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Theory of Prehomogeneous Vector
Spaces, II, A Supplement

By
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This paper is a supplement of [G1]. In [G1, §§2 and 3], we have mainly
studied D-modules D f* generated by a complex power of a regular function,
especially a relative invariant of a prehomogeneous vector space. Here we
modify the argument so that we can include a more general D-modules such
as D(f"u), where u is a section of a regular holonomic D-module. The main
results are (6.20)(6.22). In (6.20), we determine the Fourier transform of
D(f*u), assuming that f is a relative invariant of a prehomogeneous vector
space, and that Du is an integrable connection of rank one satisfying certain
additional assumptions. As its corollary, we get (6.21) and (6.22). The latter
will be used in a study of character sums associated to prehomogeneous vector
spaces over a finite field.

Convention and Notation. We denote by Z the rational integer ring, and
by C the complex number field. As for 2-modules, we shall work in the
algebraic category unless otherwise stated. We define the de Rham functor
DR(—) so that DR(04)=Cy, where (O is the structure sheaf. For a morphism
F: X — Y between varieties, and for an (y,-module .#, F* denotes the usual
O-module pull-back; F*# =0x®p-1o, F~'M. We shall refer to [G1, (a,b,c)]
etc. simply as (a,b,c) etc.

§5. D-Modules

The content of this section is a supplement of §2.
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5.1. Notation. Let X be a non-singular irreducible algebraic variety over the
complex number field C, @ =y the sheaf of regular functions, and 2 =9y the
sheaf of algebraic differential operators. If X is an affine variety, we put
C[X]:=T'(X,Cx) and D=Dy:=I(X,2%). More generally, for a C[X]-module
we denote the corresponding quasi-coherent sheaf on X by the corresponding
script letter, and vice versa. For any C-algebra 4, we put 2 ,=9x ,:=Dx®cA,
and D, =Dy ,;=Dy®cA. In particular, when A4 is the polynomial ring C[s],
we often write P[s]=Py[s] and D[s]=Dy[s] for D¢y and Dy, respectively.
We need the C-algebra C[s,f] given in (2.3.5), namely, the C-algebra defined
by the relation ts=(s+1)t. Put D[s,t]1=Dx[s,t]:=Dx®CLs,f] and D[s,t]
=Dy[s5,t]:=Dx®C[s,1]-

5.2. 2-Modules D4[s](f*ul V) and Dx(f*u|V). We fix 0£fe(X,0x). Let
Xo:=X\f"1(0), V be a Zariski open subset of X,,, # a coherent Z,-module,
and wu=(uy,---,u,) a p-tuple of elements of I'(V,.#). Consider the left
Dx[s]-submodule .# of Dx[s]° consisting of (Py(s),-:-,P,(s)) € Dx[s]? such that
P_(f"TPLs))u;=0 holds in C[s]®c# whenever meZ is sufficiently
large. Put A& :=24[s]?/#. Denote by (f*u);| V the element ((0,---0,1,0,---,0)
mod .#), where 1 appears at the i-th place. Then A =XF_,D4[s1((f/*u);| V).
Put foul Vi=((fu) | Vs (fu),| V). We write & =Dy[s)(ful V). For a
complex number «, put A (%) :=A"/(s — o)A, and f*u | V=((f"w); | V,---,(f*W),| V)
=(*u| Vmod (s—a)A"). Then A (a)=Dx(fu| V)=2F_1D(*w);| V). If Xis
an affine variety, we define Dy[s](f*u| V) and Dy(f*u| V) in the same way. If
V=X,, we sometimes write f*u and f*u for fu|X, and f*u|X,. It is easy
to see that

(5.2.1) fis not a zero divisor of Dx[s1(f*ulV)
and

(5.2.2) Dx[s1(ul V) is CLs]-flat (ie., C[s]-torsion free).

5.3. b-Function of 2,[s](f*u|V). Assume that 2,u is holonomic and the
inclusion mapping j,: V' — X, is an affine morphism. Then there exists a
non-zero polynomial b(s)e C[s] such that

(5.3.1) bODx[SISul V) « DylsI(f*" 'ul V).

(Proof. Since I'(Xo,(jy) AM)=T(V,M)>u; and since (jy). 4 is a holonomic
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PDx,-module, we may assume X, =V from the beginning. Then the proof goes
in the same way as [Ka2, Theorem 2.7].) Let b(s,.4/") be the monic polynomial
of minimal degree satisfying (5.3.1). Put

A, (N)={aeC|bla+jAN)#0 for j=0,1,2,---} and
A_(N)={aeC|bla—j, N)#0 for j=1,2,---}.

The content of (5.4)-(5.6) seems to be standard (cf. [Gi]) and the proof is
omitted. (The detail will be included in the proceeding of the conference on

prehomogeneous vector spaces held in Kyoto in April, 1996, which will appear
in RIMS Kokyuroku.)

Lemma 5.4. Let V be a Zariski open subset of Xo=X\f"'(0) such that
inclusion mapping j,:V — X, is an affine morphism, let j: X, — X denote the
inclusion mapping, and assume that D,u=2%F_,Dyu; is a regular holonomic
Dy-module. Then

(1) 2x(f*u|V) is a regular holonomic 2y-module,
(@ DR@x(ful V))=Rj ,DR(@x(fu| V) if aeA_(Dx[s)(f*u|V)), and
() DR(Zx(f°ul V)=jDR(Zx(f*ul V) if a€ A (Dx[s1(/*ul V).

Remark 5.4.1. In the above theorem, the regularity assumption for 2,u
can not be removed even for (2) or (3).

5.5. PDyModules (f*.#), and (f*,.#),. Let ./ be a regular holomonic
Dx,-module. If # is generated by global sections u=(uy,---,u,) (u;€ I'(X,,.#)),
then we can define 24(f"w) as in (5.2). Let v=(v,,---,v)) be another global
generator system of the 2y -module .#. Then for meZ,

Rj(C/ *®DRy (M)  ifm«0

DRy (@ x(f*""u))=DRx(Zx(/*" ")) = {(Cf ~*@DRy(A) im0

by (5.4). Hence the natural isomorphism Py (f*"™u)>~Dx (f**™v) (=D /"
®ﬂ,x°jl) uniquely extends to Dx(f**™u)~Dy(f**™) if m>0 or m«0. By
the same reason, Z,(f**™u) is independent of a special choice of meZ as far
as m>»>0 or m«0.

