. We relate Schwarz structures
to projective bundles with connections as well as to square differentials, and we
show that Schwarz structures naturally give rise to a Schwarzian derivative.
(Moreover, in the Appendix to this Chapter, we show that for P!, this abstract
notion of a Schwarzian derivative essentially coincides with the classical
Schwarzian derivative.) The characterizing feature of §1 is that everything
takes place locally on the curve in question. In §2, we discuss indigenous bun-
dles (the direct algebraic analogue of [Gunning]’s indigenous bundles). What
distinguishes §2 from 81 is that in §2, we work mainly over stable curves, and
thus global issues on the curve come into play. In §2, we are still working
locally, however, on the base. In §3, we perform various intersection theory
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calculations that allow us to prove that in most cases, there do exist any cano-
nical indigenous bundles on the universal smooth curve over a moduli stack.
Thus, in §3, we are concerned with issues that are global not only on the curve,
but also on the base. It should be said that all the material in this Chapter is,
in some sense, “well-known,” but I do not know of any modern reference that
does things from this point of view. In particular, all the references that I
know of (with the exception of [Ih], which is algebraic, but somewhat different
in point of view) discuss things only in the complex analytic case, and often
work with “hag's” (i.e.. cocycle classes) rather than with objects that have an
intrinsic meaning.

§1. Schwarz Structures

In this Section, we introduce the crystalline analogue of what Gunning calls
“projective structures on a Riemann surface.” (We shall call them Schwarz
structures (after the Schwarzian derivative) to distinguish them from the analy-
tic notion.) We begin by letting S be a connected noetherian scheme. Often, we
shall prove results about arbitrary stable curves by working on various com-
pactified moduli stacks. Thus, even if one is ultimately interested only in
smooth curves, for certain proofs, we shall see that it is useful to develop the
machinery for arbitrary stable curves. To deal with singular curves, we shall
use the theory of log schemes of [Kato]. Thus, we assume that S has a given

fine ([Kato], §2) log structure, and denote the resulting log scheme by S'°%.
Notation and Basic Definitions

Definition 1.1. Let f°%: [/ —5'°% be a morphism of log schemes whose
underlying morphism of schemes f : U —S is of finite type, flat and of relative

dimension one. Then we shall say that f°% is locally stable of dimension onc if,
for every point u € U, there exist étale morphisms 7 —S and V —U X s T,
together with v € 1" mapping to u €U such that when we pull-back the log struc-

ture on S (respectively, U) to T (respectively, V) to obtain log schemes T'°%
and V'°%, one of the following holds:

(1) V —T is smooth, and V°¥=V X ;T (where VV and T denote the
log schemes with trivial log structure); or

(2) V —T is smooth, and there exists a section s : T —V such that if
we denote by V*® the log scheme defined by the relative divisor

Im(s) on V, then V08=1V5 X T8 or
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(3) let Y=Spec(Z[t]); X=Yx, y]/ (xy—1t) (where x, y, and ¢ are
indeterminates) and endow Y (respectively, X) with the log struc-
ture arising from the divisor t = 0 (respectively, xy = 0), so we
get a morphism X' — V% of log schemes; then there exists a
morphism of log schemes T'°% — Y'°% together with a morphism
{8 . ylg — T8 X e X' sych that the underlying scheme
morphism { of {!°% is étale, and the log structure of V'°® on V is
the pull-back via { of the log structure on T'°8 X ye:X'¢,

In case (1) (respectively, (2); (3)). we shall say that f is smooth and unmarked
(1'espectively, marked; singular) at u.

Note that if f1°% : U'°® —5'°% is locally stable of dimension one, then it is always
log smooth ([Kato], §3). Also. note that by étale descent, the images in U of
all the sections s as in Case (2) above form a divisor in U which is étale over S.
We shall refer to this divisor as the divisor of marked points in U.

Now let us suppose that there exists an odd prime p which is nilpotent on
S. We also suppose that we are given a closed subscheme So=V (¥) < S,
where the sheaf of ideals # has a divided power structure 7. We denote the
log scheme So X s8'°% (where S, and S denote the log schemes which are the re-
spective schemes endowed with the trivial log structure) by S8 Let f'°8 ['0#
— S2 he locally stable of dimension one. Then we shall call a section of D
(U2 X 5=U'°%) (the PD-envelope of the diagonal, as in [Kato], §5) a bianalytic
function over U'°%.  Note that the bianalytic functions form a sheaf, which we de-
note O, on the étale site of U. Let Ox denote the sheaf on the étale site of U
given by considering ordinary functions. Then the two projections UXs U —U
give rise lo injections iy : Ou — 0 and ig : Oy — Oy whose images we shall call
the left-sided (respectively, right-sided) bianalytic functions on U'°%. We shall also
refer to right-sided bianalytic functions as constant bianalytic functions, or bian-
alytic constants. We denote tensor products of an Oy-module ¥ over Oy with
Oa» via iy (respectively, ig) by writing # on the left (respectively, right) .
Finally, we have a multiplication morphism g : Ou» —0x. We denote the ideal
subsheaf of Ou» which is the kernel of ¢z by #. We shall say that a bianalytic
functions f over some étale V —U is a bianalytic uniformizer on V if f is, in fact,
a section of £ which generates the line bundle #/$£? = wyes,s= as an Oy-module.
Let Oa» be the complection of Oa» with respect to the divided powers $™, and
let § S0 the closure of £ in Ga». We shall call sections of Oa biformal func-

tions, and use similar terminology for biformal functions as we do for bianalytic
functions.
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Occasionally, we shall also need to make use of trianalytic (vespectively, tri-
formal) functions, i.e., sections of Dy (U'"E X g« [I°F X /') (respectively, its
completion with respect to the divided powers of the diagonal ideal). We de-
note the sheaf of trianalytic functions (respectively, triformal) on the étale site
of U by Oa- (respectively, Oax), and we have left, right, and middle injections i,
j2 73 1 On — Ous, as well as injections fiz, fas, 13 : Ow —Oxy~. We shall apply
similar terminology and notation to trianalytic or triformal functions to that ap-
plied already to bianalytic functions. In particular, we shall call trianalytic
functions that are in the image of 73 trianalytic constants.

Definition 1.2. Let 8 S Oa» be a subsheaf in the category of sets. We
shall call S a Schwarz (respectively, pre-Schwarz) structure on U'% if étale locally
on U (i.e, for some étale cover V —U), & has the following form: there exists
some biformal uniformizer zEI' (V, &8) such that for every étale W —V, and ev-
ery section fEIL (W, Oa), then FET (W, J) if and only if (respectively, implies
that) f can be written étale locally (on W) in the form (az+b)/(cz+d), where
a, b, ¢, d are biformal constants and d is invertible.

It is clear that if & S 01~ is a pre-Schwarz structure on U'# then & is con-
tained in a unique Schwarz structure JS°< 0a» on U'°%, which we refer to as the
Schwarz structure associated to 8. If & is a Schwarz structure, then we shall
denote by J$* S (respectively, L) the subsheaf consisting locally of functions
of the form (az+b)/ (cz+d), where: (1) z is a biformal uniformizer belonging
to &; (2) d is invertible; and (3) (j Z) is an invertible matrix of biformal con-
stants (respectively, b=0). We let L3=L,;NS3*. Thus %, L, and L} are all
pre-Schwarz structures. We shall call L} (respectively, LA) the sheaf of bifor-
mal uniformizers (respectively, pseudo-uniformizers) of J.

Let G —U be the group scheme PGL,, and let B&G be the subgroup scheme
which is the standard Borel subgroup of PGL,, i.e., the image of the lower
triangular matrices.

First Properties of Schwarz Structures

Propostion 1.3. The subsheaf LS8 consisting of biformal uniformizers of
B forms a B-torsor Bs —U.

Proof. This follows immediately from the definition of a Schwarz structure.
The action of B is given by associating to a biformal uniformizer z and a matrix

a 0
( d> (where a, ¢, d are biformal constants, and a, d are invertible) the bifor-
¢
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mal uniformizer az/ (cz+d). O

Note that every B-torsor T —U naturally defines a P'~bundle with a given sec-
tion (by taking the quotient of P! X y T modulo the diagonal action of B, where
B acts on P! by means of affine transformations that fix zero; the section is the
image of the zero section of P!). We shall refer to the P!-bundle Ps — U
associated to Bs — U as the P'-bundle associated to the Schwarz structure <.
We denote by s : U — Py the natural section (arising from the fact that the
structure group is B rather than G).

Proposition 1.4. Let S be a Schwarz structure on U'@E  Then Ps =P

(/8% and Ujfpd,u’i ($/88)Y Zzyonses,  In particular, if U —S is proper, then
the height of 0s with respect to Tp ,, is —deg (@ 52).

Proof. One sees by construction (e.g.. by writing out transition functions)
that the sheaf of nonzero relative rational functions of relative degree one (as in
[EGA 1V], §20) for P, — U that vanish at ¢ is naturally isomorphic to L}.
Thus, by considering Taylor expansions out to second order terms, we get an
isomorphism Op, (—0,) /0p,(—30,) = #/$%" (here we use that p is odd). On
the other hand, by multiplying and then taking the residue at o, we obtain a
natural duality between Op,(—0,) /0p,(—30,) and wxwp v (30,), where 7w : P,
— U is the natural projection. Also, note that via this duality, the filtration in-
duced by mxwp v (20,) S Txwe v (Bog) on Op, (—0,) /0p, (—30,) is the filtra-
tion defined by the submodule O, (—20y) /Op, (— 30,) . Since P, is clearly
naturally isomorphic to the projectivization of 7xwry (30,4), we thus obtain the
result. O

Crystalline Schwarz Structures and Monodromy

Let 4 be a Schwarz structure on U8, We would like to associate to & a
subsheaf (in the category of sets) of @4+ which we shall call By, as follows.
We work locally. Thus, we assume that there exists a biformal uniformizer z€
(U, ¥). We consider the triformal function zi; defined by 712 (2), where j12 is
the natural map Os» — 04~ given by inclusion on the first two factors. Then
we let Sz be the sheaf of all functions which étale locally can be written in the
form (azi2+b)/ (cziz+d), where a, b, ¢, d are triformal constants and d is in-
vertible. Note that the definition of J,2 does not depend on the choice of z, so
everything glues together, and we obtain the subsheaf B2 of Oav, over our ori-
ginal U. On the other hand, we also have a subsheaf Ji3 of Oa+ defined in the
same way as iz, except with the roles of 2 and 3 reversed.
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Definition 1.5. We shall say that the Schwarz structure & is a crystalline
Schwarz structuve on UE if the two subsheaves Sy, and Bi3 of Our coincide.

Let &S be a crystalline Schwarz structure on U'®. Then we shall say that J
has nilpotent monodvomy if for every marked point s : T —V (with V—U étale),
there exists a biformal uniformizer zE€J (V) and a section a € wy=se (V) such
that the image of (dz) — ir (@) (where “d” is the exterior derivative on the

right) in OpQ0y s*wyws= is zero.

Remark. Of course. one may also phrase the definition of a crystalline
Schwarz structure as follows. First, note that Og», together with its right-hand
sided Ox-algebra structure and standard logarithmic connection, forms a
quasi-coherent crystal of algebras & on the crystalline site of U'°%/S"8.  Then
a crystalline Schwarz structure is a subsheaf of the sheaf o on the crystalline
site of U'%/S"® satisfying certain properties. Since this point of view is only
formally different from the point of view of Definition 1.5, we shall use these
two points of view interchangeably in what follows.

Let us suppose that & is a Schwarz structure on U8, Let HS G be the

: a b
open subscheme consisting of matrices of the form ( d)’ where d is invertible.

C

Note that H is stable under the action by B from the right. Thus, we can take
the quotient of H X y Bs (by the diagonal action of B) to obtain a fiber bundle
Hs — U with fibers locally isomorphic to H —U. Similarly. we also obtain a
G-torsor G, — U. It now follows immediatelv from the definitions that the
sheaf defined on the étale site of U by H is naturally isomorphic to JS*. Thus, if
we assume that the Schwarz structure & is crystalline, we see that we get a
natural isomorphism between the two pull-backs of Hy; —U via iv. ir : Ou —0a,
i.e., we get a logarithmic connection Vyd on Hy; —U. By basic {facts about fiber
bundles, this gives a logarithmic connection VGJ on G, —U and a logarithmic
connection Ve, on Py — U, as well. Thus, in summary, to every crystalline
Schwarz structure 8, we have associated a natural P'-bundle with section and
logarithmic connection (Ps —U; 0s: U —Ps; Ve,). Moreover, it follows from
the definition of the connection Ve, that by differentiating os by means of Vs,
we get an isomorphism Tywe/ges = Ojrp,]fu, which is called the Kodaiva-Spencer
morphism. Indeed, to see that this morphism is, indeed, an isomorphism, it suf-
fices to realize that if, locally on U, one takes a biformal uniformizer z, the dif-
ference j1z (2) —j13(2) generates jss (F) G-,

In addition to the fact that the Kodaira-Spencer morphism is an isomorph-
ism, the logarithmic connection Vp, has another special property: If & has nilpo-
tent monodvomy, then we can make more explicit the way in which this monod-
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romy acts. Indeed, let us recall from [Kato], §6, that if s : S — U is any
marked point, then there exists a unique subsheaf s of (04 4,-0s) /Os
which is isomorphic to @s and annihilated by the monodromy operator of the

standard logarithmic connection on Oa». (Locally, this subsheaf is generated

by log(1—0), where 0=1 — (%) and ¢ is a local generator of the ideal de-

fining s.) This subsheaf (s thus defines a section ¢s : S —P (£/£*") that lies
over s. Then it follows from these observations, plus Proposition 1.4, that

Proposition 1.6. If & is a crystalline Schwarz structure on U'® with nilpo-
tent monodromy, then under the isomorphism Py=P (£/8%") of Proposition 1.4, g is
fized by the monodromy action on P,=P (£/4%) at s.

Correspondence with P!-bundles

So far, from a crystalline Schwarz structure, we have constructed a
P'-bundle with section and logarithmic connection (satisfying certain
properties) . We can go the other way, as well. Suppose we are given a
P'-bundle with section and logarithmic connection (w : P —=U; ¢ : U—P; Vp)
such that the Kodaira-Spencer morphism obtained by differentiating o via Vp
gives an isomorphism Tyess== 0*rpy. Let P and PR denote the pull-backs of
7 : P—U via iy, ir : Ou — 04>, respectively. Then the connection Vp defines an
Ou+-linear isomorphism Z : PYZPR Thus, we have a commutative diagram:

PL _E) PR

[= [ =
g = gpm

Let o (respectively, of) denote the result of base-changing ¢ via i
(respectively, ix). Then by applving (o1) *, we can pull-back functions on Pt
to biformal functions on U% Let & denote the étale sheaf of degree <1 rela-
tive rational functions (as in [EGA IV], §20) on P relative to 7 : P —U (ie,
the divisor of poles is flat of degree<1 over U) that are regular in a neighbor-
hood of the image of 0. Let a® : PX —P denote the natural projection. Then it
is easy to see that &~ (a®) 7' (R) defines a sheaf of functions on P* that are reg-
ular in a neighborhood of Im (o%), so we can consider the subsheaf & of bifor-
mal functions on U'°% which is the image of (¢%) 72 "' (a®) 7' (R). One checks
immediately that 8 defines a Schwarz structure, and, moreover, that since the
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connection Vp is necessarily integrable (since the dimension of U over S is one),
& is automatically crystalline. Thus, in summary, we have the crystalline ana-
logue of Theorem 2 of [Gunning]:

Theorem 1.7. If f: U —S is as above, then there is a natural one-to-one cor-

respondence between crystalline Schwarz structures on U'% and isomorphism classes
of Plbundles with section and logavithmic connection (m: P —U; ¢ : U —P; Vp) on
U8 whose associated Kodaiva-Spencer morphism is an isomorphism. Moreover,
under this correspondence, the crvystalline Schwarz structures with nilpotent monod-
romy corvespond precisely to the triples such that Vp has nilpotent monodromy at the
marked points.

Proof. We have already defined maps going in either direction. Thus, it
suffices to see that these maps are inverse to each other. Now it is easy to see
that if we start with a P!-bundle with section and logarithmic connection as
above, construct the associated crystalline Schwarz structure 4. and then from
that the associated P'-bundle P; with section 04 and logarithmic connection Va,,
then we get back our original data. Thus. it suffices to show that the map that
associates a P'-bundle with section and connection to a crystalline Schwarz
structure is injective.

Let & and & be crystalline Schwarz structures on U, Suppose that we
are given a horizontal isomorphism @ between Ps and Py’ that takes o4 to 0.
Then « induces an isomorphism ap of the B-torsors Bs and Bs. Let A be the
Ou-algebra Og» via the morphism ig. Since as sheaves with B-action, Bs =L}
and Bys= L3, we get an isomorphism ar : L3 — L%, which, by mapping a bifor-
mal uniformizer zEI (U, L¥) (where U —X is étale) to the biformal uniformiz-
er ap(z) € T'(U, L¥) S I'(U, &), defines an automorphism aw of the
PD-Oa-algebra & that preserves the augmentation g : —0y. Moreover, it fol-
lows from the horizontality of & that as is horizontal with respect to the stan-
dard logarithmic connection on &. On the other hand, it is immediate that &
does admit any nontrivial horizontal automorphisms (as a PD-Ox-algebra) that
preserve y. Thus, a« is the identity, and hence, & and <’ must be the same
subsheaf of . This completes the proof of the first statement. The last state-
ment follows directly from the definitions. O

Schwarz Structures and Sguare Differentials

We would like to use Theorem 1.7 to exhibit the space of Schwarz struc-
tures as a torsor over the square differentials. Let w : P —U be a P!-bundle.
Then we shall denote by Ad (P) the vector bundle on U (of rank three with tri-
vial determinant) given by 7x7py. When we consider marked points, it is not
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enough just to deal with P'-bundles; we must deal with P*-bundles equipped
with parabolic structures, as in [Sesh]. Thus, if our divisor D of marked points
is given by sections pi, ..., pr : S —U, we make the following

Definition 1.8. A P'-bundle with parabolic structure on U'% is defined to
be a P!-bundle 7 : P — U, together with sections ¢, : S —P lying over p,. A
rank two vector bundle with parabolic structure on U is a rank two vector bundle
8, together with a parabolic structure on P (8).

Let (r : P —U; q.g,) be a P-bundle with parabolic structure on U™
Then we define the subsheaf Ad?(P) S Ad (P) to be the sheaf of sections that
vanish at the g;'s. We define Ad°(P) S Ad?(P) to be the subsheaf of sections
that vanish to second order (in the relative coordinate for m) at the ¢,'s. Sup-
pose that we are given a section ¢ : U — P that avoids all the q,. Let £ =
o*wpy. Then Ad(P) gets a filtration 0=F2(Ad (P)) SF'(Ad(P)) SF°(Ad (P))
SF ' (Ad(P)) =Ad(P) given by considering sections of 7py that vanish to first
or second order at 0. Thus, for Ad(P), we have:

F'=¢. FY/F'=0y, FY/F'=¢!

This filtration induces filtrations on Ad?(P) and Ad(P). The subquotients are
easily seen to be the following: For Ad?(P), we have:

F'=%(—D); F/F'=0y, F7'/F'= ¢!
For Ad®(P), we have:
F'=%(—D): FY/F'=@,(—D): FY/F=$!

Often, £=wyss. Thus, for computational purposes, it is convenient to note that

wP% (—D) is none other than the relative dualizing sheaf of the morphism f: U

—S.

Now let us assume that 7 : P —U is given by P (#/#%), with the section ¢
given by #/$%—4/4 and the ¢, given by the sections “gs” defined in the pa-
ragraph preceding Proposition 1.6. Let Vp be a logarithmic connection whose
Kodaira-Spencer morphism at ¢ is the identity and whose monodromy at the
marked points is nilpotent and fixes the ¢,. (It is not difficult to see that such
Vp always exist étale locally on U.) Then any other such logarithmic connection
Vzon P —U is given by adding to Vp a section of F®(Ad®(P)) R, wb%. On
the other hand, the quadruples (r; 0; ¢;; Vp) and (m; 0: q;; V) are isomorphic if
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and only if V5 can be obtained from Vp by applying an automorphism « of (rr;
0; q.) that preserves the conormal bundle to ¢ (since both Kodaira-Spencer morph-
isms are the identity). Such an automorphism « is given by a section of F' (Ad?
(P)). The effect of such an automorphism a on the connection Vp is given by
adding to Vp the section of Ad®(P) @, wp/s obtained by applying the morph-
ism Ad (Vp): F*(Ad? (P))—F° (Ad® (P)) ®s, wiss (induced by the connection
Ve) to a. Thus, we obtain that the set of isomorphism classes of quadruples (1; o
g, Vp) that, velative to the bijection of Theorem 1.7, corvespond to crystalline
Schwarz structures with nilpotent monodromy arve a torsor over the cokernel of Ad
(Ve). On the other hand, by looking at the explicit representations of the sub-
quotients of the filtrations on Ad“P) and Ad°(P) (given in the preceding
paragraph), and using the fact that the Kodaira-Spencer morphism for Vs at @
1S an tsomorphism. we obtain that

Coker (Ad (V) = (wpss) ®2(—D)

(We remark that here one uses the fact that p is odd, for when one computes Ad
(Vp) from Vp, certain factors of 2 appear, and in order to get the above iso-
morphism, one needs for those factors of 2 to be invertible.)

In other words, we have proven the following result:

Theorem 1.9. The étale sheaf of crystalline Schwarz structures on U '°% with

nilpotent monodromy is naturally a torsor over the sheaf (wpis) ©*(—D).
Normalized P'-bundles with Connection

Let us consider the P-bundle 7 : P=P ($/£5)— U, and section ¢ : U =P

given by #/$% — $/8% without any commection. Now, just as in the proof of
Proposition 1.4, by taking residues, we obtain a natural duality between 0p(—0)
/0p(—30) and mxwpu (30) that respects the natural filtration on the two bun-

dles. Let Q=P ({#/#®) V). As U-schemes, we may identify Q and P. Let
0o (1) denote the line bundle obtained from the definition of the projectivization;

thus mx0q (1) = ($/£5N) V. Let €=m:{0¢ (1) Qo,tp,u (—30)}. Then ¥ is a
line bundle on U and ($/£%)V=%Q¢, mxwpw(30). Thus, we obtain a natu-

ral isomorphism Op(—0) /0p(—30) = (4/4%) Ko, € that respects filtrations.
If we then look at the quotients of both sides by their respective rank one sub-

bundles (that make up the filtrations), we obtain an isomorphism between wpgs

= 0p(—0)/0p(—20) = ($/5?) Q¥ = wpis ®L. That is. we get a natural tri-
vialization Oy = ¥ of €. In summary, we see that without any conmection, we
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have constructed a natural filtration-preserving isomorphism:

7:0p(—0)/0p(—30) = §/§¥

Now let us suppose that we have a logarithmic connection Vp on 7 whose
Kodaira-Spencer morphism at ¢ is an isomorphism. Then we get a commuta-
tive diagram like the one preceding Theorem 1.7. Pulling back by a¥, then E,
and finally by o, we thus see that Vp induces an isomorphism:

C(Vp): Op(—0)/0p(—30) = F/ 5%

Now we saw above (Theorem 1.7) that Vp defines a Schwarz structure.
But one “loose end” relative to the statement of Theorem 1.7 is that although
Schwarz structures have no automorphisms, triples consisting of projective bun-
dles with a section and a connection can have automorphisms. These auto-
morphisms were the cause of the phenomenon (observed just before the state-
ment of Theorem 1.9) that many different Vp can give rise to the same Schwarz
structure. Thus, it is convenient to have some sort of notion of a “normalized
V#" such that each Schwarz structure arises from a unigue normalized Vp. We
choose the normalization as follows:

Definition 1.10. We say that Vp is normalized if v and {(Vp) are inverse
to each other.

Now as a formal consequence of this definition, we observe that we obtain the
following normalized version of Theorem 1.7:

Theorem 1.11. If f: U —S is as above, then there is a natural one-to-one
correspondence between crystalline Schwarz structutes on U and normalized logar-
ithmic connections on the P-bundle m : P(F/F%) — U whose associated
Kodaira-Spencer morphism at the section 0 : U —P (defined by $/$% —4/8%) is
an isomorphism. Moreover, under this correspondence, the crystalline Schwarz struc-

tures with wnilpotent monodromv corvvespond precisely to the triples such that Vp has
nilpotent monodromy at the marked poinis.

The Schwarzian Derivative

Before proceeding, it is interesting to note that, as the name suggests, a
crystalline Schwarz structure < allows one to define a Schwarzian devivative d.s,

as follows. Let wdeyses S wyes/ss denote the subsheaf consisting of sections that
locally generate wuyws/six as an @y—module. Let 0f;, S0y be the subsheaf consist-
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ing of functions ¢ such that d¢ is a section of wZw/ses & wyorsss. Then our
Schwarzian derivative will be a morphism of sheaves of sets:

ds : O = @ihygm

Let 6 be a section of 0% over some étale V—U. Let us denote by js € $/4% (V)
the 2-jet of 8 (i.e., the Taylor expansion out to second order, modulo the con-

stant term). By the definition of 0f, the image of jo in £/£% (V) is a local

generator of the sheaf $/4%. By Proposition 1.6, js then defines a section
sg: V—Ps. Taking the Kodaira-Spencer map of this section then defines an
Ov-linear morphism from Tye/se to the conormal bundle to ss which is simply
wyes/ses. This Oy-linear morphism is thus given by multiplication by a section

of (.U%ozz/'slu!, which we take to be du(f). A simple calculation reveals that

Proposition 1.12. If (as in Theorem 1.9) one modifies the Schwarz struc-

ture S by adding the square differential 8 € [(wyss) @2 (—D)] (U) to obtain a
Schwarz structure &', then ds(6) =ds(0) +6.

We also have a biformal version of the Schwarzian derivative. Namely, we

let O be the subsheaf of @4 consisting of biformal functions ¢ that are of the
form u +c¢. where u is a biformal uniformizer, and ¢ is a biformal constant.
Then we get a morphism of sheaves of sets:

def
bt # 2 . ®2 ~
ds: O — (@vais=) "= wios= Qey Oar

defined as follows: If 6 is a section of 0%~ over some étale V —1U, we let jo be
the section of £/£% Qay Oa» which is the 2-jet of §. Thus, js defines a section
of sg of Pfg whose Kodaira-Spencer map is given by multiplication by a section

of (w35, which we take as d% (6). Note that d%(8) =iy (d,(6)). and that if
we modify the Schwarz structure by adding a square differential d, then

d3(0) =ds (6) + iL(0)
Remark. In the Appendix to this Chapter, we show that the definition just
given for the Schwarzian derivative coincides with one-half the classical

Schwarzian derivative, when U is the projective line.

For the biformal version of the Schwarzian, we have an analogue of the
classical result that the Schwarzian vanishes exactly on the formal functions
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that make up the projective structure of a Riemann surface. Indeed, let E : P;
—P5 be the isomorphism defined by the connection Va,; let af : PS5 —P, be the

natural projection; and let { : Gil\b‘dg Spec {0a»)— P, be the morphism obtained
by composing 0y : 4® —P% with B and then a®. Since the definition of d is
functorial, d ; applied to a function pulled back by { is L™ of the “d;" computed
for projective bundles in the Appendix, i.e., one-half the classical Schwarzian.
Thus, if 0 is a section of &, then 6 is the pull-back by { of a (degree<1) rela-
tive rational function for P, —U, so d’(#) =0.

Conversely. suppose that d;‘ (@) =0. Then the statement that de; 6 =0
means that s¢ is a horizontal section of P;. Thus it follows from the definition of
a connection, together with the Poincaré Lemma in crystalline cohomology (see.
e.g.. [Kato], §6 for the log version) that = (ss) is the pull-back via a® of a sec-
tion fy of P, Now (after possible étale localization), we can find a (degree<1)
relative rational function ¢ for Py —U whose 2-jet at 0, is given by the section

te. Since  maps the diagonal in 4" to o5, and the formation of 2-jets is func-

def
torial, it thus follows that the 2-jet of ¢ = {~' (@) defines a section sy of P5

which is equal to s, when restricted to the diagonal U S4™ But since both sy
and sg are horizontal, they must be equal. The biformal functions ¢ and 6 thus
have 2-jets that define the same “line” in #/#®. Let z be a local coordinate on
U. Let us denote by successive primes the derivatives of biformal functions
(i.e., taken on the left) with respect to z. Then we obtain that ¢ and & are
both invertible biformal functions such that ¢” - @ =¢" - 6. It thus follows
that (¢'/6)'=0, so 8 =a ¢, where a is an invertible biformal constant. Thus,
0=a ¢+b, where b is a biformal constant. Since, by construction, ¢ €S (V). it
follows that 6€ S (V). Thus. we obtain the following “crystalline Schwarzian
Poincaré Lemma:”

Theorem 1.13. If G is a biformal function, then dE (0) =0 if and only if 0 is
a section of 2.

§2. Indigenous Bundles

In this Section. we globalize the local considerations of §1, and are thus led
to introduce “indigenous bundles” (as in [Gunning]). Let S'° be a fine log
scheme, whose underlying scheme is connected noetherian. Let f°° : X8 —Slos
be proper, geometrically connected, and locally stable of dimension one. (Note
that the first two conditions are actually conditions on the underlying scheme
morphism f.) We assume that the fibers of f : X—S have arithmetic genus g =0,
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and exactly =0 marked points (as in Definition 1.1 - note that these may only
be defined étale locally, however).

Basic Definitions and Examples

If 20 —2+7r>1, then let M,, be the moduli stack of stable curves of genus
g. with » marked points, over Z, and let { : % -’./ﬁg, be the universal curve,

with its ¥ marked points si,..., ; : ﬁg,y—*ﬂ Note that Jl,, has a natural log
structure given by the divisor at infinity. Denote the resulting log stack Jt’;‘fﬁ.

Also, by taking the divisor which is union of the s, and the pull-back of the di-
visor at infinity of ﬁg,r. we get a log structure on %; we call the resulting log
stack €'°°. Also, £ : € —M,,, extends naturally to a morphism of log stacks
Clog . @glog __,ﬁ;og.

Definition 2.1. We shall say that f1° : X'°9 — S99 is stable if there exists

a classifving morphism ¢'°° : S1°9 — {12 such that X092 S°9 X s 109,

Ultimately, we shall be concerned mainly with the case where f° is stable, but
it is useful to realize that the definition, as well as many of the first properties,
of indigenous bundles can be made without these assumptions.

Let 7 : P —X be a P'-bundle. If 0 : X—P is a section, then we call the

. . 1
canonical height of ¢ the number Edegx/s (0*tp/x), where degx/s denotes the rela-

tive degree over S of a line bundle on X, and 7p/x is the relative tangent bundle
of w. If Vpis a logarithmic connection on P, then we call the morphism 7Txws/sus
—g*rp/x given by differentiating ¢ by means of Vp the Kodaira-Spencer morph-
ism at o relative to Vp. Often, instead of dealing with P'~bundles with logarith-
mic connections, it will be more convenient to deal vector bundles: Thus, let
be a vector bundle equipped with a logarithmic connection Vg, whose rank is
two and whose determinant is trivial. Then Theorem 1.7 motivates the follow-

ing

Definition 2.2. We shall say that (z : P —X, Vp) is an indigenous bundle
on X' if the monodromy at the marked points (which exist étale locally) is
nilpotent, and there exists a section ¢ : X — P of 7 such that the Kodaira-
Spencer morphism at ¢ with respect to Vp is an isomorphism. We shall say
that (8, V) is an indigenous vector bundle on X'°° if the associated P!-bundle
with logarithmic connection (P(&)—X, Ve()) is an indigenous P'-bundle. We
shall say that P —X (respectively, §) is intrinsic if there exists a logarithmic
connection Vp(respectively, V&) on P —X (respectively, §) that makes (P —X.
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Vs (respectively, (8, Vg)) indigenous. We shall say that P —X (respectively,
8) is locally intrinsic if it is intrinsic étale locally on S.

Thus, in the vector bundle case, (§, V) is indigenous if Vs has nilpotent
monodromy at the marked points, and there exists a rank one subbundle F°(§)
C & such that the Kodaira-Spencer morphism F° (§)— wxos=® e, (8/F° (§))
(induced by Ve) is an isomorphism.

So far we have been discussing the hyperbolic case (29 —2+7>1); howev-
er, one can make the same definition for curves that are not hyperbolic.

Example 1. Suppose that f: X —S is smooth, with no marked points, and
that g=0. Thus. f is a P'-bundle. Then the P*-bundle given by X X sX—X
has a natural trivial connection, together with a natural section, the diagonal
section. It is trivial to see that this triple satisfies the required properties for
an indigenous bundle.

Example 2. Suppose that /19 : X'°9 —5°9 has no marked points, and that
its fibers all have arithmetic genus one. Then consider the bundle § = wx,;sP
Ox (where wx/s is the relative dualizing sheaf). Let ¥=fxwx/s. Thus, € is a
line bundle on S, and f*€ = wy,s. In particular, there exists on wy/s a “trivial
connection” V,, obtained from tensoring the trivial connection on Ox with f*%.
Let Vg be the connection on & which is the direct sum of V,, and the trivial con-
nection on Ox. Let Ve be the connection on & given by adding to V2 the section
of End(8) ®wy,s given by projecting § —wx/s= (0, Ox) Rwx,s SEQwxss. Then
one checks easily that if we take (P, Vp) =P (8, Vs), and 0: X —P to be given

bv (wx,s. 0) S, then we obtain an indigenous bundle on X'°°.

Example 3. Let $™?=Spec(Z) (with the trivial log structure); X°9=(,
(the moduli stack of one-pointed curves of genus one over Z) with its natural
log structure. Let & be the vector bundle of rank two on X which is the first
de Rham cohomology module of the universal one-pointed curve of genus one.
Then € has a natural logarithmic connection Ve, the so-called “Gauss-Manin

connection.” There is also a natural Hodge filtration F* (&) €&, which defines a
def
section 0 : X =P=P(8). The pair (6, Vs) forms the prototypical example of

an indigenous bundle on X8,
First Properties

We now proceed to examine basic properties of such bundles.
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Proposition 2.3. If f1°° : X909 —S'99 gud 1'% ; Y0 — 59 gy as stipulated
at the beginning of the Section, and {'°° : Y'°° —X"° is a log étale morphism of log

schemes over S'°° that sends marked points to marked points, then the pull-back via

(™9 of any indigenous bundle is again indigenous.
Proof. This follows from the definitions. O

Proposition 2.4. If m : P —X is inirinsic, then the section ¢ - X —P is of

canonical height 1—g —%‘1’. If X199 — S0 s ¢ stable curve (so, in particular, 29 —

. . . . . 1
2+r=>1), then 0 is the unique section of m of canonical height 1 —g 5" We

shall vefer to 0 as the Hodge section of 7w : P —X.

Proof. The fact that the canonical height of g is 1—¢ —%—r follows from the

fact that the Kodaira-Spencer morphism is an isomorphism. Now suppose that
X'°® — 5199 is5 stable. Let us first assume that S is the spectrum of an algeb-

raically closed field. Suppose that ¢: X—P also has canonical height 1—g¢ —%*r.

Then it follows that its restriction to some irreducible component of X has nega-
tive canonical height. Since the restriction of ¢ Tp/x to any irreducible compo-
nent has negative degree, it follows immediately from considering intersection
numbers on P, together with the definition of “canonical height,” that there can-
not exist two distinct sections of negative canonical height over that irreducible
component. Thus, 0 and ¢ must agree over that irreducible component. Now
if there are any other irreducible components in X, then ¢’ must have negative
canonical height over some other irreducible component of X, in order for its

canonical height over all of X to be 1 —g —-%r. Thus, repeating this argument

shows that 6=¢’. Finally, let us observe that the space of deformations of o is
given by H° (X, o0™tp/x) ., which is zero, since 0¥7p/x has negative degree on ev-
ery irreducible component of X. The result for general S then follows im-
mediately from this by deformation theory. O

Now let us assume for the rest of the Section (unless stated otherwise) that
there exists an odd prime p which is nilpotent on S, together with a PD-ideal 4
C0Os.

Proposition 2.5. If 7 : P —X is intrinsic, then PP ($/82) (where § de-

fines the diagonal in X™). Moreover, for any conmection on T that makes it indige-
nous, the momodvomy al a marked point s : S — X fixes the section qs . S — P
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($/5%Y) of Proposition 1.6.

Proof. This follows from Theorem 1.7 and Propositions 1.3 and 1.6.
Note that the second statement uses the fact that p is odd. O

Proposition 2.6. Suppose that the number of marked points plus nodes on
any geometric irreducible component of a fiber of X —S is even. Let (w : P —X,

V) be indigenous on X'°°. Then étale locally on S, theve exists an indigenous vec-
tor bundle whose projectivization is (m: P — X, Vp). Moreover, such an (8, Vs) is
unique up to temsor product with a line bundle wilh connection (&, Vi) on X whose
square is trivial.

Proof. Consider the relative anticanonical bundle 7zp,x on P. By Proposi-
tion 2.5, (after étale localization on S) there exists a line bundle 4 on P whose
square is Tp/x. Now let us note that since the construction of the anticanonical
bundle is canonical, it follows that the connection Vp on the P*-bundle induces
a connection on the polarized P'-bundle (m : P —X, Tpx). Moreover, since the
“moduli space” of line bundles ¥ whose square is Tp/x is étale over X, it follows
that the connection Vp on the P'~bundle 7 : P —X in fact induces a connection

on the polarized P'-bundle (7 : P —X, 9). Thus, we get a connection Vg on
def
8=m.%. Moreover, on P, we have a natural exact sequence 0 —wp.x — (T*8)

X% ! — 0p— 0, which induces an isomorphism det (7*€) = Op, hence an
isomorphism det (§) = Ox, which is easily seen to be horizontal. Finally, it is
clear that the projectivization of (8, Vs) is isomorphic to (7 : P —X, V).

Now suppose that both (& V¢ and (§’, Ve) have the same projectivization
(m:P—X, Vp). Then & defines a line bundle ¢ on P whose square is 7px and
such that Vp induces a connection on the polarized P'-bundle (x : P —X, 9).
Similarly,  defines a line bundle " on P. Since we have horizontal isomorph-
isms 9%%= 1p,x and (9')®2= 1px, it follows that if we let £=17% ((¥9) 'QY) .
then & gets a natural connection Ve such that the square of (£, Ve) is trivial.
Moreover, (8 Vo) = (&, V&)X (L. V). This completes the proof. O

In summary, the above Proposition tells us that (under the evenness
assumption) up to étale localization on the base, it is essentially the same thing
to give an indigenous P!-bundle or an indigenous vector bundle. Thus, in the
future, we shall frequently simply speak of “indigenous bundles.” The same goes
for intrinsic bundles.

Existence and de Rham Cohomology

The next step is to prove the existence of indigenous bundles, and to para-
metrize them. We begin with the proof of existence. For the rest of this Sec-
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tion, we shall assume that f°9 is stable. Thus, in particular. 29 —2+7>1.

Theorem 2.7. For any r-pointed stable curve X'°° — S'°° of genus g, the
Pl-bundle P (£/$%) is locally intrinsic.

Proof. From Theorem 1.9, we know that the obstruction to the existence of
a crystalline Schwarz structure with nilpotent monodromy on X' (locally on
S) is given by a section of R! fx (wikss) ®2(—D) over S. On the other hand, by

Serre duality, R! fx (wxs) ®2(—D) is isomorphic to the dual of fuTxw/se = 0,
since the curve is stable. The Theorem now follows from Proposition 1.6 and

Theorem 1.7. O

Next we wish to compute the de Rham cohomology of the P!-bundle with
parabolic structure (m; ¢,). Note that the exterior differential operator maps
Ad (P) (respectively, Ad?(P)) into Ad?(P) (respectively, Ad®(P)). We define
the parabolic de Rham cohomology (vespectively, with compact supports) of Ad (P) to
be the hypercohomology of the complex Ad (P)— Ad? (P) Q@ wxss (respectively,

Ad?(P)—Ad°(P) Quiss).
Theorem 2.8. Let (P, Vi) be an indigenons bundle on an r-pointed stable

curve fi°° 1 X1°¢ —S190 of genus g.  Then the de Rham cohomology of Ad (P) with its
natural connection (induced by Vp) is as follows:

(1) For cohomology without compact supports, we have (for) % (Ad(P)) =
R?( for) % (Ad (P)) =0; and we have a natural exact sequence

0 —f« (wxss) @ (—D) =R ( for) « (Ad (P)) =R futsmersee — 0

(2) For cohomology with compact supports. we have (for all i=>0) a natu-
ral isomorphism

R (for) c.x (Ad(P)) =R (for) x (Ad (P))
In particular, (P, Vp) has no nontrivial automorphisms.

