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Poisson Cohomology of Plane
Quadratic Poisson Structures

By

Nobutada NAKANISHI*

§1. Introduction

As is well-known, Poisson cohomology is of special importance in the theory
of Poisson geometry. But unfortunately, the computation is very complicated
because of the lack of a powerful method.

Let (M,n) be a Poisson manifold, where M is a C*®-manifold and =
denotes a Poisson structure on M. If the rank of n is everywhere constant
on M, (M,n) is said to be regular. The computation of Poisson cohomology
of regular Poisson manifolds was first studied by A. Lichnerowicz [6]. Some
other references are [5], [12], [14].

If (M,n) is not regular, certain difficulties will arise in computations of
Poisson cohomology. Typical examples of such manifolds are linear Poisson
manifolds. They are, by definition, the dual spaces of finite dimensional Lie
algebras. Their Poisson structures are naturally induced from their Lie algebra
structures. There are also some results on the computations of their Poisson
cohomology (see e.g., [31, [8], [9], [10], [11]).

In the present article, we shall treat quadratic Poisson structures n on the
plane R?, and compute their Poisson cohomology. Note that each Poisson
manifold (R?,n) is irregular, except for the trivial one, (R%,0). In considering
this problem, the author was motivated by 1. Vaisman ([13], p.67).
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§2. Poisson Manifolds and Poisson Cohomology

Let (M,n) be a Poisson manifold. Then the Poisson tensor n is written
in local coordinates (x,,x,,:+,x,) as

1 o 0

)

21<|]<n llax ax

such that = satisfies the equation

omj, omy; om;
—Lpm, 4 0,
1sz< <7E 0x ﬂa X1 Haxl)

with 7;;= —m;;,

for 1<i,jk<n. Since the Poisson bracket is defined by {f,g} =<{n|df\dg),
the coefficients 7;; of 7 are obtained by the Poisson bracket, m;;={x;x;}. If
each 7;; is a homogeneous linear polynomial, then the Poisson structure = is
said to be linear. Similarly if each 7;; is a homogeneous quadratic polynomial,
then it is said to be quadratic.

Let x'(M) denote the space of i-vectors (i.e. skew symmetric contravariant
tensor fields of type (i,0)), and let L(M)=(@®"-,x(M),A) be the contravariant
Grassmann algebra of M, where n is the dimension of M. In particular,
x°(M)=C>(M)and y*(M) is the space of all vector fields on M denoted by y(M).

From now on, let us denote the Schouten bracket by [,]. The Schouten
bracket is a homogeneous bi-derivation of degree —1 defined on L(M):

(M) x Y(M)> (T, U)— [T, Ul ey~ (M)

and is determined by the following six properties:

1. [f£H=0, Vf, hey’(M),

2. [XSf1=X[f, VXey'(M), fex(M),

3. [N Y]=LX, Yiicbracker» VX, YeEL'(M),

4. [TLUAW]I=[TUIAW+(=1)"MUA[T,W], VTeyx(M),
Uey'(M), Wey"(M),

5. [LUl=(=1¢" VDU T], VTey(M), Uey (M),

6. (=1 VTUTULW]+(=1“ D DU, W], T]
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+H(=)TDIW, T, UI=0, VTey (M), Uey'(M), Wex"(M).

It is easily seen that a 2-tensor me y*(M) becomes a Poisson tensor if
and only if = satisfies [n,n]=0. The space of infinitesimal automorphisms of
the Poisson structure n, which we denote by Z}(M), is the set of vector fields
X satisfying [X,n]=0. We denote by B!(M) the space of Hamiltonian vector
fields X, (fe C*(M)). Recall that a Hamiltonian vector field is defined by
X,(g)={fg} for all ge C*(M). If one uses the Schouten bracket, X, is also
defined by X,=[=, f]. With respect to the Schouten bracket, L(M) becomes
a Lie superalgebra. We define the linear mapping D:L(M)— L(M) by
X—[n,X]. Since the Poisson structure n satisfies [n,n] =0, D satisfies D=0
and becomes a coboundary operator. D maps y{(M) into y'*!(M). The
cohomology with respect to this coboundary operator D is called Poisson
cohomology and is denoted by HXM). The k-th Poisson cohomology space
of (M,rn) is given by

ker(D: y{(M) - <+ (M)
im(D: *~ (M) > Y{(M))

H(M)=

Then the following facts come clear in a straightforward way:

a) HY(M) is the center of the Poisson algebra C*(M). (This space is
also called the space of Casimir functions.)

b) HAM)=ZI(M)/BYM).

§3. Quadratic Poisson Structures on R?

In this section, we classify all quadratic Poisson structures on R2 See
[17, [2], [7] for the classification of quadratic Poisson structures under more
general situations. Using the theorem of Z-J. Liu and Ping Xu [7], we can
see that the only “exact” quadratic Poisson structure on R? is zero. Hence
it is quite easy to classify quadratic Poisson structures on R2.