Generally, let X=|),U; be a finite open covering, u® e I(U,,.#)"* (p;€ L)
a finite generator system of .#|U;, and consider 2y (f**™u®) (m>»>0 or
m«0). By what we have seen above, these 2, -modules patch together. In
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other words, there uniquely exist regular holonomic Zy-modules (f*.#),
=(f* M)y x and (f*,M),=(f*,.M),x such that

(5.5.1) Dy (f* ) = {Lf,ﬁj‘,lg i :: ,’::g
Then

(5.5.2) DR((f*#),)=Rj (Cf~*®DRy,(#)), and
(5.5.3) DRy((f*,#))=j(Cf ™ *@DRy(A)).

The functorial properties of (f*,.#),, and (f*,.#), follow from (5.5.2) and (5.5.3).

Lemma 5.6. (1) If 4 is a regular holonomic Dy -module, then
ch(f*, M), =ch(f*, M), and it is independent of acC. (2) If further M is
locally Oy -free of rank r, then

ch(f*, M), = ch(f*,M),=r ch(Dy [°).
(Here ch denotes characteristic cycle) (3) If further M =Dxu, then
ch(@x[s1(/*w)=r- ch(Dx[s]1/?).
Cf. (2.4.6) for the right hand side.
5.7. A ftrick to study 2[s]-modules. In order to study Z[s]-modules, the

following trick is useful. Let K be an algebraic closure of C(s), where s is an
indeterminate over C.

5.7.1. For any subfield k of C whose cardinality is countable, there is an
isomorphism K — C which preserves every element of k invariant.

This simple remark enables us to apply the results obtained so far to P¢-modules.
(Here and below, we put P =2Q®K and 9x:=DR® K. More generally, we
indicate ® K by the suffix K.)

Lemma 5.8. Let # be a quasi-coherent Dy -module, u,eI'(Xy, A),
u:=(uy,++,u,), o an indeterminate over K, and N =Dy x[c]1(f“w). Then we can

naturally identify N [(6—5)N = Dx[s](/*W)® K-

Proof. For the sake of simplicity, we assume that p=1 (u=u), and X
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is an affine variety. Then we have a natural surjection

@: N =KD o)(fu)3¢:=3 afs)® Pfo)(f"u)

- Z,: afs)Ps)fu) € Dx[s1(f 1)@ K.
It suffices to show that ker ¢ < (6 —s).4". If (&) =0, then the second term of
&= ;(a (5)® Pf0) — 1®a o) P(o))(fu) +§ 1®a(0)Po)(f*u)
vanishes, and hence £e(o—s)A. 0

This lemma enables us to apply the results concerning 2,(f*u) (xeC) to
9X,K(fsﬂ) = gx.x[oj(fdﬂ)/(o'—S)QX,K[UJ(fGE)z QX[S](fSE)®C[s]K- For exam-
ple, we get the following lemma from (5.4).

Lemma 5.9. If @yu is a regular holonomic 2y -module, then
DRy (Zx k(")) = R(j) K f* @ DRy, (D x, xt0))-

Here we may replace (j), with either of (i), or (jx)4- In particular, if Dx u
is a simple Dy -module, then Dy x(f*u) is a simple Dy x-module.

5.10. Various b-functions. Let X be a connected non-singular variety over
C, 0£/eT(X,0y), and Xo:=X\f"10). For xeX, put A,:=0y,, 4,:=0%,,
and let A, be the completion of 4, by the maximal ideal. Let .# be a
holonomic 2y -module, u;e'(X,,.#) (1<i<p), and u=(u,,---,u,). Let R be
one of the rings A, A, or A.. Let B (s,u), B.(s,u) or B,(s,u) be the (monic)
minimal polynomial of

SE End< R® 4, D [s1(f*u) >
R®Ax9x,x[8](f’+ 12)

for the respective R, which we shall call the b-function. (If we admit the
b-function to be zero, we do not need to assume the holonomicity of .#.) Let
B(s,u) be the minimal polynomial of

seEn d( Dx[s1(/*w) )
DxLs) " ')
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which is also called the b-function. In the remainder of this section, we study
a relation among these b-functions as a preliminary for (6.17). It is easy to
see that

(5.10.1)  B(s,u) is the least common multiple of {B.(s,u)|xe X}. (Cf. (2.5.2).)

5.11. b-Functions and group actions. Let y be an automorphism of X such that
(5.11.1) f(yx)=Af(x) with some AeC™.

Then y induces an automorphism of X,. Let # =%y u (u=(uy,"--,u,)) be a
PDx,-module such that

(5.11.2)  there exists a Dy -isomorphism ¢ =@, :y*M — M such that T,T(X,Ox)u;
=Z(X,0x)(*u). (Here y*u;=1®u;.)

Put v;:=¢(y*u;) and v=(v);. Then it is easy to see that
(5.11.3) Dxs1(f*w)=Dx[s1(f*v) % D1y *w),

as Pyl[s,t]-modules, where ¢ is the operator s+>s+1 (cf. (5.1)), and hence
(5.11.4) B(sw=Bs.y"W)=Bus0) (xeX).

Now assume that a group I acts on X. By (5.11.4), we get the following two
assertions.

5.11.5. If every element yeT induces an automorphism of X satisfying (5.11.1)
and (5.11.2), and if x,€ X is contained in the Zariski closure of a T-orbit T'x,,
then B, (s,u) divides B, (s,u). (Cf. (2.5.3).)

5.11.6. Keep the assumption of (5.11.5), and further assume that x,€ X is
contained in the Zariski closure of every T-orbit, then B(s,u)=B, (s,u).

Lemma 5.12. For any xe€ X,

B.(s,u) =B (s,u) = B,(5,u).