Proof. To compute the de Rham cohomology, one uses the long exact coho-
mology sequences induced by the filtrations considered above, plus the fact that
the Kodaira-Spencer morphism is an isomorphism. Now let a be an auto-
morphism. Since {fpr) % (Ad (P)) =0, all infinitesimal automorphisms must van-
ish, so we may work over an algebraically closed field. By passing to a tamely
ramified covering of X ramified only at the marked points and nodes, we may
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assume that the hypotheses of Proposition 2.6 are satisfied. Then let £ be a
line bundle on P whose square is Tpx. Since L=0p(0) Qos M (for a line bun-
dle M on S), and a always preserves g, it follows that « preserves £. Thus, a
arises from a horizontal section of End (7+¥) =0xPAd (P), hence is induced by
multiplying m«Z by a section of @s. Thus, a is the identity, as desired. O

Finally, combining what we have done in this Section with Theorem 1.7,
we obtain:

Corollary 2.9. Let f1°° : X'°9—5'9 b an r-pointed stable curve of genus .
Then the set of crystalline Schwarz structuves on X with nilpotent monodvomy is in
one~-to-one correspondence the set of isomorphism classes of indigenous P'-bundles on

X% Moreover, the functor that assigns to T'°° —S'9 the set of crystalline Schwarz

structures with nilpotent monodromy on X1° = X' X gu T is q torsor over
1 2

Fx(wxss) ®(—D).

Indigenous Bundles of Restrictable Type

Let /Jlog : Xl,Og — S (for 4=1,.., n) be an 7,-pointed smooth curve of genus
g, (where 29,—2+7 21 for all i). Suppose that we are given a graph I" con-
sisting of # vertices. numbered 1 through #n. Let E, be the set of edges of the i**
vertex. Suppose further that we are given an injection A, : E, < {1..., #.}.
Then we can glue together the curves ﬁog : Xl,og — S to form an 7-pointed

stable curve £°° : X' —S!°8 of genus ¢ in such a way that the dual graph of f1°°
is given by I, that is:

. I . .
(1) vertex i corresponds to f° : X;° — 5" an irreducible compo-
nent of X'

(2) if € is an edge running from vertex i to vertex j such that A, (¢)
=g and A, (¢) =b, then € corresponds to a node on X9 obtained

by gluing together X;° at the a'* marked point to X!°° at the b
marked point;

(3) ¢ and 7 can be computed combinatorially from I, the g;'s. the #,’s
and the A,'s.
Let ¢1°® : X' < X' be the inclusion of X}°° into X'°® as one of the irreducible
components.
Now let us suppose that we are given an indigenous bundle (7 : P —X; Vp)
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on X'°° Then it is not necessarily the case that (ui-og) *(r: P—X; Vp) will be in-
digenous on X°. The problem is that since in general, marked points of X}°
might be sent to nodes of X' (and not to marked points), there is no reason

why the monodromy at such marked points of X;°° should be nilpotent. We
therefore make the following

Definition 2.10. If the (1°°) * (x : P —X; Vp) are indigenous on X:°° for
all 1, then we say that (: P —X; Vp) is of restrictable type.

Now let us suppose that we are given indigenous bundles [l, = (z,: P, —
log

Xi; Vp) on X©°°. Note that for each marked point s : S—X, of an X:°°, s* P, has
a canonical trivialization as a P'-bundle given by considering;

(1) the Hodge section g, : X; —P, (pulled back by s);
(2) the trivialization of s* (o;¥we,/x,) given by the residue map; and

(3) the section ¢s: S —s*P, of Proposition 1.6.

It thus follows that we can glue together the [I,’s by means of this canonical tri-
vialization at the marked points to obtain an indigenous bundle [1= (7 : P —X;

Vp) on X9 Moreover, by construction, Il is of restrictable type.
Also, we can clearly reverse the procedure: Namely, if we start with an in-
digenous bundle [I on X9 of restrictable type, we can reconstruct [] by res-

tricting to the X;°"'s, and then regluing, in the fashion described in the preceding

paragraph. Now let us define

def x N
gZ @ (f;) *w%‘;a, Ston (_Df)
1=1
where D, is the divisor of marked points on X,. Then we have the following re-
sult:

Proposition 2.11. The étale sheaf on S of isomorphism classes of indigenous

P -bundles of restrictable type on X'°° is a torsor over the vector bundle 8.

Note that the rank of & is given by X1 (3¢, —3+r), which, in general, is
strictly less than 39 —3+7.
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§3. The Obstruction to Global Intrinsicity

In §2, we saw that the P-bundle P (#/#9) is locally intrinsic on M,, In
this Section, we study the obstruction (which, in general, is nonzero) to it being
globally intrinsic over all of M,,. The main point is a computation in Hodge
cohomology which, in many respects, is similar to that of [Falt3], Lemma IV. 4.
Since, however, it is not literally the same as [Falt3] , and certain technical
aspects of the computation are different, we provide a complete proof here.

Introduction of Cohomology Classes

We shall work over a field K of characteristic zero, say @Q,, until we state
otherwise. Since we are only interested in certain intersection numbers, the
base field is essentially irrelevant. Let us consider the universal 7-pointed
stable curve of genus g, £ : € —=M,, (over K). We would like to consider va-
rious cohomology classes on % and Mqr. The cohomology theory that we will
use is Hodge theory, so all cohomology classes are to be understood as being
Hodge-theoretic. Let 7: P=P (#/#%)—% be the P'-bundle which, as we saw
in §2. is locally intrinsic. Let #=Ad(P). Thus, Z has a filtration whose sub-
quotients are given by:

F'=%, FY/F'=0¢ ; F'/F°=%7!

where f€=w€,‘,g/ﬁnﬁ. Let p=c; (¥), the first Chern class of £. Then we have:

¢1(#) =0. On the other hand, the second Chern class of & is given by:
e, (F) =—n?

Let us compute {xn%. Let D,S% (where i=1,.7) be the marked points.
Let D=2,-; D,. We shall write [D,]; [D] for the respective cohomology clas-
ses on €. Let E=c¢; (wes@.,). Thus, n=E+[D]. Since different D,'s do not
intersect, we have [D,] * [D,] =0 if i#j. Also, by “taking the residue”, we see
that {«{(€+[D.]) - [DJ) =0, for all i. Thus, {«{{E+[D]) - [D]1}=0. Let ¢,
=« (- [D]); ¢=21_1 ¢ 6=(+E%  Then we obtain:

Gan*=Cl(E+[D]) -8
=0+¢
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Now one knows from [AC] that for >3, the restrictions of the classes @ and ¢
to Mg, are linearly independent. We summarize this in a Lemma:

Lemma 3.1. We have, on My, Cxn?>=0+ . In particular, if 9= 3. then
(Csm?) |, is nonzero.

We shall see below that {xcz (%) can be related to the obstruction to the exist-
ence of a global indigenous bundle on . Thus, once we have done this, we will
have proven that this obstruction is given by the relatively computable cohomol-

ogy class — C«n? on My,
Computation of the Second Chern Class

Let us first observe that Plp has a canonical trivialization as a P!-bundle
given by using:

(1) the Hodge section ¢ : € —P (restricted to D):

(2) the trivialization of (0*wes)|p given by the residue map; and
(3) the section gs : D —P X¢ D of Proposition 1.6.

Let us denote by %'°° the log stack obtained by letting € be the underlying stack

and taking for the log structure the pull-back of the log structure of Jﬂ;’f via .
Thus, we have an exact sequence on %:

0 —={*Qun — Qe —we/s,— 0

where the first two sheaves of differentials are over K. In the future, we shall
think of this exact sequence as defining a one-step filtration on 2¢w. Fori,j=
0, let us define for any O¢-module ¥:

det

Y(8, 9) =H (8, R0, N’ Q)

This cohomology is a sort of cohomology with compact supports outside D.
Thus, by using the canonical trivialization of P|p referred to above, we see that
the global obstruction to the existence of a logarithmic connection on 7 : P —%

(for the log structure of %'°9) which has normalized nilpotent monodromy at D
defines a class K €EH: (€. Ad(P)). Now, by taking the trace of the square of &,
we get a class tr (k%) €H%2 (€. Og). If we then apply {x we get a class (str

— def _
(k2 EHM (M) =H (M, ,, Qa™). On the other hand, let us denote by:
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By = Moy

the Qz -torsor defined by looking at the crystalline Schwarz structures with
nilpotent monodromy on € (as in Corollary 2.9). This torsor thus defines a

class 2 €HM (ﬁ;‘,}f). The goal of this subsection is to prove the following:

Lemma 3.2. We have the following equality of classes in H*' (—,l;,)f) 2=
1
5 Catr (£2).

Now let us note that H¥* (€, Ad (P)) has two one-step filtrations: one aris-
ing from the Leray-Serre spectral sequence applied to {, and the other arising
from the filtration defined above on Q¢w. Thinking in these terms, we see that
we get a morphism:

$oo : HE* (6. Ad (P))—H (Ms.r, R' (4 (Ad (P) Ry, 7 )

Now since we know that P —% admits a connection of the desired type on the
fibers of {, it follows that ¢ (k) =0.
Next let us consider the natural morphism:

10 - H¥' (8, Ad(P))—H" (8, Ad(P) @ wy,7,)

Since @0 (£) =0, it follows from considering the Leray-Serre spectral sequence

that ¢y (k) lies in H*(M,,. Cx(Ad (P)®a)g,ﬁ“)) s HY(E, Ad (P)®wgl,ﬂm). In
fact, by considering only normalized comnections (as in Definition 1.10), we can
say more. Namely, it follows that ¢, (k) is actually the image under the

morphism Hl<ﬁ a7 C* (U)@xou/_,mog® Wg/»'ﬁ”'))_)Hl (w_’ﬁy,rn C* (Ad (P) ® U)(g/ﬁ”))
(induced by Wgmgw < Ad (P)) of the class 2 (regarded as a class in

H (M ,,Cx (w@u,mw@ We;z,)) by means of the tautological isomorphism 47
= L (0gen 7105wy 3, ).

Now let us consider the natural morphism:
Go1 : HY* (8. Ad(P))—H (M, R' L« (Ad (P) ®Qex) )

Since ¢oo (k) =0, it follows that the section ¢o1 (£) of R'{x (Ad (P) @Q¢x) lies in
the image of the natural map
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¢ : R« (Ad (P) Q) =R« (Ad (P) @ Qgrs)

In fact, we can say more. Since we are dealing with sheaves on /(,,, we can

compute locally on ./ﬁg,r. Let U ""ﬁg,, be étale. Let Vp be a logarithmic con-
nection with normalized nilpotent monodromy (relative to Cv: €y—U) on Py=
PX g, U. Then the obstruction to lifting Vp to a logarithmic connection rela-
tive to €y— Spec (K) is giving by subtracting the two pull backs of (Py —U;
Vp) to the first infinitesimal neighborhood Ay of the diagonal of U X gU. Note
that it only makes sense to compare these two pull-backs because we have
chosen a connection Vp, so that we can deal with crystals on Crys (€u/Ay)
(where the structure morphism €y — Ay is given by composing {y : €y —U
with the diagonal embedding U <> Ay). Thus, the difference between the
pull-backs defines a section 0 (over U) of Qzuly ® R' ({y) prx (Ad (P), V5).
Now if we compose the projection R* ({y) pr.x (Ad (P), Vp) =R ({u) #Tggyes With
0, we get a morphism

Q) V]r= Ozl y — R (L) sTppeppn
Now it is a tautology that this morphism is none other than the isomorphism f3
derived from deformation theory of the tangent space to ,/—%—;Of with the first

cohomology group of the relative tangent bundle of {'®. Thus, in summary, we
have proven the following statement:

(*) locally on ﬂg,,. @10 (k) is the image under ¢ of some local section v
of R'Cx (Ad (P) ®Q7.,) whose image in R Cs (Tgus, ) @R s is the
tautological isomorphism S.

We are now ready to consider {xtr (k%). We begin by using the observa-
tions of the preceding two paragraphs to compute what happens when we multi-

ply various subquotients of the two {filtrations on H¥*(€, Ad (P)) by each other:

(1) If we multiply two elements in the image of H*(M,,, {«(Ad(P))®
Qmog), and take the trace, we get a (2.2) -Hodge cohomology class

on % which is the pull-back of such a class on Jﬂg,,; thus, if we ap-
ply C« to such a product, we get zero.

(2) If we multiply an element in the image of H* (Ml,,, (x(Ad(P))®
Qﬁ%‘?) by an element in the image of H° (M ,, R' s (Ad (P)) ®
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Qgw), and take the trace, we get a class in H' (M 4y, R0 Q
A*? Qz.) ; since there are no factors of w7, in the wedge pro-
duct, applying (x again gives zero.

(3) If we multiply two elements of H® (M., R« (Ad (P)) ®Qaxs), we
get zero since { has relative dimension one.

(4) If we multiply an element in the image of H* (M,,, (x(Ad(P))®

Qi) by ¢rolk) € H (Mg, s (Ad (P) ®wyz.)), and take the
trace, we get zero, since we are taking the trace of the product of
a nilpotent section of Ad (P) with a section of the same Borel sub-
algebra of Ad(P).

(5) If we square ¢io (k) EH' (Mg, Cx (Ad (P) Qwyz.)), we get zero
since we are, in effect, squaring nilpotent sections of Ad(P).

(6) 1f we multiply ¢uo (k) EH' (M., Lx (Ad (P) Qg7 )) by doi (k) €

H (M ,,,, R+ (Ad (P) @Qgre) ), then we are, in effect, multiplying
the class 2 by the tautological isomorphism B. so that we obtain

>, regarded as a class in H' (M,.,, Q).

Thus, in summary, all of the possible contributions are zero, except for the last,
which is 225. This completes the proof of Lemma 3.2. On the other hand, by
basic linear algebra, ¢z (Ad (P)) is —2 tr (%), so we see that we have, in fact,
proven the following;

Lemma 3.3. We have Cxc2(Ad(P)) =—43.

Finally, putting this together with Lemma 3.1, we see that we have explicitly
computed the class 20 in terms of well-known first Chern classes of line bun-
dles:

Theorem 3.4. The torsor of Schwarz structures defines a class 2 € H' (M.
Q) which is equal to %(04’ ¢) . where 0=U4&% ¢=04(E- [D]): E=¢, (wg/ﬁ,,);

and [D] is the cohomology class of the divisor of marked points. In particular, if
g =3, then (in characteristic zero) Bg,— M,y does not admit any sections, i.c., there
are no canonical Schwavz structures on r—pointed smooth curves of genus g = 3.

Remark. ldeally, it would be nice to have an equality of classes not in
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H (M, Q ) » but in some sort of cohomology with compact supports “Ht (M,

Ques)” (which should be isomorphic to H' (M,,,, Q7,)). In order to do this, one
would have to define some sort of appropriate sense in which 2 is compactly

supported, i.e., one would have to define some sort of trivializations of Bor =

./ﬂg,, at infinity. In fact, Bg,r—"/—%_g,r does not (in general) have a canonical sec-
tion over the divisor at infinity. However, by considering indigenous bundles
of 7estrictable type, one can show that, so to speak, “the more singular a curve

gets, the more of a canonical trivialization one has for Jg,rﬁﬁg,." For instance,
if the curve is totally degenerate, i.e., it can be constructed by gluing together (as

at the end of §2) a number of copies of P! with three marked points, then xgg,r‘—’

M., does have a canonical trivialization. as follows immediately from Proposition
2.11 (since then the indigenous bundles of restrictable type form a torsor over
the zero sheaf). Thus, in some sort of combinatorially complicated sense, by
considering indigenous bundles of restrictable type, one can exhibit 2 as a
cohomology class with compact supports. Unfortunately, however, the combina-
torics involved get rather complicated in general, so we shall not carry this out

explicitly, except in the case when the dimension of M,, is one, where things
are not so difficult.

The Case of Dimension One

In this case, either g=r=1 or =0, r=4. Let Dw<Jl,, be the divisor at
infinity. Since Do is zero-dimensional, in this case we do have a canonical tri-

vialization t. of Jg,r—’ﬁg,r over Dw. Now we shall give a new definition of
cohomology with compact supports that takes into account this trivialization fe.
Let wege (respectively, ww‘;’s‘.) be the subsheaf ww%(—Dw) (respectively,
wﬁ.”.,'g(~Dm)) of W, (respectively, @y ). Let Qg be the inverse image of

w,.SEw,,» via the morphism Q,.,— w, - . Thus, we have an exact sequence:
G %/, 4 € 1y,

-—)wg”‘m—>0

0—0*Q,,—0

log
i 1

which defines a filtration on Q
O¢-module 9:

g Then for 4, 72 0, let us define for any

def
HY (8. 9) =H (8. 986N Q)

and for any Oz, -module #:

R def —
H (Mg, ) =H' My, Ky, N gy )
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Note that the push forward map (s naturally defines a morphism (s H?%* (%,

Og)—H*' (M,,,, On,). Now the obstruction to putting a logarithmic connection
on P —% with normalized nilpotent monodromy at the marked points and which

is of restrictable type at infinity is given by a class £: €EH¥' (€, Ad(P)). On
the other hand, the torsor Eg,r—’/ﬂg,r together with the trivialization t. defines a
class 2 €HY (M,,. Ox,,).

By the same proof as before, we have 2. =%C*tr (k?). (In the present
case, however, one might remark that in the six types of product considered
previously, the first two types (numbered (1) and (2)) of product vanish all
the more trivially since they involve /\za)m,= , which is zero.) Also, just as be-

fore, we have ¢z (Ad(P)) =—2 tr (k?). Thus. we obtain:

Theorem 3.5. In HY' (M,,, Oz,,) =K, we have
1
> :ZC*YJZ

where =c1 (W, )

Let us compute {xn? in the case =1, r=1. First we introduce the classes 6
={xE% ¢=0{x(E- [D]); and A=¢, (Q*a)%,/ﬂ“). By Grothendieck-Riemann-Roch, 6
=0. On the other hand, sorting through the definitions, one sees that ¢ = A.
Thus, we obtain that for g=1, r=1:

2 =74

1
4
Next let N'°¢ ./ﬁllof [2] —nﬁllolg be the finite, log étale covering such that

/ﬁllof [2] is the moduli stack that parametrizes elliptic curves with level struc-
ture on the 2-torsion points. Let

A Y [2] — Mo

be the log étale morphism given by sending an elliptic curve with a trivializa-
tion of its two torsion to the four-pointed curve of genus zero of which the
elliptic curve is a double covering (with ramification exactly at the four marked

points). Moreover, A'® admits a section over any double covering of
/_ﬁ:)of (since the obstruction to such a section lies in HZ (Mos, Z/27Z)). Note
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that both N'°® and A'? are, in fact, defined over Z [%] Also, note that (over

Z[%]), we have an isomorphism A*3804=N*J3,, obtained by pulling-back and

pushing forward indigenous bundles. We thus obtain the following result:

Theorem 3.6. When M,,, is one-dimensional, the torsor B, —M,,, does not
admit any section which is equal to tw over Dw modulo any prime 5.

Proof. We have (2 !)1,1=%21,1. and '{1’1=é—€1(wﬂ‘.“f)’ so (X1)=

lcl (w.). Thus, since N'°? is log étale, and N* (> 1)1 is an invertible multi-
8 MF

ple of A*(21) .4 it suffices to show that:

(1) in Hodge cohomologv modulo p (for a prime p=5), A¥c, (@) =
) is nonzero; in fact, since A'*® admits a section over any

%
N C1 (wﬁ‘f’f

double covering of MK, it suffices merely to show that ¢1(w
nonzero modulo p;

) 1S

(2) the formation of H'* (Mos O#,) commutes with base change mod-
ulo p (for p an odd prime).

But both (1) and (2) follow immediately from the fact that Mo4 is just P, with
Do=1{0, 1,00}, (Note that there is a slight subtlety here in that (2) is not im-
mediately obvious for /ﬁm since it is a stack; this is why we choose to verify

the assertions of the Theorem by means of Mos.) O

Appendix: Rehﬁtﬁ@m to the Complex Analytic Case

In this Appendix. we make the connection between the theory of Schwarz
structures discussed here and the classical notion of the Schwarzian derivative
in complex analysis. Let K be an algebraically closed field of characteristic
zero (such as. for instance, the complex numbers C). Let X— Spec(K) be a
smooth, proper, connected curve. Let P=P (#/$%) be the usual P'-bundle on
X, and let Vp be a connection on P —X that makes it indigenous. Then just as
in 81, we can form the Schwarzian derivative:

D : 0% —wkix



A THEORY OF ORDINARY p-ADIC CURVES 1017

Then the purpose of this Appendix is to show that when X =P*; z is the stand-

ard rational function on P% and w%/x is trivialized by (dz)? then D(¢) is given
(up to a factor of two) by the classical formula for the Schwarzian derivative.

First, let us note that when X =P?, there exists only one connection Vp on
7 : P — X that makes it indigenous. Indeed, this follows from the fact that
Ad (P) Qa,wx/x has no sections for degree reasons, plus the fact that the exten-
sion

0— g2/ g8 g/ g3 g/g121 )

does not split (since the extension class is the Hodge-theoretic first Chern class
¢1 (wx/x), which is nonzero). It thus follows that (P:Vp) is necessarily isomor-
phic to the indigenous bundle constructed in Example 1 of §2. Thus, PEX XX
(where we regard the projection to the second factor as the structure morphism
to X): let us fix such an isomorphism for the rest of the discussion. Also, the
Kodaira-Spencer morphism at the diagonal section 0a : X=X X (X =P is an iso-
morphism. Let z be the standard rational function on X. Let US X be the
complement of infinity. Thus, z is regular on U. We shall work mainly on U.

For i=1, 2, let p, : PE X X gX— X be the projections to the i** factor. Let { be
the relative rational function on Ply —U given by p¥ (z) —p5 (z). Let us simply

denote by V the result of applying Vp in the tangent direction ?zd'z‘ Then clear-

ly, VO =—1. Let n=1/{ Thus, V () =72 Now if we regard P as P
(£/4%), and s is a section given by [a dz, b (dz)?] (where a, b € Ox(V), for
some open VS U), then we have {(s) =a/b. Indeed, both sides of this equation
define relative rational functions on P|y —U. The right-hand side has a simple
pole at the section [dz, O ¢ (dz)?], which, by computing residues as in the defini-
tion of the isomorphism of Proposition 1.4, corresponds io the section o X U.
Thus, both sides of the equation have a simple pole at ©© X U, and the same
1-jet at oa, hence are equal. In particular, n(s) =b/a.

Now suppose we are given ¢ €E0%(V). The 2-jet j4 of ¢ is given by ¢ dz
+%¢” (dz) 2. Thus, if s4 is the section of P over V that is defined by j, we

”

have 7 (s4) =—2%7. Thus, we compute:
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(£5)=v e
={V ()} (sg) +7(V (s4))
=1%(sg) +D (@) (dz) 2

_ (9" —2
1) +D(¢) (dz)

Expanding the derivative on the left and rearranging terms, we get:

I A C AL MY

2(¢)2 4(¢)?
_1[¢” 3(¢")? 2
2{¢ 2¢)2](d)

We have thus shown the following result:

Theorem A. On P!, the Schwarzian derivative defined at the end of §1 is
equal to one-half the classical Schwarzian derivative.

For a treatment of the classical Schwarzian derivative, we refer to [Lehto].

Chapter 1I: Indigenous Bundles in Characteristic p

§0. Introduction

In this Chapter, we study indigenous bundles in characteristic p. In par-
ticular, we will be concerned with how these bundles interact with Frobenius.
Our main tool for studying this interaction will be the p-curvature. We begin in
81 by studying FL-bundles, which are a special kind of rank two vector bundle
with connection on a curve that corresponds to a lifting of the curve modulo %
In §2, we define the Verschiebung map on indigenous bundles to be the deter-
minant of the p-curvature of the indigenous bundle. It turns out that
(essentially) indigenous bundles arise from FL-bundles precisely when their
Verschiebung vanishes. Since it is precisely this sort of indigenous bundle —
which (following [Katz]) we call nilpotent — that corresponds to an MUF"
-object in the sense of [Falt]. it is worthwhile defining and studying the moduli
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space ./Vg,, of such bundles. In order to study J\_/g,,, we make two fundamental
calculations (Theorems 2.3 and 2.13) concerning the Verschiebung. The first
tells us that the Verschiebung is finite and flat, of degree p*~%*", and the second
calculates the derivative the Verschiebung in terms of invariants of the indig-
enous bundle which are easier to compute. In §3, we define the hyperbolic
(higher genus) analogue of an ordinary elliptic curve: namely, we say that a
hyperbolic curve is hyperbolically ordinary if it admits a nilpotent indigenous
bundle at which the derivative of the Verschiebung is an isomorphism. Using
the general machinery developed in §2, we then do a number of computations in-
volving totally degenerate curves and elliptic curves which reveal that:

(1) the hyperbolically ordinary locus of J,, is open and dense
(Corollary 3.8);

(2) if one applies the definition of ordinariness in terms of indigenous
bundles to the case of elliptic curves, one recovers the classical defini-
tion of an ordinary elliptic curve (Theorem 3.11); and

(3) (at least if g = 3, and p is sufficiently large then) each irreducible

component of JV” that passes through a certain canonical nilpotent in-

digenous bundle on a totally degenerate curve has degree = 2 over ;ﬂ,,,,;
thus, there is no canonical choice of a nilpotent indigenous bundle on a
generic 7-pointed stable curve of genus ¢ (Proposition 3.13).

We end the Chapter with the observation that (3) is interesting in the sense
that it constitutes a deviation from the behavior that one might expect by analo-
gy to the complex case.

§1. FL Bundles

In this Section, we develop the theory of a certain kind of rank two bundle,
which we call an FL-bundle, which arises from looking at the Cartier isomorph-
ism of a curve. It turns out that space of such bundles can also be used to pa-
rametrize the infinitesimal deformations of a curve to Z/p*Z. The material we
present here is essentially “well-known" (see, e.g., [Kato] ., §4) . although our
point of view is a little different. Let p be a prime. Let S be a noetherian
scheme over Fj. Let us assume that we are given a fine log structure on S, and
let us denote the resulting log scheme by S™8 Let us denote the absolute
Frobenius ([Kato], §4) of S'°% by ®gw : S8 —S5"98  Let f°¢ : X'°¢— S pe an
r-pointed stable curve of genus ¢ (as in Chapter I, Definition 2.1, so 29 —2+7r>
1). In general, we shall denote by means of a superscript “F” the result of
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def
base-changing by @sw. Let @xor/soe : X108 — (X1°8) F = X18 X o054 S'°% be the
relative Frobenius.

Deformations and FL-Bundles

We begin by reviewing the Cartier isomorphism (as in [Kato], Theorem
4.12). Since a curve is one-dimensional, this amounts to the existence of an
exact sequence of sheaves on X:

0— (Dxyor/sos) 72 Oxr — Ox — wirs — (D xmse) Hawlprs) F— 0
where the morphism is the middle is the exterior differentiation operator d.

def
Let 2 =d (Ox) Swys. Then note that since the above exact sequence is functo-

rial with to base-change T '°®8— S'°¢ the formation of 2 is likewise functorial
with respect to base-change. We would like to consider what happens to this

exact sequence when it is tensored over (@xeyses) 'Oxr with (@xwoesses) !
(Tyorysm) . Let T = (@yos/sm) * (txeess0) ¥, We then obtain (by using the long
exact cohomology sequence for higher direct images) the following two exact
sequences of sheaves on S :

O""@s“’le*Q ®6Xg—_>R1f*wL?/% ®0x7

0— R fy (tawessos) T = R foT — Ry f42 ®e, T — 0

where we use the fact that fx (2 ®oz,... g Tho ) fie (w;?/gs ®4,7) =0 by de-
gree considerations. Now let us note that J has a natural logarithmic connec-

tion Vs obtained by declaring the sections of the subsheaf (@ xwe/gor) 1 (Ty0mn,g0e) F
S (Qpuwesee) * (Txwys0e) F =T to be horizontal. Thus, by using the above exact
sequences, we can compute the first de Rham cohomology module of 7 (where
we always understand J to be equipped with the connection V).

Proposition 1.1. We have an exact sequence:
0— Ry (txorsso) = Rfpr (T) = Os— 0

which is functorial with vespect to base-change T'°%— S8 In particular, R
(T) is a vector bundle of vank 3¢ —2+v on S. Finally, R for«(T) SRY« (7).

Let us denote by & the R (Tywsse)F-torsor on S defined by the above ex-
act sequence. Let S'°% he a fine log scheme whose underlying scheme is flat
over Z/p*%, and such that S1°¢ ®Z/pZ=S°%. Let X'°#— S1°% he an r-pointed
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stable curve of genus ¢ lifting fi°. Then for any r-pointed stable curve ylog—
S8 of genus g that lifts (X'°8)F —S'°¢ we can associate a section Oy of & as fol-
lows. Consider the obstruction to lifting the relative Frobenius @yws/sos; X108 —
(X'°%)F to a morphism X '©— Y°% This defines a section Oy of RY(7).
Observe that Oy is independent of the choice of lifting X% Indeed, this follows
from the fact that locally, if one changes the lifting )?'“, the obstruction cocycle
will change by a derivation of X'°® applied to a function pulled-back via ®xwes/ses
from (X'%)F  But this will always give zero. This proves that @y depends
only on Y8 Let us also observe that 67 actually defines a section of RYpzx (7)

CRY% (7). Indeed, to see this, we reason as follows. We work with bianaly-
tic functions, as in Chapter I, 81. Then the inverse image via the relative

Frobenius of O@wr in O coincides with both i {(@xwese) ~'Oxr} and
ir {(@xoyge) 10qr}. Thus, the two pull-backs (from the right and left) of Oy
to Og» both correspond to the obstruction to lifting iy { (@yes/se) ~10gr} =
ir L(@xvesses) 207} to an Os-flat subalgebra (with log structure) of Ogw=. This
shows that Oy is horizontal.

Now suppose that we consider another lifting Z'9%— S8 of (xX1°8)F — glog,
Then the difference between the liftings Y'°¢ and Z'°® naturally defines a section
Byz of the vector bundle R (zywerses) . It follows immediately from the defini-
tion of an obstruction class that 8y =60z+ fyz. Thus, if there existed a lifting
Y'°¢ such that 07 is a section of the subsheaf R« (zxw/s0) F S RYpro« (7), then
it would follow that there exists another lifting Z'° such that 87;=0. Thus, the
relative Frobenius would lift to a morphism ¥ : X'°¢— Z1°¢ Byt then by
pull-back, ¥ would induce a nonzero morphism of (®yes/sm)* (wes) into W,
which, by degree considerations, is absurd. Thus, we conclude that no Oy lies
in RV (zxeysen) ¥ S RYfpr« (7). In other words, for every lifting Y'°%, @y de-
fines a section of &. Let 9 be the Rfs (zxws/see) F-torsor over S of liftings of
(X'8) F —§'¢ {5 S8 Then, we see that wa have defined a canonical morphism
of R« (Tawe/se) F-torsors

F.D—dA

Since any morphism of torsors is necessarily an isomorphism, we see that we
have proven the following result: ([Kato], Theorem 4.12 (2))

Proposition 1.2. The canonical morphism F : D — A is an isomorphism.

Let (8, Ve) be a rank two vector bundle on X with a connection Ve
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(relative to f°%). Suppose that there exists a horizontal exact sequence
0—=T—=E—0x—0

Then this exact sequence defines a section 7 of RYfpr.%(7) over S.

Definition 1.3. We shall call (§, Ve) an FL- (vector) bundle if n maps to
0% S 0s under the map RYpr« (7) — Os of Proposition 1.1. We shall call a

P!-bundle with connection (P, Vp) on X'°® an FL- (P!) -bundle if it can be writ-
ten étale locally on S as the P!-bundle associated to an FL-vector bundle.

Remark. The letters “FL” stand for Frobenius lifting. Since an FL-bundle
defines a section of the torsor &, it follows by Proposition 1.2 that it also de-

nines a lifting Y8 —S1% of (X'°8)F—gS°e  Also, we shall see below (Corollary
1.5) that, at least if S is reduced, then if a horizontal exact sequence as above
exists, it is necessarily unique.

The p-Curvature of an FL-Bundle

Let us assume for the rest of the Section that p is odd. Throughout this
Chapter the notion of the p-curvature of a bundle with connection in characteris-
tic p will play an important role. We refer to [Katz]. §5, 6 ; [Ogus], §1.2, 1.3
for basic facts concerning the p-curvature. ([Katz]. of course, does not handle
the arbitrary “log-smooth” case, but the definitions and proofs (of the prop-
erties that we will need) go through without change. At any rate, on the sorts
of curves that we are working with, the theory of [Katz], §5. 6, is literally valid
on an open, schematically dense subset, and many assertions can be checked af-
ter restriction to such an open subset.) Let (8, Vs be an FL-bundle. We
would like to compute the p-curvature of (§, Ve). The p-curvature % will be a
horizontal section of ¥ ® g, Ad (8). Occasionally, we shall think of % as a
morphism Ad (§) =7V or a morphism 7 —Ad (§) (using the fact that Ad (§) is
self-dual). By abuse of notation, we shall also refer to these morphisms by the
notation #. Now, first of all. since Vg stabilizes the filtration 7 €&, by func-
toriality, & also respects this filtration. Secondly, since & and Ox clearly have
p-curvature zero, P not only respects the filtration, but is nilpotent, ie., P : T —
Ad () maps into the subbundle 7 € Ad () (given by endomorphisms of &
obtained by projecting § — Oy, mapping Ox to J, and then injecting 7 < §).
Thus, & basically amounts to a morphism from 7 to 7, i.e., a section of fx0x =

Os.

Proposition 1.4. Assume that p is odd. If (8 Vs is an FL-bundle on
X% then P : T —Ad(8) is given by multiplication T —T by — 1, followed by the
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inclusion T < Ad(§).

Proof. Since the universal example of an FL-bundle on an »-pointed stable

curve of genus g is given by the torsor & over ﬁg,y. which is smooth, it suffices
to check the assertion after restriction to a closed point of this universal .
Thus, we can assume that S=Spec (k), where k is a finite field. Then S has a

canonical lifting to a flat scheme over Z/p*Z. namely, S = Spec (W (&) /p?W (k))
(where W (k) is the ring of Witt vectors with coefficients in k), and S has a
natural Frobenius lifting ®s. Thus, for any smooth scheme U—S, we may
speak of a Frobenius lifting (mod p?) on U. that is, an S-linear morphism O : U
— UF whose reduction modulo p is the relative Frobenius U—UF of Ud;fﬁ ®
Z/pZ.

Now let us take U to be an affine open subset U< X, at which f is smooth,

and which contains no marked points. Let U—3S be a smooth lifting of U, and
let t be a local coordinate on U. By the interpretation of FL-bundles in terms
of obstructions to Frobenius liftings, we may compute § by using as follows:
Over U, 8|U§9[U€B@U. Let us write sections of & relative to the decomposi-

F
tion 7 |y ® 0y and the basis given by (@i e 4 ,0): (0, 1); and let us denote
dt

by V the connection Vs applied in the direction g? Then V is given by
adding to the direct sum connection the matrix

1 ’
o)
0 0

where the map @’ is the derivative (with respect to t) of some local Frobenius
lifting @ on U. Since tF+—(14+£)?—1 is a Frobenius lifting, ® () must be of

the form (14¢)?—1+p-f(t), for some function f(t) on U. Therefore, %(D' is of

the form (1+¢)?71+f (t). This gives V(1. 0)=0: V(0, 1) = ((1+#)*'47, 0).
»

Therefore, (V)?(1, 0) =0 and V2(0, 1) = (p— 1)1 (1, 0) (since (g;)f= 0).

Finally, it follows easily from using the fact that F; is a cyclic group that (p—
1)!=—1 (in F»). This completes the proof. O

Corollary 1.5. Assume that p is odd. Let (&, Vs) be a rank two vector bun-

dle with logarithmic comnection on X'°° {over S'°%) defined by a section 7 of
R! forx(T). Then (8, Vs) is an FL-bundle if and only if its p-curvature is non-
zevo at some point of every fiber of f 1 X —S.
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Proof. The “only if” part follows ‘from Proposition 1.4. On the other
hand, suppose that the image of 7 under the map R! fors (7) —Os of Proposi-
tion 1.1 vanishes at a point. By restricting to that point, we may assume that
S is the spectrum of a field. and that the image of » in Os vanishes identically.
But then, it follows from the exact sequence of Proposition 1.1 that (8, Ve) is
the pull-back of a bundle under Frobenius. Then its p-curvature must vanish
identically, which contradicts our assumption. O

Corollary 1.6. Assume that p is odd and that S is reduced. Let (8, Vs) be
an FL-bundle. Let US X be an open subset; (£, Ve¢) be a line bundle with logar-
ithmic commection on U : and ¢+ € < &|y be a horizontal morphism of Oy -modules
with logarithmic connections. Then ¢ factors through the injection T |y < 8|y in
the definition of & as an FL-bundle.

Proof. By shrinking U, we may assume that f : X —§ is smooth on U, and
that U stays away from the marked points. We may also assume that the com-
posite of ¢ with the projection §|y—0y is an isomorphism. Thus, we obtain a
horizontal isomorphism of line bundles £ —@y. But this implies that (£, Ve)
has p-curvature zero. Thus, we get a horizontal isomorphism € ® 7 |y — &/,
Since the left-hand side has p-curvature zero, the same is true of the right-hand
side. But this contradicts Proposition 1.4. O

Remark. 1t is not difficult to construct counterexamples to Corollary 1.6 if
one does not assume that S is reduced.

§2. The Verschiebung on Indigenous Bundles

In this Section, we define a “Verschiebung” morphism on the space &, of
Schwarz structures that takes values in the space of square differentials
(twisted by Frobenius). We then prove various basic properties of this
morphism, such as computing its derivative. This computation reveals that the
derivative looks rather like the Verschiebung morphism for the Jacobian of the
curve, thus justifying the terminology. On the other hand, as we shall see in
83, unlike the Verschiebung of the Jacobian which only pertains to H' of the
curve, the Verschiebung on indigenous bundles pertains to a nonabelian in-
variant of the curve, namely, the nilpotent indigenous bundles on the curve. It
turns out that the study of nilpotent indigenous bundles, and thus of the Vers-
chiebung on indigenous bundles are central to understanding uniformization

theory in the p-adic context. In this Section, ﬁg,r (respectively, S,,) will de-
note the moduli stack of 7-pointed curves of genus g (respectively, equipped
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with a Schwarz structure) over Fp. We assume throughout this Section that p
is odd.

The Definition of the Verschiebung

Let S'9 be a fine noetherian log scheme over F,. Let f19 : X109 —g0¢ pe ap
r-pointed stable curve of genus g. Let DS X be the divisor of marked points.
Let (& Vs) be an indigenous bundle on X% (see 82 of Chapter I for more on
such bundles). We remark heve that throughout this paper. when we do various
manipulations with indigenous bundles, it will be simpler to work with vector bun-
dles, rather than P*-bundles. Of course, indigenous veclor bundles only exist under
certain conditions (cf. Proposition 2.6 of Chapter 1). but this will not pose any prob-
lem, since we can always either Zariski localize on the cuvve, or pass to some sort of
covering of the curve, and then descend for the final vesult. Thus, in the future, for
the vest of the paper, we shall act as if this problem does not exist, and always work
with indigenous vector bundles, when it is lechnically more comfortable to do so.

We maintain the notation of §1 for the various Frobenius morphisms and
for T = (@ yws/s0s) * (Tensss) £ Let P : T —Ad (8) be the p-curvature of (8. Vs).
Consider the composite of %, with its dual ;. This composite is a horizontal

morphism 7 — 7V, hence defines a section of {fx (wys)®?) F. Let ¥ be -%

<

times this section. Another way to put the definition of ¥ is as follows: We
consider the square (%) 2 : (7)®%2— End (§) of %, take the trace, and multiply

by —%. Yet another way to put the definition of ¥, is that it is the determi-

nant of % (regarded as a map () ®2 —0y).

Proposition 2.1. Assume that S is veduced. Then Vs is zero if and only if
the image of %, consists of nilpotent endomorphisms of 8.

Proof. Immediate from the definitions. O

Thus, we may think of ¥& as a measure of how nilpotent % is. Note, in particu-
lar, that at a marked point, by definition Ve has nilpotent monodromy, so the
p-curvature is already nilpotent there. Thus, V& has zeroes at all the marked
points. By abuse of notation, we shall denote by ¥z the resulting section of {(fx
(wyr) ®2(—D))*".

Definition 2.2. We shall refer to the section ¥z of (fx (wyes) ®2(—D))F as
the Verschiebung of the indigenous bundle (8, V).
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. . 7 . . .
Thus, in the universal case, when ' : #'°#—f{% is the universal r-pointed

stable curve of genus ¢, we obtain a morphism of /ﬁg,r—schemes:
11—/—g,f : -‘Z‘y,r - gﬂ_r

where 9,, is the geometric vector bundle corresponding to (i.e., Spec of the
symmetric algebra of the dual of) (fx« (w;?/gs) 82(—D))F. Note that both S,, and
9,., are of dimension 3¢ —3+7 over M,,. The rest of this Chapter will be de-
voted to studying this Verschiebung morphism ‘179,.