Proof. It suffices to prove that B:= B, divides B:=B,. (Cf. (2.54)) Put
A:=C[X] and A4,:=C[X,]. For the sake of simplicity, we assume that u
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consists of only one section '€ I'(X,,.#). Since the problem is local, we may
assume X to be affine Put M: =Dy, and let u be the image of u' in
A.@,M. Let (xy--,x,) be a local coordinate system at x, 0;:=0/0x;,
0*:=0%---0f and || =Z,0; for a=(at;, ", 2,)€(Z5o)" Let

(5.12.1) P(f**'uy=B- fu

with Pe A,[s]® ,Dy. Take Q;,--,Qy€ A,[5]® 4Dy so that T(4,[s]® ,Dx,)0;
is equal to the annihilator ann(u; A,[s]® 4Dy,) of u in 4,[s]1® 4Dx,. Since
A[s] is faithfully 4,[s]-flat, we may regard u as an element of 4,[s]® Anls]
(A,[51® ;M)=A,[s]® 4M (cf. [B, Chapter 1, §3, Proposition 97]), and then we
have

2 (AL51® 4Dy ) Qs=ann(u; A,[51® D)
Let
(5.12.2) ST =B = TR R,
with leZ. , and R;e A [5]1® 4Dy . (The left hand side is a product of operators.)

Let

k:=max{ord P,ord R; ord Q;| 1 <i<N},

P=Y a0,

la| <k

f—s_aa_fs+1=f—k+1 Z caﬁaﬂ (lalsk)’

1B <k

Ri= Z diaaa, and

|la| <k

Q= Y eaiﬂaﬂ (|« <k),

18] <2k
where a,e 4 [s], Cup€ A, [5], d €A [s] and ep€A[s]. Then (5.12.2) can be

expressed as

(5.12.3) Y Xy —B=fT"Y Ve

la,18] <k 1<i<N
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with X,=a,and Y, =d,,. Thusf**'x(5.12.3) gives a system of linear equations
for unknown variables X, and Y;, with A, [s]-coefficients, and has a solution
in A [s]. Since A,[s] is faithfully 4, [s]-flat, (5.12.3) has a solution in A4 [s].
(Cf. [B, Chapter 1, §3, Proposition 13].) Hence we can find Pe 4,[s]® ,Dyx
satisfying (5.12.1). Hence B divides B. O

The following two lemmas are not used in the present note, but will become
necessary in a forthcoming paper.

Lemma 5.13. Let
0-~ @Xo.li, - 9Xug - 9on” -0

be an exact sequence of coherent Dy -modules. Take xe X. Put b(s):=B,(s,u),
b'(s):=B(s,u) and b"(s):=B(s,u"). Then b(s) divides TI[~ _,b'(s+db"(s+i) if
m>>0.

Proof. Consider Dy [s,t]-modules N:=Dy [s1(f*u), N =2 [s1(f*¥),
and N":=Dy [s] (f°u"). First let us consider the case where Py u"=0. Since
N[t~ ']=N'[t""], and since N and N’ are finitely generated 2 ,[s]-modules,
*N' = Nc t7'N’ for k,/>0. Then

b(s+kW'(s+k—1)---b'(s—)N
cb(s+kb(s+k—1)---b(s—Dt™'N’
=t (s+k+I)---b()N' = t**'N' < ¢N.
Hence b(s) divides b'(s+k)b'(s+k—1)---b'(s—1).
Next consider the case where u” is the image of u, and N' < N. Then

we get morphisms 0 — N’ ENSN — 0, where B is the inclusion mapping,
CB=0 and C is surjective. Moreover, this sequence becomes exact after the
localization by t~!. Hence b"(s)N c tN+(N'[t"']nN), and consequently
b"(s)N = tN+t"*N’ for k>»>0. Then

b(s) - b'(s—k + 1)b'(s— k)b"(s)N
C IN+ 175 (s +k) - b'(s+ DB ()N’
< tN+tN'=tN.
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Hence b(s) divides b'(s)---b'(s —k)b"(s).

In the general case, put N':=¢"N' and b'(s):=B(s, f™4). Then b'(s)N’
ctN’,and N' = "N’ = N. Hence b'(s+mN' = b'(s+m)t"N' = t"b'(s)N’
c "IN =N, ie.,

(5.13.1) b'(s) divides b'(s+m).

Let #" be the image of u in Py u", and put b"(s)=B,(s,#"). By the first and
the second steps, we can see that, if k,/>0, then

(5.13.2) b"(s) divides b"(s+k)---b"(s—1), and
(5.13.3) b(s) divides b/(s)---b'(s—k)b"(s).
By (5.13.1)+5.13.3), we get the result. O

Lemma 5.14. Let 9yu be a regular holonomic Dy -module such that
DRy (Px,) is locally constant and has a finite monodromy. Then for any x€ X,
the zeros of B.(s,u) are rational numbers.

Proof. As in [Kal], we may assume /'~ '(0) to be normal crossing. By
(5.10.1) and (5.12), we may assume that X=C", f(x)=x{---xi" (e;€Z,,),
DR(2x,u) is locally constant and has a finite monodromy. By (5.13), we may
assume that DR(Zu) is locally constant sheaf of rank one. By (5.13) again,
we may assume that Dy u=Dy (x7'---x;") (;€C) and u=x3'---x;, taking up
possibly a different generator system. Because of the finiteness of the
monodromy, «;€Q. Hence we get the result. O

5.15. Microlocal condition. Let 7n:T7T*X —> X be the projection, .# a
regular holonomic @y -module, ueI(X,y,#), and p,ech(Px(f*u)). Assume
that Qe 2%, is invertible in &,, (= {microdifferential operators at p,}), and
that Q(f/** 'u)=bq(s)(f/*u) with by(s)e C[s]. Then by(s) is a non-zero constant
multiple of B, (s,u). (Cf. (2.5.7).)

§6. D-Modules and Prehomogeneous Vector Spaces

The content of this section is a supplement of §1 and §3. The main
results are (6.20)-(6.22). To fix notation, first we review the content of §1 and
§3, with some supplement. Next we give an essential part of the proof of
(6.20). Since the proof of (6.20) has a large overlap with that of (3.11), we
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have omitted the part which is essentially the same as (3.11).

6.1. Prehomogeneous vector space. Let G be a connected reductive group
over C, p: G — GL(V) a linear representation such that O,=G-v, is open in
V for some vy € V. (The G-action is defined by g-v:=p(g)v (g€ G, ve V).) Such
(G,p,V) is called a prehomogeneous vector space. We denote by the same
letter p the Lie algebra homomorphism g:=Lie(G)— gl(¥) induced by
p:G— GL(V).