Let us begin with some observations concerning the degree of Vg,r as a
polynomial map. Let Ve= Ve+ 6 be a logarithmic connection on & that makes
it an indigenous bundle; here we may assume that & is an Ad (§) -valued dif-
ferential which defines a square-nilpotent endomorphism of § and which corres-
ponds to a square differential #5°. Thus, 2= 0. If we then compute the
p-curvature of (8, V%) by. say, working locally on U S X where there is a loc-

al coordinate x, and letting V (respectively, V' ; 6,) denote Ve (respectively,
def
V% 6) applied in the direction 6=£;, we note that because 6Z=20, all the

terms that involve 6z more than %(p-k—l) times must vanish. Moreover, there is
only one term that involves 6 exactly %(p*—l) times, namely:
6:V 6,V -V 0,

that is, alternating #;'s and V's, with a total of %(p-i—l) copies of 6; and %(p—

1) copies of V. TFor future reference let us call this term & Note that since
2=, any string 6; V 6 can be rewritten 6, [ V. 8.) {where the brackets de-
note the commutator) , and that this commutator [V, 6] is a linear operator
(that is, linear over @x). Moreover, this linear operator [V, 6.] preserves the
Hodge filtration of §. Thus, & may be rewritten as 8, times [V, 6] to some
power. Since [V, 6] preserves the Hodge filtration, it thus follows that & is a
linear operator on & which is nilpotent with respect to the Hodge filtration. In
particular, £2=0. At any rate. we may at least conclude that in the expression
for the trace of the square of the p-curvature of V%, 6 occurs no more than p
times in each term. We thus obtain the following result:

(*) Relative to the affine structures of 8,, and 2,,,. the pull-backs of
the affine variables on 2,, via the morphism ¥,, are polynomials in

the affine variables of B, of degree < p.
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In fact, we would like to conclude a stronger result, namely that the degree
is exactly p. In order to do this, we need to enlist the aid of Jacobson's formula
(see, e.g., [Jac]. pp.186-187): This formula states that if ¢ and b are elements
of an associative ring R of characteristic p, then

p=1
(a+b)?=0a®+b*+ Zs,(a. b)

1=1

where the s,(a, b) are given by the formula:
p—1
(ad(ta + b)) (a) = Zis,(a, bt
1=1

computed in the ring R [t], where t is an indeterminate. In our case. we let b=
V and a = 6;, and we wish to compute the s, (a, b), where j=%(p—1). Let 7
be the coefficient multiplying 7% in the expression (ad (ta+b))?7'(a). Let a=
ad(a); B=ad{b). Then the terms in 1 look like %(p—?)) copies of & and %(p

-+ 1) copies of B applied to a in some order. Now ultimately, in order to com-
pute the Verschiebung, we are interested in computing tr(n + £). Let 7 be one
of the terms that make up 7. Now we separate the analysis of 7 into two cases:
the case where 7 begins with an «, and the case where 7 begins with a 5.

Suppose that 7 begins with an &. Thus, 7 looks like
AT Trena

where each 7; is either & or B. Now let us note that when one applies & =ad
(6;) or B=ad (V) to a linear operator on &, one gets back a linear operator.
Moreover, « applied to any linear operator on & yields a linear operator that
preserves the Hodge filtration on §. Thus, we conclude that 7 is a linear oper-
ator on & that preserves the Hodge filtration. Since & is nilpotent with respect
to the Hodge filtration, it thus follows that tr (7 - &) =0.

Now suppose that 7 begins with a 8 :

Bri 1s-za

Let us denote by o the linear operator on & given by 71 *** 75—z a (i.e., we leave
off the initial 8). We would like to show that o preserves the Hodge filtration
on & To see this, first note that among the 7,'s. the number of 8's is exactly
one greater than the number of a's. Also, note that (by Griffiths
transversality) relative to the Hodge filtration on Ad (§) . applying B decreases
the filtration index I (in F' (Ad (8))) by at most one, while applying « always
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increases the filtration index ! by one. Thus, since a=68,€F'(Ad (§)), it fol-
lows that 0 E€F°(Ad (8)), i.e. it fixes the Hodge filtration on &, and so ¢ * & is
nilpotent with respect to the Hodge filtration. In particular, tr (¢ > & = 0.
Since the trace map is horizontal, we thus obtain that tr ([V, o° &]) =0.
Therefore, when we multiply z=8(0) by & and take the trace, we get

tr(t- & =tr([V,0-&) —tro- [V, E])
= —tr(o- [V, &)

In other words, tr (z * £) depends only on the images of ¢ and [V, €] in FY/F!
(Ad(8)).

To compute the image of ¢ in F/F*(Ad (§)), we must analyze ¢ in greater
detail. Now we saw that when we compute ¢ by applying a's and 8's to a, 3
decreases the filtration index by at most one. The only time it fails to decrease
the filtration index by one is when it is applied to a linear operator which
already has a nontrivial image in F~'/F°(Ad (§)). If this should occur even
once, then the net change in the filtration index as a result of applying all the
7’’s (in the computation of 6) to a is <0. Thus, if this occurs even once, 6EF!
(Ad(8)),sotr(o - [V, &])=0. On the other hand, if, during the calculation of
o, we apply « to a linear operator in F*(Ad (§)), we get zero. Let us call the
case where neither of these two phenomena ever occurs the nondegenerate case.
Thus, only the nondegenerate terms 7 will make a nonzero contribution.

Let us suppose that 7 is nondegenerate. Then in order to compute the im-
age of o in F®/F'(Ad (8)). it suffices to merely keep track of the leading term
(relative to the Hodge filtration on Ad (§)) as we apply the various 7,'s. Now
let us note that it follows from the fact that the Kodaira-Spencer morphism for
the Hodge filtration on & is the identity that if /=1, then applying B to a linear
operator L in F'(Ad (§)) yields a linear operator in F'"!(Ad (§)) whose image
in F=Y/F' (Ad (&) is the image of L in F'/F** (Ad(§)) times 0. On the other
hand, if 1 <1, then applying & to a linear operator L in F' Ad (§) yields a linear
operator in F**' (Ad (8)) whose image in F**'/F'*2(Ad (8)) is the image of L in
FY/F*1(Ad(8)) times 8%° - 8. Thus. if T is nondegenerate, then its contribution
—tr(o - [V, £]) is given by (%2 - 9)? - (9)?.

It remains to compute the number of nondegenerate terms 7. Let us call
this number N, and regard it as an element of F,. We are interested in
whether or not Ny €F, is zero. Although one can presumably compute N, ex-
plicitly using some sort of combinatorial argument, we prefer to take the follow-
ing approach. Note that N, does not depend on g or 7 or on the particular

curve fl°8 : X8 —gS!8 hut only on p. Thus, it suffices to show that (for each
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odd prime p) N # 0 for one particular curve (with ¢ and 7 arbitrary). We
shall do this in 83 when we do various computations with elliptic curves.

Thus, we obtain that ¥ (which is a section of (fx (wx%) ®2(—D))F), when ap-
plied to (87)? yields the function ¢ * (652 - 0)? + (9)?, where ¢ €F}, plus lower

degree terms in 6°°. Put another way, the degree p component of ”179,, is a
morphism:

Ty - s @gh) 2 (=D)))F = 8 (fx (k) ** (= D))"

which is equal to ¢ times the Frobenius morphism, i.e., the p**~-power map. We
shall see later in our computations with elliptic curves that c=—1. Thus, we
obtain the following important result:

Theorem 2.3. Relative to the affine structures of By and gy the
pull-backs of the affine variables on Qw via the morphism “179,7 are polynomials in
the affine variables of .(Zg,r of degree exactly p, with the leading term ”17};5_’], (ie., the de-
gree p component) given by —1 times the p™-power map. In particular, Vsr is a fi-

nite. flat morphism of degree p*9~3%".

Proof. 1t remains to verify the last assertion (that ¥, is finite and flat of

the right degree). Let U= Spec (A) = M,, be étale. Then over U, we may

choose affine coordinates X, and Y, of &,, and 2,, so that “17” looks like (the
map induced on Spec's by):

def def
B=A[Y., Y3g—3+r] —C=A4 [XL"',ng—3+r]

where Y, —f, (X1,"*, Xsg-3+,), and f; is of the form *—X? plus terms of lower de-
gree.” Then it is easy to see that, as a B-module. C is generated by monomials of
the form

3¢=3+7
X/
1=1
where 0 <¢, <p — 1. In particular, C is a finite B-module, so ¥,, is finite.
Since “Vy, is a finite morphism between regular algebraic stacks of the same
dimension, it follows from commutative algebra that “17” is flat. To compute the
degree of ¥, let P ="Proj, (C[T]) (with the grading such that T and the X,'s
have degree one). Then Spec (C) SP is an affine open subset. Let S,SP be
the hypersurface which is the closure of the zero locus of f;. Then the

scheme-theoretic intersection V of all the S;’s has degree p¥~3*" over Spec (4).
Also, the intersection of V with P — Spec (C) = V. (T) = Proj (C) is just V.
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(X3, X5, _s.,) SProj (C), which is the empty set. Thus, V< Spec (C), and so
deg (AVg,r) =deg (v— Spec 4 =303+ O

Before continuing, we introduce some more terminology that will be of use
in the future:

Definition 2.4. Let (&, Ve¢) be an indigenous bundle on X'°®. Then, we
will say that (8. Ve) is uilpotent if ¥ is zero. We will say that (8, Ve) is

admissible if P : Ad(8) =T is surjective.

Note that the terminology of a “nilpotent indigenous bundle” that we have intro-
duced here is (by Proposition 2.1)consistent with that of [Katz]. Also, let us
observe that the nilpotent bundles form a closed subscheme

'A70:7 g Szg,r
while the admissible bundles form an openn subscheme
'(Zs:i;n g “ZOJ’

We shall see later in this Chapter that S2™ NN, is nonempty and that neither
B2 nor N, is contained in the other. Note, further, that Theorem 2.3 im-
plies that the natural morphism

«/Va.r - -/ﬁy.r
is finite and flat of degree p*~3*".

Finally, we observe that one thing which is interesting about nilpotent in-
digenous bundles is that (if S is the spectrum of a perfect field. then) by a result
of [Falt] such indigenous bundles arise as the crystalline Dieudonné modules of
certain finite. flat group schemes on X% This point of view will be pursued
further in later chapters. This observation is the main reason for studving

./\7!,,, and “Vg,y, which is the goal of the present Chapter.

The p-Curvature of an Admissible Indigenous Bundle

As a prélude to finding out more about ‘17”, it is worth looking at various
basic properties of the p~curvature of an admissible indigenous bundle.

Proposition 2.5. There is a bijective correspondence between wnilpotent,
admissible indigenous bundles (up to tensor product with a line bundle of ovder two)
and FL-bundles whose projectivizations are indigenous given as follows: If (&, Ve
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is a wnilpotent, admissible indigenous bundle on X©°%, let % : T — Ad (§) be its
p-curvature. Then the kemnel of P : Ad(§) — TV is an FL-bundle.

Morveover, if (8, Vs) is a nilpotent, admissible indigenous bundle on X8, there
exists a unique rank one subbundle M <& that is annihilated by the endomorphisms
in the image of % This subbundle M is stabilized by Vs. The induced connection
V. has p-curvature zevo, and we have a horizontal isomorphism MO T .

Finally, suppose that S is reduced, and (8. Ve)is nilpotent, admissible, and in-
digenous. Let USX be an open set, and (€, Ve) a line bundle with logarithmic con-
nection (with respect to f® : X8 —S'€) on U. Let ¢+ $— 8|y be a horizontal
morphism. Then ¢ factors through M8,

Proof. First of all, since (§, Ve) is admissible, P¢ is surjective, and thus
its kernel is a rank two vector bundle % which is stabilized by Ve hence gets a
connection Vg. Since (& V,) is nilpotent, it follows that 7 =Im (%) € %, and
that this inclusion § “— % is locally split. Also, this inclusion § “— % is
necessarily horizontal, and we also have a horizontal isomorphism %/7 = 0.
Thus. in order to show that (¥, Vz) is an FL-bundle. it suffices to show that
the p-curvature of (%, Vs) is nonzero generically on every fiber of f : X —5 (by
Corollary 1.5). Thus, we may assume that S is the spectrum of a field. Now
on some nonempty open set /S X, there is line bundle with connection (¥, Vg)
and a horizontal surjection ¢ : § =% such that Im (Pv) is given by endomorph-
isms that vanish on Ker{y) and whose image is in Ker(g) . Then sorting
through what we have done, we see that we have a horizontal isomorphism ?lu
=8|y, ® 1. Since ¥ has p-curvature zero. the fact that §|y has nonzero
p-curvature implies that the same is true of Fly. This completes the proof that
(Z#, V#) is an FL-bundle.

On the other hand, if we are given an FL-bundle (¥, Vg) whose projecti-
vization (P, Vp) is indigenous. let (8, Vg) be an indigenous vector bundle
whose projectivization is (P, Vp). Then there exists a line bundle with connec-
tion (€, Ve) (relative to f°¢ : X'°8— S'°8) such that we have a horizontal iso-
morphism ¥ ®gx £ = & Taking determinants, we thus get a horizontal iso-
morphism £®*= TV, so the p-curvature of € must be zero. Thus, under the
natural identification of Ad (¥) with Ad(8), we see that the p-curvatures of (&,
V¢) and (F, Vg) coincide. Thus, by our computation in Proposition 1.4, (&,
Ve) is admissible and nilpotent. Also, it is easy to see that these two proce-
dures are inverse to one another, thus proving the bijective correspondence.
We take MMSE to be TRLCSF ®F=E. The remaining assertions follow im-
mediately from what we have done so far, plus Proposition 1.6. O
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Proposition 2.6. Let (8, Vs) be an indigenous bundle on X'°%. Let Ps : T
—Ad(8) be its p-curvature. Then :

(1)  We shall call the composite He : T —Txw/se of Pg with the pro-
Jection &> Txws/sos arvising from the Hodge filtration on & the
square Hasse invaviant of (8, Vs) . If (8, Ve) is admissible,
then Hg is nonzero.

(2)  Suppose that (8. Ve)is admissible. Then the zero locus V (He)
C©X is a divisor Dg which is finite, flat, and of degree (p—1) (29
—247%) over S. We shall call it the double supersingular divisor

of (8, Vs).

(8)  Suppose that the indigenous bundle (8, Ve) is admissible and
nilpotent. Then there exists a line bundle # on X whose square
H 22 is isomorphic to TV @ Txwsssos, together with a section X of
H over X whose square is Hg. We shall call ) the Hasse -
vaviant of (8. Ve). In particular, there exists a divisor Es S X
such that De=2Es. We shall call Ee the supersingular divisor

of (8, Ve).

(4)  Suppose that S is reduced. Then any two nilpotent, admissible
mdigenous bundles with the same supersingular locus are isomor-
phic.

Proof. For (1), it suffices to prove the statement after we restrict to a fiber
of f: X—§ ; thus, we may assume that S is the spectrum of a field. If Hg were
zero, then that would mean that Im (%) lands in F°{Ad (§)). Now F°(Ad (8))
surjects onto Ox. If the image of s in Ox is nontrivial, we get a contradication
as follows: On the one hand, Im (%) is stabilized by Ve. On the other hand, the
fact that the Kodaira-Spencer morphism of the Hodge filtration is an isomorph-
ism means that Vg applied to Im (%¢) will not be in F*(Ad(8)). If the image of

log

P in O is trivial, then it must lie in F* (Ad (§)) = wxss. Then, by using the
fact that the Kodaira-Spencer morphism is an isomorphism, we again get a con-
tradiction. Assertion (2)follows immediately from (1).

Now suppose that (8, Ve) is nilpotent. admissible, and indigenous. Let
S8 be the rank one subbundle of Proposition 2.5. Let & —.WN be the surjection
arising from the Hodge filtration. Then composing the injection 4 < & with
this surjection, we get a morphism x : 4l < N, whose square (under the iden-
tifications JM®2= T ; N ®2=ryw/s=) is equal to the Hasse invariant. Thus, if we
let Eg be the zero locus of ), we have Dg=2E; This proves (3).

To prove (4), we assume that S is the spectrum of a field, and that we
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have two connections Ve and Vzon &, both of which make & a nilpotent,
admissible indigenous bundle, and such that the respective supersingular di-
visors Eg and Ej coincide. Let us also assume that Vg= Ve+ 6, where @ is a
square differential. Let ¢ : #{—& and ¢ : M’ —& be the respective inclusions,
and x : MM—N and x' : M/ —N the respective composites discussed in the pre-
ceding paragraph. We claim first of all that # and ' are isomorphic. In-
deed, this follows from the fact that N @ M 1= 0y (Eg) =0x (Ep) =N ® (M)~
Thus, we shall henceforth identify 4 and 4. Now x and x' differ by multi-
plication by a section A of Os, thatis, x =4+ ). Leti; : Ml —& be ¢, and let i, :
M—E be ¢ multiplied by A. Then it follows that there exists a morphism a :
—FY(§) such that i;=i,+a. Now let s be a horizontal section of ./ {over some
open set USX). Since the p-curvature is a horizontal morphism, Ve(i,(s)) =0
and Vz(i,(s)) =0. Thus, we compute :

Viliz(s)) = (Vs + 6) G, (s) + als))
= Ve (als)) + 6G,(s))

Suppose that « is nonzero. Then in the last line, the first term has a nonzero
image under the surjection § = (since the Kodaira-Spencer morphism is an
isomorphism) . while the second term lies in F' (§). Since the sum of these
terms is zero, we thus obtain a contradiction. Thus, & must be zero. Then we
obtain that 6 (i, (s)) =0, so (if 8#0, then) i; maps into F!(§) 8. But then
x =0, so by (2), we again obtain a contradiction. This completes the proof of

4). O

Proposition 2.7. Suppose that S is reduced. Let (8§, Ve) be admissible in-
digenous on X', Let Ps: T —Ad(8) be the p-curvature. Let USX be open, and
let (£, Vg) be a line bundle with logavithmic connection (velative to f°%) on U

whose p-curvature is zevo. Let ¢ : L—Ad (§) be a horizontal morphism. Then ¢
factors through T =1Im (Ps).

Proof. By shrinking U, we may assume that € and 7 |y have horizontal
generating sections s and ¢, respectively. We may assume that s and ¢ generate
a subbundle 9 S Ad (&) |y of rank two. If we take their commutator in Ad (§).
we see that [s, t] must be in %. Indeed. if this were not the case, then the
p-curvature of Ad (8) would be zero. But the p-curvature of Ad (§) is given
by Ad (®s) which is nonzero everywhere since (&, Ve) is admissible. This
proves the claim. Thus, ¥ is a Lie subalgebra of Ad (§), stabilized by the con-
nection on Ad () and whose p-curvature is zero. Being of rank two, it is
necessarily solvable, hence contains a nilpotent subalgebra # % which is sta-
bilized by the connection on Ad (8) and has p-curvature zero. Now # defines
a horizontal filtration & < &|y with respect to which it is nilpotent. Since
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(N)®2=HA it follows that N has p-curvature zero. Let 0 : End (§|y) —Ad ()
|u be the canonical projection given by quotienting out by the scalar endomorph-
isms. Then clearly the image of NV ® &|y S End (§|y) (ie., the endomorphisms
that anihilate &' S 8|y) under ¢ is equal to 9. Since 9 and N have p-curvature
zero, it thus follows that §|y has p-curvature zero, which contradicts the fact
that (&, Ve) is admissible. O

Proposition 2.8. Suppose that fi°8 is obtained by glwing together various f°¢,
as in the last subsection of Chapter I, §82. Suppose that (8, Ve) is milpotent,

admissible, and indigenous on X'°%.  Then it is automatically of restrictable type.

Proof. The subbundle 4 S & (of Proposition 2.5) is stabilized by & and
has p-curvature zero. Thus, if we restrict to an irreducible component Xl,og, the

monodromy at any marked point of X\°® must be nilpotent with respect to the fil-
tration defined by /(<& This completes the proof. O

As mentioned earlier, the reason that we are interested in nilpotent,
admissible indigenous bundles is that they define (%" -objects in the sense of
[Falt]. Let us suppose that S=Spec (k), where k is a perfect field, and that f :

X—S is smooth. Let S=Spec (4), where A=W (k) /p*W (k), and W (k) is the
ring of Witt vectors with coefficients in k. Let us denote by ®, the canonical
Frobenius morphism on S. We suppose that S and S are endowed with the tri-
vial log structures, and call the resulting log schemes S'°8 and Stog, respectively.
Let flog. X108 —S508 he 2 smooth r-pointed curve of genus g that lifts f°%. Let (.
Vs) be an indigenous bundle on X'°¢, Let §=F'(§) ® (§/F'(8)). Let USX be
an open subset, and let ®'°% : J'°8 —[J1°8 pe g lifting of Frobenius. If ¢ is a sec-
tion of & let V§(e) be the section of @* (§/F' (§)) ® wiw/s» obtained by ap-
plying Vs to e (and regarding the result modulo F!(§) ® wiwse) to get a section

of (§/F*(&)) ® wreyse, then pulling back by ® on & and by % d® on wyesyses.

Then we can define a logarithmic connection Vo on ®* (§F) by letting Vo (@2
(0, eF)) =0 (if ¢ is a section of &/F*(8)) and Vo (@71 (cF, 0)) = (0, Vi (e)) (if e
is a section of F*(£)). Then, it is easy to see (as in [Falt], §2) that for differ-

ent @, the pairs (@*(87)|7. Vo) glue together to form a bundle with connection

F* (8, Ve) on X% Note that F* (8, Vs) depends on the choice of lifting X'°®
—Slog,

Definition 2.9. We shall say that (8, Ve) forms an JF ¥ -object on X'°¢ if
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(8, Vo) ® (£, Vg) = F*(8, Vo)

for some choice of lifting X'°2—5"°8 and some line bundle with connection (%,
V¢) whose square is trivial.

Note that this definition is consistent (though slightly weaker, since we allow
the ambiguity of tensoring with (¥, Ve)) with the notion of being an object of
the category JMF of [Falt], §2. It is shown in [Falt] (Theorem 6.2) that the
de Rham cohomology of a semistable family of varieties over X'°® equipped with
the Hodge filtration and the Gauss-Manin connection forms an object of
MF" (as long as p—2 is greater than or equal to the relative dimension of the
family of varieties). The following result provides the link between what we
are doing here and [Falt], §2 :

Proposition 2.10. Let (8§, Ve) be an indigenous bundle on X'°%. Then (6,

Vs) forms an MF T -object on X'°% if and only if (8, Ve) is admissible and nilpo-
tent.

Proof. TFirst, let us assume that (8. Ve) forms an %V -object on X'°¢ for
the lifting Xlog 3log  (Ope computes easily from the definition of the connection
Vo that the p-curvature is nilpotent (with respect to the filtration 0 ® (®*§/F*
(8)) S®*&). Also. (just as in the proof of Proposition 1.4), the derivative

%(D' is of the form (1+¢)?7'+f (t). Thus, since the Kodaira-Spencer morph-
ism is the identity, it follows that the p-curvature (applied to Gd-‘e:d/dt) 18
obtained by multiplying a section of (®*F*(§)) ®0 by ®~*(dF) times the (p—1)
% derivative of (1+1£)?7*+f (1) (which is just —1) and regarding the result of
this multiplication as a section of 0® (®*§/F*(§)). In particular. we see that
the p-curvature is nonzero. Thus, (&, Ve) is admissible and nilpotent.

On the other hand, suppose that (8, Ve) is admissible and nilpotent. By
the bijective correspondence of Proposition 2.5, (8, Ve) corresponds to an
FL-bundle (94, Vg). By Proposition 1.2, this FL-bundle corresponds to a lift-
ing X'°¢—S" It remains to see that F* (8§, Ve) taken with respect to this lift-
ing is isomorphic to (&, Vs) (up to tensoring with an (¥, Ve¢) whose square is
trivial). Let N=8&/F'(§). Let MM=®4,5(NF). Let Vu be the connection on
M for which the sections of NF are horizontal. Thus, (M, V) ®*= (T, Vq).
Now, sorting through the definitions and wusing the fact that the
Kodaira-Spencer morphism is the identity reveals that if X=UU V (where U
and V are affine opens), then F* (8, Ve) ® (UM, Vu) is just the extension of Oy
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by Z obtained from the l-cocycle which is the difference between Frobenius
liftings on U and V. It thus follows from the definition of the canonical morph-
ism F : 9—4 of Proposition 1.2 that F*(§, Ve) ® (M, V.4) is exactly the bun-
dle (9, Vg). Thus, it follows from the definition of the bijective correspond-
ence in Proposition 2.5 that F*(§, Vs) = (&, Vs ® (€, Ve) for some (¥, Vo)
whose square is trivial. O

The Infinitesimal Verschiebung

Let wxss be the relative dualizing sheaf of f : X —S. Thus, if DE X is the
divisor of marked points, we have wy/s (D) S wy%. Let x5 : X—XF be the rel-
ative Frobenius over S. Recall from duality theory (see, e.g., [Harts] for a treat-
ment of duality theory) that since f and ®y,s are local complete intersection

morphisms, we have a trace morphism :

tro_ 1 (Dxss) wwxss — (wxss)F

X8

where we regard wy/s as R®z,s (wx/s)F. On the other hand. let Y"°¢ be the log
scheme whose underlying scheme is X and whose log structure is the same as
that of X'® away from the divisor D of marked points, and equal to the
pull-back of the log structure of S on the open subscheme where f is smooth.
Then we also have a morphism arising from the log version of the Cartier iso-
morphism (applied to Y'°8—S'°8):

C: ((DX/S> *Wx/s ™ (wxss)*

The following result is “well-known”, but | do not know an adequate reference
for it:

Lemma 2.11. The morphisms tre, and C are equal.

Proof. By a density argument, we reduce to the case where f is smooth.
By naturality, we reduce to the assertion that these two morphisms are the same
when X =Spec (F, [T]); S=Spec (F;) (where T is an indeterminate). Since tro_,
is the reduction modulo p of a construction that holds in arbitrary or mixed
characteristic, we can calculate trg , by considering the trace map obtained from
duality for the finite morphism @ : Spec (Z, [T]) —Spec (Z, [T]) given by T—
T?. Since tre (®*(dT)) = p dT, and ®* (dT) = p T?7'dT, it follows that
tre (T?7'4T) =dT. By reducing this formula modulo p and comparing with the
construction in [Katz] of the Cartier isomorphism, we obtain the desired result.

O

Let (8, Vs) be an indigenous bundle on X% Let Hz : T — Txoy/so be the
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square Hasse invariant of (8, Ve). Then by pulling back via ®y=/se and tak-
ing R« of Hs, we obtain a canonical morphism:

Of : (RYfstios/son) F— RY fatyms/sos

which we shall call the Frobenius on RfsTxoyses induced by (8, Ve). On the
other hand. let us consider the dual morphism to Hs, that is, Hy : wgk—T V.
Note that 7V =0} (we%)f. Thus. if we tensor Hy with wxss, we get a morph-
ism
(w l)?fs) ®2(—D) — wxs ®o, Di/s (w;)/gs)p*

If we then compose this morphism with the trace morphism trey,, tensored with
(W) ¥, we obtain a morphism (@) x (wes) ®2 (—D) — ((wy%)®2(—D))F.
Then applying f« to this morphism. we obtain:

¢ fxlw ;?/gs)m( D)_’(f*\w;’/gs)m(—D))F

which we shall call the Verschiebung on fx (wys) ®2(— D) induced by (8, V).

Observe that by Serre duality applied to the morphism f, we obtain that the vec-

tor bundles fx (wx%) ®2(—D) and R' fyTyews= on S are dual to one another.

Then relative to this duality, we have

Proposition 2.12. The morphisms ®f and O are dual to one another.

Proof. This follows immediately from duality theory. Namely, the duality
between f*a)f/zs (= D) and RYf«Tye/se is obtained by cup product, followed by

the trace morphism try : RY%wx,s—0s. On the other hand, since trace morph-
isms behave well under composition, we see that tr,= (tr;)* - tro . This fact,

combined with the fact that ®; (respectively. ®5) is obtained from Hg
(respectively, Hy), implies the result. O

We are now ready to state and prove the second main result of this Section.
Consider the Verschiebung on indigenous bundles defined in the first subsection
of this Section. In the universal case, it was a morphism

Vor: Bor = Lo
over M, ,. Thus, it induces a map on tangent bundles over f,,
07,4, 95,4, 93,4,

If we pull-back to the point of J,, defined by our particular (&, Ve), we get a
morphism
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OF : fx(wyk) ®2(—D) — (f« (wyk) ®2(=D))F

Then we have the following result :

Theorem 2.13. Let (8, Ve) be indigenous on X'°%. Then the infinitesimal

Verschicbung morphism ©F is equal to @f.

Proof. First, let us recall Jacobson’s formula (see, e.g., [Jacl. pp.186-187):
This formula states that if ¢ and b are elements of an associative ring R of char-
acteristic p, then

p—1
(@a+0)?=0a+ 0+ Zs,(a, b)

1=1

where the s;{a, b) are given by the formula;
p=1
(ad (ta+b))? ' (a) = Z{s, (a, b)tt
1=1

computed in the ring R[] . where ¢ is an indeterminate. In our case, we wish
to apply this formula in the case where a = e, ® €R, and € is an element of the
center of R such that €2=0. In this case, substitution yields:

(@a+b)P =0+ (ad(®))?a

To prove that ©F = @7, it suffices to do a local calculation on X to show
that the infinitesimal change in the trace of the square of the p-curvature is
given by —2®;. We work over the base S[e]/{€?). Let Vi = Vs+ €6, where
6 is a section of f« (wyrs)®2(—D), be a connection on & that makes it an indige-
nous bundle. Let USX be an open subset that avoids the marked points and at

which f is smooth. Let z be a local coordinate on U. Write V (respectively,
def

V' 8,) for Ve (respectively, Vs ; 6) applied in the direction 5=;‘x. We wish

to apply the above formula in the case where b=V and a =¢ ;. We thus

obtain that the infinitesimal change in the p-curvature is given by

(ad(V))?7'6,. Now the infinitesimal Verschiebung is obtained by multiplying

this term by the constant term and then taking the trace (and multiplying by
—1). Put another way, minus the infinitesimal Verschiebung is obtained by

applying 5 to {ad (V))?7'6,. Since Py is horizontal, it commutes with ad (V),
so we find that :

(0)2=H(P56.) = (0)" ((P£6) - 0)
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is the section of @5 (wos) F obtained by evaluating minus the infinitesimal

Verschiebung (which is a section of ®/s{ ((wys) ®2) (—D)}F) at 87. Thus, to
complete the proof of the Theorem, we must show that

(@71 (@56) - ) =—Dxil(Cc ® 1) (P{0) - 57

Now let { be a horizontal, locally generating section of @55 (wes)F. Write

Py0=yp - {, where v is a section of wxss. Substituting, we see that it suffices
to show that:

@) w-d) - L= —0x5s{C) -87) - {

If we then divide out the {'s, we see that really (just as in [Katz2], (7.1.2.6)),
we are reduced to proving a simple identity concerning differentiation in char-
acteristic p. Indeed, if we regard the equation as an identity in v, both sides

are @y s Oxr-linear in v and vanish when v is exact; thus, we are reduced to
proving the identity :

(@)Y (x?™Y) = —Clx?Ydx) - OF

which follows from the definition of C and the fact that (p—1)!=—1 in charac-
teristic p. O

Differential Criterion for Admissibility

We maintain the notation of the previous subsection. In the previous sub-
section, we computed the relative differential map of the Verschiebung morph-
ism “179,7 over ﬁg_r. In fact, however, with a little more preparation, the same
calculation allows us to give an explicit representation of the differential map of
the Verschiebung over ¥,. Moreover, this explicit representation allows us to
give a differential criterion for an indigenous bundle to be admissible, which is
also necessary if the bundle is nilpotent.

Consider the affine bundle 2,,—M,, Since by definition, this bundle is
the pull back by the Frobenius morphism on M, of a bundle over M,,, it fol-
lows that we get a natural connection Vg on this affine bundle gg_,—’./ﬂg.r. Let
Q—lgo.f be the log stack obtained by pulling back to @_g,r the log structure of I 5.

Next, let us consider the canonical exact sequence of tangent bundles on 922,, :

0—85,,,5, ™ Og: = Oz

3,0
Thus, our cornection Vg induces a splitting

697:?5 = Y2,/4,, ® G)ﬂ:,",“l@,,
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Now let us consider the “full” infinitesimal Verschiebung, i.e., the morphism in-

duced on tangent bundles by ‘17!,,, :
85,:05,7 0,

On the one hand, we know what the projection of ®%,, to @ms|g,, is. Thus, we
would like to compute the projection of @5, to @5, 7, . We shall soon see
that, in fact, we have already computed this projection as well, in the course of
proving Theorem 2.13.

Suppose (as in the previous subsection) we have a log scheme S"f with an
r-pointed stable curve of genus g, f°% : X'°2—5'"2 and an indigenous bundle (8,
Vs) on X'°¢  Then the first relative parabolic de Rham cohomology module
RYpr.« (Ad (8)) (as in Chapter I, Theorem 2.8) is naturally isomorphic to the
pull-back to ' (via the classifying morphism for {X', (8, Ve)}) of @z, On
RYor«(Ad(8)), we have a Hodge filtration

0= fx (wyrs) ®2(—D) — RYprx (Ad (8) ) — RYfsamsss — 0

where the surjection in the above exact sequence is exactly the pull-back to S8
of the projection @z =0z | 5, .

On the other hand. consider the p-curvature of Ad (§): Pe : T —Ad (8).
Then by applying “RYfpg.%” to the dual of s, we get a morphism

RYpr. (Ad(8)) — Rlfprx(TV)
Now by Poincaré duality, we have
RYorx (7Y) Z{RYprx (7)1}

Moreover, we computed R'fpr« (7) in Proposition 1.1. In particular, we have
a natural inclusion Rifx (zxewge) ¥ < Rifpr« (7). Thus, if we compose the

above morphism induced by % with the dual surjection to this natural inclu-
sion, we obtain a natural morphism

Qs : RYpr.« (Ad(8)) = (fy(wis) ®*(—D))F
Then we have the following result :
Theorem 2.14. Let (8 Ve) be indigenous on X'°.  Then the pull-back to

S8 of the projection of ©7,, to x> is given by the surjection in the Hodge filtra-
tion; the pull-back to S'°% of the projection of ©1,, to ©3,,/4,, is given by Bs.

Proof. It remains to prove the statement about the projection to @g,,/4,,.
To do this we consider an infinitesimal deformation of (&, V&) over S [e]/
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(€2). But the section of (fx (wig%)®2(—D))F that we obtain can be computed
locally on X. Moreover, locally on X, this calculation is exactly the same as
that of Theorem 2.13. This proves the result. O

Corollary 2.15. Let (8, V&) be indigenous on X'°%. If Og is surjective, then

(8, Ve) is admissible. In particular, if the morphism Vot : Syt — D% is log étale

at the image of the classifving morphism S'%— B¢ for (& Vs) , then (8, Ve) is
admissible.

Proof. Since being admissible is an open condition, it suffices to prove the

result when S is the spectrum of an algebraically closed field. If Vir is log
étale, then by Theorem 2.14, @¢ must be surjective. Thus, it suffices to prove
the first statement. Suppose that (§, V) is not admissible. Thus, the morph-
ism #Y : Ad (§) = TV has a nonempty zero locus. One can compute the
p-curvature explicitly at a marked point (where the monodromy is nonzero and
nilpotent) ; it follows that the zero locus does not contain any marked points.
Now there are two possibilities: the zero locus either avoids the nodes or it does
not.

Let us first do the case where the zero locus of %y avoids the nodes.
Since %y is horizontal, its zero locus must be the pull-back of some closed sub-
scheme via ®x,s. Thus, in particular, there exists some point x €X (which is
neither a marked point nor a node) such that #¥ is zero at @5 (x¥) (the
scheme-theoretic fiber). By the definition of ®s, it follows that the image of @¢
lands in the subspace Vy of H® (X, (w%%)®2(—D))¥ consisting of sections that

vanish at . Now by Riemann-Roch on curves, V, cannot be all of H® (X,

(W) ®2(—D))F unless =0 and =3, or g=1 and r=1. This completes the

proof (under the assumption that #¥ avoids the nodes), except for these two
special cases. For ¢ =0, r=3, we shall show in the subsection of §3 on totally
degenerate curves that the unique indigenous bundle on such a curve is neces-
sarily admissible. (One checks easily that there are no vicious circles in the
reasoning.) For g=1, r=1, we note that P (8, V) is necessarily invariant with
respect to the automorphism o given by multiplying by — 1. Thus, if we
pull-back by the morphism X —X given by multiplying by 2, it is still invariant
under @ Hence it descends to the four-pointed curve of genus zero Y% of
which X'°¢ is a log étale double covering. Let us call this descended bundle
P (%, Vz). Thus, P(%. Vs) is indigenous on Y8 It is easy to see that Os
and ®g are the same morphism; thus, the hypothesis holds for P (%, Vz), as
well. Thus, we reduce to the case 4 =0, r=4, which has already been checked.
Now let us consider the case where %) vanishes at a node vEX. Let 1'%
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7!°8— X1°% be the partial normalization of X'°8 at v (where the log structure on
7' is such that the points mapping to v are marked points). Let (%, Vg)

def
=7%(8, Ve). Now let us consider the commutative diagram :

HY(X, txoysee) T — Hbg (X8 Ad(8)) — HYX, Txweyse)
! i !
HY (Z, tpoysee)f —  Hbp (2%, Ad(F)) — HY(Z, Tzoysm)

where the vertical arrows are pull-backs via 7; the horizontal arrows on the
left are induced by %s and the horizontal arrows on the right are induced by
the Hodge filtration. Finally, the “prime” on the de Rham cohomology on the
bottom row indicates that the we are taking non-parabolic de Rham cohomology
on Z'% (since (¥, Vz) may not even have a natural parabolic structure, if (8,
Ve) is not of restrictable type). Let 7 be a generator of the kernel of H* (X,
Tyws/sos) — H' (Z, T700/5) . Let us consider what happens to ¥ as we move it
around the above commutative diagram. Since % is zero at v, if we move it
along the top to H' (X, Txwyse) . we get zero. Thus, its image in Hpr (X%,
Ad(8)) lies in H° (X, (w9%)®2(—D)). But the pull-back map Hbg (X'%, Ad (8))
— Hbg (7°%, Ad (F)) " maps H® (X, (wyi)®?2 (= D)) injectively into H° (Z,
(w¥%) ®?). Going around the other way. however, (i.e., going down and then to
the right), we see that the image of ¥ in Hbg (7°%, Ad (%))’ is zero. We thus
conclude that the image of 7% in Hbg (X8, Ad (8)) is zero. But this contradicts
the surjectivity of @s, since the upper horizontal morphism on the left-hand side
of the above diagram is dual to @s. This completes the proof. O

Conversely, let us suppose that (&, Vs) is nilpotent and admissible. Then
we claim that ®g¢ is necessarily surjective. Indeed, for simplicity, it suffices to

prove this when S is the spectrum of a field. Let # be the kernel of %y :
Ad (8) —=TV. Note that the connection on Ad (§) restricts to a connection Vx
on K. Thus, (X, Vx) is an FL-bundle. Also, we have a horizontal exact
sequence :

0—=T—=H—>0x—0

in which the connecting morphism Os—RYpr (7 ) must be injective (since (A,
Vx) is an FL-bundle). Moreover, it is a tautology that the composite of this
morphism Os— RYpr % (7) with the projection R'Yprx (7) —Os of Proposition
1.1 is the identity. Thus, we see that the morphism RYfi (Txwr/se) T <= Rifpg
(T) — RYfprs (H) is injective. Now let €=Ad (8) /7. We have a connection
V¢ on €, induced by the connection on Ad (§). Thus, we get a horizontal exact
sequence :
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0—=0x—%6—>T"—0

in which the connecting morphism (fxwys)® — RYpr« (Ox) must be injective

(since otherwise, € would admit two horizontal, generically linearly indendent
sections, which contradicts the fact that the p-curvature is nonzero). Lastly,
we consider the horizontal exact sequence :

0—H—Ad(E) = TV—0

in which the composite of the connecting morphism (fswyss) F— RYpr+ (H)
with the projection R'fpr.x (#) —R'forx (Ox) is injective, as we observed above.
Since the image of RYfyx (zawese) ¥ S RiYfprx () under the map RYfprx (K) —
RYorx (Ox) is zero. it thus follows that if we compose the inclusion RYfx

{Tywygor) F C Rifpros () with the morphism RYpg s () —Rlforx (Ad (§)) . the
resulting morphism

RY 4 (Taoyso) T — RYfprx (Ad (8))

is imjective. But this morphism is dual to ®s. Thus, @s is surjective. This
completes the proof of the claim.

Let Jvlgo.f be the log stack obtained by pulling back the log structure on

Jﬂiff to ./Vg,,-, Since J\_/g,, is the zero locus of the Verschiebung, it follows that

N8 is log smooth over ¥, at a point if and only if @s is surjective. In other

words :

Corollary 2.16. Suppose that (8, Vs) is nilpotent indigenous. Then it is

admissible if and only if JVM is smooth over ¥y at the image of classifying morph-
ism S8 — NP8 for (8, Ve).