6.2. Relative invariant. Let ¢eHom(G,C*) and 0#feC[V] such that
flgv)=d(g)f(v) (ge G, veV). Such f is called a relative invariant with the
character ¢.

6.3. Dual. Let V¥ be the dual space of V, and p¥:G — GL(V'") be the
contragradient representation. Then (G,pv,V"V) is also a prehomogeneous
vector space. There exists a relative invariant 05/ e C[V' V] whose character
is ¢~ '. Then dimV=dimV'=:n and degf=degf"=d Let {v,v")
={vV,v) (veV, v¥ e V") be the natural pairing.

We fix fand fv as above in the remainder of this section.

6.4. PutQ:=V\f"10)and Q" :=V"\f" 10). There exists a unique G-orbit
0,=G"v, (resp. Oy =G-vy) which is closed in Q (resp. Q). Define morphisms
F:Q—- VY and FY:QY - V by F:=gradlog f and F":=gradlog fv. Then
Fand FV are G-equivariant, F(Q)=F0,)=F0,)=0y , and FY(Q")=F"(0y)
=FY(0y)=0,. Moreover F:0, - Oy and F":0{ - O, are isomorphisms
which are the inverse of each other. In particular, dim O, =dim Oy =:m. Let

0, 505V and oy 50Y 5 v be the inclusion mappings.

6.5. (Cf. (1.18).) Let (TO))* be the conormal bundle of Oy ie.,
(TOY) ={(v,v)eVx VY |vYe0y, vLT, 0y (< V)]

Then the following diagram is commutative.

(Toy)yr =%, 0

projection Y v F
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where ®(v,v¥):=v+F"(v"). The inverse morphism of @ is given by
Y():=(v—F"Hv), Fv)) (veQ). Interchanging the roles of V and V'V, we get
@V, ¥V, and a similar diagram.

6.6. For a local coordinate system {z,,---,z,} of O, put

(6.6.1) w? :=det(<F*<i>,—a~>)-(dzl A - Ndz,)®2.
0z;) 0z;

(Here 0/0z; denotes the vector field defined by z;.) Then w? is independent
of the choice of the local coordinate, and gives rise to a global section of the
line bundle (A"T *0,)®? which is everywhere non-vanishing. Let n: 0, — O,

be the two-fold covering of O, determined by w:= \/55 The m-form w on
O, is defined only locally (with respect to the classical topology), but its
pull-back 7*w=:@ is defined globally on O,. Define w"2, w", &", and
n¥:0y - 0y, replacing 0, and f with Oy and fV. Consider the cartesian
squares

v ~ F
o .0, Q—0f
(6.6.2) =] l= and =] 1L
v F
Qv F 01 Q— Oi/

By (3.15), we get the cartesian squares

~

0, — 0 oy —— av
(6.6.3) | =l and 7| =
0, ——Q oy . a

such that Fo7: O, — Oy is the isomorphism constructed in (3.15) (and similarly
for F¥oi¥). We consider 0, (resp. O}) as a closed subvariety of Q (resp.
QV) by 7 (resp. i¥), and we write F (resp. FV) for io F (resp. o F") if there is
no fear of confusion.
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6.7. Let D4u, be a regular holonomic 9,-module such that L:=DR(P,u,)
is a locally constant sheaf of rank r. Let us apply the results of §5 to
Douy. By (5.4),

Rj (Cf*®L) if Re(a) <0,

671 PR U=\ cror)  ifRe(w»0.
By (5.9),
6.7.2) DR(Zy k(f“uo)) = (jxh *(Kf '@ Ly),

where Dy (o) = Dy[s1(f*1o)® ¢;sK, and hence

(6.7.3) Dy x(f°uo) is a simple Dy x-module, if Douy is a simple Dy-module.
(See (5.7) for K.) By (5.6),

(6.7.4) ch2y(f*uy)=r-chP, % and

(6.7.5) chDy[s)(f*uo)=r-chDy[s]f*.

6.8. g-Action as differential operators. If a g-action is given on a non-singular
variety over a field of characteristic zero, then each A4 eg gives a vector field on
X, which we regard as a differential operator of first order. Hence, for (a
local) section u of a D y-module and for 4eg, we can consider Au. Let v be
a Lie algebra character of g. Then the definition of the relative invariance
of u, (=a symbol) with respect to g

(6.8.1) —Au,=v(Au, (Aeg)

can be regarded as a system of linear differential equations for u#,. Denote the
corresponding Py-module by Dyu,. If X consists of a finite number of
G-orbits, then Zyu, becomes holonomic [Ka3, 5.1.12]. If X consists of a
single G-orbit, then Zyu, becomes a locally free Ox-module of rank <1.
(Remark. This rank can become zero. For example, consider the case where
g acts trivially on X and v#0. For a less trivial example, see (6.11.10).) Assume
that we are given g-actions on non-singular varieties X and Y, a g-equivariant
morphism ¢: X — Y, and a Dy-module #. For a local section ue.#, put
é*u::1®ue(9x®§_1@yf"./fl=:€*ﬂ. Then we can see that

(6.8.2) A(E*u)=E%Au) (Aeg, ue ).
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(Proof. We may consider locally with respect to the classical topology.
Let X= {x= ( Xyt )}s Y= {y = ( . 'syj, . )}’ {(X)= ( : 'aéj(x)’ .- '), and Zai(x 6?:.- s
(resp. Z;b(y)s;) be the vector field on X (resp. Y) defined by Aeg. For any

C>-function Y on ¥, AW(¢(x)) = (e X)) |- = dh(e " E(X)) |i= 0 = (AY)EX)).
From this relation follows that X.a,(x)3%=>b/(x)). Hence

A& =419 =, a0 (181

0lix) 0
0x; ®5)Tu

=_Z a{(x)

i

= Th N8 u=1@Au=E¥An). D)

Vi

Remark 6.8.3. Let G be a simply connected semisimple group, I a finite
subgroup, and X:=G/I'. Since g:=Lie(G) has no non-trivial character,
DRy(Zxu,)~Cx. On the other hand, the locally constant sheaves of rank
one on X are in one-to-one correspondence with y’s in Hom(I',C*). Hence the
locally constant sheaf of rank one associated to y#1 can not be obtained as
DRy(Zxu,). The author does not know whether all the locally constant sheaves
of rank one on O, can be obtained as DR(Zu,), or not.