§3. Hyperbelically Ordinary Curves

Often, in the literature, one speaks of a curve as being “ordinary” if its
Jacobian is ordinary. In fact, however, since the Jacobian only represents the
“abelian part” of the curve, it is in some sense more intrinsic to speak of a
curve as ordinary if it is hyperbolically ordinary in the sense defined below. Phi-
losophically, this means that the Verschiebung on indigenous bundles is a local
isomorphism in a neighborhood of an indigenous bundle that provides a “nice”
uniformization for the curve. Thus. relative to the analogy (explained in the
Introduction) between the Verschiebung on indigenous bundles and the Beltrami
equation, to be hyperbolically ordinary means that the Verschiebung acts (at
least locally) as one might expect from this analogy, given the classical results
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on existence and uniqueness of solutions to the Beltrami equation.
Basic Definitions

Let S'°¢ be a fine noetherian log scheme over F,. Let f°% X°2—S°2 he an
r-pointed stable curve of genus ¢ (so 20 —2+7=1). Let DS X be the divisor of

marked points. Let (§ Vs) be an indigenous bundle on X'%. Let % : T —Ad (§)
be its p-curvature. Recall the Frobenius on RifsTxeyso induced by (8, Ve):

(Dé{ : (le*fxwg/szoz)F — le*fxlos/slon

that we defined in §2.
Definition 3.1. We shall call (§, Ve) ordinary if ®f is an isomorphism.

Note that the condition of being ordinary is an open condition on B,, We

Qord

shall denote this open set by Jg%.
Proposition 3.2. If (8, Ve is ordinary, then it is admissible.
Proof. This follows a fortiori from Corollary 2.15. O

The following definition is key to the entire paper :

Definition 3.3. We shall say that f°° : X6 —S!°¢ is a hyperbolically ovdi-
nary curve if there exists an étale surjection T—S and a nilpotent, ordinary in-

digenous bundle (&, Vs) on X8 X T.

When the context is clear, we shall simply say that f°% is an “ordinary curve.”
The reason for the descriptive “hyperbolically” is that in the literature, the term
“ordinary curve” is frequently used to mean that its Jacobian is ordinary. In

this paper, when fi° has an ordinary Jacobian. we shall say that f°¢ is paraboli-
cally ordinary.

Proposition 3.4. If the fiber of f°% : X' — S8 pper s €S is hyperbolically
ordinary, then there exists an open set US S such that f°%|y is hyperbolically ordin-
ary.  In particular, f°8 : X'°8 —S18 is hyperbolically ovdinary if and only if all its fi-
bers arve hyperbolically ordinary.

Proof. Indeed, it suffices to consider the universal example. Recall that
JV,,,,QJW is the locus of nilpotent indigenous bundles. Write 7 : No—M,,
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for the natural projection. Let n €N,,; let m € J,, be the point 7 (n). Then

it follows from Theorem 2.13, plus the definition of N,., as the zero locus of ¥,
that if # is ovdimary, then 7w must be étale at n. Thus, 7w is open at ». This
completes the proof. O

We shall denote the open subscheme of ﬁw (respectively, ng,r) consisting of
hyperbolically ordinary curves (respectively, nilpotent, ordinary indigenous

bundles) by 3% (respectively, N9%¥). Thus, we have a natural étale surjec-
tion
Nord N ﬁ;",“

Finally, let us note that over B9 we have an étale local system in
Fj-vector spaces of dimension 3¢ — 3 4+ r obtained by taking the sections of
0.7

(Note the minus sign in front of —®f! It will be important later in Chapter

Je» that are invariant under the Frobenius action on ©ze|z:s given by —®Z.

I11.) Let us denote this local system by ©g%, and call it the tangential local system
om S%%. Similarly, by taking its dual £2§% we obtain a local system on
B399 which we shall call the differential local system on B9, Often, we shall be

interested in the restrictions of these local systems to ./Vg,y.
The Totally Degenerate Case

In this subsection, we show that totallv degenerate curves are hyperbolical-
ly ordinary. By Proposition 3.4, this will show that 9% is an open dense sub-

scheme of JMM. Since totally degenerate curves have no moduli, there is no
loss of generality in assuming that S=Spec (F;). We begin by considering the
case g =0, r=3. Recall the morphisms constructed at the end of Chapter I, §3:

N - JPE [2] = Mis

(parametrizing elliptic curves with level structures on the two-torsion points)
and

Alog . Mlog [2] — /%log

which takes an elliptic curve to the four-pointed curve of genus zero of which it
is a double covering. Then in this case, we have .ﬁ{ff=X‘°g. Let us construct
a nilpotent, admissible indigenous bundle on J%f. Since X'°¢ has only one in-
digenous P*-bundle (up to isomorphism), this will complete the proof of Corol-

lary 2.15. To do this, we note that (as we saw in Example 3 of Chapter I, §2),
the first de Rham cohomology module of the universal elliptic curve over
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MPE[2] defines an indigenous vector bundle (&, Ve). Let (P—X, Vp) be the
associated P'-bundle. Now since the map “multiplication by —1" on an elliptic
curve induces the map “multiplication by —1” on &, it follows that (§, Vs) will
not descend via A. However, since “multiplication by —1” induces the identity
on P—X, we see that (P—X, Vp) does descend via A. This gives us an in-

digenous bundle on X8 To see that it is nilpotent and admissible, it suffices
to see that (8, Vg) is nilpotent and admissible. But by (a rather trivial special
case of ) [Falt], Theorem 6.2, as a de Rham cohomology module, (§, Vs) neces-
sarily forms an J%"-object (see Definition 2.9). Thus, Proposition 2.10 tells
us that (8, Vs is nilpotent and admissible. In particular. this completes the
proof of Corollary 2.15.

Now let us assume that f°% : X'°8—S'°¢ i5 formed by gluing together a num-
ber of copies of the 3-pointed stable curve of genus zero (as in the last subsec-
tion of Chapter I, §2). Then, as we saw in this final subsection of Chapter I,
§2, we can glue together the nilpotent, admissible indigenous bundles that we
constructed in the previous paragraph to obtain a nilpotent, admissible indige-
nous bundle (P—X, Vz) on X'°®  On the other hand, by Proposition 2.8, every
nilpotent, admissible indigenous bundle on X'°® is of vestrictable type. Since
there is (up to isomorphism) only one indigenous P*-bundle of restrictable type

on X', it thus follows that:

Proposition 3.5. Up to isomorphism, a totally degenevate v-pointed stable
curve of genus g admits ome and only ome wilpotent, admissible indigenous
P-bundle.

Next, let us consider the cohomology group H' (X, Ty= s=) of our totally de-
generate curve. If X'°® is obtained by gluing together various copies X\°® of the
3-pointed stable curve of genus zero, let Y'°® be the disjoint union of the X\°%,
and let V'8 Y% — X'°% he the natural map. Let 0—7xws/ses — p¥ gy —E —0
be the natural exact sequence (where % is defined so as to make the sequence
exact). By considering the long exact cohomology sequence associated to this
exact sequence of sheaves, we see that we obtain a natural isomorphism H* (X,
Txossss) EH° (X, €). On the other hand, € is naturally isomorphic to the direct
sum of the (7xwee/ges) lz. where z ranges over all the nodes in X. Moreover, the
residue map gives a natural isomorphism TA"“'/S'°'izE@S (well-defined up to sign).
Let 2. be the set of nodes of X. Then

€ = @ (@s)z

ZEX

where the subscript “z” is just used as a marker, to indicate which copy of Os
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one is referring to. Thus, we have a natural isomorphism (well-defined up to
sign on each factor):

H' (X, Taoyse) = D (Fy),

zZeX

In particular, since ¥, has a natural bilinear form (given by ring multiplication
F, X F,—7F,) , using this bilinear form on each factor (F,), gives a natural
bilinear form:

B HY (X, Tyoyso) X H (X, Txoyss) — F,

which is now independent of all arbitrary choices of sign.

Proposition 3.6. For every totally degenerate r-pointed curve of genus ¢,

there is a natural nondegenevatc bilinear form B om the Os-module RfwTyws/sos
which takes values in Os.

Next we would like to show that the unique nilpotent, admissible indige-

nous bundle (P—X, Vp) on X% is ordinary. To do this. we must compute the
induced Frobenius action on H*(X, ty=/s=). By using an isomorphism as above

HY (X, Tyoysee) = @D (Fy),

zez

we see that it suffices to compute the induced Frobenius action on the various
(F,).s. Consider P|,. The Hodge section ¢ : X—P defines a point 6, EP|, (F,).
On the other hand, there is a unique point fixed by the monodromy action ¢, €

P|.(F,). If we think of P as P (#/#®) (as in Chapter I, Proposition 2.5). then

(#/89) .= Vs® V,, where V, (respectively, V,) is the subspace defined by o;
(respectively. ¢q.). Note that by the residue map, we have natural isomorph-

isms Vo=F; and V,=F,. Thus. we obtain a basis {(1, 0);(0, 1)} of ($/$9),.
Let E; and E, be the nilpotent endomorphisms of (#/£%) . given, respectively,

by the matrices
01 . [0 o\
0o/ ™ \10/

Thus, E, is essentially the p-curvature of (r: P—X, V) restricted to z. Sort-
ing through all the definitions, it thus follows that the induced Frobenius action
on (F,), is given by multiplication by tr (Es * E;) =1. We thus obtain the fol-
lowing result :

Proposition 3.7. On a totally degenerate v-pointed stable curve X'°F of genus
g over ¥, the Frobenius action ®p on H* (X, Txws/ses) induced by the umique nilpo-
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tent, admissible indigenous bundle on X'°% is the identity. In particular, this uni-

que nilpotent, admissible indigenous bundle is ordinary, and so is X'°8.

ord

Corollary 3.8. The open subschemes Moy S My, and NoWS N,, are
nomempty.

The Case of Elliptic Curves: The Parabolic Picture

One can get a better feel for ordinariness for general r-pointed stable
curves of genus ¢ by first studying ordinariness for elliptic curves. In the case
of elliptic curves, there are, in fact, two possible theories of ordinary bundles
and curves: the parabolic theory and the hyperbolic theory. Indeed, let f°¢ :
X'°8—Sl°8 he 3 1-pointed stable curve of genus 1, with marked point € : S—X.
Let Y'°% be the log scheme obtained from X% (as in the subsection “The In-
finitesimal Verschiebung” of §2) by removing the marked point. Then the para-
bolic theory (respectively, hyperbolic theory) is obtained by considering the va-
rious properties of the p-curvature of indigenous bundles on Y"% (respectively,
X'°8)  So far in this Chapter, of course, we have only been considering the
hyperbolic theory. However, since the notion of an indigenous bundle is de-
fined for Y'°® one can consider its p-curvature, and define the notions of a
nilpotent indigenous bundle, or an admissible indigenous bundle, just as before.
Also, many of the results (though not all) such as Theorem 2.3 (where we re-
place the “3¢9 —34+" by 1) continue to hold in the parabolic context. The pur-
pose of this subsection is to summarize what happens when one studies elliptic
curves from the parabolic point of view, and to show, in particular, that the no-
tion of ordinariness that we have defined in this paper (in terms of the
p-curvature of indigenous bundles) reduces to the classical notion of ordinari-
ness of elliptic curves.

First, we introduce some notation. Let ﬁ‘&f: _llolg (The point here is
that we shall use the notation /711103 when we are thinking about elliptic curves
from the parabolic point of view.) Let f : 9 — Al 10 be the universal elliptic
curve, with identity section € : Mio— Y. Let ¥ =fywy/i,, be the Hodge bundle.
Let 9'°% be the log stack whose underlying stack is 4 and whose log structure is
defined by the pull-back of the divisor at infinity of M1o. Let S1,0— M1, be
the torsor over £®2 of Schwarz structures on %'°. Then just as before, we can
define a Verschiebung:

"171,0 : —‘31,0 - gl,o

Just as before we have a closed subscheme ﬁl,oggl,o consisting of nilpotent in-
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digenous bundles, and an open subscheme Ei?omg B10 consisting of admissible
indigenous bundles. Also, just as before, we define an indigenous bundle to be
ordinary if its infinitesimal Verschiebung is an isomorphism, and we define an
elliptic curve to be (parabolically) ordinary if it admits a nilpotent, ordinary in-
digenous bundle.

Now recall that in Example 2 of Chapter I, §2, we constructed a canonical
indigenous bundle on 98 This indigenous bundle thus defines a global section
Tyt /ﬁm—uzl,o which trivializes the ¥ ®-torsor 31,0*-’;%-1,0. Moreover, by
[KM], p.227, one knows that if f25, then H® (M1, £®2) =0, so this trivializa-
tion is unique. Let us also recall that, in the definition of the indigenous bundle
(8. V) in Example 2 of Chapter I, §2, we had a subbundle 0®0s S w® 0s=§
(where = we/7,,) which was stabilized by the connection Ve. Moreover, the
induced connection on Os was the trivial connection. Put another- way, &
admits a nonzero horizontal section. It thus follows that the p-curvature of Ve

is nilpotent. Thus, 74 : ./ﬂl,o —’Bl,o lands inside Ny.

Let @ be a section of £®2 over some étale V—uM1, Let V% be the connec-
tion formed by adding to Ve the endomorphism given by

E=w®O0s—0s— = (wWP®0)Rw< EBw

where the first morphism is the natural projection; the second morphism is mul-
tiplication by @ ; and the final inclusion is the natural one. Let d be a section
of £ over V which is everywhere nonzero. Thus, the sections ¢ and 1 define a
global trivialization of § = ® Os over 9y. We shall write sections of &|y in
terms of this basis, given by J and 1. Write 8= ¢- 3% where ¢ is a function on

V. Let V’ be the morphism &|y —8&|v given by evaluating V¢ on 67*. Then we
see that V% is given by the following matrix :

(1)

To obtain the p-curvature of Vi, we must iterate this matrix p times. This
yields the matrix :
¢%(IJ—1) . 0 ¢
10

Now let us write 6?=h - 7! (so h is the classical Hasse invariant). Thus, to

compute the p-curvature of Vi we must subtract from the matrix just given the
following matrix:
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- (13)

Thus, we obtain that the p-curvature of Viis given by:

20-1 _ . O¢>
om0

If we then take the determinant, we obtain our Verschiebung (applied to (6%)2%):
—6- (¢%(p-1> —p)2= — @ + 2 - ¢§(p+1> —n g

Let us rewrite this in invariant form. The trivialization z; of & 10— /1,0
allows us to write S1,0 as Spec (@59 £®7%). On the other hand, 21, is given
by Spec (®,29 £®7%"*). Thus, ¥, is determined by specifying the morphism
of quasi-coherent sheaves :
T, 9% %— @ go-u
120
Let us denote the component of I',, that maps into £®~% by [} : $&~# —ge-2
Since & is ample, it follows that 'Y =0 when i>p (as we saw already in the

proof of Theorem 2.3). Let x €T (Mo £*™') be the Hasse invariant (as in
[KM]. p.353). Then we see that we have proven the following result:

Theorem 3.9, If 1 =p, then I'[" is multiplication by —1. If i=%(p+1),

then T is multiplication by 2x. If i=1, then I'\? is multiplication by —x2% For
all other i, I'y1=0.

In particular, this completes the proof of Theorem 2.3.

Corollary 3.10. Geometrically, N 1o consists of two irreducible components 9,
and I3 One, $1. is the section T, The other, 5, is nonveduced, and (F2) rea may be
described as follows: In [KM], p.361, one finds a description of the Igusa curve Ig(p).
with its canonical (Z/pZ) *-action. Then (F3) rea is the quotient of 1g (p) by the
subgroup {X1} C (Z/pZ) ™.

In order to see which nilpotent bundles are ordinary, we must compute the
derivative of the Verschiebung map. In terms of the local objects we used in
the computation above, we obtain that “d¥/d@” is given by:

n (¢§<p—n — 1)
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In particular, if » =0, then the infinitesimal Verschiebung is identically zero,
while if h #0, then the infinitesimal Verschiebung at t, is nonzero. Moreover,
because of the square factor in the expression for the Verschiebung, we see that
if h # 0, then the only nilpotent indigenous bundle at which the infinitesimal
Verschiebung will be nonzero is the indigenous bundle given by 7;, We thus
obtain the following:

Theorem 3.11. Awn elliptic curve is parabolically ordinary if and only if it is
ordinary i the classical sense (ie., its Hasse invaviant is nonzevo). If it is ordin-
ary, then the indigenous bundle constructed in Example 2 of Chapter I, §2, is the un-
1que nilpotent, ovdinary indigenous bundle on the curve.

The Case of Elliptic Curves: The Hyperbolic Picture

In this subsection, we consider 1-pointed stable curves of genus 1 as hyper-
bolic objects. In particular, we shall highlight the numerous contrasts with the

parabolic viewpoint presented above. We begin by considering the torsor Bia

— My, Recall that this torsor has a canonical trivialization at infinity, defined
by the unique nilpotent, admissible indigenous bundle on the singular 1-pointed
stable curve of genus 1 (Proposition 3.5). Let us suppose that our prime p is

>5 Then it follows from Chapter I, Theorem 3.6, that S11— .1, does not
admit a section which passes through the canonical trivialization at infinity.

Now let us consider the closed subscheme Nu - 31,1. By Theorem 2.3, the
natural morphism Ni1— My, is finite and flat of degree p. Let us consider the
irreducible component $ S Ny1 which passes through the canonical trivialization
at infinity. Then .f is generically reduced. Moreover, the degree of ﬂ-’ﬁl,l
must be = 2. This behavior already is substantially different from the para-
bolic case, where the irreducible component passing through the unique nilpo-
tent, ordinary indigenous bundle at infinity has degree one over My Thus, in
particular, Ny, {respectively, ¥1,1) is not isomorphic to N1, (respectively, ¥ 10),
despite the fact that as stacks. M1 = Mo S11=SB10; 21.=210. Since Ny1—
M1, has degree p, it follows that there exist points of N1 over the infinity point
of My, at which N, —l,, is not étale. Such points correspond to nilpotent
indigenous bundles which are not admissible (by Proposition 3.5). This fulfills
our earlier pledge to show the existence of such bundles. Of these various
observations, we record the following for later reference:

Proposition 3.12. If p=5, then the irreducible component of Ny, passing
through the canonical trivialization at infinity is generically reduced and has
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degree =2 over M.
The Generic Uniformization Number

We return to the case of an r-pointed stable curve of genus ¢, where 7 and
g are arbitrary (but satisfy 29 —2+7>1). Suppose we are given the com-
binatorial data A (as at the end of Chapter I. Section 2 : consisting of a graph T,
plus A,'s, etc.) for a totally degenerate curve. We shall call two collections of
such data A and A’ equivalent if they define isomorphic totally degenerate
curves. Let us denote by %,., the equivalence classes of such data A. Alterna-
tively, one may think of @, as the set of isomorphism classes of totally degenerate
r-pointed stable curves of genus g§. Now let us consider the morphism:

ﬁGJ_*JLJ

We know that it is finite, flat, and of degree p*~3*". If A €9,,, consider the

irreducible component ., of ‘/Vg,,, that passes through the unique nilpotent.
admissible indigenous bundle (as in Proposition 3.5) on the curve correspond-
ing to A. Then $, is generically reduced. Let G, be the degree of $, over

ﬁw. We shall refer to G, as the generic uniformization number for the data A.
(The reason for attaching the term “uniformization” to this number will become
apparent in later Chapters.) Let

Gg,r = Z GA
AED,,

Now let us suppose that p is sufficiently large so that the class 2 (Chapter I,

Theorem 3.4) in H' (M, £7=) is nonzero. Then we have the following rough
result :

Proposition 3.13. For 9= 3 and p sufficiently large, the number Ga is be-

tween 2 and p>*37.

Proof. The upper bound follows from the fact that &, ,—Jl,, has degree
%737 On the other hand, since ./Vg,,—*/—&zg,, is finite. and J,, is normal. it fol-
lows that if $; had degree 1 over M,,. it would, in fact, be isomorphic to .y,

hence define a section of B, over M,,. By Chapter I. Theorem 3.4, we know
that this is impossible, for p sufficiently large. O

It is not clear to the author how far these bounds are from being sharp.

For instance, it could be the case that N, is, in fact, irreducible. To compute
the number G, exactly would involve understanding the monodromy around
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curves that are not hyperbolically ordinary. That is to say, it would involve
proving a sort of hyperbolic analogue of Igusa’s theorem on the monodromy
around supersingular elliptic curves in the parabolic case.

It is interesting to know, however, that Ga ¥ 1 because this constitutes a de-
parture from the behavior of complex indigenous bundles. To see this, we must
first explain certain aspects of the analogy between the complex case and the
characteristic p case treated here. First of all, the condition of being nilpotent
(and ordinary) is analogous, in the complex case, to having real monodromy.
Indeed, to be nilpotent (and admissible) is (by Proposition 2.10) the same as
coming from an %" -object in the sense of [Falt]. But to be an L% -object
means, essentially, that the bundle with connection admits a Frobenius action,
i. e, that the monodromy is Frobenius-invariant. Since the Frobenius at the in-
finite prime is complex conjugation, it is thus natural to regard nilpotent (and
admissible) bundles as the characteristic p analogue of complex indigenous bun-
dles with real monodromy. On the other hand, in the complex case, within the
real-analytic space of complex indigenous bundles with real monodromy, there
is a canonical, topologically isolated component, corresponding to the indigenous
bundle arising from the uniformization by the upper half-plane. On the other
hand, in the characteristic p case treated here, the fact that $, has degree=2
over My, means that there is no canonical choice of a nilpotent, ordinary indige-
nous bundle, even on a generic curve: since the monodromy at the curves which
are not hyperbolically ordinary is nontrivial, one such indigenous bundle is al-
ways carried around to another.

Chapter III: Canonical Modular Frobenius Liftings

§0. Introduction

The present Chapter is central to the entire paper. In it, we construct a
—ord
canonical Frobenius lifting on (N f,’,i)“’g, and a canonical indigenous bundle on the

the universal curve over (./\7:,?)"’9. This pair of a canonical Frobenius lifting
and a canonical indigenous bundle are uniquely characterized by the fact that,
relative to this Frobenius lifting, the renormalized Frobenius pull-back (Definition
1.4) of the canonical indigenous bundle is equal to itself. In some sense, an
ordinary (in the sense of Definition 1.1) Frobenius lifting is like a p-adic ana-
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logue of a Kahler metric on a complex manifold in that it gives rise to local
canonical coordinates. Since there are a number of general properties of ordi-
nary Frobenius liftings that we will need throughout the rest of the paper, we
give a basic exposition of the properties of such Frobenius liftings in the first
Section of this Chapter. The main result is that such a Frobenius lifting de-
fines canonical affine and multiplicative coordinates. Thus, in particular, our
canonical Frobenius lifting on (,/\_/s,ryd)“)g defines such canonical coordinates on
JV;r,d Since JV;rrd is étale over ﬁg,r, if one thinks of a point of J\_/:rrd as a point of
M4, together with a choice (from a finite number of possibilities) of some
added structure — which we call a p-adic quasiconformal equivalence class — then
we obtain the result that for every choice of a p-adic quasiconformal equiva-
lence class, we obtain a canonical local uniformization of M,, The reason for
the name “quasiconformal equivalence class,” is that once one chooses this piece
of data for a curve, we shall see in this Chapter and in following Chapters that
the uniformization theory of the curve is entirely determined. This is rem-
iniscent of Bers’ approach (as in [Bers]) to proving that hyperbolic curves can
be uniformized by the upper half plane: Namely. he proves that (in the complex
case) all hyperbolic curves with the same genus and number of marked points
belong to the same quasiconformal equivalence class. Thus, once we choose
this class in the p-adic case, we obtain a “covariant” uniformization by the
affine space modeled on the tangent space to Jl,,, at the curve in question. To
obtain uniformizations by the quadratic differentials (as in the complex case),
we need more information than just the quasiconformal equivalence class.
Namely, we need a fopological marking of the curve. Once we define this, we
obtain uniformizations by the quadratic differentials.

The canonical Frobenius gives rise to another natural notion, for which I
know no parallel in the complex case: a canonical lifting of a curve over a per-
fect field to the ring of Witt vectors with coefficients in that field. This is rem-
iniscent of the canonical lifting of an elliptic curve in Serre-Tate theory. In
fact, this analogy is more than philosophical: Just as in Chapter II, by using in-
digenous bundles on elliptic curves — regarded parabolically — one can obtain a
similar uniformization theory, involving a canonical Frobenius lifting (on the
moduli stack of ordinary elliptic curves) and a canonical indigenous bundle.
We then compute that these canonical objects for elliptic curves are precisely
the canonical objects that one obtains from classical Serre-Tate theory. Thus,
one may regard the theory of uniformizations and canonical liftings discussed in
this Chapter as the natural hyperbolic analogue of Serre-Tate theory.
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§1. Generalities on Ordinary Frobenius Liftings

Let k be a perfect field of odd characteristic p. Let A= W(k), the ring of
Witt vectors with coefficients in 2. Let S be a formally smooth, geometrically
connected p-adic formal scheme over A of constant relative dimension d. Let
S99 be a log formal scheme whose underlying formal scheme is S and whose log
structure is given by a relative divisor with normal crossings D &S over A.
Let ®, : A—A be the Frobenius morphism on A. Let us denote the result of
base changing by ®4 by means of a superscripted “F.” Let ®©9 : S —5°9 he
a Frobenius lifting, i.e., a morphism whose reduction modulo p is the usual
Frobenius morphism in characteristic p. In this Section, we shall study the
case of a certain kind of Frobenius lifting, called an ordinary Frobenius lifting.
It turns out that such Frobenius liftings define various types of canonical pa-
rameters. It is these canonical parameters that will constitute the various “uni-
formizations” that we obtain in this paper.

Basic Definitions
Let us consider the morphism
d®? . O*Q¥s — Q¥4
induced by ®'°° on logarithmic differentials. It is always divisible by p.

Definition 1.1. We shall call ®'°° : S'°¢ —5'9 an ordinary Frobenius lift-
1

ing if =+ d®'°° : O*QES —Q¥Y is an isomorphism.

p

We shall use the notation
Qo : D*QYH — Q¥4

. . 1 _— .
to denote the isomorphism =+ d®'°° Note that by considering the sections of

p

QY% which are invariant under Qo, we obtain an étale sheaf Q§ in free
Z,-modules of rank d on S.

Definition 1.2. We shall call Q§ the canonical differential local system on
S associated to ®°°. We shall call its dual O the canonical tangential local sys-
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tem on S associated to ®'°°.

Moreover, by taking the sections of Q&' to be horizontal, we obtain a natural
connection Vo on Q¥% which is associated to ®'°°. Note that since Q% is an
étale (not just log étale) local system on S, the connection Vg is a connection on
S with respect to the trivial log structure, i.e., it has no logarithmic poles at D.

The Uniformizing Galois Representation

Now we would like to associate to ®"° a canonical “uniformizing
MFT-object” (where we use the category JMF" in the sense of [Falt], §2) as
follows. Let

P =Q04AD0s

We regard % as being filtered by taking the filtration

def def def
F(P)=0,F(P)=Q4a D0 P . F(P)=2

Let Vs be the logarithmic connection on & obtained as follows: We start with
the connection V# on # which is the direct sum of the trivial connection on Os

and the connection Vg on Q¥%. Then we add to V4 the End (%) -valued logar-
ithmic differential given by

P— Qs =(0D O05)Qu. Q84 S P B0, QP4

where the first morphism is the projection on the first direct summand. The
resulting logarithmic connection on % will be called Vs. Note that the
Kodaira-Spencer morphism for F'(®) € #® with respect to Vs is the identity
map. Next, we define the Frobenius action on % as follows: We take the
Frobenius action to be the morphism Po : ®*P —P which is diagonal with re-
spect to the direct sum decomposition = Q¥4@P0s and is equal to ®~* on Os
and to d®'° on Q¥%. One sees easily that this Frobenius action %o is horizon-
tal with respect to Vs. Note that this implies that Vg is integrable, since its
curvature would define a Frobenius-invariant section of (Q¥%)Y&e, A2QK%. but
®'°% acts on this bundle with slope 1, so any Frobenius-invariant section must
necessarily vanish. Thus,

(P, F(P), Vs, Po)
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defines an J% ¥ -object in the sense of [Falt], §2.

Definition 1.3. We shall call this JIF "~object the uniformizing MF" -ob-
ject on S'°9 associated to ©'°°.

Now choose a base point s : Spf(4) —S that avoids D. Let Ilg== 1, (S¥°,

sx), where K is the quotient field of A, and by the fundamental group of “S'°?”
we mean the fundamental group of the open formal subscheme which is the com-
plement of the divisors that define the log structure. Then by the theory of

[Falt], §2, the uniformizing % "-object on S defines a dual crystalline
Galois representation

Per
of I .

Definition 1.4. We shall call this Galois representation the uniformizing
Galois representation on S'°° associated to O°°.

Note that Os= (0P 0Os) S P is stabilized by Ve and Po, and thus defines an
MFT -subobject of the uniformizing object which is equal to the trivial
MFY-object. If we take the quotient of the uniformizing JMF " -object by this
subobject, we obtain the %" -object corresponding to the étale Galois repre-

sentation 0§, Tate twisted once. Thus, we have an exact sequence of
ITge~modules

O ﬁ@%t(l) d @et i Zp - O
which thus defines an extension class:
no € H'Ilew, ©5(1))
We remark relative to the analogy between Frobenius liftings and Kahler met-
rics, that the class 1o formally “looks™ somewhat like the differential form that
defines a Kahler metric.

Also, we can define a ring with Galois action which will be useful later.
First consider the symmetric algebra on Q8(—1) over Zj:

S, Q8(—1)
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Let us consider the Galois action of Il on this symmetric algebra which differs

from the direct sum of the actions on the §' (Q& (—1)) by the class no. Thus,
in other words, Spec of the symmetric algebra with this Galois action paramet-
rizes sections of the exact sequence

0—=06(1) = Fu— 2, — 0

If we then adjoin the divided powers of the augmentation ideal to this
Zy [Ilge]-algebra, we obtain a Z,-algebra slo. Let T'°° — S' be the finite

covering given by ®°9 (so T'°9=5'9)  Since this finite covering is log étale in
characteristic zero, we may form the subgroup Il;w S Il corresponding to this
covering. Then one sees easily that we have a natural [l .-action on &e, com-
patible with the Ilg«-action on the symmetric algebra. (We need to restrict to
I« so that the Galois action respects the divided powers.)

Definition 1.5. We shall call ne the canonical Galois extension class associ-
ated to ®'°°. We shall call do the ring of additive periods of @9,

The Canonical p-divisible Group

Let us look at the uniformizing JLF " -object

(P, F(P), Vs, Po)

again. Let USS be the open formal subscheme which is the complement of the
divisor U. Then by [Falt], Theorem 7.1, this JM%"-object defines a
p-divisible group Go over U. Moreover, just as with the corresponding Galois
representation discussed in the previous subsection. we have an exact sequence
of p-divisible groups over U:

0— @%t(l) ®Zp QP/ZP — Go ™ Qﬁ/Zp — 0

Definition 1.6. We shall call Go the canonical p-divisible group associated
to @9,

Now let wEQ§ be an element whose reduction modulo p is nonzero. Thus,
w defines a Zjp-linear morphism

(1)(_) @%t_) Zp
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Let S, —S be the étale covering defined by taking the kernel of the morphism

o — GL (B RZ/P"Z). Let U, —U be its restriction to U. Then over U,
w (—)QZ/p"Z will be Galois equivariant, so that, by pushing forward the
above exact sequence by means of w(—), we obtain an exact sequence of finite
flat group schemes:

0—Z/p"Z() = Gon— Z/p"Z — 0
which, by Kummer theory, defines an element

won €T (Un, OF) /T (U,, OF)?"

and thus a differential

def
Wy = (duw,n) /“w,n S F(Un, Qu./a ® Z/an>

Now let w — ©. Let S be the p-adic completion of the inverse limit of the S,.
Since the various w’ are compatible, we thus obtain a differential

W ET(U. Q)

Now we would like to claim that @’ is none other than the original differential
w that we started out with. In some sense, I believe that this fact is
well-known, but I do not know of a clear reference for this fact, so I will prove
it explicitly here. First, however, we need to make a few more general
observations concerning Go. The proof will be given in the subsection after the
next.

Logarithms of Periods

Suppose that & is algebraically closed, and let z : Spf(4) — S be a rational
point whose reduction modulo p is equal to the base point s. In particular, it
follows that z maps into U, and factors canonically through U (since it coincides
with the base point s modulo p). Thus, we can restrict the Gy, to Spec (4) via
z so as to obtain an extension

0= Q/Z(1) = Gue = Q/Zy — 0

of p-divisible groups over Spec (4). By Kummer theory, this extension defines
a unit
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Un,z EA™
whose image in the residue field % is 1.

On the other hand, we can consider the Dieudonné crystal E, of Go..
Thus, Es is a free A-module of rank two with a filtration F*(E,) S E,, and a
Frobenius action @g : Ef — E,. This Frobenius action has a unique subspace
Er S E, (respectively, Ev S E,) on which Frobenius acts with slope zero
(respectively, one). Also, Ev and F'(E,) define the same subspace modulo .
Since FNE,) and E/FXE,) are naturally isomorphic to A, in the future, we shall
identify them with A. Thus, by projection Er = E, — E /F! (Eo) = A, we
obtain a natural isomorphism of Er with A, and, dually, a natural isomorphism
of Ev with A. Finally, since E, =ErPEy, we may regard FYE,) S E, as the
graph of an A-linear morphism A =Ey — A =Ep, which, by means of the var-
ious canonical trivializations, gives us an element L, Ep * A.

Theorem 1.7. We have Lo .=log (te.).

Proof. Let us denote the sequence of Galois modules which are the p-adic
Tate modules of the above exact sequence of p-divisible groups by 0 — W° —
W — W!— 0. Recall the exponential map of [BK] . p. 359, Definition 3.10.

exp : FYE,)® 2= A— A" = Hta(Z,(1))

where the first isomorphism is the trivialization referred to above, and Hga de-
notes Galois cohomology with respect to Gal(K/K). where K is the quotient field
of A. By [BK]. p. 359, Example 3.10.1, one knows that this exponential map
is equal to the ordinary exponential map defined by the exponential series. Let
N2=log (wz); Mm=exp(n2).

Now we diagram-chase. Let us denote by P the (infinite dimensional)
Galois module Berys'™ @ Bpr* (notation of [BK] ). Applying the exact se-
quence (1.17.1) of [BK] to the exact sequence of Galois modules 0 — W° — W
—W! — 0, we obtain the following commutative diagram:
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Hgal (Wo) - H?}al (W) - H?}al (Wl) - H%}al (Wo)

¥

Hea (W'QP) — Hea(WQP) T HEa(W'®P) ~ Hta(W'QOP)

Hea (W'QBopr) " Hea(W&@Bpr) — Hea (W' &Bpr) ~ Hta (W'QBpr)

Now we have an element 1 € H%;(W!) which maps via the connecting homo-
morphism to 71 €Hsal{WP); since the image of 7; in Hty (WQP) is zero, we can
consider log(n:) =7n2. On the other hand. 1 €EH%uy(W?!) maps to an element 73
HL (W' ® P) that dies when hit with the connecting homomorphism to
Hia(W°@P). Thus we see that 13 comes from an element 17, € Hea(WQP)
which is unique modulo H3a(W°&@P). Mapping 1. down one step to HRau(W
Bor), we get ns€HE(WQBpr) that dies in H2a(W*@Bpr), hence comes from a

unique 76 € Hea WQBpr) /Hia( WQP) =TV. Now it follows from the explicit
definitions of the maps in the sequence (1.17.1) of [BK] that 76 is precisely
Loz On the other hand, it follows from general principles of homological
algebra that 76=17, This completes the proof. O

Compatibility of Differentials

Now we return to the issue of showing that @’ = w. Let us begin by
observing that w can also be defined as follows. By taking the direct limit of

the Gu,n's restricted to U, we obtain an extension of p-divisible groups
0— Qp/Zp(l) — Go — Qp/Zp — 0

over U. This, moreover. defines a Dieudonné crystal (8, Ve) with a filtration
FY&) €&, and Frobenius action. In fact. (§, Ve) is obtained from (®, Vs) sim-
ply by pulling back 0 = 0s — # — Qsu — 0 via w* : O — Qsuls. Now
FY&) and 8/F'(8) may be identified with Oz Thus, w is precisely the dif-
ferential obtained by considering the Kodaira-Spencer morphism

Fl(&) = Oy — Qp/a X (§/FY &)= QC/A

Now let R; be the complete local ring which is the completion at z of U.
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Let REP be the p-adic completion of the PD-envelope of R, at the augmentation
ideal R, —A defined by z. Now taking the inverse limit of the uy,’s defines a
unit

ne € (RED)X

whose image in the residue field # is 1. Thus, we can consider logu,) €EREP.

On the other hand, let P,=P(z*§) =P(E,). Let or : S —P, (respectively,
ov : S — P,;) denote the section determined by the subspace Er S E,
(respectively, EySE,). The trivializations discussed previously define an iso-
morphism of the tangent space to P; at or with A. Thus, in summary, we get
an isomorphism ¢ : P, = P! by sending or (respectively, oy) to infinity
(respectively, zero) and using the trivialization of the tangent space to Or to re-
move the remaining multiplicative ambiguity. Let Prr =P(8) |spie). Then Ve
gives an isomorphism

Ep: Prr = RI® @ 4P,

which, when composed with ¢, gives an isomorphism g : Prr = Pke. Now by
Theorem 1.7, it follows that the Hodge section (defined by FX(§)—8)

0 : Spf(REP) — P = Phe

is (in terms of the standard coordinate ¢t on P!, which vanishes at zero and has
a pole at infinity) simply log(uw). (Indeed, Theorem 1.7 tells us that this is
true after restriction to any A-valued point of REP; hence it must be true over

REP) It thus follows that the pull-back of the differential df on P! via ¢ is sim-

def
ply @ =duw/ue. But, tracing through all the definitions, the pull-back of dt

via the Hodge section is exactly the Kodaira-Spencer morphism of the Hodge fil-
tration. Thus, we conclude that w = @’ over R!®. On the other hand, it is

clear that this implies that @ =’ over all of U (since &z —RE is injective).
Thus, we have proven the following

Theorem 1.8. We have @ = duy/uy, = ' over U.

Note that this holds (by descent) without the assumption that % is algebraically
closed.
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Canonical Liftings of Peints in Characteristic p

Let a1 € S(A) be an A-valued point of S. Suppose we apply @ to @ to
obtain an A-valued point 81 €S{A). Then since @ is a Frobenius lLifting, it in-
duces zero on the morphism on cotangent spaces modulo p. Thus, Bi{mod p?)
depends only on oy (mod p). Let a=®7YBy). Thus, az=ay(mod p), and a, de-
pends only on @, (mod p). If we then continue in this fashion, defining

def
at-v-l = (I);l(I) (az)

it is clear that @, =a;(mod p) for all =1, and that the sequence {a,} of points
in S(A) converges p-adically. Let awES(A) be the limit of this sequence. Let
0y ES(k) be the reduction of @; modulo p. Note that we have

D (.) =ak

and that, moreover, &~ is the unique A-valued point of S which has this proper-
ty and is equal to &y modulo p.

Definition 1.9. We shall call & the canonical lifting of ap. We shall call
an A-valued point of S which is a canonical lifting of some k-valued point a
canonical A-valued point of S.

All the canonical extensions that we have defined become trivial when re-
stricted to &.. More precisely,

Proposition 1.10. If acEU(k), then the restriction of ne to Qe is 1.

Proof. Indeed, the Hodge filtration of % is invariant under @, so its restric-
tion to Qe is still Frobenius invariant. By the theory of filtered Dieudonné
modules with Frobenius action over A =W (%), it thus follows that the extension
of p-divisible groups that one obtains is trivial. Thus, by Kummer theory,

uwlam =1 O
Canonical Multiplicative Parameters

Let us assume just in this subsection that & is algebraically closed. Let z€
S (k) be a k-valued point of S. Let S be the completion of S'° at z. Thus,
S8 is Spf of a complete local ring R, which is noncanonically isomorphic to
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A [[ty,.... tal]

with the restriction of the divisor D defined by ti°t;°..°t, (where i may be
zero). Then if we restrict Q8" to S9, we obtain the trivial local system.

Let w € Q% have integral residues at all the irreducible components of D,
and nonzero reduction modulo p. Thus, w defines a surjection

()] (_) @g; d Zp
If we apply w(—) to our canonical extension of p-divisible groups

0— 08(1) Rz, Qp/Zy — Go — Qp/Zy, — 0

def
we obtain an extension of Qu/Zs by Qu/Z,(1) over U,=S,|y. By Kummer

theory, we thus obtain a “logarithmic unit”

1 l]x
oz S Rz[tl""’ by

which is well-defined up to multiplication by a Teichmiiller representative of an
element of k. If w has residue ¢; at the component of D defined by ¢,, then the
valuation of gu. at (t;) is equal to e, Indeed, this follows from the formula
44w,/ qw.=® (of Theorem 1.8).

Next, let us consider ®t(g,.). Since ®~! multiplies dgw2/gw.=w, as well
as the canonical extension of p-divisible groups by p, it follows that ® ~(ge..) =

A+ g, for some A € [k*] (where the brackets mean “the Teichmiiller repre-
sentative of”). On the other hand, because ® is a Frobenius lifting, reducing
modulo p shows that A=1. Thus, we have that

ot (Qw,z) = qﬁ,z

Definition 1.11. We shall call gw,. for such an @ a canonical multiplicative

parameter associated to @',
Canonical Affine Coordinates
In this subsection, # need not be algebraically closed. Let a € U(A) be

canonical. Let d be the p-adic completion of the PD-envelope of S at the sub-
scheme Im(a). Let €4 : % —A be the augmentation that defines the point a.
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Let J =ZKer (€n). The A-algebra structure, together with the augmentation €,
define a splitting

4 =AD I

which we shall call the augmentation splitting of 4% Note that we have an
A-linear Frobenius action

Oy : (A*)F — A=

induced by the Frobenius lifting ®. Moreover, @4 preserves the augmentation
splitting, as well as the ring structure of 4“.