6.9. Keep the notation and the assumption of (6.8). We further assume that
there is an algebraic group action on X of a connected linear algebraic group
G such that g=Lie(G) and that the G-action induces the g-action on X given
in (6.8). For yeG, define an isomorphism

(6.9.1) O=0,:y*Dyx > Dx

so that @(P)h=y*Py*~'h for heOx, and for Pe(y*Py),=Pyx.,. (Here and
below, we denote by y the morphism X — X, x+>yx.) Since y*4y*~'=y"14y
for yeG and Aeg (the right hand side is the adjoint action), and since
vy~ 1A4y)=v(4), we have

P* Y, DA +v(A)= 3, Dx(A+V(A)).

Aeg Aeg
Hence (6.9.1) induces a 2 y-isomorphism

(6.9.2) O=0,:y*Dyu, - Dxu,



46 AkmHIKO GYOJA

such that o(y*u,)=u,.

6.10. Some D-modules. Put

Y ®15. .5
5y =2 Bloiea eF(ﬁV’f 05;).
n¥dy; A+ Ady,) P

(See (6.6) for @". Note that [;.05,=[205;.) Then we can consider the
global sections

F*65. eT(Q,F* f 0s5;),

v
i

6wv:=5a—,veF(Q",1t;J 0s;) (=1"(QV,J 05,)

v
13

v

F*5,,. :=F*5u-,veF(Q,7t*F*f 05;).
(In (3.17), 65 and 6,. were denoted by 4 and A, but here we change the
notation.) Since n F *jp(ﬂm is a regular holonomic 2,-module, we can apply

the results of §5 to the Z,-modules 2D,[s](f*-F*d,.) and D, (f* F*6,.)
(xeC). We define 65, FV*6; , 6,, FY*6,, Dy.[s(f'* F'*s,) and
Dy (fV* F¥*3,), similarly, interchanging the roles of V and VV. For
A eLie(G), put ¢o(A4):=trace p(4). Then

(6.10.1) —A8,.=po(A)d,. by (3.17),
(6.10.2) —A(F*3,.)=o(A)F*S,. by (6.8.2), and
(6.10.3) —A(f*- F*,.)=(s(A) + do(A) 5~ F*5.,. .

6.11. Locally constant sheaves on Q and O). Consider

(6.11.1) a regular holonomic D g-module Dgu, which is Oy-free of rank one,
and such that — Aug=y(A)u, (A€g) with some Lie algebra character y of g.

Define a locally constant sheaf on Q of rank one by L:=DRy(Zqu,). By
(6.5), F induces an isomorphism =,(Q)— n,(0;). Hence L can be uniquely
expressed as L=F*L"Y with a locally constant sheaf LY on Oy of rank
one.
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Example 6.11.2. Let fi, -, fi,e C[V]\{0} be relative invariants with
characters ¢,,---,¢, such that f(Q)$0. Let f;YeC[VV]\{0} be a relative
invariant with the character ¢;!. Then f;" (resp. f;"!) is a non-zero constant
multiple of FV*f,"!, (resp. F*f;Y), and uy:=II'_, f* (a;€C) satisfies (6.11.1)
with y=Xa;¢;. Thelocally constant sheaves L on Q, and LY on Oy are given by

L=C-[]fi*™, and
LY =C-T[f"=|0}.

Example 6.11.3. Let ¢,, f; and f;¥ (1<i</) be as in (6.11.2). Then
uy:=IIi_ f*-F*5,. (1€ C) satisfies the above condition with y=X!_ 0,0, + ¢,
The locally constant sheaves L and LV are given by

L=<C : [pz-m) ® F*Cw"), and

LY =<C-]—[f,.”'|0f>®CwV.
Note that (Cw”)®(Cw")=Cy, and hence D(Cw " [m])=Cw"[m], where D( )

denotes the Verdier dual.

Remark 6.11.4. For a fixed 1eC™, define ae GL(V) by a(v)=Av. By

(6.8.2), there exists a 9, -isomorphism ¢:a*P,u, =t Do, such that
a*(u,):=1®u,—u,. (See x for (6.11.1) and u, for (6.8.1).) Since Do u,~Py.u,

(1, up), we have @:a*PDg ug > Do (@*ug—uy). Let @:a*PDguy > Dau, be
its extension. (Note that PDqu, is the minimal extension of P, u,.) Since
ola*ug)=u, on O,, and since they are global sections of the free (’,-module
Dauy ,

o*¥a*uy)=u, on the whole Q.

The global isomorphism ¢ on Q induces a*L~L and a*LY ~L".

We can consider an infinitesimal version of the above argument. Put
Euler:=X]_,x;3Z. For any C*-function y on ¥, we have A(y(cx))=(Ay)(cx)
(4eg, ceC™). Differentiating by ¢ and then letting ¢ — 1, we can see that
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the Euler operator commutes with the g-action. Hence we can define a
morphism ¢ € Hom, :=Homg(Dugy, Du,) by ¢(ue)=(Euler)u,. Here 9 means
D0, but we may read 2 also as 9,,. (Note that Dqu, is the minimal extension
of Do up) Since Dyuy is a locally free Op,-module of rank one, Hom,
=C. Hence

(6.11.5) (Euler)uy € Cu, .

This remark is useful when we need (2.7.2).

Remark 6.11.6. If (G,p,V) is a regular prehomogeneous vector space,
(6.11.2) and (6.11.3) are essentially the same. See [S, Proposition 11]. Let
us show that, in general, if we do not assume the regularity for (G,p, V), then
the locally constant sheaves L of (6.11.3) can not be obtained as in (6.11.2). Let
f1,-++, f; be the totality (up to C*) of mutually distinct irreducible relative
invariants. Let ¢; be the character of f;. Put u:=F*,. (cf (6.10)),
fE=ff* (€ C), L:=DR(Zqu), and assume that

(6.11.7) L=Cf™%(=®Cf;") on 0,.