Let us consider the slopes of this Frobenius action ®g. Clearly, @« acts on
AD 0SS 4% as ®4. Next, we note that since @4 is a Frobenius lifting, it maps
S into p - $. Thus, we have

(D.vﬁ (j[j)) C p} R =¢[J]

where the superscript in brackets denotes the divided power. By the definition
def
of an ordinary Frobenius lifting, Qo =4/$® has constant slope one. Thus, if

we divide @y restricted to Qq by p, we obtain an isomorphism
(Qa)" — Qq

Next, let us consider the A-submodule Q%" < $# which is the closure (in
N
the p-adic topology) of the intersection of the images of (% . (Dm’!]) (for all

N=1). Since S/ has slope 1, it is clear that the projection Q% —Q, is
surjective. Now let us consider the intersection of Q" with $?. Let ¢ =

N
<% . @ﬂb) (¢), where ¢ € F. If ¢ is contained in $? modulo p", then since

J/8? has slope 1, it follows that ¢ must also be contained in $% modulo pP.

AN
But then ¢= (% . (Dgly> (¢) must be zero modulo p*. Thus, we conclude that

the projection Q%" —Q, must be an isomorphism. Inverting this isomorphism.
we thus get a canonical morphism

/CA:QQ L-’-an

Let S¢ be the formal scheme which is the p-adic completion of the PD-envelope
in S of the image of a €U(A). Let ©, be the dual A-module to Q4 Let @
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be the p-adic completion of the PD-envelope at the origin of the affine space

modeled on ®,. Thus, @4 is Spf of the p-adic completion of the PD-envelope
of the symmetric algebra (over A) of Q4 at the augmentation ideal. We may
then reinterpret the canonical morphism £4 as an isomorphism

oucan . @g{ff — S
We thus see that we have proven the following result :

Theorem 1.12. For every choice of a canonical a € U(A), we obtain a local
uniformization (canonically associated to @)

oucan : @g{f =~ S(x
of S by the affine space modeled on @,.

Definition 1.13. We shall call the elements of the image of k4 canonical
affine parameters associated to @ at a.

Now let (B. mp) be a local ring with residue field & which is p-adically
complete and has a topologically nilpotent PD-structure on ms. Let BES(B) be
such that B(mod mp) €S(k) is equal to almod p) ES(k). Let S® be the p-adic
completion of the PD-envelope of S®,4 B at the image of B8 in S(B). Thus, S*=

S°®@4 B. Let B°=4*@ 4B. By tensoring the canonical morphism &4 con-
structed above with B, we thus obtain a morphism

ks (Qu)s = (Q0) @4 B— B

Let €z : B° — B be the augmentation corresponding to the point BES(B). Let
Fs=Ker (B). Let

%B=B@j3

be the splitting defined by €z and the B-algebra structure on %°. Let us con-
sider the projections of £p on these two factors:

k% Qa)s— B, kb: (Qa)s— Is

Let Qs=J9,/9%. If we compose kb with the projection to Qg, we thus obtain a
morphism
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Wop : (Qa)p— Qs

which is an isomorphism, since it is an isomorphism modulo mp, where 8 coin-
cides with a(mod p). Let 4 the dual B-module to Q5. Now we may regard %

as an element of (@g)g; if we apply (Was) ~*. then we get an element of k3 € @p,
hence €Emgp « O (since €= (€x)p modulo mp). On the other hand, if we com-

pose kk with W5t we get a morphism Qs — %B° which gives us an isomorphism
e . @3 — SF
In summary, we have proven the following result :

Theorem 1.14. For every BES(B) as above, we obtain a canonical class kg€
mp * Op, as well as a local uniformization

U eF = S

of S by the affine space modeled on @ Moreover, this uniformization is velated to
the canonical uniformization by tensoring over A with B, applying the isomorphism

(wav,/i) e (@a)B —0;

and then translating by ks. Finally, for all BE S(B) whose reductions modulo mp
are equal to a (mod p) ., the correspondence 8- kg is a bijection of such B onto mp *

Bp.

Proof. All the statements except the last follow from the way we con-
structed the objects involved. The last statement about the bijection follows
from simply evaluating the canonical uniformization of Theorem 1.12 on
B-valued points. O

Finally, we remark (relative to the analogy between Frobenius liftings and
Kahler metrics) that these canonical affine parameters are like canonical coor-
dinates for a real analytic Kahler metric.

The Relationship Between Affine and Multiplicative Parameters

Let us continue with the notation of the preceding subsection, but let us
assume in addition that k is algebraically closed, so that the canonical multiplica-

tive parameters are defined. Let w € Q§ have integral residues at all the irre-
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ducible components of D, and nonzero reduction modulo p. Since Q8 S Q,, we
may also regard w as an element of Q, Then we would like to establish the
relationship between the canonical multiplicative parameter ¢4, and the canon-
ical affine parameter k4 (@).

First note that by Proposition 1.10, g4, evaluated at a is a Teichmiiller
representative. Thus, 10g(ge.e) EA® is zero at @, as is k.(w) ELY.  Moreover,
d 10g (qwa) =, by Theorem 1.8. On the other hand, the fact that d k4{w) =w
is a tautology. Thus, log(gw«) and k,(@) have the same derivative and both
vanish at @ We thus obtain the following result :

Theorem 1.15. We have k4(w) =log (quq) n A

§2. Construction of the Canonical Frobenius Lifting

In this Chapter, we shall denote by .E,of the p-adic formal stack of
r-pointed stable curves of genus ¢ over Z,. We shall denote the reductions of
objects over Z, to F, or Z/p*Z by means of a subscripted F, or Z/p?Z. Let

—ord

(Nyr)¥, = (M,,)¥w, be the étale morphism in characteristic p of Chapter I, §3.

Thus, (JVZ.T) F, parametrizes pairs consisting of an 7-pointed stable curve of
genus g in characteristic p, together with an ordinary, nilpotent indigenous bun-
dle. Let ng,rrd——*/ﬁg, be the unique étale morphism of p-adic formal schemes
that lifts (,/V;;d)p, - (/ﬁg,,)m. Thus, J\_/,(,)r,d is a smooth p-adic formal scheme over
Z, whose reduction modulo p is (ﬁ:f)l?‘,. Our goal in this Section is to con-

—ord
struct a canonical ordinary lifting of Frobenius on J\/Zr,
Modular Frobenius Liftings

In this subsection, we reinterpret certain constructions from Chapter II, §1,
in terms of liftings of the Frobenius morphism on (ﬁ,,,)p,,. Let S — (ﬁg,r)F, be
étale, and let S™°9 be the log scheme obtained by pulling back the log structure
of /E,Of Thus, in particular, S is smooth over F,. Let ®gw : S1°9 — S99 he the
absolute Frobenius morphism. Since (M. )r, S (M,,)z/z is defined by a nilpo-
tent ideal, the &tale morphism S — (M,,)r, lifts naturally to an étale morphism S
— (M) zz. We let S'°° be the log scheme obtained by pulling back the log
structure of (M,,)z/7z. We shall call a Frobenius lifting on S'°° a log morphism
Slos —310 whose reduction modulo p is equal to @s=. Note that by assigning to
étale morphisms U —S the set of Frobenius liftings on U3, we obtain a sheaf €

ef
on the étale site of S, with the natural structure of a torsor over @%.=0FOw,



A Tueory oF ORDINARY p-Apic CURVES 1069

where @s« is the dual vector bundle to the sheaf of logarithmic differentials on
SS9 Moreover, this torsor naturally admits a connection Ve as follows: Con-
sider the sheaf of bianalytic functions Os on S The image S of the
Frobenius morphism @ : Oy — Os» is equal to i (B5'0s), as well as to
ir (@5'0s) (where iL. ig : O =03 are the left and right injections). Thus, the

pull-back of the sheaf & by either iy or ig is equal to the sheaf of liftings of ﬂfb
to a Z/p*Z-flat subalgebra of Oz-. This gives a connection Ve on the

®%-torsor £ —S which is compatible with the natural connection on @%. (for

which sections of @5'@s= are horizontal); also, one checks easily that Ve is in-
tegrable.

Now let us recall the ®%«-torsor # —S that we defined in Chapter II, §1.
Let 199 : X' —§'9% he the pull-back to S™° of the universal curve over (ﬁ;g)n.
Recall then that @ is the % -torsor consisting of liftings of the curve (X'°9)F=
X199 X g0 g, §1°% =599 to an S-flat curve Y79 — 59 Note that it follows im-
mediately from the definition of the classifying log stack ﬁ;of (plus the fact that

S *ﬁg,y is étale) that we have an isomorphism
a:D—F

of ®%.-torsors given by considering the classifying map of the lifting Y*°¢ —gs

(which is, by definition, a Frobenius lifting on S'%)  On the other hand, the
theory of Chapter Il , §1, gives a natural connection Vo on @ —S as follows.

def
Recall the line bundle T = (@yey/se)* (Tyws/sm)F on X9, By declaring the sec-
tions of the Tyxesse inside the definition of 4 to be horizontal, we see that I

gets a natural connection Vg over X'°® (i.e., not just in the relative sense for floe
: X9 — Sl0)  Thus, the de Rham cohomology module Rlfpg+(F) has a
Gauss-Manin connection Vgy on S$'°° By Chapter [, Proposition 1.1, we have

a natural surjection RYfpr.# (7)—0s. which one verifies easily to be horizontal.
Since, by Chapter Il , Proposition 1.2, @ is just the sheaf of sections of this

surjection RYfpg,x (7)— 0s, it thus follows that, as such, 9 gets a natural con-
nection (induced by Vem), which we shall call Vg,

Proposition 2.1. The isomorphism « is horizontal with vespect to Vo and
Ve.

Proof. Let us denote by X' (respectively, X®) the pull-back of f° : X9 —
S99 yig iy : Os —0s (respectively, ig : Os —0s) to S*. Thus, we obtain a di-
agram over JS% :
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XL (__%‘hl .__.,XR

Let us denote the left-pointing (respectively, right-pointing) arrow by mL
(respectively, mg). Similarly, we have an analogous diagram with tildes, for

the various objects over Z/p?Z. Now consider the image of Frobenius $3 S 0.
We also have the image of the absolute Frobenius on X, which we denote by 5
COq«. Note that $§ actually sits inside both Gi+ and O

Suppose next that we are given a Z/p?Z-flat subalgebra $4< 03w that lifts
J%. This corresponds to a section 7 of L*=¢®  (Here the superscript “L”’s
and “R”’s denote left and right pull-backs to 4", respectively.) The obstruction
to lifting $4 to a Z/p*Z-flat subalgebra of Oz: compatible with $3 defines a

def
class in RY fY) % (TY) . which is. by definition, equal to §[L] = (a)~*(y). Simi-

larly, we obtain a class &[R] d;f(aR) “1(n). Note that (m) * (E[L]) = () !
(E[R]). since both classes are the obstruction to lifting $% to a Z/p*Z-flat sub-
algebra of Oa+ compatible with #3. Let us call this common class &[bi].

Now suppose that ($')3 S0z is a Z/p*Z-flat lifting of $3. Suppose that
this lifting correspondings to a section { of £. If we then take 7 ={" (in the
previous paragraph), we get £[bi] = (mp) ™ { (@ X{) )}, and, similarly, if we take
n=CR we get €[bi] = (mx) ' {(a ({))®}. On the one hand, Vg (a™*({)) is
computed by subtracting these two £[bi]’'s. On the other hand, (by the def-

inition of the @%w-torsor structure on 9P) the difference between these two
€[bi] 's is the difference between the two classfying morphisms given by the

subalgebras { ()8} and {(F)3}® of Os» But this difference is, by definition,
V¢({). This completes the proof. O

Henceforth, we shall identify (@, V¢) with (£, Vg), and call the resulting tor-
sor with connection (@, Va) (since the notation £ is more natural for line
bundles).

Indigenous Sections of 9

We continue with the notation of the previous subsection. Thus, S —M,,

is étale, and we have the ®2«-torsor ¥ —S, with its connection Vg. Let 7 : D
—S be the scheme corresponding to this torsor. Thus, D is a twisted version

of Spec of the symmetric algebra of the dual of ©%.. We endow D with the log
structure pulled back from S; this gives us a log stack D' On D, taking the
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dual to the second fundamental exact sequence for differentials gives a sequence
of tangent bundles:

0— ©%.

b= Opos — Qgelp — 0
where ©p« is the logarithmic tangent bundle on D'°. We shall denote the
surjection @pes — @gw|p by @, The connection Vo then defines a connection
Vp on the fiber bundle 7 : D —S, hence a section Ve : @sw|p —8p= of O.

Now let us suppose that we are given a section ¢ : S —D of 7. Then 0 in-

duces a section of 6*@;,, which we denote by ©, : Qs —g*@pe.  Also, ¢ de-
fines an FL-bundle (8. V¢) (see Chapter I, §1) on the curve X'°°.

Definition 2.2. We shall call the section ¢ indigenous if the projectiviza-

tion of the FL-bundle on X' defined by o is an indigenous bundle on X'°°.

Let us assume that ¢ is indigenous. Then we obtain, for 1 = 1,2, canonical
morphisms of vector bundles

¢ : 0¥ Ope —Oses

defined functorially as follows. By means of the étale morphism S — My, we
can think of the geometric vector bundle 6*@pw on S as parametrizing in-
finitesimal deformations 5" =1{(X"%)" (&', Vg&)} of the curve plus FL-bundle pair

given by n=1{X"° (8, Ve)}. Then the obstruction to lifting the Hodge filtration
of (&, Ve¢)|x= (& Ve) (which exists since 0 is indigenous) to a filtration of &
over X defines a section of @s=, which we take for ¢,(n’). On the other hand.
if we think in terms of crystals, then (&, Vg) also defines a deformation (§”,
Ve) of (8 Ve)on X[el/(€?). The obstruction to lifting the Hodge filtration of
(8. V&) to a filtration of 8" on X [€] / (€?) defines a section of @se, which we

take for ¢,(p"). Since 6¥0,(n’) is simply the difference between (X°)’ and
the trivial deformation of X9, we thus see that

0%, =¢,— P
We also have that
¢1 s U*VQ=O

Indeed, sorting through the definitions, one sees that the image of Vg consists of
the n”= {(X'°®)’, (§',Vg)} obtained by letting (§".Vg) be the FL-bundle given
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by regarding (8,Ve) as a crystal and taking the bundle with connection that
this crystal induces on the deformation (X'°°)’. Thus, (§”,Ve) is simply the

trivial deformation of (8,Vsg), hence is indigenous on X'°° by assumption. Put-
ting the above two formulas together, we thus obtain that

$2© 0*Ve=ideu
Also, let us note that
¢2 < @a:O

since if it were nonzero, it would measure exactly the extent to which o fails to
stay within the indigenous locus of D, but, by assumption, ¢ does stay within
the indigenous locus.

Next, let us recall the morphism ®f : ©% — @gw, ie., the dual to the “in-
finitesimal Verschiebung” of Chapter [, §2. Recall that this morphism was con-
structed by applying R! f« to the morphism J — zxey/s= given by composing the
p-curvature # : 7—Ad(8) of § with the projection Ad(§) — xwy/s» arising from
the Hodge filtration. It thus follows immediately from the definitions (by
thinking about how one defines the obstruction that ¢ measures) that if we res-

trict @1 : 0*@pews —Bge to B2 S 7 *Ops, we get

¢»1|@g\,»,=(D§

So far we have been thinking about morphisms that one can obtain from ¢
by thinking about the indigenous FL-bundle (§, V) that it defines. But by
what we did in the previous subsection, ¢ also defines a Frobenius lifting ®; :

S8 —519 et us consider the morphism @e, : @s» —@%. obtained by looking
at the morphism induced by ®; on the tangent bundles, and then dividing by p.

On the other hand, the morphism @,—0*Ve : s« —0*@p= maps into %« S
0%@pw. Thus, by abuse of notation, we shall regard @,—0*Ve as a morphism
Bs= —B%.. Then we claim that

®¢,=®0_0-*V®

Indeed, if we think of 6*Ve as defining a direct sum splitting of 0*@pe. then @,
— 0* Ve is just the component of @, that sits in the vertical subspace ©%: S
0*@pw. Put another way, @, — 0* Ve : Bg» — 0% is the Kodaira-Spencer
morphism for the section ¢ relative to the connection Vp. Thus, it follows from
the definition of the connection called V¢ in the previous subsection in terms of



A THEORY OF ORDINARY p-ADIC CURVES 1073

subalgebras of O that ®e,=0,—0*Ve.
We are now ready to prove the main technical result of this subsection:

Proposition 2.3. If 0 : S—D is an indigenous secion, then— Of is inverse to
Bo,. In particular, the indigenous bundle associated to (8§, Vs) is ordinary.

Proof. Indeed, using the various observations made above, we simply com-
pute:

Of - Qo,=¢, (B,—0%Vs)

=¢1 ®0
=(p1—¢2) - O,
= (U*®n) R
= —ides

Thus, in particular ®§ is an isomorphism, and so (&, Vs) defines an ordinary
nilpotent indigenous bundle. O

Frobenius Invariant Indigenous Bundles

In this subsection, we change notation slightly. Let S —*A_/;ryd be an étale
morphism of a p-adic formal scheme S into JV:,r,d. Thus, S is formally smooth
over Zy. Also, one may think of S —n/\_/;,r,d as the unique étale lifting of its re-
duction Sr,— (./V:,?)F, modulo p. For convenience, we assume that Sr, is affine.
Endow S with the log structure pulled back from ﬁ;of Thus, we get a p-adic
formal log scheme S'° Pulling back the universal curve over ﬁg,r, we get a
morphism f1°9 : X°¢ —8°9 Let 19 : 1'°9 —S§"9 he an r-pointed curve of genus
g whose reduction modulo p is equal to (X'°°)—Sg’, ie. the Frobenius trans-
form offi?f. We shall denote the divisor of marked points on Y by ECY.

Let =2 be a natural number. Suppose that we have a coherent sheaf
with connection (%, V#)on Y'°° where 7 is killed by p" and flat over Z/p"Z,
and the connection Vs is relative to the morphism h'°® : Y9 —8'°¢  Suppose,
moreover, that we are given a filtration FY(%)r, S #r, of the reduction of # mod-
ulo p. We shall call this filtration the Hodge filtration. Then, relative to this
data, we define the coherent sheaf with connection F*(%, Vgz) as follows.
First, we regard (¥, Vz)as a crystal on Crys(Y?/5'%). Thus, if we apply the
relative Frobenius morphism ®xsy/se to this crystal (¥, Vg), we obtain a crys-

def
tal (F, V&) =0 Fu/s0 (F, Vz)on Crys(Xg®/5'°®). Next, we consider the subsheaf
D FoysoF (F) ¥, S Fr,. 1f we then consider the subsheaf of (¥, Vg’ on
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Crys (X29/5'°) consisting of sections whose reduction modulo p is contained in

the subsheal @/ goF' (%), we obtain a crystal (%, V#)” on Crys (xe/8'"0).
We then let

def
F*(8, Vo) =(F, V3) " Qg Z/p" 'L

Definition 2.4. We shall call F¥%, Vz) the renormalized Frobenius
pull-back of (F, Vg).

Note that if & is a vector bundle on Yzsrz, and FY(%)¥, is a vector bundle on
Yr,, with the injection FNZF)r, < Fr, locally split, it follows immediately from
the definitions that the coherent sheaf F* (%) appearing in F* (%, Vg) is a vec-
tor bundle on Xz/=~z. Note also that, if we think of the “input variable” (Z,
V) as a crystal on Crys(Yy?/S"9), then F*(#, Vs) does not depend on the
choice of the deformation A'°® : ¥1°9 —S'°% of Yi°.

Often, we will be given a Frobenius lifting ®'°° : Slzo/i"z "’Slzo/i"z modulo p”,
and we will take }lzo/iz —‘*Slzo/inz (respectively, (#. Vz)) to be the pull-back of
Xlz(;iﬂz —Suirz (respectively, some (8. Vg) on X'°9) by ®'°°. If S were the spec-
trum of the ring of Witt vectors of a perfect field k&, and # =2, then the F* (&,
Ve)” that we have defined here would coincide with the F*(&, Vg) of Chapter II,
Definition 2.9.

Now let (¥, Vz)be a vector bundle with connection on leo/i"z whose deter-
minant is trivial and which is indigenous modulo p"*. We will denote its
Hodge filtration by FY%F)zpz S Fzirz. Let us denote by (9, Vg) the vector
bundle with connection on Xz/,z which is the renormalized Frobenius
pull-back of (¥, V). Suppose. moreover. that (9. Ve)f, = (#, V5)r,. Thus,
one sees (as in the proof of Chapter I, Proposition 2.10) that (%, V4) ¥, is
nilpotent and admissible (hence corresponds, by Chapter I, Proposition 2.5, to
some FL-bundle).

Lemma 2.5. Let n=3. If we modify the comnection Vg by some p" %0,
) i
wheve 0 is a section of hx (wyis) ©2(—E) | then the vector bundle F*(F) (on
Xzowz), along with its connection F* (V). vemain unchanged.

Proof. Looking at the definition of the renormalized Frobenius pull-back,
one sees that the pair (F*(%), F*(V#))is constructed by pulling back % (and
V3) via various local liftings of @xwe/s»s, and then gluing together by means of
gluing morphisms defined by the connection Vz. Moreover, these gluing
morphisms are obtained from the Taylor expansion (cf. [Falt], §2, Theorem
2.3), which involves applying the connection V# to tangent vectors pushed for-
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ward from the Frobenius lifting. Since such tangent vectors are necessarily di-
visible by p (as well as being annihilated, of course, by p"). it follows that a
knowledge of {V#)z/»z suffices to compute these Taylor expansions. Thus, cer-
tainly F*(%)depends at most on(V#)z/»-z. On the other hand, since at the end

of the construction of F* (¥), we mod out by p*'+ @Ok, . F (F)r, S p+* -
Q)T rF,, we see that modifying Vs by an endomorphism-valued differential

whose image lies inside p*% + FH%) (where we have p" 2 rather than p** since
we always get an extra factor of p from the fact that we are applying the con-
nection to tangent vectors divisible by p) does not affect the result. This com-
pletes the proof. O

Now let us assume that (%, Vg)is a rank two vector bundle on Yzz with
a connection (relative to 1'°° : Y9 —5%9) whose determinant is trivial. Let us
suppose, moreover, that (F. Vg)z/yz is indigenous. Let (9, Vg) =F* (%, V=),
As before, we assume that (4, Vo)f,= (%, V#)r,. Then by considering the re-
sult of applying F* to various deformations (%, Vs)’ of (¥, Vg) (ie., such that
(F, VA uyz= (F, V) ap-z) to obtain various deformations (9, Ve)  of (4.
Vg4), we obtain a morphism:

(Rpr.+Ad(8) v,) = RYpr,+Ad(9) r, = RYpr.xAd(8) F,
If we then compose this morphism with the projection
RYor,#Ad(8) 5,2 R4 (Tymo/ses) F,
arising from the Hodge ﬁ!tration, we obtain a morphism
(RYpr.xAd(8) F,) F=RY s (7w, 5%) F,

which, by Lemma 2.5, vanishes on the subbundle

log

(fo(wxss) @ (—D))§,S (RYpr,+Ad(8)F,) F

arising from the Hodge filtration. Thus., we obtain a morphism of vector bun-
dles

@F“ . (le* (T)\“’“/S“‘") Fr) F—)R]f* (Txlon/slnn) F,

Note that by Lemma 2.5, this morphism remains unchanged if one adds some

p"7%0 to the connection Vg.
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Lemma 2.6. The morphism Or= is equal to — D

Proof. In the gluing process referred to in the proof of Lemma 2.5, the de-
forming cocycle in (Txoy/se)f, =p"* (txwo/s7) F (mod p”) only affects the Taylor ex-
pansion to first order. Moreover, this cocycle in (zxw/s=)f, is mapped to a
cocycle in @s/sos (Txoyso) b < Ad(9)r, = Ad(8)F,. and hence to a cocycle in
Ad(8)r,. If we then further project this cocycle via Ad(§)r, — (Txwyse)w, we
obtain @+ of the original cocycle. On the other hand, let us note that by Chap-
ter [, Proposition 1.4, the inclusion @}/ (Txwssses) f, = Ad(9)r, = Ad(8), is
—1 times the p-curvature of (& Ve)r, Since @; is defined by applying R« to
the p-curvature composed with the projection Ad (8)r,— (Txw/s=)F, we thus
obtain the result. O

We are now ready to begin a canonical Frobenius lifting on S'°°, which will be
fundamental to the entire paper. First, note that since (N, o), & (ng,y)r«',, we have a
tautological trivialization (za)r, : (N o) B — (B ,,) F, of the torsor B,, over
(_;’ff) F. If we pull this trivialization back to S, we get a trivialization (zs)¥, :
Sr, — (8 ,,) 5, which thus defines a nilpotent, ordinary indigenous bundle
(8, Veh on X‘F‘?ﬁg. This indigenous bundle thus corresponds to an FL-bundle,
hence a section of the torsor @ (of the previous subsection) over Sr,, and hence
a Frobenius lifting ®3° : Spf., —Sy%,. Now let (8, Vg); be any indigenous bun-
dle on Xpg, that lifts (8, Ve)y. (Such a lifting exists since S¥, is affine.) We
shall define Y'*® inductively. Let Yy, = Xpfsy X swop S Let (F, Vg)3=
(@P9) *(8, Ve), Then it is a tautology that if we take F* (F, V)3, we obtain
(8, Vs); (up to tensor product with a line bundle with connection whose square
is trivial: as usual, for the sake of simplicity, we shall ignore this). So far, to
summarize, of the objects constructed so far, ®;"; Yty and (8, Ve are canon-
ical. The primed objects are not canonical.

Let (%, V)5 be any rank two bundle with connection on Y74z whose deter-
minant is trivial, and whose reduction modulo p* is equal to (%, V#);. That is,
(%, Vg)s is a deformation of (%, Vg)s. Now by Lemma 2.6, and the fact that
(8, Ve) is ordinary, it follows that, among all possible deformations (%, Vz); of
(F, V3),, there exists a unigue (up to changing the connection by some p?-6)
such deformation (%, V)75 such that F*(F, V3)% is indigenous on Xy, Let
Yz be the unique deformation of Yife such that when one evaluates the crys-
tal (#, V#)% on Yy, it becomes indigenous. Let (8, Ve)o=F*(#, Vs)5 By
Lemma 2.5, (§ Ve); is independent of the choice of (§, Ve); or (¥, Vg)5 Let
(F, Vsz)o= (OP°)*(8, Ve)o. Let @3 : SP8, —Sp8,; be the classifying morphism

of the r-pointed stable curve of genus ¢ given by Y78, —Syf;. Thus, ®F° lifts
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®j°°.  Again, to summarize, the objects ®Y9; Yi8,,: and (8, V), (as well as (%,

V#)2) are canomical. 1f we now let (8, Ve)i be an indigenous bundle on X%,

that lifts (&, Ve)s, and (F, Vs s= (OF)* (8, V)5 (where the primed bundles
are newly chosen here, hence different from the temporary ones we chose
before), it follows from Lemma 2.5 that (&, V), =F*(%, Vg)s.

Continuing in this fashion (making repeated use of Lemmas 2.5 and 2.6, as
well as the fact that (&, Ve): is ordinary), we thus obtain a canonical Frobenius

lifting @'°¢ : S'°® —S¢ (of p-adic formal schemes), as well as a canonical in-

digenous bundle (&, Vg) on X'°° such that F*(®"9)* (& Vs) = (&, Ve) (up to ten-
sor product with a line bundle with connection whose square is trivial).

Moreover. note that by Proposition 2.3. this Frobenius lifting ®'°° is ordinary.

Definition 2.7. Let ¢ : S§°¢ —5199 he 3 Frobenius lifting. We shall call
an indigenous bundle (4, V¢) on X9 Frobenius invariant for W9 if (4, V) =

F* (W'o0) * (9, Vg) (up to tensor product with a line bundle with connection
whose square is trivial).

So far. we have been working over our affine scheme S, which is étale over /.
However, since the objects that we have constructed (namely, ®'°° and (&, Ve))
are canonical, i.e. uniquely characterized by certain properties that have nothing

. —ord
special to do with S, it is clear that they all descend to (J\/Z,r, ). We thus see
that we have proven the following key result:

Theorem 2.8. On w_';ff)'“g, there exists a canonical ovdinary Frobenius lift-
mg

—ord d
Qlos . (N;;)log _ﬁ(ﬁ;’;)xog

together with a canonical indigenous bundle By, Ve,) on €°° (where €°° —
—ord

N ;,17 is the universal r—pointed curve of genus g) whose reduction modulo p is equal
to the nilpotent, ordinary indigenous bundle defined by the tautological trivialization

(Ta)F, of Bgr over ngrf . Moreover, the pair {@F°, (84, Va,)) is uniquely characte-
rized by the following properties:

1) ox°: (N‘;"’rd)log — (N ;rrd )1°% is a lifting of Frobenius;

(2) the reduction of (8., Vs,) modulo p is the bundle defined by (Ta)r,:

(3) (8. Vs.) is Frobenius invariant for .
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Moreover, the formation of O3 and (8y, Ve,) is compatible with restriction to prod-
—ord

ucts of N ;r, 's for smallev §’s and v's that map into the boundary of our oviginal

./—V—:r: via the gluing procedure described at the end of Chapter I, 2.

Proof. We have proven everything except the last statement about restric-
tion. To see this, note first of all that O respects such products of smaller
ATZ,T since it respects the log structure of the original JV;,rrd. Thus, we may re-
strict ®%° and (8x, Ve,) to these products, and the result follows by unique-

ness. O

Remark. This result is the central result of this paper. In some sense, the
rest of the paper is just devoted to making explicit a number of formal conse-
quences of Theorem 2.8. In particular, since this canonical Frobenius lifting is
ordinary, it follows that we can apply the theory of §1. We shall proceed to do
this in the remainder of this Chapter.

Finally, it is useful to know that the formation of the canonical Frobenius
and indigenous bundle are compatible with finite coverings. Suppose that S™¢
- (./V;;d)“’g is log étale, with S formally smooth over Z,, and the log structure
given by a relative divisor with normal crossings over Z,. Let f'°9 : X9 — g9
be the pull-back of the universal curve over ﬁ;rrd Let ¢, s=0 be such that 2q
—24+s=1. Let Y —S8"9 be an s-pointed stable curve of genus q. Suppose
that we are given a morphism over S'°%

jog

}'109 _ XIOQ
Now we make the following:

Definition 2.9. We shall say that ¢'°° is log admissible if it is finite, log
étale, and takes marked points to marked points.

A typical example of a log admissible morphism may be obtained by considering
the “admissible coverings” of [HM]. Indeed, it is not difficult to see that by en-
dowing the curves involved (as well as the base) with appropriate log struc-
tures, one may obtain a log admissible covering (cf. [Mzk], §3). (Note, howev-
er, that the definition of “log admissible” given here differs from that of [Mzk],
§3.)

Let (8, V&) be the restriction of the canonical indigenous bundle (8, Ve,)
to X'°°. Let ®'9° : §°0 — 58 he the pull-back of the Frobenius lifting ®.° to
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S (which exists because S"° —»(I/f,?,i“)wg is log étale). Let (F, V) =¢*(8, V).

Observe that (#, Va)r, is a nilpotent, admissible indigenous bundle on Y'°°. Let
us assume that:

(*) (F. Vo), is ordinary.

Then (%, Vg)r, determines a factorization of the classifying morphism S'°° —
p—1 —ord .
Mqs through (N,5)°°.  Thus, we get a morphism

—ord
Elog : Slog — (qus )Iog

d.
For simplicity, let us write 7' for (Wgs ). Let us denote by W '°° the canon-
-—ord
ical Frobenius on (Nys)'°°, and by (4, Vs) the canonical indigenous bundle on

d
the universal s-pointed stable curve of genus g over (A/_';,i)“’g. Then we have
the following compatibility result:

Theorem 2.10. We have a commutative diagram:

1o o 10
S — S

[ KIOQ l Klug

Tlog v Tlog
and an isomorphism £*(9, Vo) = (%, Vg)

Proof. We shall apply induction on 1 to the proposition “the Theorem is
true when the objects in it are reduced modulo p'." The case 1 =1 is clear.
Thus, it suffices to prove the induction step. Let us consider the crystals (.
V#)® and £*(9, Vg)¥ on Crys(Xg°/S"%). Suppose that they agree modulo p'. If
we apply F* (the renormalized Frobenius pull-back) to them, we get the same
crystal modulo p*, by the induction hypothesis and the definition of the canoni-
cal Frobenii and indigenous bundles. Thus. by Lemma 2.6, it follows that the
underlying vector bundles of (%, V#)® and £* (9, Ve)* must agree mudulo p'*%.

Since (#, V#)® is indigenous on (Y'°%)? and £* (9, V)" is indigenous on the
s-pointed stable curve of genus ¢ given by pulling back the universal one by

Yoo - g9 we thus obtain that the diagram in the Theorem commutes modulo

p*t. Then since (#, Vg) and £* (9, Vy) agree modulo p*, it follows that their

1+1

underlying vector bundles agree modulo p By a similar argument, their
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underlying vector bundles also agree modulo p**? and the diagram commutes
modulo p**2. Then, by Lemma 2.5, since (%, Vg) = F*Z, V%)? and £*(9, Vy)
=Z*F* (Y, Vo), it follows that (F, V #) and £* (9, V) agree modulo p***. This
completes the proof of the induction step. O

§3. Applications of the Canonical Frobenius Lifting

In this Section, we apply the general theory of §1 to the canonical modular
Frobenius lifting constructed in §2. In particular, we define the notion of a
p-adic quasiconformal equivalence class, and show how the choice of such a class

allows one to construct both affine and multiplicative uniformizations of ﬁg,r.
We will also define the notion of a p-adic topological marking, which will allow
us to construct a local uniformization of My, by means of the affine space of
quadratic differentials. As we make these constructions, we will compare them
to various classical constructions in the complex case. Finally, we will special-
ize what we have done in this Chapter to the case of elliptic curves (regarded
parabolically) to see that in this case, the canonical Frobenius lifting corres-
ponds to a well-known Frobenius lifting from Serre-Tate theory, and that, con-
sequently, the various objects constructed from it — i.e., canonical curves, modu-
lar uniformizations, etc. — reduce to the corresponding objects of classical
Serre-Tate theory.

Canonical Liftings of Curves over Witt Vectors

—ord

Let Ngy; q)fg be as in the last subsection of §2. Let k be a perfect field of
characteristic p. Let A= W (k), the ring of Witt vectors with coefficients in k;

let S=Spec(4). Thus, we have a natural Frobenius automorphism @4 : A—A
on A. Recall the notion of canonical liftings of A-valued points in ./V:;r,d

(Definition 1.9).

Definition 3.1. We shall call a point o ENoy (k) a (p-adic) quasiconfor-
mal equivalence class (valued in k). We shall call an r-pointed stable curve of
genus ¢ the canonical curve in the class & if it admits an indigenous bundle such
that the pair consisting of the curve and this indigenous bundle defines a cano-

. . —ord . .
nical A-valued point of J\/S,i whose reduction modulo p is .

Remark. Thus, a p-adic quasiconformal equivalence class consists of a
hyperbolically ordinary 7-pointed stable curve (X¢—Spec(k); pu...., pr : Spec(k)—
Xo) of genus g, together with a choice of a nilpotent, ordinary indigenous bundle
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(8, Ve)o on X¥°. Recall from Chapter I, Proposition 3.13, that for a given

0 39—3+7r

ordinary X¥°, there are at most p possible choices for (8, Vs)o. The reason
for attaching the term “quasiconformal” to this data will become more and more
apparent as we continue: Namely, unlike the complex case in which, once g and r
are determined, all curves belong to the same quasiconformal equivalence class.
the uniformization theory that we shall develop in this paper in the p-adic set-
ting acts (by comparison to the classical complex case) as if there are many
different quasiconformal equivalence classes (for a given ¢ and 7), and moreov-

. . . —ord
er, this equivalence class is determined exactly by the datum of a point in ./Vzrr
Specializing the theory of §1, we obtain:

Theorem 3.2. For every p-adic quasiconformal equivalence class @y €
—ord —ord
./VZ,ry (B), there exists a canowical lifting Qe € Nor (A), ie.. more concretely. an

r-pointed stable curve (X—Spec(A): p1.... pr : Spec(A)—X) of genus g, together
with an indigenous (8, Vs) on X'°°. This canonical lifting Qw is uniquely char-

acterized by the fact that it is fized under (DZI(D}\?Q, where ON° is the canonical
Frobenius lifting of Theovem 2.8.

Corollary 3.3. Suppose that the pair
{ (X —Spec (A); p1..... pr : Spec (A)—X); (8, Vs)}

is canonical (ie., for (8, V). this means that it is the vestviction of the (n. Ve.)
of Theovem 2.8). Then

(1) If X —Spec(4) is smooth, then (8. V) defines an MF -object on

X9 in the sense of [Falt], 82 (up to tensor product with a line bun-
dle whose square is trivial) .

(2) More gemerally, if X — Spec (A) is not smooth, then the pair is
obtained by gluing together (as at the end of Chapter I, 82) a collec-
tion of smooth canonical pairs.

Proof. The two statements follows by specializing Theorem 2.8. O

Corollary 3.4. A pair

{(X —Spec(A): py,... p» : SpeclAd)—X); (8, Vo) }

consisting of a smooth r-pointed curve of genus g and an indigenous bundle on X'°°
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is canonical if and only if

(1) the indigenous bundle (8, Ve)r, is ordinary;

(2) (8, Vo) defines an MF -object on X'°° in the sense of [Falt], 82 (up
to tensor product with a line bundle whose square is trivial) .

Morve generally, a pair consisting of an r-pointed stable curve of genus g and an n-

digenous bundle on X' is canonical if and only if it is obtained by gluwing together
canonical pairs as at the end of Chapter I, §2.

Proof. Let us first consider the smooth case. By the previous Corollary, it
suffices to prove the “if” part. Since (8, Vs) is an JF "-object, we know (by
Chapter I, Proposition 2.10) that (8 Ve)r, is nilpotent. Thus, there exists a
canonical pair which is equal to our given pair modulo p. On the other hand, it
follows by the analogues of Lemmas 2.5 and 2.6 for F* over S=Spec(A4) that
there is only one lifting of our pair modulo p that admits an indigenous bundle
which is an (% "-object. Thus, our pair must be the canonical pair. Next, we
consider the stable case. Again, by the previous Corollary, it suffices to prove
the “if” part. As before, we note that there exists a canonical pair which is
equal to our given pair modulo p. By the previous Corollary, the canonical pair
is obtained by gluing together smooth canonical pairs. Since a smooth canoni-
cal lifting is unique, it thus follows that our pair must be the canonical pair.

O

Corollary 3.5. Suppose that we have an v-pointed (vespectively, s-pointed)
stable curve X'°° (respectively, Y°°) of genus g (respectively, q) over S'°° (for some
appropriate choice of log structuve on S'°°). Let (8, Ve) (vespectively, (F, Vz)) be
an indigenous bundle on X'°° (respectively, Y'°°). Suppose that (¥, Vg)r, is ordi-
nary. Let ¢'°°: Y0 — X9 be log admissible, and suppose that (F, V) = ¢*(8,
Vs). Then the pair {X'°% (8, Ve)} is canonical if and only if the pair {Y"°% (%,
V3)} is canonical.

Proof. First note that, by pulling back square differentials and considering
02 and ®Z, the ordinariness of (¥, Vg)r, implies the ordinariness of (§, Ve)r,.
The stipulated conditions on ¢'°° imply that X'°® is obtained by gluing if and

only if Y'? is obtained by gluing. We thus reduce to the smooth case. But
this follows immediately, by the criterion of the previous Corollary (about the
indigenous bundle being an J% "-object) and the fact that F* commutes with
log étale coverings. O
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Canonical Affine Coordinates on //,,

We maintain the notation of the preceding subsection. Thus, S=Spec(4);
—ord

A=W (k); and k is a perfect field of characteristic p. Let aGNs,ry (A) be canon-

ical. Since giving a canonical @ € Ny, (A) is equivalent to giving the p-adic

quasiconformal equivalence class a(mod p) EJVZ,?(k), we shall frequently abuse
notation and speak of “the p-adic quasiconformal equivalence class a.”

Let us assume that a corresponds to a smooth curve. Then applying
Theorems 1.12 and 1.14 to the canonical Frobenius lifting of Theorem 2.8
gives the following results:

Theorem 3.6. For every choice of a p-adic quasiconformal equivalence class
a, we obtain a local canonical uniformization

quean . @A = Y%,
of Mgy by the affine space modeled on @,.

Let (B.mg) be a local ring with residue field # which is p-adically complete and
has a topologically nilpotent PD-structure on mg.

Definition 3.7. We shall say that BE N, (B) is in the (p-adic) quasicon-
formal equivalence class  if the point B (mod mp) E,/VZ,r,d(k) is equal to a(mod p)

—ord

EN,, (k).

In summary, we have proven the following result:

—ord . . .
Theorem 3.8. For every BEN,,(B) in the quasiconformal equivalence class
a, we oblain a canonical class KgEmp * Op, as well as a local uniformization

U : OF =M,

of Myr by the affine space modeled on @z  Moreover, this uniformization is related
to the canonical uniformization by tensoving over A with B, applying the isomor-
phism

(wa\fi) - <®a)B _)®B

. ) —ord . i
and then translating by ks. Finally, for all BE N, (B) that lie in the quasicon-
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formal equivalence class q, the correspondence B> kg is a bijection of such B onto
mpg ° @,g.

Remark. 1In considering the uniformizations just obtained, it is tempting to
compare them with the local uniformization by the affine space modeled on the
tangent space to fly, given in the complex case by considering geodesics for the
Teichmiiller metric. We believe, however, that if there is any proper complex
analogue to the uniformizations of Theorems 3.6 and 3.8 at all, then it is the
uniformization obtained by Bers coordinates. Indeed, unlike the Teichmaiiller
coordinates, which are real, but not complex analytic, the Bers coordinates are
(complex) analytic, just as the affine coordinates of Theorems 3.6 and 3.8.
Also, (perhaps more crucially) the Teichmiiller coordinates are the same for
elliptic curves regarded either hyperbolically or parabolically. We shall soon see,
however, that the uniformizations analogous to those of Theorems 3.6 and 3.8
for elliptic curves treated parabolically are different from those in the hyperbol-
ic case. One difference between the Bers uniformization and the uniformiza-
tions of Theorems 3.6 and 3.8 is that the Bers uniformization is by the affine
space of quadratic differentials (of the complex conjugate curve). not by the tan-
gent space to Jf,, On the other hand, (even in the complex case) one cannot
have a holomorphic local canonical uniformization by the affine space of quad-
ratic differentials, as one can see easily by considering a one-pointed curve of
genus one with an automorphism of degree three. Thus, to obtain a uniformiza-
tion by quadratic differentials, we need more “rigidifying” information. In our
case, the information will take the form of a fopological marking of the curve.

Topological Markings and Uniformization by Quadratic Differentials

We maintain the notation of the previous subsection. Let us consider the

. . ey —ord d . ..
canonical Frobenius lifting @ : ./Vs,rr —*J‘—/';r, of Theorem 2.8. Just as in Defini-

tion 1.2, @« defines canonical étale local systems on JV;,r,d in free Zp-modules of
rank 39 —3+7r:

Definition 3.9. We shall refer to ©F as the tangential local system om
——ord

Noy,. We shall call its dual, QF, the differential local system on A7;,rrd.

Note that if one tensors over Z, with I}, then these local systems become the
local systems (with the same names) considered in Chapter II, §3, following
Proposition 3.4.

Now let us assume that % is algebraically closed. Let a € ./—V_;),r,d (4) be a
p-adic quasiconformal equivalence class. In this subsection, however, we
assume that a corresponds to a smooth curve. We would like to consider the
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fundamental groupoid of N in the sense of [SGA 1]. Exposé V, p.130. Recall
that this fundamental groupoid is the category of fiber functors from the cate-

. —ord .
gory of finite étale coverings of /V:ry to the category of sets. Moreover, if x €

'/‘V—:Tf(k), then x defines a fiber functor %, of this type by simply restricting

—ord

étale coverings of JV;,r,d to Spec(k) via pull-back by z. Thus, if x. yE N, (),
then we shall call a path from x to y a natural transformation from #, to #,.
On the other hand, recall from the last subsection of Chapter Il , §3, the set

Dsr of isomorphism classes of totally degenerate r-pointed stable curves of
genus ¢. If A€ %D,,, then, by abuse of notation, we shall also write A EJVE,T(A)
for the totally degenerate curve over A represented by A. Now we make the

following important

Definition 3.10. We shall call a pair u= (A; @) a (p-adic) topological
marking for the quasiconformal equivalence class « if A€ 9,, and w is a path

from a (mod p) Ef/;f(k) to AEJV;.K:I ().

Let = (A; @) be a topological marking for @. Then let us note that g de-
fines a canonical nondegenerate bilinear form %, on @4 as follows. First note
that by the construction in Proposition 3.6 of Chapter Il , §3 (which is carried
out there over Fp, but clearly works just as well over Z,), we have a canonical
nondegenerate bilinear from #§' on ©f". Now the path w defines an isomor-
phism @, : O = 0§ Thus, if we pull-back B§' by means of ®_, we get a
canonical nondegenerate bilinear form Bg' on 0§. Since 0,= (0F) Kz, A, we
thus obtain (by tensoring) a canonical nondegenerate bilinear form %, on Q.

Now let (B, mg) be a local ring with residue field # which is p-adically
—ord

complete and has a topologically nilpotent PD-structure on mp. Let BEN,, (B)
be in the quasiconformal equivalence class . Recall the canonical isomorphism

(Was) ™t (04) 5 =0

implicit in Theorem 3.8. This isomorphism allows us to transport %, to ; so

as to obtain a canonical nondegenerate bilinear form 8% on ®5. We summarize
this as follows:

Proposition 3.11. The choice of a topological marking y on a quasiconformal
equivalence class & allows one to define a canonical nondegenerate bilinear form B5

d
on O for every B EA_/;’f, (B) in the quasiconformal equivalence class .

This finally allows us to give local uniformizations of My, by means of quadrat-



1086 SHINICHI MOCHIZUKI

ic differentials: Namely, we compose the affine uniformization of Theorem 3.8
with the isomorphism @5 = Q; given by the nondegenerate bilinear form %2:

Theorem 3.12. The choice of a topological marking i on a quasiconformal
equivalence class & that corresponds to a smooth curve allows one to define a canoni-

cal class KugEmp * Qp, as well as a local uniformization
Vs - QMG

ord . .
of My, by the affine space modeled on Qp, for every BE Noy (B) in the quasiconfor-

. . —7ord .. .
mal equivalence class . Finally, for all BE Ny, (B) that lie in the quasiconformal
equivalence class @, the correspondence B>k, is a bijection of such B onto mp * Qg.

Remark. Thus, we have obtained a canonical uniformization of My, by
quadratic differentials for every choice of a topological marking on «. In the
complex case. a topological marking of a Riemann surface is given by fixing the
underlying topological manifold, up to homeomorphisms homotopic to the identi-
ty. Thus, the analogy between topological markings in the p-adic and complex
cases lies in the fact that a p-adic topological marking gives one a canonical
basis for ©§', hence for @, corresponding to a collection of partition curves (see
Introduction, §2) of a Riemann surface. This specification of partition curves
determines a topological marking, by gluing together “pants” along the partition
curves. Thus, instead of uniformizing by the affine space modeled on Qg we
could also have uniformized by the affine space modeled on a direct product of
affine lines, one for each “partition curve.” Whichever choice of coordinates
(i.e., quadratic differentials or partition curves) is more useful depends on one’s
tastes or the applications one has in mind.

Canonical Multiplicative Parameters

So far we have only been working with smooth curves. In order to find
canonical parameters at singular curves, we need to work with multiplicative pa-
rameters (like the g-parameter in the case of elliptic curves), as opposed to
affine parameters, as in Theorems 3.6 and 3.8.

Let a€N,y (A) be a p-adic quasiconformal equivalence class (corre-
sponding to a curve which is not necessarily smooth). Let us assume, for the
rest of this subsection, that & is algebraically closed. Let Qi° be the restriction
of QEO: to @, and let ®, be the dual A-module to QK°. Then the Frobenius in-
variant subsections of @, form a free Z,-submodule ®§' S0, of rank 3¢ —3+7.
Similarly, we have Q&S Q9 Let (M,,) o be the completion of M,, Rz, A at
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the image of &. Let w € Q%' have residues equal to zero or one at all the irre-

ducible components of the divisor at infinity of Jﬁg,,, and nonzero reduction mod-
ulo p. Then, just as in Definition 1.11, we have a parameter

qo.a

on (M,,)a which is well-defined up to multiplication by a Teichmiiller repre-
sentative [#*]. This parameter is a unit at all the divisors where the residue
of w is zero and has valuation one at all the divisors where the residue of w is
one. Moreover,

(Dﬁl (Qw,z) 24&,2

Definition 3.13. We shall call such a parameter gw.« a canonical multi-

plicative parameter on (M) a.
The Case of Elliptic Curves

Just as in previous Chapters. it is useful to look at the case of elliptic
curves (regarded parabolically) since the calculations are usually much easier in

—i

this case. As before. we let 1o be the log stack of elliptic curves, and £lou:
—

@oo — 711’5 be the universal elliptic curve (with the log structure defined by the

pull-back to % of the divisor at infinity of -/ﬁl,o)A Let /7!11039_ M1y be the open

p-adic formal substack parametrizing ordinary elliptic curves. Recall that we
—ord

computed in Chapter Il , Theorem 3.11, that Ny, =ﬁ(1’,r0d. and that the section of

Bl,o over (m_rod)p,, corresponding to the unique nilpotent, ordinary indigenous
bundle on an elliptic curve was given explicitly in Example 2 of Chapter I. §2.
Now it is easy to see that, although nominally everything in this Chapter was
done for hyperbolic curves, much of the theory goes through for elliptic curves,
as well. In particular, the construction of the canonical Frobenius lifting @~ on

ﬂ;nod goes through just as before. Since everything else in the Chapter is essen-
tially a formal consequence of the existence of @y, in this subsection, we would
like to compute the lifting @x explicitly for elliptic curves, and identify the re-
sulting concepts (i.e., canonical curves, uniformization, topological marking, etc.)
with the well-known objects of classical Serre-Tate theory. For a treatment of
classical Serre-Tate theory, we refer to [Mess] and [KM] (p.260).

. - —zord . .

Let us begin by recalling a certain Frobenius lifting ®4 on ,44}"0 which is
fundamental to Serre-Tate theory. Ultimately, we shall show that @4 = Qux.
First recall that the étale quotient of the (log) p-divisible group % associated to

. .. —-ord . —ord
the universal elliptic curve 9°™ — 1,0 defines a local system £ on J%LB in free
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Z,-modules of rank one. Also, since ? is self-dual, taking Cartier duals gives
us an inclusion £V(1) @ (Qy/Z,) < P (where the “1” in parentheses denotes a

Tate twist). Let $o <SP be the subgroup scheme given by £V(1) ®<%Z,>/Z,>.

Thus. taking the quotient by this subgroup scheme %o gives us an isogeny:
Dy : G —H

—ord —ord d P
to some elliptic curve # over ./M(fro Let @y : J/lf,i) —’ﬁfro be the classifying

morphism of #. Thus, £=0%%°% Since considered modulo p. the subgroup
scheme %o is nothing but the kernel of Frobenius, it follows that ®4 is a

d
Frobenius lifting, and that (®g¢)r, is just the relative Frobenius on ?9;: For
convenience, we shall denote objects pulled back via ®« with a superscript “F.”
Now let us consider the effect of pulling back the indigenous bundle (8,

Ve)F on (9°™)F, where (&, Ve) is the indigenous bundle on %°® given in Exam-
ple 2 of Chapter I, §2. Let (%, V&) =®F (8. Ve)F. Let us denote by w the rela-

tive dualizing sheaf of %°" —wﬂfrod Then as a vector bundle.
F=05(w)FB0s

Now let ®¢ : ®F(w)"™— w denote the morphism on differentials induced by ®g,

divided by p. Then I claim that ®F is an isomorphism. Indeed, since we are
dealing with ordinary elliptic curves, the local group structure near the origin
is isomorphic to that of G, (the multiplicative group scheme), and the Frobenius

lifting ®s just amounts to the p* power map on G,. This proves the claim.

Since 8=w®0y, ®F thus gives us an isomorphism:

3

I

7

by taking the direct sum of ®§ with the identity on Os. Next, we consider con-
nections. Recall that V¢ differs from the trivial connection by the tautological
Ad (&) -valued differential form given by mapping the first factor @ to the
second factor O¢®@w. Thus, when we pull-back by @y, we get a similar nilpo-
tent endomorphism-valued differential form, this time given by the map from
O (w)F (the first factor) to OeQw (the second factor) given by p-®@¢. On the
other hand, when we compute the 7enormalized Frobenius pull-back of (8. V), we
divide out by this factor of p. It thus follows that under the isomorphism §=%
considered above, the renormalized Frobenius pull-back gives a connection on
% which corresponds precisely to the connection Vg on §. Since ®x and (8,
Ve,) are uniquely characterized by the property that the renormalized
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Frobenius pull-back of ®%(8x. Ve,) is isomorphic to (u, Vs.), we thus see
that we have proven the following result.

Theorem 3.14. The canonical Frobenius lifting O for elliptic curves
(regarded parabolically) is equal to the Frobenius lifting ®u. Moreover, the canon-
ical indigenous bundle (&x, Ve,) is the indigenous bundle constructed in Example
2 in Chapter I, §2.

Remark. In other words, what we have constructed here is just a relative
version of the uniformizing M%" -object of Definition 1.3.

Now let & be a perfect field of characteristic p. Then it is well-known
from Serre-Tate theory that an elliptic curve E — Spec(W(k)) is canonical in

the sense of Serre-Tate theory if and only if the point in aeﬁl,o(W(k)) that it
defines is fixed by ®.4. We thus obtain that the definition of a canonical curve
given in Definition 3.1 is consistent with the definition arising from Serre-Tate
theory. Suppose we fix a trivialization of #®?%, Then Serre-Tate theory

gives a local uniformization of ./1_41,0 near this point & by the completion @m of
the multiplicative group at the identity. Relative to this uniformization, @« be-

comes the p* power map on ém. It thus follows immediately that the canonical
affine parameters that we constructed before (in the general case) correspond
to the logarithm of the Serre-Tate parameter (up to multiplication by a unit of

W (k) ). Moreover, one sees easily that the local system Q% corresponding to the
Frobenius lifting @4 is simply £¥2  Thus, a topological marking (in the sense
of Definition 3.10) defines a trivialization of £®%4, and so the Serre-Tate para-
meter itself is a canonical multiplicative parameter in the sense of Definition
3.13. We summarize this as follows:

Theorem 3.15 Canonical liftings for elliptic curves (as defined in Definition
3.1 relative to Ou) ave the same as canomical liftings in the sense of Serve-Tate
theory. Moveover, the uniformization of Theovem 3.12 in the case of elliptic curves
(regarded parabolically) is the same as the uniformization of MG given by
Sevre-Tate theory.

Remark. 1t appears that the case discussed here in Theorem 3.15, i.e., the
case g =1, r=0, is the only case of the theory of this paper that is essentially a
reformulation of a classically known theory. For instance, already in the case
g=1, r=1, despite the fact that J10=u1, (as stacks), it is not difficult to show
that NS and ! are quite different. Indeed, in general, there exist connected

components of MY that are of degree >1 over Jy; (cf. Proposition 3.12 of
Chapter I1). This implies, in particular, that ®x in the case g=1, »=1 is quite
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different from ®@u in the case g =1, »=0.

Finally, we observe that the term “topological marking” is apt in this case
in the sense that a topological marking defines a trivialization of £, which is
analogous in the complex case to specifying a particular pair of generators for
the fundamental group of an elliptic curve.

Chapter IV . Canonical Curves

§0. Introduction

Because canonical curves (as defined in Chapter III, Definition 3.1) admit
Frobenius invariant indigenous bundles, they possess a number of special arith-
metic and geometric properties. In this Chapter, we study a number of these
properties, foremost among which are the existence of a canonical Frobenius
lifting, and the construction of a canonical p-divisible group. In particular, the
canonical Frobenius lifting allows us to give a geometric characterization of
canonical curves which may be regarded as the hyperbolic analogue of the state-
ment in Serre-Tate theory that a lifting of an ordinary elliptic curve is canoni-
cal if and only if it admits a lifting of Frobenius. From the point of view of
comparison with the complex case, this canonical Frobenius lifting may be re-
garded as a sort of p-adic Green’s function. In the complex case, the Green's
function plays a central role in the development of uniformization theory from
the classical (as opposed to Bers' quasiconformal) point of view. In this con-
text, the Green's function is essentially the logarithm of the hyperbolic distance
function between two points. We shall see that the Frobenius lifting also gives
us a sort of p—adic notion of distance. Also. we shall see that we can construct
“pseudo-Hecke correspondences” which in some sense geometrically codify this
notion of distance.

On the other hand, in the canonical case, we can also construct a certain
Galois representation (arising from the torsion points of the canonical log
p-divisible group) which is the p-adic analogue of the canonical representation
in the complex case of the fundamental group into PSL, (R) (defined by the
covering transformations of the upper half plane). Thus, in some sense, we see
that at least i the canowical case, we ave able to obtain analogues of most of the fun-
damental objects that appear in classical complex uniformization theory.

This brings us to the final reason for wanting to study the canonical case:
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namely, the fact that the universal hyperbolically ordinary curve (over the mod-
uli stack) is itself (essentially) a canonical curve. Thus, in Chapter V, by re-
stricting these canonical objects over the universal curve to a given (not neces-
sarily canonical) curve, we will be able to obtain Green’s functions, canonical
Galois representations, and so on for noncanonical curves, as well.

§1. The Canonical Galois Representation

In this Section, we construct a certain canonical Galois representation of
the arithmetic fundamental group of a canonical curve. After studying some of
the basic global properties of such representations, we then consider what hap-
pens on the ordinary locus of the curve. In particular, we construct a canoni-
cal ordinary Frobenius lifting over the ordinary locus. This allows us to apply
the general theory of Chapter III, §1. We will refer to the multiplicative param-
eters obtained from this general theorv as the Serre-Tate parameters. We will
make use of the Serre-Tate parameter quite often in this Chapter.

Throughout this Section, we will work over A=W (k), where k is a perfect
field of odd characteristic. The quotient field of A will be denoted by K. Let
g. v be nonnegative integers such that 29 —2+r=1. Also, we will deal with a

fixed a € NSF(A), which corresponds to a smooth canonical curve f°f: X'°8—
S8 where S™f is Spec (4) with the trivial log structure. Since singular cano-
nical curves are just obtained by gluing together smooth canonical curves, we
shall concentrate mainly on the smooth case.

Construction and Global Properties

Let (8,Ve) be the canonical indigenous bundle on X'°® (whose existence is
stated in Chapter III, Theorem 2.8). In fact, unless the number 7 of marked
points is even, such a vector bundle will not exist. However, one can always
pass to an étale double cover of X on which it will exist, and then descend.
For simplicity, we will just act as though this problem does not exist, except
when we state final results in Theorems, in which case our representations will
be into GL* (that is, the general linear group GL modulo the subgroup {%1}).
Now, we would also like to say that the renormalized Frobenius pull-back
F*(8,Vs) T is isomorphic to (8,Vs). In general, this may only be true up to ten-
soring with a line bundle with connection whose square is trivial, but this may
also be ignored, provided we remember that that ultimately our representations
will be into GL*, not GL. Let us choose an isomorphism ®s: (& Ve) = F* (8,
Ve) ¥ which is the identity on determinants. We shall call @ the canonical
Frobenius action on (8.Vs).
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Now let us assume that there exists a rational point x: S—X on X which

avoids the marked points. Let us denote by II the profinite group m; (X¥2 xx).
Then Theorem 2.6 of [Falt] implies that

Theorem 1.1. There exists a unique dual crystalline (in the sense of [Falt],
§2) representation

0:[I—=GL*(V)

(wheve V is a free Zy~module of rank two) that corresponds (under the functor
D (=) of [Fait], §2) to (8.Ve®s). Moveover, the determinant vepresentation of 0 is
the cyclotomic character. We shall refer to 0 as the canonical crystalline representa-

tion associated to X'°&.

Remark. In the complex case, a hyperbolic Riemann surface can be uniform-
ized by the upper half plane. Then the fundamental group of the Riemann sur-
face acts on the upper half plane via covering transformations, and so we get a
representation of the fundamental group into PSLz(R), which is canonically de-
termined up to conjugation. The representation p of Theorem 1.1 is the p-adic
analogue of this complex representation.

, def
Now let A=, (Xz, x) be the geometric subgroup of II. so T'=11/A is the
Galois group of K over K. Then by “the comparison theorem” (Theorem 5.3 of
[Falt]). we get:

Theorem 1.2. Let p=5. Then the group cohomology modules H' (A, Ad (V) (1))
(where the “ (1) ” is a Tate twist) are zero, except when i=1. Let U=H' (A, Ad
(V) (1)). Then U is a crystalline Zy-T'-module. which, as a Zy-module is free of
rank 6 (g—1) +2r. It corresponds under the functor D (—) to an MF-object (in
the sense of Fontaine-Laffaille) (N;F'N) : ') over A, where N is a free A-module
of rank 6 (g—1) +2r; F*(N) =0 if i24; F*(N) =N if i<0; F'(N) is naturally is
isomorphic to H® (X, (%) ®2(—D)), if i=1.2.3; and N/F*(N) is naturally isomor-
phic to H* (X.Txlos/slos) .

Remark. Some mathematicians have raised questions concerning that the
validity of the proof in [Falt], Theorem 5.3. However, in this one-dimensional
case, one can give ad hoc proofs of this result, and, moreover, (at least in the
closed case. when *=0) T. Tsuji has orally informed the author that he has
obtained a different proof of Theorem 5.3 of [Falt].

One interesting fact about the canonical representation o is that it is pos-
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sible to characterize it —as well as the canonicality of X'°% —solely in terms of
the properties of p as a Galois representation:

Theorem 1.3. Suppose that p=5. Let X' —Spec (A) be any (not neces-
sarily canonical) r-pointed smooth curve of genus g over A. Assume that we are not
in the cases (g=0;+v=3) or (g=1;r=1). Let 7:II>GL* (W) be any dual crys-
talline representation of I1= m, (X¥¢

that

. xx) on a free Ly-module W of rank two such

(1) Hx(A, Ad(W) (1)) =014fi=1; H (A, Ad(W) (1)) is crystalline, and cor-
vesponds to an MF -object M= (M ; F' (M) ; ') such that F* (M) =0 if
i24; F'(M) =M if i<0:; and F*' (M) is a free A-module of rank 3(g—1)
+rifi=12,3;

(2) the Frobemius endomorphism of (M/F'(M))w, (arising from the MF-
object of (1)) is an isomorphism:

(3) det(7) is the cyclotomic character.

Then X' is canonical, and T is isomorphic to the representation o of Theorem 1.1.

Proof. Since T is asserted to be dual crystalline, it corresponds to some
vector bundle with connection (%,Vs) on X% together with a filtration F? (%)
on 9. Let 1, (respectively, i,) be the largest i such that F'(%) # 0
(respectively, F' (4) =%). Thus, i,=1;. The condition that det(7) be cycloto-
mic implies that i;+iz=1. If the rank of F**{9) is not one, then 4; =15, and
det (7) could not be cyclotomic, so F* (%) must be of rank one, and i;>1; Let
Q=F"(9). Thus, 2 is a line bundle.

Let j; be the largest j such that F/ (M) #=0. Now we claim that & can not
be stable under Vg Indeed, if it were, then the monodromy at the marked
points of Vg on 2, being nilpotent and one-dimensional, must be zero. Thus,
the induced connection on 2 has no poles at the marked points. But this would
imply that deg(2) =0. Hence the rank over A of F”*(M) would be <h°(X, 2%?
® wyss) <g <39 —3+r (by Clifford’s Theorem). which contradicts our hypoth-
eses. This proves the claim. On the other hand, by Griffiths transversality, if
i1—13=>2, then F*(9) would have to be stable under V,. Thus, i;=i,+1, so 4,
+i,=1 implies that ;=1 and 7,=0.

Now ranks (F®(M)) =39 —3+7<h°(X,2°2®wy/s), so the line bundle 2°?®
wyxss must be nonspecial, by Clifford’s Theorem. It thus follows that deg (2 ®2)
=29 —2+7r. Since the Kodaira-Spencer morphism for the filtration is nonzero,
we cannot have deg(2%?) >2g—2++. Thus, we see that(4,Vs) must be indige-
nous. Since it is also carried to itself by the renormalized Frobenius, it follows
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from Chapter III, Corollary 34, that X'°® is canonical, and that (4,Vg) must be
the canonical indigenous bundle of Theorem 1.1. O

Remark. For the reader who is interested in handling the cases g =0; r=3
and g =1; =1, as well, we remark that by considering conditions (similar to
those imposed on H' (A, Ad (W) (1))) on higher symmetric powers of W, one
can characterize the canonical representations in these cases as well solely in
terms of their properties as Galois representations.

Remark. Really, the substantive missing element here is that it is not clear
to the author how to characterize the property of being “dual crystalline” solely
in terms of properties of the representation relative to the triple (II; A S1I;
[I/A=Gal (K/K)). Thus, ultimately, a knowledge of the curve X'¢ is always
present in the background of this “Galois representation-theoretic” characteriza-
tion of the canonical representation. For instance, if the property of being
“dual crystalline” were known to depend only on the triple (II;ACII:II/AZ
Gal (K /K)). then one could obtain the result that whether or not a curve is
canonical depends only on that triple.

In the following, we return to the assumption that X'°® is canonical.

The Horizontal Section over the Ordinary Locus

We maintain the notation of the previous subsection. Let X°™ be the
p-adic formal scheme which is the open sub-formal scheme of X given by the
complement of the supersingular divisor (Chapter II. Proposition 2.6). Let us en-
dow X°" with the log structure induced by X'°&, and call the resulting log for-
mal scheme (X'°8)°™  We shall refer to (X'°8)°™ as the ordinary locus of X'°&.
The purpose of this subsection is to prove and interpret the following result:

1
Theorem 1.4. There exists a unique subbundle T2 E|xore of vank ome with
the following properties:

1 1
(1) T is horizontal, and moreover, for any n, the reduced line bundle T2, oz
has a nonempty subsheaf (in the category of sets) comnsisting of hovizontal
1
sections that generate T3 Jonz. 05 aN Ox°~module;
1
(2) T2 s taken to itself by Ds.

1
Finally, (T2)®2% is naturally isomorphic to Txog,glog| xord,

Proof. Let us prove that there exists a unique ®¢-invariant horizontal sub-
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1
bundle I 2 C §|xord with horizontal generating sections. We prove this by in-

1

duction on %, where the n' step is the construction of such a 7 2 modulo p™.
For n=1, recall that (up to tensoring with a line bundle) &%, is an FL-bundle
(Chapter II, Proposition 2.5). Then under the correspondence of that Proposi-

tion, we take our subbundle gép to be the subbundle of § corresponding to the
subbundle that we called “J" in our discussion of FL-bundles in Chapter II, §1.
This subbundle is clearly horizontal, and has local generating sections that are
horizontal. In this case, uniqueness follows from the fact that the p-curvature
is nonzero.

Now we assume that # =2, and that the result is known for n—1. Let U
= (X©8)°td and let O'°%: U1°8 — (U'°%)F be a Frobenius lifting. Let us consider
the quotient @ (respectively, ) of 8z/pmz by p*~' - F*(8) (respectively, p"* -
8). Thus, & is a quotient of 2, and P =8z/pn-1z. Let TSP be the subbundle
given us by the induction hypothesis. Let 7S 2 be the inverse image of 77 C

1
P via the surjection 2—%. Then ®@*(7"') " S O*2" defines a subbundle 7%,

1
of F*(8)7,pm. It follows from the definition of 9?’ and the fact that we are on

1
the ordinary locus that I, is flat over Z/p"Z. The existence of local horizon-
.; (44 . -
tal generating sections for g%/ﬂnz follows by taking such a section of J”, lifting

1
it to J', and then pulling back this lifted section of J” to a section of 7¢, ., via
®* That the connection vanishes on this section follows from the definitions,
plus the fact that pulling back by ® adds an extra factor of p. Since 7" is

1 " .
®s-invariant, it follows that 7§/MZ ®Z/p"YA=9". Thus, by the construction

L 1 . . . . . o
of T, ,up it is clear that 72 ., is @e-invariant. since pulling back any lifting of
1
T" by @s will give TZ,,,5. Also, this same observation (coupled with the induc-
tion hypothesis) proves uniqueness. This completes the proof of the induction
1
step. The last statement about (72)®? follows from considering the splitting of

1
the Hodge filtration that 72 defines. O

Now suppose that our basepoint x:S— X maps into the ordinary locus
Xord Let IT°M=7, ((X'°¢) %% 7,). Thus, we have a natural morphism:

Hord _,H
Let us denote the restriction of o to II°™ via this natural morphism by

pord : Hord __,GLi (Vord)
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Then if we apply the theory of [Falt], §2 to interpret Theorem 1.4, we see that

the subbundle 9%§8|X°rd in fact defines a sub-J(% " -object corresponding to an
étale representation (0°™) er: [I°—GL* (Vo) of II°™, for some rank one free
Zy-quotient module V°™— V.. Here, by “étale,” we mean that the kernel of
(0°9) o; defines an étale covering of X°™ In other words, we have an exact

sequence of (“up to {£1}") representations of II°™
0=V (1)—=Vord—Y —0
where the “1” in parentheses is a Tate twist. We state this as a Corollary:

Corollary 1.5. The restriction 0°™ of o to II° defines an (“up to {=1}")

module Vo of TI°™ which fits into an exact sequence:
0=V (1) = Vot —y,—0
where Ve is étale and of rank one over Zy.
The Canonical Frobenius Lifting over the Ordinary Locus

In this subsection, we construct the generalized analogue (for an arbitrary
canonical X') of the p-adic endomorphism of the ordinary locus of the moduli
stack of elliptic curves obtained by sending an elliptic curve with ordinary re-
duction to its quotient modulo its unique subgroup scheme which is étale locally
isomorphic to 4. In many respects. the construction is similar to (although
not literally a logical consequence of) the construction of the Frobenius lifting

on N8 constructed in Chapter 111, §2.
Consider the canonical indigenous bundle (£.Vg) (of Theorem 1.1) on the

canonical curve X'°#— S By Chapter II, Proposition 2.5, (&.Vs) r, corre-
sponds to an FL-bundle

0— T, F—0x, —0

on X¥¢. By the material directly preceding Chapter II, Proposition 1.2, split-
tings of this exact sequence correspond to Frobenius liftings on X¥%z. Now,

over the ordinary locus of X'°, the Hodge filtration defines such a splitting. Let
us denote the resulting Frobenius lifting on the ordinary locus by

@, (X'°%) 7322 — ((X'°) ") 222
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Let us denote by & the vector bundle which is the inductive limit of the follow-
ing diagram:

FH(§)—&

F'(8)

where the horizontal arrow is the natural inclusion. Note that gZ/an depends
onlv on &z/mz. By the definition of the renormalized Frobenius pull-back,

CI)z*gé/pzz is naturally isomorphic to 8z.52z. We shall identify these two sheaves
in the following discussion. On the other hand, by considering the object in the

upper right-hand corner of the diagram defining &, we obtain a morphism
(DZ*gg/pZZ — 82522

whose restriction to @®FF'(8)%,:z vanishes on p-®FF'(8)%,:z and maps

FFY8) %, p2z into p+F'(8) 252z (by the definition of the correspondence between
Frobenius liftings and splittings of the FL-bundle ).

Now let Ws: (X1°8)§8s; — ((X1°8) ©T4) £ 1z be any lifting of ®,. Then, again
from the definition of the renormalized Frobenius pull-back, we obtain a morph-
ism

ws*gg/psz —"gZ/psz

which vanishes on p* * Ws*F (§)%,,:z. However, if ¥ is an arbitrary lifting of
®,, then we don't know that U3*F (6)£,,:z is mapped into F* (8) z/psz.

Now suppose that we modify ¥ by a section d €T (X° T¥,). Let Hs:
T, (Txos/s08) F,|x=+ be the isomorphism defined by projecting to the Hodge fil-

tration. Then the subsheaf of 8z/5:z given by the image of F' (§)%,,:z under ¥;
+ § differs from the corresponding image subsheaf under ¥s; by the amount Hv

(0) €T (X° (zxws/s00) ¥,) . Indeed, this follows from the definitions, plus the fact
that the Kodaira-Spencer morphism for & is the identity. Since Hz is an iso-
morphism, it thus follows that there exists a unique Frobenius lifting

D;: (Xlog) Eﬁiaz - ( (Xtos) ord) g/psz

that lifts @, such that ®F maps F*(8)%,,5z into F* (&).



1098 SHINICHI MOCHIZUKI

Clearly, we may repeat this procedure modulo p”* for arbitrary #=3, so as
to obtain a unique

(I);?g : (Xlog) ord ( (Xlog) ord) F
such that under the natural morphism
DFEF—8

the Hodge filtration is preserved. Note, moreover, that it follows from the fact
that the Kodaira-Spencer morphism at the Hodge section is an isomorphism plus
the interpretation of the FL-bundle % in terms of Frobenius lifting that this

Frobenius lifting ®¥# is ordinary in the sense of Chapter III, Definition 1.1. In
summary, we have proven the following result:

Theorem 1.6. Let X'°% be a canowical curve; (8, V&) the canonical indigenous

bundle on X'°%. Then there exists a unmique ordinary Frobenius lifting (called
canonical)

@}?g . (X]og) ord ( (Xlog) ord) F
over the ordinary locus that preserves the Hodge filtration.

In particular, we can apply the theory of Chapter III, §1, to the Frobenius

lifting @®¥°% Note that it follows immediately from the definitions that the
MFY -object (8. F'(8),VsDs) |y~ is precisely the uniformizing MFY -object

associated to ®¥%(as in Chapter III, Definition 1.3). Let us write
1
T=(Tz)e?

Thus, V¢ (respectively, ®¢) induces a natural connection (respectively,
Frobenius action) on 7, which defines the canonical tangential local system of
Chapter III, Definition 1.2. Since 7 is a line bundle, it is the same to give (over
an étale covering of X°'9) a generating Frobenius invariant section of it, or a
generating Frobenius invariant section of its dual. Thus, (just as in Chapter
111, Definition 1.11) if @ is such a section of 7, then @ defines, at every z € X°™
(A) that avoids the marked points, a unique multiplicative parameter

gsER7
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(where R, is the completion of X°™ at z). If the residue of 6 is equal to one at a

marked point zE€ X°(4), then we get a multiplicative parameter
4ER;

(with valuation one at the divisor Im(z)) which is unique up to multiplication
by a Teichmiiller representative [£*].

Definition 1.7. We shall call g (respectively, gs) the Serre-Tate parameter
(respectively, relative to 6) at .

Note, in particular, that by the theory of Chapter III, §1, ®x' maps g
(respectively, gs) to ¢” (respectively. gj).

Remark. In some sense, it would be more aesthetically pleasing if one
could obtain the Frobenius lifting of Theorem 1.6 in the following way. We
consider the universal curve — N3 Then € parametrizes (r+ 1)-pointed
stable curves of genus ¢, so we have a Frobenius lifting on some stack which is

étale over €. If we could prove that this Frobenius lifting is compatible with

the canonical Frobenius lifting on JV;’,‘,C‘, then we could obtain a canonical
Frobenius lifting on € (or at least some stack étale over €) simply by using the

canonical Frobenius on W%, ,.

The problem with this approach is that despite the fact that the canonical
modular Frobenius liftings of Chapter III do have many interesting functorial
relations (i.e., relative to restriction to the boundary and log admissible
coverings), in general, the sort of compatibility of Frobenius liftings necessary
to make the above sketch of a proof work —namely, compatibility with “forget-
ting a marked point” — simply does not hold. Indeed, one can already see this
in the case of the morphism

=/—Mf1,1_"/711.0

which is the identity on the underlying stacks, but which we think of as assign-
ing to a one-pointed curve of genus one the underlying elliptic curve. Here, the
canonical Frobenius on ,/\7‘1’5“ cannot be compatible with the canonical Frobenius
on N9 for the following reason. Since N¢¥ <> N, is an open immersion, it
would follow that the canonical Frobenius on J\_/i’,’f would descend to an open
formal subscheme of ,/ﬂl,l. But this would mean that even if a one-pointed
curve of genus one in characteristic p belongs to several distinct quasiconformal
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equivalence classes (a phenomenon which by Chapter II, Proposition 3.13, does
occur), the canonical liftings of that curve would be the same for all quasiconfor-
mal equivalence classes. But this would mean that we have several different
ordinary indigenous bundles on a single hyperbolic curve, all of which are
Frobenius invariant. By Chapter III, Lemma 2.6, this is absurd.

§2. The Canonical Log p-Divisible Group

Although the existence of the canonical Galois representation of §1 is, in
and of itself, of some interest, one technical drawback that it has is that it is
difficult to relate the properties of the Galois representation or the characteris-

tic zero covering of X§¥ that it determines to X¥%.. Thus, in this Section, we

shall construct a log p-divisible group on X'°# which gives us back the canonical
Galois representation (by looking at the Galois action on torsion points), but
which has the advantage that one can study and understand its reductions mod-
ulo p" in a similar fashion to the elliptic modular case (which is studied in
(KM]).

Log p-divisible Groups at Infinity

We maintain the notation of the previous Section (although %k need not be
algebraically closed, just perfect). For basic facts about log schemes, we refer to
[Kato] and {Kato 2]. In [Kato 2], certain finite, log flat group objects over the
compactified moduli stack of elliptic curves are introduced which are supposed
to be the analogue at infinity of the usual finite, flat group schemes that one gets
from elliptic curves by considering the kernel of multiplication by a power of p.
Since we will use such objects (as well as the p-divisible group objects obtained
by taking direct limits thereof) later in this Section, we take the time out in the
present subsection to review explicitly the construction of these finite, log {lat
group objects.

Let R=A[[q]] be a complete local ring which is formally smooth of dimen-
n) th

sion one over A. If one inverts g, then by taking the (p root of g, one

obtains an extension of finite flat group schemes
0—=Z/p"Z (1) =G, —Z/p"Z—0

over R[1/q]. Because g is not a unit in R, it is impossible to extend this exten-
sion of finite flat group schemes over R[1/q] to an extension of finite flat group
schemes over R. Qur goal in this subsection, however, is to exhibit a natural
extension of the above exact sequence to an exact sequence defined over R by
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working with group objects in the category of finite, log flat log schemes over

Spec (R)'%.  (In this subsection, we will regard Spec (R) as endowed with the
log structure arising from the divisor defined by gq.)

For nonnegative integers a, b, let M,, be the monoid given by taking the
quotient of N? (where N is the monoid of nonnegative integers) by the equiva-
lence relation generated by ($2.0) ~ (0,b). Let ey €M,, (respectively, e; € My;)
be the image of (1,0) (respectively, (0,1) in M,, Then it follows from the
theory of [Kato 2] {especially. §4.1, 5.1) that we can construct the desired ex-
tension

0—Z/p"Z (1) =G —Z/p"ZL —0

as follows: For j € {0,..., p"—1}, consider the scheme G}, given by R[]/ (x*"—¢),
with the log structure given by the chart ([Kato], §2) Mn, with e1—x ; e2g.

Denote the resulting log scheme by (G))%%. Let GI°% be the universal valuative
log space ([Kato 2], §1.3.1) (which. in this case, will still be a log scheme)

associated to (G')I2%. Let Gi¥® be the union of the GI°%. Note that when we in-
vert q, G2 becomes Gn. Endow GI°® with the unique structure of group object
that extends the group structure on G,. Then Gi%is a group object in the
category of finite, log flat log schemes over Spec (R)!°%, and it fits into an exact
sequence as above.

As well allow # to vary, we get morphisms Gi¢—G°8,. Thus, we obtain

an ind-group object G over Spec (R) 0%,

Definition 2.1. We shall refer to G as the log p-divisible group over Spec
(R)'°% obtained by taking p™ power roots of g ER.

Finally, we remark that, although what we are doing here is, in some sense,
just “trivial general nonsense,” its utility lies in the fact that by using it, we can

obtain p-adic finite coverings of X'°® that are defined over all of X'°¢, thus allow-
ing us to algebrize.

Construction of the Canonical Log p-Divisible Group

We now turn to the construction of the canonical log p-divisible group on
X2, Consider the M "-object (£,Ve®s), defined by the canonical indigenous
bundle. Letn=1. Let USX be the open p-adic subscheme defined by remov-
ing the marked points. Then the reduction modulo p” of (§,Ve®s)|y defines, by
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[Falt], Theorem 7.1, a finite, flat group scheme (annihilated by p"), which we
denote by Galy —U. On the other hand, let R be the complete local ring at any
one of the marked points. Then (8 Vs ®s) defines a Serre-Tate parameter (as
in Definition 1.7) g€ R/ [k*]. Let §ER be any representative of ¢. Then R=

A[[F]]. Let Go%| be the log scheme constructed in the previous subsection by
taking a (") "-root of q. Observe that different choices of § give us naturally
isomorphic GI®|g’s. Also, note that if we invert § then Gi°®|z becomes (Galv) .
Thus, we see that G|y and the various GI°%|; at the marked points glue together

naturally to form a finite, log flat group object Gi® — X8 which a priori is just
p-adic, but may be algebrized since X is proper over A. Also, as # varies, we
obtain natural morphisms

ven —> G5102_> Gizof'l—’

which thus form an inductive system of group objects.

Definition 2.2. We shall call this inductive system of group objects the

canonical log p-divisible group on X'°8.