Then Do u~P,,f*. Since L is locally constant on Q, a;€Z whenever
f{€)20. Removing the factor Cf;”* for such i from the right hand side of
(6.11.7), we may assume from the beginning that

(6.11.8) o;=0 whenever i¢ I, where I:={i| f(Q)30}.

Considering the minimal extension, we get Dou~D,f*. Let Pf* (PeDy)
be the element of 2,f* corresponding to u. Since the G-action on
Do=%, . of "Dy=Z,50f "C[V]IQ®C[V"] is locally finite, there exists a finite
dimensional G-submodule W containing P. Let W=@®,W,, P=X,P, be the
G-isotypic decomposition. Since —Af* =(Zx;¢0(A4))f* and —Au=dy(A)u
(¢po=trace p) for all 4€g, there exists W, associated to Zo;¢p;—¢p,. For such
4, Pft=P,f*, and hence we may assume from the beginning that P is
relatively G-invariant with the character o, — ¢, i€, (g% 'Pg*=(Zo;p;
—¢o)g)-P. Take m>0 so that W, < f~™D,. Let f=cff* - fi"* (@;€Z.,,
ceC™). Then a;=0 (i¢I), and f™PeD, is relatively G-invariant with the
character X (o;—ma)p;—¢o. Put f*=II,,f, where s’s are independent
indeterminates. Consider f* in a simply connected neighbourhood of a point
of O,. Then f™Pf*)#0, since it does not vanish for s=oa If 5’5 are
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specialized to non-negative integers, then f* and f™(Pf*) become relatively
invariant polynomials. Hence considering the character of f™(Pf*), we can
show that for se(Z,,)’, there exists c=c(s)e(Z,) such that

1

Y (—o+ma+s)di+ o= Y k)i,

iel i=1

whenever Pf*#0. We can easily see that this relation implies that each c(s)
is a Z-linear combination of s; (ie) and 1. Put d:=¢(0). Then

Z(_ai+mai)¢i+¢'0=idi¢i and d,eZ,
i=1

iel

and hence

(6.11.9) $o€). Chi+Y, Z¢;.

iel i¢l
Inspecting [Ki, §3, Table B], we can see that (6.11.9) is not satisfied by none
of prehomogeneous vector spaces which are listed in the table and satisfy

card{irreducible components of (p,V)}

> card{irreducible relative invariants}/C> >0.

Hence for these prehomogeneous vector spaces, (6.11.2) and (6.11.3) are essentially
different. (On the other hand, it is easy to see that (6.11.2) and (6.11.3) are
essentially the same if these two cardinalities coincide.)

Remark 6.11.10. Consider the ZPy-module Dyu, (#0) as in (6.8) with
X=0y. By the same argument as in (6.11.6), we obtain the relation
vEZ;fCoh;+ZiyyZe; in place of (6.11.9). In other words if this relation does
not hold, then D4u,=0.

6.12. b-Functions. In the subsequent paragraphs (6.12)(6.19), we study the
‘b-function’ of f*u,, taking up and fixing some Pq,u, as (6.11.1).

Let Do [sJug+, denote the Dy [s]-submodule of Dy, kug, (cf. (6.8.1)
generated by uy,,. For a commutative C[s]-algebra C, provisionally put
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Dy = C®cZoo[51tsh+ 5
(6.12.1) Dc(fuo) = C®cZo,[s1(f*uo), and
Homg, =Homg (Dt s Dc(f*uo))-

We assume that C[s] = C. Since Dy [s]ug., and Do [s]1(f*u,) are C[s]-flat
(i.e., C[s]-torsion free),

(6.12.2)
DTy +y © Dty sy, PLsISfuo) = D(f*up), and Homgy = Homg,,

where 2=9%,,. In the following lemma, we use the notation of (5.7) together
with the provisional notation given here.

Lemma 6.13. Define peHomg, by Gugy.,)=f"uy. Then (1) ¢ induces

Proof. (1) is obvious. (2) Since Do, kUs+, and Do, k(f“uo) are locally
free 0p,x-modules of rank one, dim Hom, <dimHom, <1. (Here Homg, is
defined as (6.12.1) replacing Homg,, with Hom,, .) Since 0#@eHomg, , we
get the result. (3) For aeC, put C:={&(s)/n(s)| &neCls], n(@)#0}. Then C
is a discrete valuation ring. Assume that Hom,, 2 Ce for some a. Since
Homy,,. is a torsion free C-module of rank one by (2), it follows that ¢ =(s—a)¢’
with some ¢’e Hom,., and hence that there exists a surjection

0= D(fuo) — D f*uo)
O(Dcusp+y) (=)D (f o)

=D o,(f*14o) #0.

This is absurd. Therefore Hom, = Ceo for all «. Take Y e Homgy;. Then
there uniquely exists aeK such that =ap. By what we have porved, ae C
for all «. Hence aeC[s]. O

Lemma 6.14. Let u, be as in (6.11.1). Then with some polynomial
b(s,uq) e C[s],

[ (grad )(f*" "u)=b(s,uo) fuo

in Dy[s1(f*uo)-
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Proof. Keep the notation of (6.13). Define ¢'eHomgy by ¢'(uy.,)
=f"(grad,)(f** 'u,). (The well-definedness follows from that of ¢’eHomg, )
Then ¢ =b(s,uy)p with some b(s,uy)eC[s] by (6.13, (3)). Put u:=
SV (grad (" 'ug) — bls,ue)(f*uo). Then u|0,=0 in D [s1(f*u,), and hence
u|0y=0in Dy (fuy). Since Dy x(f*up) is a simple 2, x-module by (6.7.3),
u| 0y, =0 implies u=0 in Dy ((f*u,) by the next sublemma. Hence we get
the result by (6.12.2). d

Sublemma 6.14.1. Let M be a simple D-module, i.e., a non-zero coherent
2-module without proper coherent 9-submodule, and U c X an open subset. If
M |y #0, then the restriction map U(X,H) - U(U,H) is injective.

Proof. Assume that 0#uel'(X,#) and u|y;=0. Since .4 is simple,
M =2u and hence A |;=0. O

6.15. Orbit 0°. Put 0°:={v—F"Fuv)|ve Oy}. Then 0° is a G-orbit of ¥,
since it is an image of G-orbit by an equivariant mapping.

Example 6.15.1. In the example (3.24), O°= Og, the orbit appearing at
the bottom of the right half of the holonomy diagram.

6.16. Microlocal b-function. Let u, be as in (6.11.1), and b"(s,u,) (resp.
b"°(s,.7 (u,))) be the microlocal b-function of f*uy at W(0Q,) = T *V (resp. f ¥ F (u,)
at {0} x O, = T*V", i.., the open orbit in the conormal bundle of {0} = V'Y).
(See (6.5) for ¥.) We normalize b'°° to be monic. Thus we get the functional
equation, f**'uy=>5"%(s,uo)P(s)(f*u,) with some microdifferential operator
P(s)e &[s] whose principal symbol is invertible on ¥(O,), and similarly for
fV°F(uy). See [G3, (0.5) and (6.1)].

Remark 6.16.1. In [G3], we have exclusively studied u, as in
(6.11.2). However the argument in [G3] is based on the relative invariance
of f*u,, and works for general u, as in (6.11.1).

Lemma 6.17. Let u, be as in (6.11.1). Take ve O° and v'e O°. Let a(u,)
be the leading coefficient of b(s,uy). Then

a(uo) - 1b('sauo) = Eo(sa”o) = BO(S: uO) = Bv’(sa uO) = Bv(sa uO) = blnc(s9u0)'
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(See (6.14), (5.10) and (6.16) for the various b-functions.)

Proof. (1) We have
{0} x OY = (TOy)* = ch(Df) by (3.3)
=ch(D(f*u,)) by (6.7.4).

Since fv(grad,) is invertible as a microdifferential operator at any point of
{0} x Oy , we get the first equality by (5.15). (Note that {0} x Oy projects to
0.) The second equality is a part of (5.12).

(2) Let us show that B, divides B,, using (5.11.5) with '=G and

X=V. It suffices to prove (5.11.2). Since Dy u, 3 Do (u, > uo), we have
for yeG, a Py, -isomorphism ¢ =¢,:7*PD o us = Do, such that o(y*uy)=u,
by (6.9.2). This ¢ uniquely extends to an isomorphism ¢:y*@guy — Dou, -
Since (p(y*ug)—uo)| O =0, o(y*us)=u, on Q. Thus we get (5.11.2).

(3) By the same argument as in (2), using the C™-action instead of the
G-action, and using (6.11.4), we can show that B,. divides B,.

(4) Let us show that B,(s,u)=b"(s,uo) =a(uy)~ 'b(s,u,). Take vye O, so
that v,—FYFvg)=v. By (3.3), (6.5, and (6.7.4), ¥(vo)=(v,Flvy))e(TO;)*
< ch? f*=ch2 (f*u,), which is a point lying over v of the cotangent bundle
T*V, and whose G-orbit W(O,) is of dimension n. Since f ¥ (grad,) is invertible
in &y, We get the equality. (Cf. 5.15).) O

Lemma 6.18. Let uy be as in (6.11.1). Then degb(s,uy)=d (=deg f).

Proof. By (6.17), it suffices to calculate degb'(s,u,). By [G3, (0.5, (4)],
this degree does not depend on u,. Since we have already proved in (1.7)
that deg b(s,1) (=deg b'°(s,1))=d, where 1 denotes the identity element of C[Q],
we get the result. O

Lemma 6.19. Let u, be as in (6.11.1). (1) f(grad )X/~ "' F(f*up))
=(— 1o —s— 1, up) f VSF (f*u,), where F(—) denotes the Fourier transforma-
tion of Dy-modules. (See (2.7)) (2) a(ug)™ '(—1)b(—s5—1,u0)=Bo(s,Fu,))
= Bo(s,F (o) = b"(5,F (u))-

Proof- (1) Read the proof of (3.1) replacing b(s) — b(s,u,) and f*

= f*u,.
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(2) We have
ch D(f 7 F(f°u,))
=ch D(Z(f*uo)Lf ¥ ~']) by (5.6.1)
=ch D(Z(f*u,)) (cf. the proof of (3.2))
=ch D(f*u,) by (2.7.2) and (6.11.5)
=ch Df* by (6.7.4)
> {0} x O,.
Since f(grad,) is invertible as a microdifferential operator on {0} x O,, and

since {0} x O, is an open dense G-orbit of the irreducible component {0} x V'
of chDf* we get the assertion. (The second equality is a part of (5.12))

O

Now we can prove the following theorem in the same way as (3.11), using
the results of this section so far.

Theorem 6.20. Let uy be as in (6.11.1) and put
A, ={aeC|blo+j,up)#0 for j=0,1,2,---}, and
A_:={aeC|bla—j,ue)#0 for j=1,2,---}.

(1) D(fuo)=D(fug)Lf ~'1 if xeA_.

@) D(fuo)=((D(f*uo)*Lf ~'N* if aeAd,.

B) FD(S u)=F(D(fuo)lf¥ 1] if acd,.

@ F (D" ue) =(FD(f u)*Lf¥ ' D* if aed_.

(5) Let I be the defining ideal of Oy in C[V"], ¢, :=trace p(A), and let Dy .u,
be the D-module defined by

— Auy =(ap + x + po)(A)u, for AeLie(G), and

au, =0 for ael
Then for any a€C and for any keZ,
FD(fu) LS~ 1=Duz )L 7',

where F(f*uy) is identified with f~ ~*u} ,,.
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Corollary 6.21. (Cf. (3.23).) Let ug, L and L" be as in (6.11).
(1) DRDW(fuo)=Rj(C/™*®L) if acA_.
() DRDy(f"uo)=j(Cf *@L) if acA,.
() DR(F(Dy(f*uo))[n]=Rj; i (Cf~ *@LY®Cw”[m]) if a4, .
@) DR(FDy(f uo)n]=j"ig(C/¥ *"Q@L"®@Cw[m]) if acA_.