Remark. As usual, strictly speaking we really have only defined a “group
up to{+}.” That is, we really only have a group object over (perhaps) a finite
étale covering of X of degree 4, plus descent data (satisfying the cocycle condi-
tion up to {£ 1}) down to the original X. We could, of course. develop the
general nonsense of such “groups up to {+ 1},” but we choose not to, since it
seems to serve no real purpose.

If we invert p, then this log p-divisible group G'°% on X% defines a local
system on the étale site (X§%)e: in free Zy-modules of rank two. Thus, we get
a Galois representation on the Tate module T of characteristic zero torsion

points of G'°%:
O : H—GL*(T)

Then we have the following result (which is immediate from the theory of
[Falt], especially the construction in the proof of Theorem 7.1):

Proposition 2.3. The representation Oge is isomorphic to the canonical
Galots representation 0 of Theorem 1.1.
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Review of the Theory of [Katz-Mazur]

In this subsection, we apply to the log p-divisible group G'°® the theory of
[KM], which is exposed in [KM] solely in the case of the canonical log
p-divisible group on the compactified moduli stack of elliptic of curves, but
whose proofs go through without change for the canonical log p-divisible group
G2 on any canonical curve X™°&,

First of all, because G'°® is a logarithmic p-divisible group, it follows from
[Mess], Chapter 1I, Theorem 3.3.13, that if we consider the formal neighborhood
of the identity section €:X— G, we obtain a formally smooth formal scheme

5(6) over X. which is easily seen to have relative dimension 1 over X. We
would like to use this observation to apply the theory of [KM], Chapter 1, on
“A-generators” and “A-structures” to G'°¢. The theory there goes through just
as in the modular case since the only technical assumption needed on the finite,
flat (logarithmic) group schemes whose A-generators we wish to parametrize is
that they be closed subschemes of some smooth one-dimensional scheme.
However, looking at the proofs of [KM], one sees that in fact, in suffices to
have the finite, flat (log) group schemes be closed subschemes of a formally

smooth formal scheme (such as G (€)) of relative dimension one. Thus, we can
define various moduli problems, just as in [KM], Chapter 3. by means of vari-
ous structures:

(1) aI'(n)-structure, which consists of giving a Drinfeld basis for G\

(2) aT)(n)-structure, which consists of giving a point “of exact order p*’
in G¢

(3) a I'g(n)-structure. which consists of giving an isogeny G'°&— H°¢

(where H'™® is also a log p-divisible group) whose kernel is cvelic of
order p”.

Moreover, just as in [KM]. one proves that these various moduli problems are
representable by schemes X () ; X, () ; Xo(n) that are finite over X. Finally,
all of these schemes X (n) ; X1 () ; and Xo(n) are, in fact, regular. Indeed, away
from the marked points. the proofs of regularity in [KM], Chapters 5 and 6, boil
down to general nonsense plus two technical results (Proposition 5.34 and
Theorem 6.1.1). Since these technical results are proven, respectively, for arbi-
trary formal groups and arbitrary finite group schemes, it is immediate that the
regularity proofs of [KM] in the modular case go through without change for
X () : X1(n) ;and Xo(m). At the marked points, the combinatorial descriptions
of the situation at the cusps in [KM], Chapter 10, go through without change
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for the above moduli problems. We thus obtain the following Theorem:

Theorem 2.4. The schemes X n): X1(n); and Xow) that represent the mod-
uli problems listed above are all regular, and hence equal to the normalizations of X
in the finite coverings of Xk deftned by the appropriate composites of o : II—GL* (V)
with finite quotients GL* (V)—G, just as in the classical modular case.

Fix a positive integer n. We shall also need to analyze X, (n) modulo p, in
a fashion similar to what is done in the modular case in [KM], Chapter 13. Let
us (for the rest of the Section) denote Xo () by Y, and let us use a subscript m
on X, Y, etc., to denote reduction modulo p™*!. Let us denote by ®,: A—A, ®,:
k —k the respective absolute Frobenius morphisms, and by a superscript F” the
result of base-changing an object by the m™ power of Frobenius, and by @x,:
Xo— X} the relative Frobenius of Xo. Essentially, the description of Yo=Y ®z,
F, given in [KM], Chapter 13, goes through in our situation here, but we need
to do things with a little bit more care, since [KM] often falls back on the
“crutch” of using the modular interpretation of their “X,” which we lack in this
more general situation.

For each ordered pair of nonnegative integers (a.b) such that a +b=n, we
would like to define a k-scheme Xo(a,b) of “(a,b)-cyclic isogenies” together with
a k-morphism ¢, .0: Xola.b)—Y, We do this as follows. If a,b=1. then we
let X, (a,b) be the schematic inverse of image of Inf®~' (A) (the (» — 1) in-
finitesimal neighborhood of the diagonal) via

DOLIXOLL: Xo X XF " —XE T x x5!

If @ or b is zero, then we let Xo(a,b) be the schematic inverse image of the di-
agonal A via

D%, X Dby : Xo X X5 — X5 x X5°

Observe that in either case, (Xo (@.b))rea is smooth over k; ®% X ®% maps
Xo(a,b) SXo X X5 into ACXF* X X5*; and Xo(a.b) comes equipped with a finite,
flat. radical, morphism

Do (a,b) : Xo (a.b) —Xo
To define

tap o:Xo (a,b)—"YO
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we must specify a cyclic subgroup of order p* of Do (a,b) *Gi®. Now on the one

hand, by composing the a'" power of Frobenius with the b”-power of the
Verschiebung (as in [KM], Theorem 13.3.5), we get some subgroup object of
order p" of Do (a,b) *GI®, and by the same argument as that given in [KM],
Theorem 13.35, one sees that this subgroup must be cyclic (in the Drinfeldian
sense). Thus, by the modular definition of Yo, we get a morphism ¢waso:
Xo (a.b)_’Yo.

In order to apply the theory of [KM], Chapter 13, we must verify the con-
ditions (1) through (8) listed at the beginning of that Chapter. (Caution: The
letters X and Y in [KM], Chapter 13, are used in the reverse way to the way
that they are used here.) Conditions (1), (2), (4), (5), and (6) are trivial.
Condition (3) follows from the regularity of ¥ and the fact that over a super-
singular point, there is only one A-generator valued in k for a cyclic group.
namely the identity element. Note that at ordinary points, one can do the same
analysis of p* power isogenies of log p-divisible groups as is done in [KM],
Chapter 13, §3. Thus, Condition (7) (that ¢wsno is a closed immersion) and
Condition (8) (that the ¢@so's define an isomorphism of the disjoint union of
Xo(a,b) 's with Y, over the ordinary locus) follow at the level of topological
spaces from this analysis, and at the level of complete local rings by considering
the deformation parameters for the domain and range log p-divisible groups of
the isogeny. We thus get a result analogous to [KM], Theorem 13.4.7 :

Theorem 2.5. The k-scheme Y, is the disjoint union, with crossings at the
supersingular points (in the terminology of [KM)], Chapter 13, §1), of the n + 1
schemes Xo(a.b) (where a+b=n). Let fun k[ [xxy]l] be the equation

(xpa—l _ ypb—l) p—1

if a,b=1, and let it be x**—y?" if a or b is zevo. Then the completed local ring at a
k-rational supersingular point of Yo is isomorphic to

E [ [l‘,y] ]/ (,H,)f(a’b))

with the closed subscheme Xo(a.b) S Yo given by the equation fap.

§3. The Compactified Canonical Frobenius Lifting

In this Section, we study the canonical Frobenius lifting on the ordinary
locus of a canonical curve (defined in Theorem 1.6). In particular, we study its
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behavior at supersingular points, and “compactify it” in some sense, so as to
obtain “pseudo-Hecke correspondences.” It is by abstracting the main properties
of this compactified Frobenius in the canonical case that we shall obtain a
geometric criterion for a curve to be canonical in §4.

The Canonical Frobemius Lifting and the Canonical Log p-divisible
Group

Let us denote by
q))l{og : (Xlog) ord ((‘Xlog) ord) F

the canonical Frobenius lifting of Theorem 1.6. Let G'°® be the canonical log
p-divisible group on X'® of Definition 2.2. Then we rephrase Theorem 1.6 in

terms of G'°% as follows:

Theorem 3.1. The canonical Frobenius lifting of Theorem 1.6
@loe . (xlog)ord — ( (xlog)ord)F
nduces an isogeny of degree p
DF (G'°8) P (gonyme —> GB] myos

between the canonical log p-divisible groups that lifts the Frobenius morphism mod-
ulo p.  Moreover, ®YE is the umique Frobenius lifting over (X'°8) °® that has this
property.

Proof. The existence of the isogeny follows from the fact that we have de-
fined a morphism between the respective Dieudonné crystals that respects the
Hodge filtration. This induces the isogeny (see [BBM] and [Mess]). On the
other hand, the uniqueness statement follows from the uniqueness statement in
Theorem 1.6, together with the fact that if a Frobenius lifting induces such an
isogeny. it automatically preserves the Hodge filtrations on the Dieudonné crys-

tals. O

Let n=0. Let Y=2X,(n). Let Y™ C Y be the p-adic open formal sub-
scheme consisting of points lying over X°™ Now the Frobenius lifting of
Theorem 3.1 allows us to extend the decomposition in characteristic p of YF,
into components corresponding to (a,b) -cyclic isogenies to a decomposition over



A THEORY OF ORDINARY p-AbpIC CURVES 1107

A= W (), on the ordinary locus. To obtain this decomposition, we define
closed p-adic subschemes

X (a,b) ord c Xord X 4 (Xord) Fa-b

via the same recipe as we did for X, (a,b). except using our canonical Frobenius
lifting ®¥%: (X'08)°rd — ((x'9¢) ) F instead of ®x,. Then, just as before, we get

a natural embedding ¢ : X (a.b) " — Y°™ (analogous to ¢@as.o) which induces
an isomorphism

Yord = HX(a'b)ord

a+b=n

Finally, over Y°™ we have a tautological isogeny

(where G¥% is the pull-back of G'& to Y°'%) such that over X (a,b) °™, H¥% is
naturally isomorphic to the pull-back of (G'°%) ¥’ via the projection of
X (a,b)°™ — (X°r)F** o the second factor.

Local Analysis at Supersingular Points

We now exploit the existence of the isogeny of Theorem 3.1 to understand
the behavior of the canonical Frobenius lifting at the supersingular points. Let
r €X (k) be a supersingular point. In studying x, we will often need to involve
its various Frobenius conjugates £F'€X (k) (which may be infinite in number if
the perfect field £ is not finite). We begin our analysis by considering the dou-
ble iterate of the Frobenius morphism over some infinitesimal neighborhood V&
Xr, at x:

OF : G'o%y — Go8|y?

Thus, V is the spectrum of a local artinian ring, with residue field 2 Let us
assume that V is contained in the supersingular divisor (Chapter II, Proposition
2.6) of the canonical indigenous bundle. By definition, this means that over V,
the Hodge filtration coincides with the FL-bundle filtration. It thus follows
that over V, the kernels of the Verschiebung and Frobenius morphisms coincide.
Since the kernel of the composite of the Verschiebung and the Frobenius is just

the kernel of multiplication by p, it follows that the morphism ®% is isomorphic
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to the morphism “multiplication on p.” In particular, it follows that
Glog]VFz =~ Glog[y

By iterating this isomorphism, we obtain that G"% |y is isomorphic to the
pull-back to V of a p-divisible group over k. Since the Kodaira-Spencer
morphism of the Hodge filtration of (8, Vg) is an isomorphism, this implies that
V must be Spec (k). Thus, the assumption that V lies inside the supersingular
divisor implies that V is reduced. Put another way, we see that we have
proven (in this general context) the analogue of Igusa's theorem ([KM], p.355):

Proposition 3.2. The supersingular divisor of the canownical indigenous bun-
dle (8, V) is étale over k.

Next, let us observe that for any x € X (&), the completed local ring Ry of X
at r (which is formally smooth of dimension one over A) is naturally isomor-
phic to the universal deformation space of the p-divisible group G'°%[,. Indeed,
it follows from the theory of [Mess] that deformations of G'°¢|, are given by de-
formations of the Hodge filtration; thus, our observation follows from the fact
that the Kodaira-Spencer morphism of the Hodge filtration of (8, Ve) is an iso-
morphism. Now suppose that zEX (k) is supersingular. Then the isomorphism

G10g1IFz =~ Glog'.z‘

obtained above from the double iterate of Frobenius induces a natural isomor-
phism of complete local rings

U, R =R,

which will play an important role in the sequel.

Now fix a number #n=>1, and let Y=X,(n). If t €X (&), let us denote by Xz
the formal spectrum of X at x. i.e., Spf (Rz). We will use similar notation for Y.
Over Y, we have a tautological cyclic isogeny of order p™

GI;,)g — Hl)(/)g
Fix a supersingular x € X (¢). By the analysis of [KM], reviewed in §2. there
exists a unique y €Y (k) lying over z. Now by thinking of the completed local

rings of X as universal classifying spaces. we obtain a morphism:

(@yy%y> DYy X X 4 X F"
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where @, is the classifying morphism for the “domain p-divisible group” G¥%,
and R, is the classifying morphism for the “range p-divisible group” H¥%. Here

we use the fact that restricted to x, the tautological isogeny is just the n’* iter-

ate of the Frobenius morphism, so He®|,=Gl%.  Also, note that by the deforma-

tion theory of [Mess,, a deformation of the tautological isogeny is uniquely de-
termined by the induced deformations of the domain and range p-divisible
groups. It thus follows that the morphism (9,R,) is formally unramified,
hence a closed immersion. Thus, henceforth, we shall think of Y, as a formal
divisor inside X, X X,z by means of the closed immersion (%2,.%,).

One of the most important properties of this divisor Y, is its symmetry.
More precisely, given Y. one can obtain a divisor in X # X X in two ways:

(1) by applying the isomorphism X, X X, = X7 X X, given by switching
the two factors;

(2) by conjugating first by the n'® power of Frobenius. so as to obtain a
divisor in Xy X X, p2n and then applying the isomorphism Spf (¥,) ™" to
the second factor.

Then we claim that these two divisars in Xz X X, are the same. Indeed, to see
this, it suffices to trace what happens to the tautological isogeny. Let us con-
sider the second procedure stated above. First, we conjugate the tautological
isogeny by Frobenius:

(GO — ()™

Since at y, this isogeny is just the n™ iterate of the Frobenius morphism, by
looking at Dieudonné modules, it follows that the kernel of this isogeny is con-
tained in the kernel of multiplication by p*. Thus, we get a morphism

(92 ™" — (G0

Since (HI’®)F = (GI°¥) F" we thus see that the divisor in X, X X, obtained this
way is just the divisor of isogenies (lifting the n™ iterate of Frobenius) from
the universal deformation of Gi°% (pulled back from the second factor) to the

universal deformation of (GI°% £ (pulled back from the first factor). On the
other hand, if we look at the divisor obtained from the first procedure stated
above, it admits exactly the same description. This proves the claim.

The next important property of this divisor ¥, S Xz X X is that if we re-
strict it to the ordinary locus, it becomes equal to the union of the “local ver-

sions” of the schemes X (a,b)°® (described at the end of the preceding
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subsection). More precisely, X (a.b) °™ is defined as a closed subscheme of X°™

X (X°r4) F* " Thus, we obtain X (a,b) °™[x, & (X°™ X (X°%) #*”) x_ by restricting
to the formal scheme X; Since a —b=a +b=n(mod 2), by applying the
appropriate power of ¥, we thus obtain a subscheme, which we shall call

X(ab) e C (xorex (X°ord)F")

Then it follows from the functional definition of ¥ (in terms of parametrizing
isogenies) that

xon = H X (a,b) 3d

a+o=n

Y,

Let us denote the supersingular divisor of X by X*. We are now ready to
summarize what we have done:

Definition 3.3. We shall call the pair

def

K= (Yy ) T,)

consisting of the divisor ¥, € X; X X p» and the isomorphism ¥, the #** canonical
local Hecke corvespondence of X'°® at x. We shall call the triple

(Y=X ; ©%2; {#2) zexss)

the n'* canonical pseudo~Hecke corvespondence of X%,
Of course ideally. the local Hecke correspondences #; would glue together

to form a global Hecke correspondence, i.e.. a morphism Y—X X X just as in
the classical case with modular curves. We shall investigate this issue in the
next subsection, but (unfortunately) what we shall find is that the existence of
such global Hecke correspondences is a rather rare phenomenon.

Global Hecke Correspondences

We maintain the notation of the previous subsection.

Definition 3.4. We shall say that the canonical curve X'°% admits a global

n' canonical Hecke corvespondence if there exists a morphism
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(DR) Y — XXXF"

that is equal to the local morphisms (@, ®&,) of the preceding subsection for ev-
ery y € Y lying over a supersingular point of X. We say that X'°® is of Hecke
type if it admits a global n* canonical Hecke correspondence for every n=1.

Proposition 3.5. Suppose that theve exists an isomorphism W'o8: X108 —
(X1°=) P2 that induces the morphism Spf(€,) when localized at cvery supersingular x
€X. Then X% is of Hecke type.

Proof. This follows immediately from gluing together Y°* with the various
Y,'s by means of ¥, O

Corollary 3.6. Suppose that X'°%, along with all of its supersingular points
are defined over Fpo. Then X% is of Hecke tvpe.

Proof. Over Fye, one can take ¥'°® to be the identity, for (by functoriality)
the ¥,'s must all be the identity. O

The classical example of a case where X'°% is of Hecke type is the case

where X'°¢ = f{'%, the compactified moduli stack of elliptic curves (over Z,).
This case is studied in detail in [Shi], Chapter 3. To see that the supersingu-
lar points are defined over F;. one repeats the argument preceding Proposition
3.2, to obtain an isomorphism EF*=E for every supersingular elliptic curve E.

Suppose that X' is canonical of Hecke type. Then we remark that just as
in the classical case. one can define Hecke operators on H° (X, (w¥%)®Y) g, (as well
as on the étale cohomology of X§¢, etc.). Moreover. (by the same proofs as in
the classical case) the effect on g-expansions (where ¢ is the Serre-Tate pa-
rameter at a marked point) is the same as in the classical case. (See, e.g.,
[Lang] for more details.)

Next, we justify the assertion (made in the preceding subsection) that, in
some sense. being of Hecke type is a rather rare phenomenon. Indeed, if X'°%
admits a global first canonical Hecke correspondence, consider its reduction
modulo p:

(DR) ¥, : Yr, — XF, XX";':,

Let Z=Yr,. Then Z=2Z"UZ", with Z’ mapping isomorphically to Xr, via Dr,,

and Dr, |z isomorphic to the Frobenius morphism from Z" = X%, to X, On



1112 . SHINICHT MOCHIZUKI

the other hand, ®F, must map Z~ isomorphically to Xf,. Thus, Z” is isormor-

phic to both Xﬁ;‘ and X’ﬁ;. In particular, Xr, = XF., ie., the moduli of Xr, are
defined over F,,, which is a very rare phenomenon.

Remark. At the present time, the author does not know of any canonical
X8 of Hecke type, except for those that arise directly from the modular case.

§4. p-Adic Green’s Functions

In this Section, we give a geometric criterion for a curve to be canonical:
namely, the existence of a Frobenius lifting of the right height, over an open
p-adic formal subscheme of the curve, with “nice behavior” at the points where
it is not defined. We will make these terms precise below, but the point of in-
terest is that this criterion does not depend on knowing the action of the canon-

ical Frobenius @ on N9 — that is, it is intrinsic to the curve— and, moreov-
er, it is not phrased in terms of indigenous bundles. Now in the case of elliptic
curves (regarded parabolically), the canonical lifting defined in terms of indige-
nous bundles is the same as the canonical lifting defined in Serre-Tate theory
(one of the definitions of which is the existence of a global Frobenius lifting).
Thus, it is interesting to note that the existence of an “admissible Frobenius lift-
ing” amounts to just the existence of a Frobenius lifting (in the case of elliptic
curves). In other words, one may regard the geometric criterion given here as
the proper hyperbolic generalization of the statement that an elliptic curve
(whose reduction modulo p is ordinary) is Serre-Tate canonical if and only if it
admits a Frobenius lifting.

Compactified Frobenius Liftings

In this subsection, motivated by the construction of the pseudo-Hecke cor-
respondences in the previous Section, we define the general notion of a “compac-

tified Frobenius lifting.” Let X'°® — S'°8 be a smooth r-pointed curve of genus g.
Let

¢log . Ylog — Xlog

be a finite, flat morphism such that Y is regular {necessarily of dimension two),

and the log structure on Y'°® is defined by a divisor on Y which is étale over A
and equal to the set-theoretic inverse image of the divisor of marked points of
X. Let USX be an open formal subscheme that contains all the marked points.

We endow U with the log structure pulled back from X'# and call the resulting
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log formal scheme U'¢. We shall use the notation X, Y, etc. (as in the pre-
vious subsection) to denote the formal schemes which are the formal neighbor-
hoods of the closed points x, y, etc. Suppose that

(Dlog . Ulog — (Ulog) F

is a Frobenius lifting.

Definition 4.1. We shall say that (¢'°%: Y® — X°%: () is a naive compact-

ification of the Frobenius lifting ®'°% if, when we take V=¢71(U), the following
conditions are satisfied:

(1) V™ splits as a disjoint union (V°¢) I (1/'°8)";
(2) @' |y : (V'°%)" — U™® is an isomorphism;

(3) g (V'°8)” — (U'°8)F is an isomorphism;

(

4) @9 [y - (1°F) 71 (U°%)FT — U8 is the morphism (@'°%)7™,
We shall frequently identify V' and U, and V" and U™

Suppose that (¢'°% : ¢!°®)is a naive compactification for ®'°8. Note that ¢
is necessarily of degree p+1. Also, note that V' admits a canonical embedding

tao: V' CSUXUF
where we take ¢q0= (id,®), while V" admits an embedding
(o) : v’ C_’U X UF_1

where we take = ((®)F7id).
Let r€X (k). Let

U, Rz = Ry
be an isomorphism. Suppose that y € Y (k) maps to x. Let
(DyRy) 1 Yy XX XoF
be a closed embedding, where @, is obtained by restricting ¢.

def

Definition 4.2. We shall say that #.= (U ; (D,,R,)) is a local compacti-
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fication for the Frobenius lifting ®'°% at x (velative to (¢'°%; ¢'°%)) if

(1) y is the unique closed point of Y lying over x;

(2) the divisor Y, “=X; X X, is symmetric in the sense that the two di-
visors that it induces in Xyr X X, (by switching and by Frobenius-
conjugating, then applying ¥,) are the same;

(3) the restriction of (24,R,) to V is the union of ¢wo. and (¢epn)F* com-
posed with Spf (¥,) > X (id).

Note that by the first condition, x cannot lie in U. Now let us consider
(Yy) z/p2z.  Since Y, S Xz X Xor, it follows that (¥,) z/pez is Spf of a local ring of
the form:

RE (a/p4) [[En]1/¢(En)

where £ is a local parameter for (X.) z,52z, and n=£&F is the Frobenius-conju-
gate local parameter for (X;r)z2z. Since Y;—X, is flat, the last condition im-
plies that (Y,)r, has exactly two irreducible components, both of which are re-
duced. Thus, if we denote by a “bar” the reduction of functions modulo p, we
see that ¢ is a product of two distinct prime elements of k[[E7]]. In fact. we
can say more. Outside the special point of (Y,)r,. these two primes define the

closed subschemes &—n and n? — U, (EF*). Let
f=E8"—n.9 ==V, (")
Thus, we may assume that §5=)T 9. In other words, we can write

g=f-g+mn
where 7€p - k[[E. 1]]. In fact, 7 is actually p times a unit in k[ [€, 7]], since
Yy is regular.

So far we have been working with functions on (Y,)zs2z. Now let us restrict
to functions on the open formal subscheme D (g) € (Y,) z,pz (i.e., where g is
invertible). Thus, we are in effect restricting to the graph of ®. Let us denote
the restriction morphism on functions by {:R— R [1/g9]. Then we obtain, in
R[1/g],

) =C©? + L@ - Lo~

By interpreting this open formal subscheme D (g) as the graph of @, this tells
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us that @1 (EF) is a function which is not regular at x. but has a pole of order

one (since ¢ has a zero of order one). In particular, it tells us that the
Frobenius lifting ® does not admit a regular extension to any neighborhood of
x. We summarize this as follows:

Proposition 4.3. If #. is a local compactification of D'°% at x, then (Yy)F,
is a node, and x € U. Also, the Frobenius lifting O does not admit an extension to
any neighborhood of x.

Definition 4.4. We shall call
(62 (¢10g; {]Og N {%I}I$U)

a compactification of the Frobenius lifting ®'°¢ if (¢;¢) is a naive compactifica-
tion of ®'°% and for each x €& U, we are given a local compactification #, of

®'°% relative to (¢p;¢) (where k in the definition above is replaced by the field
of rationality of x).

Thus, in particular. by what we did in the last two subsections,

Proposition 4.5. Suppose that X'°% is a canonical curve. Then its first
canonical psewdo-Hecke corrvespondence 1is a compactification of the canonical

Frobenius lifting on {X'°8)°™,

Suppose that (@'°8; %, {#,} ;¢ ») is a compactification of @' Let us

def
consider Z =Yr, It follows from the above definition that Z is reduced and
has exactly two irreducible components Z' and Z" with V¥, © Z'; Vs, © Z".
Since Z’ is geometrically connected, smooth, proper, and birationally equivalent
-1
to Xr, over k, it follows that Z' = Xr,. Similarly. Z”= X%, . Moreover, except at
the points of intersection of Z" and Z” (which are nodes), Z is smooth over k.

Proposition 4.6. (Assuming that X°% is hyperbolic) Y must be connected.

Proof. It suffices to prove that Z is connected. Suppose that Z is not con-
nected. Then ¢z :Z'— Xr, is finite and birational, hence an isomorphism. It
thus follows that Z’ lifts to a connected component Y of Y such that ¢y : Y—X
is an isomorphism. On the other hand, Z” is proper and smooth over k, and
birational to Xi?:, hence Z"EXE:. and @ |z : Z'—Xr, is the Frobenius morph-
ism. Moreover, Z” lifts to a connected component Y’ of Y. Thus, ¢ | y: Y '—
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X is a Frobenius lifting. But if X% is hyperbolic, such Frobenius liftings can-

. . . %k
not exist, for the nonzero morphism of line bundles (¢ |y )" W% — w'%E ¢
violates degree restrictions. O

The Height of a Frobenius Lifting

Finally, we note that often it is useful to have a precise measure of how far
a Frobenius lifting fails to extend over all of X. For this, we introduce the no-
tion of the height of a Frobenius lifting, as follows.

Let #F — Xr, be the Jr,~torsor of Frobenius liftings on open sub-log
schemes of X§%.. This, if ®'°%: U'# — (U'"¥) ¥ is a Frobenius lifting, its reduc-
tion modulo p* defines a section 0o : Ur,—% of this torsor. Let P be the projec-
tive bundle that canonically compactifies &#. Thus, P— Xr, is a P'-bundle.
Recall the notion of the canonical height of a section of P—Xr,. introduced at the
beginning of Chapter I, §2. Since Xr, is proper over k, it follows that os ex-
tends uniquely to a section 0o : Xr,—P. We now make the following.

Definition 4.7. We define the height ht (®) of the Frobenius lifting ®'°® to
be the canonical height of the section Go of P —XF,.

More concretely, the height of ®'°% can be defined as follows. If x € X¥2, then
let t be a local parameter of X' at . Let E, be a local Frobenius lifting de-

fined in a neighborhood of x. Then l(EJZ1 (t) =®~'(¢)) is a rational function

p
0z on XR%. Let us say that the local height htz (@) of ®'°% at x is:

(1) equal to O if this function 8 is regular at x;
(2) equal to the order of the pole of d; at x otherwise.

Then we have the formula:

Proposition 4.8. We have

ht((D)+%(Zg—2+r)= > [k(x) @ Elht, (@)

108
zeXT,

Proof. This follows immediately from considering the intersection number
of Go with the “section at infinity” given by the complement of % in P. O

Corollary 4.9. If ®'°¢ admits a compactification, then the local heights at
points outside U are all one. Thus,
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ht (@) = —£ (29 —2+7) +degs X— ),

where we regard (X—U) ¥, as having the reduced, induced scheme structuve.

Proof. The statement about local heights follows from the explicit computa-
tion preceding Proposition 4.3. O

The following is the main result of this subsection:

Proposition 4.10. If ©'°¢ has height <1—g ‘—%r. then P (with its connec-

tion Vp induced by that of ) is a nilpotent. admissible indigenous bundle. In par-
ticular, if (P, Vp) is also ordinary, then X'°% is isomorphic lo a canonical curve mod-

ulo p2, and D'°8 is equal to the canonical Frobenius lifting (of Theovem 3.1) modulo

P2

Proof. Indeed, suppose that ht(®) <1 —g — %r. Consider the Kodaira-

Spencer morphism of the section 0o of P—X. By the general properties of
FL-bundles (Chapter II. 81), we know that the Kodaira-Spencer morphism
cannot vanish (for the section at infinity of P— X is the unique horizontal
section). But by degree considerations (i.e., the assumption on ht (®)), once
the Kodaira-Spencer morphism is nonzero, it must be an isomorphism. It thus
follows that P (with its connection induced by that of %) is a nilpotent,
admissible indigenous bundle. The last statement follows from the construction
of the canonical lifting and the canonical Frobenius. O

Thus, we see that the compactified Frobenius liftings that we are really in-
terested in are the ones that “look nice modulo p:”

Definition 4.11. A compactified Frobenius lifting

G= (g8 ; o {H,) zep)

is called admissible if

(1) ht(®) =g—1+—%~r;

(2) the associated (P, Vp) (as in Proposition 4.10) is ordinary;
(3) the reductions modulo p of the isomorphisms ¥, (that make up #,)
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are equal to the canonical “¥;” of Definition 3.3.

Note that for an admissible compactified Frobenius %, all the objects involved
(that is, @08; @'o8: Y08 — xlog . (e T - (9, R,)) are completely determined
modulo p (up to isomorphism) once one fixes the supersingular divisor (X —U) F,-
Or, in other words,

Proposition 4.12. An admissible compactified Frobenius € on X'°% deter-
mines a p-adic quasiconformal equivalence class a to which X'°% belongs. If two

admissible compactified Frobenius € and € on X'°% determine the same @, thenm,
modulo p, all the objects that make up € are isomorphic to those that make up €.

Admissible Frobenius Liftings

Since an admissible compactified Frobenius is determined modulo p by the
p-adic quasiconformal equivalence class @, the next step is to understand what
the possible deformations looks like. Let € be an admissible compactified
Frobenius, and let us consider %z,2z. i.e., the reductions modulo p? of all the ob-
jects involved. Suppose we start with the data (®'°8) z/pez; (Ws) 252z (for all
supersingular x). Now it is easy to see (by looking at points valued in an
arbitrary scheme) that the symmetry condition on the divisor Y, amounts to the
statement that (¥)z/sez restricted to the ordinary locus commutes with @z, pzz.

Let B be an automorphism of (Xz)z.2z which is equal to the identity mod-
ulo p. Then we claim that if ®z/ez commutes with B, then B is the identity.
Indeed. since derivations on X, act trivially on functions that are p"* powers,
we get that

Dzpez B = Oz/pez
Thus,
‘BF? Dz/p2z = Dz/pez

which implies that B is the identity. since ®@zpez is faithfully flat. Thus, in
summary, the (W,)z/2z are determined uniquely by the condition that they com-
mute with ®z/pez.

Next, we consider Y8, We can break Y% up into three parts: (V'°€)’;
(V%) " and the Y,’s. Since (V') and (V'%)” are determined up to natural
isomorphism by X'°® it remains to determine the Y,'s, and the gluing morph-

"

isms. But Y, and its gluing morphisms to (V%) and (V'°%)"” are completely
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specified once one knows the divisor Y, in Xz X Xxr. Moreover, it follows from
the condition (3) of Definition 4.2, that this divisor is determined by ® and ¥,.
But we just saw that (¥,)z/pz is determined by ®z,p2z. Thus, we conclude that

(#2) 2522 and ¢55 are completely determined by @z,,z. Sorting through all
the definitions, we thus see that we have proven that €z,2z is entirely deter-
mined by the p-adic quasiconformal equivalence class & and the deformation
®z,522z. Moreover, there is nothing special about working modulo p% the same
arguments can be made modulo an arbitrary power of p. Thus, we see that we
have proven the following result:

Lemma 4.13. Let € be an admissible compactificd Frobenius lifting on X'°8.

Then Gz is completely determined by DFfnz.
This Lemma suggests the following definition:

Definition 4.14. Let a be a p-adic quasiconformal equivalence class to
which X'°% belongs. Let U X be the ordinary locus for a. Let ®'°%: [log —
(U™®) ¥ be a Frobenius lifting over U 8. Then we shall say that ®'® is an

admissible Frobenius lifting for (X'°%, @) if it arises from a (necessarily unique)
admissible compactified Frobenius 4.

Thus, we can regard admissible Frobenius liftings as being Frobenius liftings
(over the ordinary locus) that happen to have special behavior near the super-
singular points.

Next let us consider two admissible Frobenius liftings ®'°% and (®'°®)’ on
the same curve X'°®. Let us suppose that they are equal modulo p” (where 1=

n+1

2). In this discussion, we shall always be working modulo p"*, so (by abuse of

notation) we shall use ®'°% and (®'°%) to denote the respective reductions mod-

ulo p""'. Now just as in the discussion preceding Proposition 4.3. for ®'"E,
(Yy) z/pnmz is Spf of a local ring of the form:

R= (a/pA) [1& 1011/ (& )

where £ is a local parameter for (Xz)z/mnz, and n=EF is the Frobenius-conju-
gate local parameter for (X r)z/pm1z. Moreover, we may assume that

p=f-g+tm

where
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f=8—n.9 =", ()

and T€p - (A/p"A) [[En]]. In fact, 7 is actually p times a unit, since Y, is reg-

ular. Similarly, for (®'°8)’, we have

R'= (a/p a) L)1/ (6n)
with ¢'=f - g'+7x', and ¢'=n? =T, (EF*). Thus,
g =¢'(mod p") ; # = 7’ (mod p")

So far we have been working with functions on (Y,) z/smz. Now let us
restrict to the open subscheme corresponding to the graph of ® (or ®’). Let us
denote the restriction morphism on functions by {. Then we obtain, on this
open subscheme, in the unprimed case:

) =&+ L(n) - Llg)?

and, in the primed case:

L) = C@*+L) - L)~
= L&+ L(r) - L™

since the difference between g and g" becomes zero when multiplied by p. Ulti-
mately, we are interested in computing the difference between the two
Frobenius liftings ® and ®’. That is, we wish to understand the difference be-
tween where 7 is taken by the two liftings. But by the above formulas, the dif-
ference is of the form:

{{(m) —C ()} (L))

Moreover, because the difference in brackets is divisible by p”, only the residue
of ¢ modulo p is involved in the above expression. Since this residue has a
zero of order exactly one at x, it follows that the difference between the two
Frobenius liftings —which forms a section of IF, over X°™ —has poles of order
at most one at the supersingular points. Since the morphism

, \
Hov, : T¥, = (Txos) R,
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(given by composing the p-curvature of (P, V») with the projection given by the
Hodge filtration) has zeroes at the supersingular points, it thus follows that the

difference between ®'°% and (®'°%) ' defines a global section of (Tyws/se) F,.
Since we are dealing with hyperbolic curves, though, (zxe,s«)F, has negative

degree, hence has no global sections. Thus, ®'°®= (®'"#)’ In summary, we
have proven the following strengthened form of Lemma 4.13:

Lemma 4.15. If there exists an admissible Frobewius lifting of (X'°¢ ),
then it is unique, and admits no nontrivial deformations modulo any power of p.

Geometric Criterion for Canonicality

Let us fix X% — S°2 a smooth r-pointed curve of genus ¢, and a p-adic
quasiconformal equivalence class & to which X'°® belongs. Let ®"% be an
admissible Frobenius lifting for (X'°%a).

Now suppose that X'°#—S"2 is also a smooth r-pointed curve of genus g

such that (X'°%) y, = X¥%  The following “Rigidity Lemma” is fundamental to
this subsection:

Lemma 4.16. Suppose that (X'°%.a) admits an admissible Frobenius lifting
(®°8)".  Then X'o8=x'"¢,

Proof. We propose to prove inductively (on n) the following statement:
(*) (X2, (@'#)") coincides with (X'°%,0"°2) modulo p"*L.
We know that this statement holds for »=0. Assume that it holds for n — 1.
Consider the difference between the deformations Xj5aaz and )?E’}}Mz of Xphnz.
It defines a class

¢ € H (Xw,, (txo/s0) ¥,)

Let % (respectively, ') be the compactified Frobenius corresponding to ®'"®
(respectively, (®'%)"). Since Y¥%mz = (Y'°%) zpmz, we can consider the differ-

ence between the deformations Y¥%anz and (Y'°%) z/pnaz of Y95z This gives us
a class

V € Extl, (Qvig, Oyy,)
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Since ¢z/pnz = @'z/pnz, the pull-back map defined by either of these morphisms
gives us a map ¢~': ¢* (w¥%) r,— Q v, ,,. which is generically zero over the

component of Yr, that we called Z” in the proof of Proposition 4.6. Now ¢!
induces a pull-back morphism on global Ext’s

(p : EXt%er (Q y;‘-‘;/k, @YFP) e f{1 (YF,. ¢* (Tx‘“/s‘“‘) Fg)

The condition that the morphism @z/,»1z deform compatibly with the deforma-

tion of (X' Y1°8) 7 nuz to (X'°%, (Y')'°%) z/pnz to a morphism @z/smez is exactly
that

(/)(D> = ,Ll,ypp

Note that this condition, as well as the cohomology modules in which g and
v live. are independent of n. Thus, by adding # and v to ¢¥%:z: Y55z — X35,
we obtain a new morphism @'°%: Y1°8 — X'°8 (of Z/p?Z-flat schemes). Then, by
restricting ¢'°® to the open subscheme of Y'°¢ defined by the ordinary locus of

7", we obtain a Frobenius lifting 5'°¢ on the ordinary locus of X' The only
points at which Z is not defined are the supersingular points (determined by
@). Moreover, by the calculation of the discussion preceding Proposition 4.3, it

follows that the local height of Z'°® at a supersingular point is < 1. Indeed, in
the notation of loc. cit., “7” is equal to p times an element of & [[£,7]], which,

this time, might not be a unit since Y'°® might not be the reduction modulo p? of
a regular scheme; hence the inequality < 1, rather than the sharp equality =1.
At any rate, it thus follows that ht () <ht (®z,2z). But then, by Proposition

4.10, X'¢ is equal to some canonical curve reduced modulo p% and. by Proposi-
tion 2.6, (4), of Chapter II, it thus follows that this canonical curve is the one

determined by @ Thus, X' = X¥%z But this means that £ =0, so X'°¢ and
X' coincide modulo p**'. By Lemma 4.15 (the rigidity of an admissible
Frobenius lifting), it thus follows that ®°% and (®'°#) " also coincide modulo
p"*1 This proves the induction step, and hence the Lemma. O

Putting everything together, we see that we have proven the following
geometric criterion for a curve to be canonical:

Theorem 4.17. Let X8 — S8 pe g simooth r-pointed curve of genus g. Let
a be a p-adic quasiconformal equivalence to which X'°® belongs. Then X'°® is cano-

nical if and only if (X'°%.c) admits an admissible Frobenius lifting.
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Proof. We saw in §3 that a canonical curve admits an admissible
Frobenius lifting. On the other hand, given an (X"%a) which admits an

admissible Frobenius lifting, there exists an (X"°%a) (with X'°#= X" modulo p)
which is canonical, hence admits an admissible Frobenius lifting. Thus, by

Lemma 4.16, it follows that X°#=X"& O

Definition 4.18. Suppose that (X'°!a) admits an admissible Frobenius
lifting ®'°%. Then we shall call ®'°® the p-adic Green's function.

Remark. Then justification for this terminology is as follows. In the clas-
sical complex case, one of the main approaches to proving that hyperbolic
curves can be uniformized by the upper half plane is given by constructing a
Green's function on the universal covering space of the Riemann surface (see,
e.g., [FK]). Once one proves that the universal covering space is just the up-
per half plane. then one sees that this Green’s function is really just the loga-
rithm of the hyperbolic distance between two points. On the other hand, the

canonical Frobenius lifting ®'°® may also be regarded as giving us a notion of
distance on X'°%. Indeed, in the classical modular case, where X'°® parametrizes

elliptic curves, if one can get from point a to point b by applying ®'°® a total of
N times, then it means that the corresponding elliptic curves are isogenous via a
cyclic isogeny of order p¥. Thus, the analogy between ®'°f and the classical
complex Green's function (which is just the logarithm of the hyperbolic
distance) will be established once one accepts that isogeny is the proper ana-
logue of distance. But to see this, one need merely think of lattices in @3,
which one can draw schematically as a graph. Then two lattices are related by
an isogeny of order pV if and only if they are N edges apart on this graph.
This establishes the relationship between isogeny and distance.