Corollary 6.22. (Cf. [G2, Theorem 4].) Let L and L" be as in (6.11), and
F denote the Sato-Fourier transformation.
(1) FRLn)=jiy (LY @Cw)[m].
@) FULMMD=Rj i (LY @Caw)[m].
() FR[LQF*Cow”)[n])=ji"ig LY [m].
4 FULRF*Co”)n])=Rj iy L"[m].
Moreover, for these perverse sheaves, # =F .

Example 6.23. Letfand f" be asin (6.3). Let {f;};<;<x (tesp. {f;" }1<i<k)
be relative invariants on V (resp. V') such that f,(v) ;¥ (v") (v,v¥)e V' x V'V) are
absolutely invariant, and such that 0¢ f(Q) and 0¢ f;¥(Q") for all i. Then
(6.22) holds for L=Cf{*---f and LY =CfyY ~*--- ¥ ~%*| 0y .

6.24. Remark on Cw". Let n¥:0) — Oy be the double covering defined
by w" (cf. (6.6)), and let L(w") denote the isotypic part of n; Cg, corresponding
to the non-trivial character of Gal(0y/0y). Then L(w“)=Cw". This
description of Cw" enables us to consider an analogue of (6.22) in the category
of étale Q,-sheaves, which will be used in a study of character sums associated
to prehomogeneous vector spaces over a finite field.
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Let us list some symbols used in [G1] (=Part I) and the present paper (=Part II). Some of
them are included in both lists if the symbol is appeared in Part I and is reviewed in Part II.

List of Symbols

Part I
L1. G, p, V, Oy, v,
12. f ¢
13. n:=dimV, d:=deg f, Q=Q(f):=V\f"}0)
14. 0,=0,(/)

L5, p¥, VY, (D=0, {ogova) {080} fY, QV=QY(fY)=VY\f""1(0), 05,
oY =0Y(f")

1.6. b(s)=bos'+bys" 1+ +by,

1.8. F:=gradlog f, F¥ :=gradlog [

1.10. T,X, (T,X)*

1.11. FAQ),

1.16. B.v, Gy~

1.18. (TOY):, ®(v,v"):=v+F"(v"), ¥(v)=(v—F" F(v), Av))

2.1.1. A(V)=C[V],{x1, -, X,}, D(V), A= A(U), D =D(U), 8;= 3, ord(P), Dy, grD), gr(D), 6 =7,
2.1.2. P Q

213. A4,,m,, 4, m,, 4,, m,, D, D,, E,

214. Dyy, Dyyy, 1ysy

2.1.7. M[f~'] for a D-module M

2.2.3. ch(M)

2.24. m(C)=m(C,M) (multiplicity of a D-module M), ch(M)=ch(M)
2.3.1. D[s], D[s]f*, Df*

2.3.2. N=D[s](f*u), N(®)=D(fu)

2.3.5. C[s,1], D[s,t]

236. A,=A.(c), A_=A4_(c)

24.1. W, W,

2.5.1. B(s), B,(s), B,(s), B,s)

2.5.7. bys)

2.6.3. M*=Exth(M,D)® ,Q"! (dual holonomic D-module)

2.7.1. & (Fourier transformation)

28.1. 0=0y4, Q=Qy, D=9y, O(*"=0%, M*"=0"QoM

2.8.3. Sol(#):= RHomgan(A*",0"), DR(A):= RHOMgan(**", M*"), etc.
3.5. ¢o:=trace(o(4)), Duy, Duy

312. 0,505 v, 0v 50 Ly, ov?
3.14. @Y, nv:0y -0y, &
3.15. F:0,- 0y

e
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@Y @15y .5° _ 0" ®loy .o
n*dy, N Ndy,) dy; \--- Ndy,
(In [G1], 85~ (resp. d»v) was denoted by /& (resp. /), but we change the notation.)

307, S5v =65y 5= B0 =07

3.22. L)=Cf* LY(@)=Cf"* HY =L(w") (L(w") is a new notation introduced in the part II.)
3.23. m:=dim 0,=dim OY

4.1. A =%RBx="{hyperfunctions}

4.2. V., MK), etc.

44. Q, Q

4.7. I=I'=1"

48. GR)*
vk
4.10. hV=|F @ N 3zms 1552 )dzm+ 1 N\ Adz"l, IfYlrehY (1<j<1)
dy; A\ -+ Ndy, |
414. |f (1<j<))
Part 11

51. 0=0y, 92=2%, 2,=Dx,=2xRcA, D,=Dx1=Dy®cA, D[s1=D[s]:=2xQCls],
D[s,t]=24[s,t] =2®C[s,t]

5.2. Xoi=X\f"'0), 2x[s1/u) =ZDx[s1*W:, 2x(f*w)=Z,Dx(fu):, Dx[sIf*), Dy(f°u), ful V,
ulVy, fulV, (feul V)

53. b(s, V), A (N), A_(N)

5.5. (f%AM),, (f%AH),

5.7. K (=algebraic closure of C(s))

510. B.(s,u), Bx(s,u), Bxy(s,u), Bls,u),

6.1. G,p, V, 0y, 19,9

6.2. ¢,f

6.3. pY, VY, fY, (wV,0d={vw"), dim V=dim V¥ =:n, deg f=deg f " =:d

6.4. F:=gradlogf, F¥ =gradlogf¥, 0,>Q5V, 0y 5Q" L1

66. v’ w & 0,0 F 0?2 e, oY, 0y, 0, F,

6.8. u, (v is a Lie algebra character.), £*u

6.9. o=o0,

6.10. 5 =0day 5", F*55v =F*65N;,v, 8o =00y o> F*0uv=F*doy ., Po(d) =trace(p(A4))
6.11. wug, y, L, LY

6.14. b(s,ug)

6.15. 0O°

6.16. b'°%(s,uq), b'(s,F (u,))

6.17. a(uy)

6.24. L(w")

Errata of [G1]
p896, 1112: To-1,07 = (To-1,» OV

p.903, 1115:  det(Beu(0igpv ,0gu)) =det(cij)det(B, (.., 3}.0v))
hnd det(Bgv v (a;.gu v, a},gv V)) = det(cij)zdet(Bv "(ax{.vv 5 a}.u v ))



PREHOMOGENEOUS VECTOR SPACES

(In the two places, v should be replaced with vV.)
p903, 117 dZPN - Nz > dzP A Ndz).
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