Remark. We also observe that for elliptic curves (regarded parabolically),
the same definition of compactified Frobenius liftings, and admissible Frobenius
liftings goes through, but everything is trivial. since there are no supersingular
points to contend with. Thus, we (trivially) obtain the analogue of Theorem
4.17: that an elliptic curve over A with ordinary reduction is canonical if and
only if it admits a Frobenius lifting defined everywhere on the curve.
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Chapter V: Uniformizations of Ordinary Curves

§0. Introduction

Having studied the case of canonical curves in the previous Chapter, in this
Chapter we turn to the case of arbitrary curves with ordinary reduction modulo
p. We do this by working with the universal case: i.e., the universal curve over
the moduli stack. Unlike the canonical case, one does not quite obtain such ob-
jects as the canonical Galois representation or the canonical log p-divisible
group over the given base. Instead, one must pass to various “schemes of multi-
plicative periods” — i.e., certain infinite coverings of the original base — in
order to obtain such objects. On the other hand, since these objects are canoni-
cally associated to the curve over the given base, it is natural to guess that they
should descend from the scheme of multiplicative periods back down to the ori-
ginal base in some appropriate sense. The key idea here is that, for instance in
the case of the canonical Galois representation (which is fundamental to the
construction of all the other objects), if one works with modules of rank two,
not over Zy, but over some appropriate ring of p-adic periods 9%, then one can
in fact construct a canonical Galois representation over the original base. Thus,
one obtains a representation of the entire arithmetic fundamental group into
GL# (©°), which in some sense extends the representation of the geometric fun-
damental group into GL§ (Z,). Moreover, (in the hyperbolic case) this repre-
sentation of the arithmetic fundamental group into GLF (2°¥) is canonical, and
dual crystalline in some appropriate sense, despite the fact that (unlike the case
handled in [Falt], §2), it is on a space of infinite rank over Z,. The process of
passing from the canonical representation of the geometric fundamental group
into GLF(Z;) to the canonical representation of the arithmetic fundamental
group into GLF (D) is a sort of crystalline analogue of the notion of an in-
duced representation in group theory. We therefore refer to this process as
the process of crystalline induction.

Once one has this canonical dual crystalline representation of the arithme-
tic fundamental group into GLF (%), one can linearize the obstruction to ex-
tending the representation of the geometric fundamental group into GL¥ (Z,) to
the full arithmetic fundamental group. This linearization tells one, for instance,
that as soon as one can extend the representation of the geometric fundamental
group into GLF (Z,) at all to the arithmetic fundamental group, this extension is
automatically dual crystalline. This procedure of linearizing the obstruction also
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allows one to see that this obstruction is precisely the hyperbolic analogue of
the obstruction to splitting a certain exact sequence of p-adic local systems on
the moduli stack of ordinary elliptic curves (in the parabolic case).

§1. Crystalline Induction

In Chapter III, we constructed a Frobenius-invariant indigenous bundle on

the universal curve over Ng%. Unfortunately. unlike the case of a canonical

curve, such information does not immediately constitute an object of the cate-
gory MF" (see [Falt], §2). so we cannot immediately convert it into a Galois
representation. The problem is that our connection on the indigenous bundle is

only a relative connection (for the universal curve over N/3%), not a full connec-
tion on the total space of the universal curve. Also, the obstruction to extend-
ing it to a full connection on the total space of the universal curve is nonzero.
Thus, in order to obtain a Galois representation, we must replace the indigenous
bundle by a certain natural “thickening” of the indigenous bundle. This thick-
ening formally carries the structure of an object of the category MF 7. but has
the disadvantage of being of infinite rank, so that we cannot immediately apply
the theory of [Falt] to this object. Fortunately, it is not difficult to extend the
theory of [Falt] so as to handle such objects of infinite rank. We thus obtain
a Galois representation, as desired, which turns out to be a sort of crystalline
analogue of the notion of an “induced representation” in group theory.

The Crystalline-Induced /% -object

Let p be an odd prime. Let S be formally smooth over Ad-i—fW(k). where &
is a perfect field of characteristic p. Let us assume that S is endowed with a
log structure induced by a relative divisor with normal crossings over W (k).
Let S'°% be the resulting log formal scheme. Let f1°8: X8 —S¥9€ he an r-pointed
stable curve of genus g. Also, let us assume that the classifying morphism
S—M,, defined by f°° is étale. Let ®'°8: §°¢ — S§'°¢ be an ordinary Frobenius
lifting.

Now let us suppose that our indigenous bundle (§, Vs) on X'°® is invariant
under the renormalized Frobenius (Chapter III, Definition 1.4): that is,

D.: (8 Vo) =Fau(8, Ve)®

where the superscript “®" denotes pull-back by @, and the subscript “S'°#" de-
notes that we are considering the relative renormalized Frobenius pull-back

over S'". (We shall denote by F¥ the renormalized Frobenius pull-back over
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A)

Let Ds be the quasi-coherent Os-algebra (with the @s-action from the
right) which is obtained by taking the p-adic completion of the PD-envelope of
the diagonal embedding of S™% in S'°& X ,S'°¢ (see, e.g., [Katol, §5.8). Thus, Ds
has an ideal $5s < Ds with Ds/Fs=0s, and Is/ %= Q8% = Q¥E Note that Ds
has a natural logarithmic connection Vs, We shall regard @s as a filtered ob-
ject with connection, whose filtration is given by F*(@s) = $¥ (ie., divided
powers of $s). Thus, the Kodaira-Spencer morphism for the subquotient of the
filtration given by F'(Ds)/F?(Ds) =I5/ 5%4=Q¥® is the identity map. Note that
the Frobenius lifting @' on S™% induces a morphism Po,: ®*Ds— Ds which
preserves the Hodge filtration. Finally, let us denote by ((2s)x, Vies.) the
pull-back of (Ds, Va,) to X'=.

Next, let us consider the obstruction to defining a full logarthmic connec-
tion V on & (i.e. relative to X'°®¢ —Spec (4)) with the following properties:

(1) V has trivial determinant;

(2) the restriction of V to a relative connection (for X8 —S'€) ig

Ve:
(3) the curvature of V is an Ad{§) -valued section of A2Q¥% (ie.
the w¥k ®g, QYE-part of the curvature vanishes).
It is easy to see that the obstruction class to defining such a connection is a sec-
tion 7e of

R! for.#Ad () ®¢, QPE=F(R! fpr xAd (§) ®0, Q¥E)

whose projection to R!fyTyorse ® g, Q8 is the identity. Also, note that ®'°®

and ®¢ induce a Frobenius action on R!fpr«Ad (8) ®4,Q¥%, which, by natural-
ity, preserves Ng. Thus, in particular, we see that unless we modify & in some
way, there is no hope of constructing a full connection V as specified above.

PD
Thus. we make the following construction. Let us write S'°& X S8 for
Spf(Zs) (where we take “Spf” with respect to the p-adic topology). Similarly.

PD PD PD
we shall write S'8 X §'08 X 5108 X108 X X198 etc  for the obvious p-adic comple-
tions of PD-envelopes at the respective diagonals. Also, we have two projec-

PD

tions g, 7L S'% X S1°8 — S8 {5 the left and right by which we can pull-back
PD PD

X108 — S°% {5 obtain curves (X&)l — S8 X S8 apd (X'°8)R — Slog x Slog,

PD
Moreover, both of these curves form PD-thickenings of X8 —Sloe T glog x glog
(where the second morphism is the diagonal embedding). It thus follows that
if we pull-back (&, Vs) to obtain an indigenous bundle on the curve
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PD
(xtog)L — gloex gloe  this indigenous bundle defines a crystal on

Crys (X'°&/ (S'°gl;l<)S'°g)) which we can then evaluate on the thickening (X%)® to
obtain a rank two vector bundle & (on X®). If we then push this sheaf & for-
ward via the projection XX — X, we obtain a quasi-coherent sheaf s on X.
Moreover, 8o has the structure of a Ps-module, hence of a (Ds)x-module. In
fact, 8o is a locally free (@s)x-module of rank two. Moreover, 83 is equipped
with a natural Hodge filtration compatible with that of (@s) .

Next, we would like to equip 82 with a full logarithmic connection that is
compatible with its structure as a (@s)x-module and the connection on (Ds)x.

PD PD PD PD
First, note that X'°& X S8 X §108 — Glog x Glo8 x Gl°8 {5 3 PD-thickening of X% —
PD PD
Slog €, Glog x Gl08 X S198 (ywhere the second morphism is the diagonal embedding).
PD PD
Thus, if we pull-back (8, Ve to X% X S8 X S°2 we obtain a crystal §” on
PD PD PD PD PD
Crys (Y'°8/ (S'°& X S'°8 X §1°8) )  On the other hand, S'°& X X8 X X'08 — Glog x Slog
PD PD PD
X S™2 is also a PD-thickening of X8 — Slog C gloe x gloe X Slog  Thys, if we
PD PD
evaluate &” on S'°f X X8 X X1°¢ and then push forward via the projection
PD PD PD PD
Slog x 108 x X108 — X108 X X% we obtain a sheaf £” on X'°® X X2 Now since
PD
{Ds) x is equipped with a connection, the two pull-backs of (@s)x to X8 X Xlos
PD
via the two projections 7&, 7f : X'°8 X X'°8 — X'€ can be identified; we denote the

PD

resulting sheaf of algebras on X8 X X'°¢ by (Ds)yeXves. Then 8” is equipped
with the structure of a locally free (@)~ %y=-module of rank two. On the
other hand, from the definition of &g, it follows that both (7f)*8¢ and (7f) *&2

are naturally isomorphic (as (Ds)y=¥x=-modules) to &”, hence to each other.

This isomorphism (7f) *8s = (7f) *85 on X'°# I;?X“"g defines a full logarithmic
connection Vs, on 8 (with respect to X'®® —Spec(4)). Moreover, one checks
easily that this connection is integral.

Finally, we have a Frobenius action

Dy, Fin (80 o0, Ds) =80

Here, in the definition of F#: we first pull back the relevant crystal by means
of relative Frobenius, and then consider the subsheaf consisting of sections
whose reduction modulo p is contained in the subsheaf of

Oy, (89 ®9.0,, Ds) 5, = (O, 6F,) ®o. Ds



1128 SHINICHI MOCHIZUKI
given by
(0%, F (8)r,) ®, D5 (OF, r,) ®o, Ds

Theorem 1.1. Ouver X'°%, there exists a natural. locally free, rank two (Ds) x-
module 8o equipped with a Hodge filtration, a full integrable logarithmic conmection

Ve, (relative to X' —Spec (A)), and a Frobenius action
Dy, - Fo (89 @050, Ds) =8a

such that 82 ®o, (Ds/Fs) =8.

The Ring of Additive Periods

Before we can convert the induced object of Theorem 1.1 into a Galois rep-
resentation, we must first study the Galois representation associated to @s, with
its natural filtration, connection, and Frobenius action. Once we have done
this, since 82 is of finite rank over @s, converting s into a Galois representa-
tion will be no more difficult than the “classical case” discussed in [Falt], §2.

Let us first note that, just as when we constructed “canonical affine coor-
dinates” in Chapter III. §1, by considering the slopes of the Frobenius action
®g,. we obtain a unique Frobenius-equivariant embedding of Os-modules

QFE — 4

whose composite with the projection Js— S5/ 9% = QP¢ is the identity. It is
here that we use the divided powers of $sSPs. Let us write Geo (Ds) for the
subbundle of Ps generated by Q%€ and Os. Note that Geo (Ds) is stabilized by
V2, and by Frobenius. Moreover. the Hodge filtration on Ps induces a Hodge
filtration on Geo (Dg). Observe that with this extra data, Geo (Ds) becomes iso-

morphic to the uniformizing MF Y-object associated to ®°% (of Definition 1.3 of
Chapter II1).

Now we want to pass to Galois representations. Let us assume that we
have chosen (once and for all) a base-point of S that avoids the divisors defin-
ing the log structure. In the following, our fundamental groups will be with re-
spect to this base-point. Since our construction will be canonical, we can work
étale locally on S. Thus, we can assume that S is affine. We may also assume
that S'°% is small (in the sense of [Falt], §2): that is, S'% is log étale over
A[Ty,...T4] (with the log structure given by the divisor Ti°...°Ts). We shall
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call these parameters Th,..., T4 small parameters. Then we would like to consid-
er the ring B*(S'%) of [Falt], §2. We will not review the definition of this
ring here, since it is rather involved, but roughly speaking, it is obtained by
(1) taking the normalization S of S'°% in the maximal covering of Sk
which is étale in characteristic zero;

(2) reducing S modulo p and taking its perfection;
(3) taking the Witt ring with coefficients in this perfection;
(4) adjoining the divided powers of a certain ideal to this Witt ring;
and
(5) finally, completing with respect to a certain topology.
In particular,

(1) B*(S"8) is obtained as the inverse limit of a projective system of
PD-thickenings of the Osg,~algebra SF,;
(2) B*(S"™®) has an ideal I* ©B*(S'"#) which is Galois-invariant and
such that B* (S¢) /[*=5" (i.e., the p-adic completion of S).
Moreover, B (S'°8) comes equipped with a natural Frobenius action (which we

shall denote by means of a superscripted “F"), as well as a continuous m; (S¥#
-action, which commutes with the Frobenius. The Frobenius invariants of

B™(S'®) are given by Z, S B*(S™). There is a Galois equivariant injection
B:Z,(1) “>B*(S'"%). Frequently, we shall abuse notation and write

BEB*(S"®) for the element of B* (S"8) obtained by applying S8 to some gener-
ator of Z,(1). Then the Frobenius action on 8 takes 8 to p°B. We will denote

by B(S"%) the ring obtained from BY(S'°#) by inverting 8 and p. This com-
pletes our review of B (—).
Now let us return to the specific situation we have at hand. By thinking of

(Ds, Va,) as a crystal. and using the fact that BT (S'8) is an inverse limit of
PD-thickenings of a certain @’st-algebra, one can evaluate this crystal on

B* (S'®) (and complete p-adically) to obtain a B* (S'°%) -module which we shall
denote by

Ds ®e,B* (57°8)

(where the “hat” denotes p-adic completion). Alternatively, one can embed Os

into B™ (5'%) by means of a choice of small parameters, and then take the literal
tensor product, as described in [Falt!, 82. In our situation, however, since we

are given a Frobenius lifting ®'°8, the most useful point of view will be to
embed

@s [N B+ (Slog)
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Os into B* (S'°8) by means of the Frobenius lifting ®¢. Indeed, the choice of
Frobenius lifting gives us an embedding of Os into the ring of Witt vectors that
appears in the construction (reviewed above) of B*(S"). Then, we may re-
gard the module considered above as obtained via the literal tensor product
with respect to this particular embedding of Os into B* (S'°8). At any rate, Ds
® g, B* (S°%) has a natural filtration and Frobenius action. Let T'°8 — S"% he
the finite covering defined by ®'% (Thus. T = 5'¢) Then Ds ® g, B* (S'°%)
also has a natural action by 7, (T%8). The reason why we must restrict to T,
rather than considering all of 7;(S¥%), is that the way the Galois action is de-
fined (see [Falt], §2) involves exponentiating the connection Vg, so in order
for the exponential series to converge, one must be in a situation where the con-
nection acts in a sufficiently nilpotent fashion. For convenience, let us write
I (respectively, IIse) for m (TRE) (respectively, m (S¥%)).

Let us recall the uniformizing Galois representation Pe. (Definition 1.4 of
Chapter III) associated to the ordinary Frobenius lifting ®'°8. Recall that P,
fits into an exact sequence of Ilr=-modules

0—05(1) > Pee—Z,— 0

The space of splittings of this sequence then forms an affine Z,-scheme, which
is the spectrum of some ring Aff (P&%). More concretely, Aff(P%) is a polyno-
mial ring over Z, in 39 — 3+ variables which is equipped with an action by
IIr=. Moreover, the submodule of polynomials of degree <1 is given by % —
Aff (P%). We shall refer to Aff (PY) as the affinization of P

Note that Aff(®%) has a natural Ilre-invariant augmentation Aff(P¥)—
F,. Let 9§ be the p-adic completion of the PD-envelope of Aff(®Y) at this
augmentation. Thus, D§* is equipped with a natural structure of [Ire-algebra,
and, moreover, we have a IIr=-invariant inclusion

@é/t L) @gal

In other words, D§% may be identified with the 7ing of additive periods {(of Defini-
tion 1.5 of Chapter III). On the other hand, since P is the Galois representa-
tion contravariantly associated to Geo (@s), it follows that we have a morphism

P.—Geo (Ds) ¥ ®g, B* (51°9)

which respects the Hodge filtrations, Frobenius actions (where #, is endowed
with the trivial Hodge filtration and Frobenius action), and Galois actions (by
IIre). “Switching duals,” we thus see that we have a morphism
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Geo (Ds) =Py, @z, BT (S°8) s PB4, BT (S'08)

which respects Hodge, Frobenius, and Galois. Next, since Geo(%s) generates
Ps as a “PD-polynomial algebra” with no relations, it thus follows that we
obtain a morphism

Ds— DE &7, B*(S°)

which respects Hodge, Frobenius, and Galois. Finally, tensoring with B* (5"2),
we obtain the following result:

Proposition 1.2. We have a morphism
Ds @@s BT (S'g) — 9§ @z, B* (S'°g)

which respects Hodge filtrations. Frobenius actions, and Galois actions (by Ilpe) .

The Crystalline-Induced Galois Representation

Let U8 C X'°% be a small affine open subset. Choose a Frobenius lifting
Yloe opn 0% that is compatible with ®'°® on S  Thus, ¥ "% gives us an

embedding of Oy into B* (U'°8) which fits into a commutative diagram

Os — B*(s"®)
| |
Oy — B* (Ulog) .

We would like to consider

def v
Yy=8g ®e, B* (U'®)

where the “V " denotes the dual as a @Ps-module. The problem is to show that
9y has enough Frobenius-invariant sections in the zeroth step of its filtration.
The reason that we cannot apply the theory of [Falt], §2 directly is that the re-
levant theorem {Theorem 24 of loc. cit.) assumes a bound on the number of
steps in the filtration of the J{%"-object under consideration. On the other
hand, &2 has infinitely many steps.

What we can do is base-change %y by the morphism of Proposition 1.2.

We then obtain a free (9§ ®z, B+ (U'°8)) -module
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Yy

of rank two. Moreover, 9y is equipped with a Galois action, a Hodge filtration,
and a Frobenius action

F*((90)") =%y

{(where the superscripted “F” denotes base-change by the Frobenius on
B*(U"®)).

Proposition 1.3. The submodule

(F(Gy)) =

(consisting of Frobenius-invariant elements of F°(9y)) forms a free D§*-module

E of rank two.

Proof. The proof is entirely the same as that of Theorem 2.4 of [Falt], §2.
The point of base-changing by the morphism of Proposition 1.2 is that this en-
ables us to replace objects like &5 whose Hodge filtrations have infinitely many

steps by objects like 9y whose Hodge filtration has essentially only two steps.

In fact, over T'°%, the relative connection Ve on & actually extends to a full con-
nection V'’ modulo p, so (8r,. V') defines a Galois representation onto some

F,-vector space E' (S &r, ® B+ (U®) r,) of dimension two. Moreover, 9y has a
filtration (defined by taking divided powers of the augmentation ideal of 2§* —
F,) whose subquotients are tensor products of &, ® B* (U'°#) p, with symmetric

powers of Q% (—1)r, That is to say, we know that FO(—)F=! for all of these
subquotients is as desired, so next we want to consider the issue of whether the

various extensions involved split over B*(U®). But this issue is precisely
that discussed in the proof of Theorem 2.4 of [Falt], §2. Thus, we see that we

have enough Frobenius invariants, at least over the PD-completion of D§*. But
it is a simple exercise to see that the fact that the original Frobenius action is

defined over 9§ (i.e., not just over the PD-completion of 2§*) implies that the

Frobenius invariants will also be defined over D$? itself. This completes the
proof. O

def
Let X'?8 =X'°8 X g T!°% Similarly, we have U®®* S X', Now we have a

natural 7 ((U'®®) ) -action on 9y. Since this action preserves the filtration and
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commutes with Frobenius, we thus get an action of 7y ((U'®8) x) on E§¥, which is
compatible with multiplication by elements of D§* and the IIp=-action on D§2.
Moreover, as we vary the open subset U S X, the resulting E§*"s are clearly
compatible. Thus, they glue together to form a m; ((X'?8) x) -2§*-module

E#
We state this as a Theorem:
Theorem 1.4. The crystalline-induced MF -object
(82 :F*(89) ; Deg,; Vg)
of Theorem 1.1 has associated to it an {up to 1), ((X'FE) k) -D§*-module

E(%al

which is a free D§-module of vank two. We shall refer to ES* as the crystalline-

induced Galois representation associated to the induced MF "-object of Theorem 1.1.

Remavk. Unlike the case of canonical curves, where one actually has a
dual crystalline representation (in the sense of [Falt], §2) into GL§ (Z,), in the

case of noncanonical curves, E§¥ is as close a p-adic analogue as one can get to

the canonical representation in the complex case. In the following subsection,
we shall make the phrase “as close as one can get” more precise.

Relation to the Canonical Affine Coordinates

Let 798 —S'°2 he the inverse limit of the coverings obtained by iterating

@8 Let X% — T'%8 be the pull-back to T%® of X8 — S'¢  Let us choose
base-points once and for all, and let

def def
=7 ((X%8) &); M= ( (le)i) k)

Thus, II. €I, is a closed subgroup. In the preceding subsection, we con-

structed a D§*-II;-module which we called E§*. If we restrict our Galois rep-
resentations from I, to L., then we obtain a [l.-equivariant surjection

s 9§ — Zy
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whose kernel is the augmentation ideal $§, i.e., the PD-ideal generated by Q2.

Thus, if we base change E$* by 7s, we obtain a rank two Z,-module with a con-

tinuous Ilw-action which we denote by:

def
Eo= E‘(%al@%mm Zp

Thus, in summary, Eo has the advantage that it is of rank two over Z,, but the

disadvantage that it only has a Il.- (as opposed to a full II;-) action, while E$"

has the advantage that is has a natural II;-action, but the disadvantage that it is
of rank two over the rather large ring of additive periods P§*. In this subsec-
tion, we show that the canonical affine coordinates (of Chapter III, Theorem
3.6) measure precisely the degree to which the Il. action on E, cannot be ex-
tended to a full action of IT;.

We begin with the following fundamental observation. Let AZSII.<S1I; be
the geometric fundamental group, i.e., the kernel of the natural morphism II; —

m (T¥®). Let us consider the exact sequence of Il.-modules
0— Ey®z, F§/ ($§)2 — EF" @5 D§/ ($§) 2 — E;— 0

By considering the underlying A-module structures, we obtain that the above
exact sequence defines an extension class

n% € H'(A, Ad(E,)) ®z, #§%/ (#§*)% = H' (A, Ad (Eo)) ®z, Q§*

which is fixed by the natural action of m; ((T'%8) k) on this cohomology group.
On the other hand, because our original indigenous bundle is ordinary, we see

that we have a 7, ( (T'98) ) —~equivariant inclusion
(Q§") Y > H'(A, Ad(Eo))

Then we claim that 7% is precisely the class is H' (A, Ad (Eo)) ®z, Q§* that
corresponds to this inclusion. Indeed, this follows immediately from observing
that 7' is essentially the Galois version of the class 7¢ (the obstruction to the
existence of a full connection on &) that we encountered on our way to con-

structing 2. It then follows immediately from the way one passes from %"~

Gal

objects to Galois representations that 1°® is the above inclusion, as claimed.

This observation concerning 7% will be the fundamental “hard fact” underlying
what we do in this subsection; the rest will be general nonsense.
The general nonsense that we will use is the theory of [Schl]. Let us de-
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note the [I.-module E,®z, F5 by (Eo)r,. Note that since over T'°%, the obstruc-
tion to putting a full connection on &F, vanishes, so we get a genuine JF'-
object (whose underlying vector bundle is (82 ®Ds/Fs)r,) modulo p. Thus, the
Il.-action on (Ey) r, extends to a natural (dual crystalline) action of II; on
(Eo)w,. We apply Schlessinger's theory to the functor on artinian rings B with
residue field F, that assigns to such a ring B the set of isomorphism classes of
continuous representations of A on a free B-module Ep of rank two such that
(Ep) ®5F,=(Eo)r,. Since H'(A, Ad ((Eo)r,)) is zero if i#1, and of dimension
69 —6+27 over F, if i=1, it follows easily from [Schl] that this functor is pro-
represented by a formal scheme & over Z;. Moreover, £ is formally smooth
over Zy, of relative dimension 69 —6+2r.

Now we claim that there is a natural continuous action of 7y ((T'°%) k) on R.
Indeed, let «€1Il,. Since AEII; is a normal subgroup, for any representation of
A on some Ep as above, we obtain a new representation by conjugating elements
of A by «a, and then acting on Ep in the original fashion. Since the original
A-action on Ep extends to a full IIj-action on (Ep) ® g Fy. it follows that this
new representation is isomorphic to the old after base change by B— F,.
Thus. the new representation defines a new B-valued point of . This defines
an action of II; on # which is clearly trivial on A €II;. Thus, we obtain a
natural action of 7, ((T'°%)k) on R.

Let us now turn to applying & to understanding the II;-module E$*. Let
P be the p-adic completion of D§*. The underlying A-module structure on

E$* defines a classifying morphism
K : Spf(D§) — R

(This is O.K. despite the fact that D§* ® z, Z/p"Z is not artinian, since A is
topologically finitely generated.) Let

0o : Spf(Zy) — R

be the composite of Spf(ms) with . Let &P be the p-adic completion of the
PD-envelope of & at 0o. Let

£ : Spf (D§) — REP

be the morphism induced by k. Then the morphism induced by £FP on the

Zariski tangent spaces at 0y is precisely the injection corresponding to the class

7% considered above. Thus, we have the following:
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Lemma 1.5. The morphism %P is a closed immersion of formal schemes.

Now let us consider the fact that the A-module structure on E$* actually

comes from a II;-module structure which is £§*-semilinear (with respect to the

II;-action on P§%) -though 7y (T¥E)). If we translate this statement by means
of the functorial interpretation of &, we obtain the following;

Lemma 1.6. The morphism & is 1 (TRE) -equivariant with respect to the

natural 7 (T'28) ~actions on D and R.

Now let ¢:I'— 7 (T%8) be a continuous homomorphism of topological
groups. Let

1= A—>Mr—I—1
be the pull-back of the group extension
1_”A_’H1_’ ﬂl(T}I‘{)g) —1]

by means of ¢. Then one can consider the issue of whether or not the A-action
on E, extends to a continuous, Z,-linear action of Il; on E, Note that since
H°(A, Ad(E,)) =0. as long as we require that the associated determinant repre-
sentation of Ilr is the cyclotomic character, such an extension will always be
unique {up to =1). On the other hand. by the same reasoning as that used in
Lemma 1.6, the A-action on E, will extend to a Ilr-action on E, if and only if
the Z,-valued point 6, of R is fixed by I' (acting through ¢). Moreover. by the
preceding two lemmas, we see that 0y is fixed by I' if and only if the Z,-valued

point of @gal defined by 7s is stabilized by I'.  But this, in turn, is equivalent to
the statement that the restriction of the canonical extension class 7o (discussed
just before Definition 1.5 of Chapter III) becomes trivial when restricted to I'.

Now let us suppose that (B, mp) is a local ring with residue field # which
is p-adically complete, Z,-flat, and has a topologically nilpotent PD-structure
on mg. (Note that for such a ring B, log: (1 + mp) — mp and exp mp—
(1+mp) define inverse isomorphisms.) Let I''=m, (Spf(B)x). Suppose further
that

¢ :Spf(B) — S

is a morphism whose image avoids the divisor defining the log structure on Slog
Then for some closed subgroud I' €T’ of finite index, we have a morphism ¢:

I'— m,(T%%) which is compatible with the morphism induced on fundamental
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groups by ¢. Recall from Chapter III, Theorem 3.8, the canonical affine coor-
dinates corresponding to ¢. These coordinates are valued in B (or, more pre-
cisely, in mgp). Moreover, they are zero if and only if the class 7o becomes
zero when restricted to I'". It is easy to see that Nelr-=0 if and only if Belr=
0. Also. we know from Chapter III that ¢ corresponds to a canonical curve if
and only if the canonical affine coordinates are zero. Thus, putting everything
together, we obtain the following result:

Theorem 1.7. The morphism ¢ corvesponds to a canonical curve if and only
if the A-action on Eo extends to a Zy-linear, continuous action of Ilr on E,.

More generally, but less precisely, we see that:

(*)  The canonical affine coordinates in mgp associated to ¢ are a measure
of the obstruction to extending the A-action on Eo to a Zp-linear, con-
tinuous action of Iy on E,.
Since the class ¢ is “as nonzero as it can be” on S'°8 we thus see that we have
justified the statement made at the end of the preceding subsection that the
II;-module EF* is “as close as one can get” to extending the A-action on Eo to a
full I -action. )

Remark. In some sense, we can describe what we have done in this subsec-
tion as follows. Consider the obstruction to extending the A-action on E, to an
action of IIr. A priori, this obstruction is highly nonlinear and difficult to get
one's hands on explicitly. Note that this nonlinearity exists despite the fact
that we already have a Il.-action on Eo, and the discrepancy between II; and
Il is “essentially” a linear Z,-space of rank 3¢ —3+7v. Rather. the nonlinear-
ity arises fundamentally from the fact that we are considering representations
into GL#, which is nol an abelian (or even solvable) group. In particular, the

moduli space R of representations of A into GLF has no natural linear structure.

Thus, the point of constructing E$* and reinterpreting the existence of E$¥ in

terms of R, as we have done in this subsection, was to linearize this obstruction
by means of the uniformization of (the relevant part of) &> by means £*P.

Remark. For the reader interested in pursuing analogies with the complex
case, we also make the following observation. Since & is the local moduli space
of deformations of the canonical representation A —GL5 (Z,) of the geometric
fundamental group, it is natural to regard ® as a sort of local p-adic analogue of
the space #Ac of isomorphism classes of representations of the geometric fun-
damental group into PSL:(C) in the complex case. Thus, Rc has complex
dimension 69 —6-+2r. Inside ®c, one has Fricke space ®r, with real dimension
6r — 6+ 27, corresponding to the representations into PSL;(R). In a neighbor-
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hood of the canonical representation of a curve, #r maps diffeomorphically onto

Mg, Thus, one can regard the subspace Spf(D§") < R as analogous to
Fricke space AR E%c in the complex case.

The Parabolic Case

Before proceeding, we pause to take a brief look at what happens for ellip-
tic curves (regarded parabolically). Although there are many similarities be-
tween the parabolic and hyperbolic cases, there are also certain differences.
This is not so surprising if one considers the canonical representations arising
from uniformizations in the complex case. Indeed, in the complex context, for
hyperbolic curves, the canonical representation of the fundamental group into
PSL:(R) is completely well-defined up to conjugation by an element of PSL;(R),
while for elliptic curves, the morphism (induced by deck transformations on the
uniformization by C) gives a representation of the fundamental group into the
group of translations G, (C) of the complex plane, but this representation is not
well-defined up to conjugation by an element of G.(C). Rather, there is an
ambiguity of multiplication by a complex number.

On the other hand, this same phenomenon of “lack of rigidity” ultimately is
a consequence of the overall linearity of the situation, which has positive
aspects, as well. For instance, one can carry out the construction of the in-
duced MF -object (Theorem 1.1) for elliptic curves just as in the hyperbolic
case. However, precisely because the obstruction to defining an JL% "-object is
entirely linear from the outset, this approach is a sort of overkill. Thus, in the
following we propose to examine the obstruction to defining a “full” % -object
(ie.. the same obstruction as the one we examined in the hyperbolic case)
directly, at the level of Galois representations, without resorting to the tool of
crystalline induction.

Thus, let us assume that f°%: X°2—SI°¢ j5 an ordinary zero pointed curve

of genus one such that the classifying morphism S— .1, is étale. Since the
canonical representation should be an extension of a rank one étale representa-

tion by its dual Tate twisted once, we consider the local system R*(£}%) et %%y (1)

def
on SKE Let us denote the IIs=7; (SK®) -module corresponding to this local sys-
tem by H*. Then there exists a rank one IIs-submodule E (1) SH* such that the
action of Ils on E is unramified, and we have an exact sequence:

0—E(l) > H'—EY—0

Suppose that E’ is an étale IIs-module such that (E')®2=EVY. Then, the cano-
nical representation of the universal elliptic curve should be an extension of E’
by (E)V (1). If we tensor the above exact sequence by E, we get an exact
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sequence of IIs-modules
0—E®*(1) > H'®E—Z,— 0

Thus, the obstruction to the existence of such a canonical representation is pre-
cisely the obstruction to lifting 1 € Z, in the above exact sequence. This ob-
struction class lies in

H (s, E®2(1))

and coincides with the class 7g defined by the canonical Frobenius lifting ®°¢

on S8. That is to say, we end up with essentially the same conclusion as in
the hyperbolic case: Namely. that the obstruction to the existence of a “canonical
representation” for the universal ordinary elliptic curve (defined on all of

1 (X1%8)) is given precisely by the class 7o defined by the canonical Frobenius
lifting.

§2. Canonical Objects Over the Stack of Multiplicative Periods

In this Section, we note that by working over the stack of multiplicative
periods, we can construct all the objects that we are familiar with from the case
of canonical curves.

The Stack of Multiplicative Periods

Let S'08= (N99)'°¢  Let @ be the canonical Frobenius lifting on S'%¢ (as

in Chapter III, Theorem 2.8). If, for some N>=1, we take the N iterate of @',
we get a finite, flat covering

((Dlog)N : Slog N Slog

of S™8. Let P'°® be the inductive limit of these coverings (as N goes to
infinity). Let P8 be the p-adic completion of P'°%.

Definition 2.1. We shall call P°¢ (respectively. P°%) the universal (res-
pectively, complete) stack of multiplicative periods.

Unlike the rings of additive periods considered earlier, which, roughly speaking,
are generated by adjoining the logarithms of the multiplicative parameters to Z,,
the structure sheaf of the stack of multiplicative periods is obtained essentially
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by adjoining all p-power roots of the multiplicative parameters to the structure
sheaf of the original base scheme (or stack).

More generally, let T'°% be a formal log scheme, whose underlying scheme T
is p-adically complete and flat over Z,. Let h'°®: Y8 — T'%¢ be an r-pointed
stable curve of genus ¢ that arises from some classifying morphism T'°% — S8,
Then if we pull back the morphism P¢— S8 via the classifying morphism

T'°8 —S1°2 for j'°8 we obtain an object
PipE — Tlo8

over T'%. Let P%® be the p-adic completion of P#%. We shall always assume
that:

{(*)  The log structure of T§® is trivial over an open dense set.

For instance, typically T'% will be the normalization of Z, in a finite field ex-
tension of @ with a log structure that is trivial in characteristic zero.

Definition 2.2. We shall call P8 (respectively, P%%) the (respectively,

completed) formal scheme of multiplicative peviods associated to the curve h'°®: Y'°8

—Tlog.

Note that P depends on the choice of classifying morphism T'°® —S'# for the
curve that lifts the morphism 7' —[’% defined by the curve itself. That is,

P'R® depends on a choice of quasiconformal equivalence class for h'°® : Y98 — T8,

Remark. Often in what follows we shall work in the universal case, that is,

over S'°2 and thus obtain objects over P% (or P'°%). However, one should al-
ways remember that the objects constructed define (by restriction) objects over

P'g% (or Pig%) for any r-pointed stable curve of genus g over T'°% satisfying the
hypotheses just stated.

The Canonical Log p-Divisible Group

Let S'8 = (WN$%) °8: that is, the locus of smooth ordinary curves (with a
choice of quasiconformal equivalence class). Thus, the log structure on S"2 is
trivial. Let f1°8: X'°%8 — S'°¢ he the universal curve. Let f%[N] : X"8[N] —
S™°& pe the pull-back of f°% by the N** iterate of the canonical Frobenius. Thus,
if we pull (8, Vs) back to X™°[N] and reduce modulo p”, the obstruction to de-
fining a full connection (relative to X'°¢[N] — Spec(4)) vanishes, and so, we
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obtain an JMF -object, which we shall call §[N]. Alternatively, this MF"-
object can be obtained by taking the % "-object in Theorem 1.1, pulling back

to X"2[N], reducing modulo p¥, and then reducing modulo $s. By [Falt],
Theorem 7.1, away from the divisor at infinity, and the method of Chapter IV,
§2 (following [Kato 2]) at the divisor at infinity. & [N] defines a finite, flat log
group object G [N] on X™8[N]. Let P — S'¢ he the stack of multiplicative
periods. Let f'°8[co] : X°8[co] — PI°¢ be the pull-back of f'°® to P'°%. Then
by restricting from X'°8[N] to X'°¢[co] and then taking the inductive limit, we
obtain an (up to £1) log p-divisible group

Xloe [oc]

G o] =lim G[N]

on X'°8[co],

Definition 2.3. We shall call G [o0] the canonical log p-divisible group on
‘X’IOE [OO] .

If we invert p, and pass to p-adic Tate modules, then we obtain an étale local

system of Z, ®Z,’s (up to = 1) on X"°¢[o0]q,. Now in the notation of §1, we
have

[=m, (X"*¢[o°]q,)

Thus, the p-adic Tate module of G[o]q, is given by the representation of Il.. on
Eo which was discussed in §1. Let us denote this representation by

O : Ile — GL* (E,)
Definition 2.4. We shall call p. the canonical Galois representation of Il..

Remark. 1f T is any p-adically complete formal scheme which is Z,-flat,
and ¢: T— N7 is a morphism, then even though the canonical log p-divisible
group and the canonical Galois representation are not defined until one goes up
to the scheme of multiplicative periods, one can nonetheless pull-back the cano-
nical indigenous bundle (& Vs)» on NJY to obtain an indigenous bundle
(8, V&) r on X'f8—T. This indigenous bundle is defined over T, i.e., one needn't
pass to the scheme of multiplicative periods.

Definition 2.5. We shall call (&, Vs)r the canonical indigenous bundle on

/YITQE.
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One should always remember that one only obtains the canonical indigenous

bundle after choosing a lifting ¢: T—N9% (ie., a quasiconformal equivalence
class) of the classifying morphism T —J,,, of the curve.

The Canonical Frobenius Lifting

We continue with the notation of the preceding subsection. It follows from
Chapter IV, Proposition 3.2, that the supersingular divisor D € Xr, (where £ :
X'°8 —S™8 is the universal curve) is étale over Sr,. We shall denote its comple-

ment in X, the ordinary locus of X'°8, by X°™%. Now it is immediate that the con-
struction of the canonical Frobenius lifting over the ordinary locus (preceding
Theorem 1.6 of Chapter IV) carries over immediately to the present case
(where the base is S, as opposed to the ring of Witt vectors with coefficients in

a perfect field). Thus, if we denote base-change by ®1% (the canonical
Frobenius) by means of a superscript “F,” we obtain the universal analogue of
Theorem 1.6 of Chapter IV:

Theorem 2.6. There exists a wunique ordinary Frobewius lifting (called
canonical)

@)I(og : <‘leog> ord _, ( (}{log> ord) F

over the ovdinary locus such that we get a hovizontal morphism ®FEF—E& which pre-
serves the Hodge filtration.

Now let T be any p-adically complete formal scheme which is Z,-flat, and
let $: T—N% be a morphism. Let X'f8 —T be the pull-back of the universal
curve by ¢. Write Xl})? for the pull-back of the universal curve by @ - ¢.
Then by restricting the morphism ®¥# of Theorem 2.7, we obtain a T-morphism

(D}?Z% . (Xlog) l%l‘d —_— (Xl°g> (])59
Thus, in the spirit of Definition 4.18 of Chapter IV, we make the following:

Definition 2.7. We shall call XIT(’E the Frobenius conjugate curve to X'g2.
We shall call @2 the p-adic Green's function of the curve X8 —T.

Next, we consider compactifications of this canonical Frobenius lifting.
Let D[00] S X [oo]x, be the result of base-changing to P. Let D[00] SX[o0] be
the respective p-adic completions. Let Xp[o°] be the completion of X [0] at
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D[eo]. Then just as in §3 of Chapter IV, by looking at the universal deforma-
tion spaces of the canonical log p-divisible group and its double Frobenius con-
jugate, we obtain an isomorphism

L )?DP’[OOJ g)’(\D[oo]

Let ¥ [00] =X [00] be the finite, flat covering (of degree p+1) parametrizing
cyclic subgroups (in the Drinfeldian sense) of the canonical log p-divisible

group. Then, just as before, there exists a divisor E & )7[00] F, that maps iso-

morphically onto D[] s, Let Ve [co] be the completion of Y[co] at E. Then
we obtain an embedding

(g, Rg): Vel[oo] — Xp[o0] X5 Xpr[o0]

The image of this embedding is a divisor, which, when restricted to the ordinary

locus, is equal to the union of the graph of the canonical Frobenius on (X'g)°rd
with its “¥-transpose,” as in Chapter IV, §3 (see the discussion preceding De-
finition 3.3).

Definition 2.8. We shall call ¥ [0] =X [o0], together with ¥ and (2,

Re) the compactification of the canonical Frobenius lifting ®¥E.

Thus. although the canonical Frobenius lifting ®¥® is defined over S (without
passing to the stack of multiplicative periods), the compactification is only de-
fined over the completed stack of multiplicative periods.
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