Let x, y be the standard coordinates on R?. Then any quadratic Poisson
bracket on R? is given by {x,y} =ax?+bxy +cy?, where a, b and c are arbitrary
constants. Let K be the matrix in sl(2,R);

K=<b/2 c )
—a —b/2

and I be the identity matrix. Then it is easy to see that A=KAT is the
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triangular r-matrix. Thus, following Z-J. Liu and Ping Xu, it induces the
quadratic Poisson structure n, on R%.  To state it specifically, 7, is given by

o 0
na=(ax®+bxy+cy)—AN—.
ox dy
This means that any quadratic Poisson structure on R? is obtained in the
same way. The following result is due to Z-J. Liu and Ping Xu.

Proposition 3.1 [7]. Let A=KAI and A'=K'AI be two triangular
r-matrices. The quadratic Poisson structures m, and m,. on R? are Poisson
diffeomorphic if and only if K'=T KT for a certain linear isomorphism T.

This proposition indicates that in order to classify all quadratic Poisson
structures on R?, we only need to classify sl(2,R) by the Jordan forms. By
this procedure, we obtain the classification of all quadratic Poisson structures
on R2

Proposition 3.2. The following is a complete list of all quadratic Poisson
structures 7 on R* up to Poisson diffeomorphisms. (The subscript A is omitted.)

1) K=(g g), then m=0.

0 6 Jd 0
2) K= , 0#0, th =0(x*+y?)—A—.
V)] <_5 0) # en m=0(x y)ax P

3) K=<€/2 0 >, €#0, then n=exyi/\i.
0 —¢/2 0x 0y

@ K=(O 1), then n=y23/\i.
00 ox dy

In the above proposition, the “standard elliptic’ Poisson structure
(2 +y)E&ENE is not isomorphic to d(x*+y*)EAE if 6# +1. Similarly the
“standard hyperbolic” Poisson structure xyZ A% is not isomorphic to exyZAZ
if e#+1. However for case (4), the Poisson structure y*ZA% is isomorphic
to 1p2Z A% for all t#0. (These facts were pointed out to the author by A.
Weinstein and J.P. Dufour.) Nevertheless, as far as Poisson cohomology is
concerned, we only need to consider the standard Poisson structures (i.e.
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S=e=1).

§4. Computations of H}(R?)

4.1. Case (1) (R%*n=0).

The cohomology spaces H¥R?) are easily obtained. In fact, we
immediately have HXR?)=y*(R?. For other cases, the following results are
useful for computations of Poisson cohomology:

Proposition 4.1 [13]. If a Poisson manifold (M,r) is a symplectic manifold,
that is, if © is of full rank, then HXM)=H M), where H(M) stands for
the usual de Rham cohomology.

Proposition 4.2 [13]. If (M,,n,) and (M,,n,) are Poisson manifolds and
¢:M, - M, is a Poisson mapping which is a local diffeomorphism, then one
obtains the following induced homomorphism: ¢*: HE (M) —» HE (M)).

4.2. Case 2) (R:Lm=0(x*+y)ENE).

When computing cohomology groups, we can assume d=1. For this case,
V. Ginzburg also computed cohomology spaces H.X(R?) [4]. 1t is easy to see
that Casimir functions are only constants. Hence we have H(R*)~R. We
will proceed to compute H!(R?). Since the canonical inclusion mapping
1: R*\(0) » R?is a Poisson map, by Proposition 4.2, it induces a homomorphism
1*: HNR?) —» H*R?\(0)). Note that (R*\(0),7)is a symplectic manifold. Hence
by Proposition 4.1 we get: H}(R*\(0))= Hx(R*\(0))~R. Consider the vector
field X=xZ+y%. Then [X,n]=0 and it is easy to confirm that [X]+#0 in
H}(R?. Moreover, 1*[X]#0 even in H}(R?*\(0)), and it generates H,}(R*\(0)).
It follows that the mapping 1*: H!}(R?)— H}(R?>\(0)) is surjective. Let
F =C®(R?), and define a space ¥ by

) 0
9= {feCHR-O) P+, (x2+y2)~a§ef}.

Here (x* + y*)3L € # means that lim, ,)_, o.0)(x* + »*)3L exists and the new function
(which we also denote by (x2+y*)%[) defined at the origin is an element of
. The meaning of (x?+y*3fe # is the same as (x*+y*)LeZ.

Then % contains &£ as its subspace. We define a linear mapping
T:9%—HXR? by T(f)=[X;]. Then it is clear that T(%)=ker:* Let
f=%log(x*+»?). Then fis an element of %, and T(f)=[X,]=[y&—x%] is a
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non-zero element of H}(R*). But i*[X,]=0 in H,;(R*\(0)). Hence ker:*#0.
We denote by %, the space generated by & and constant functions on
R*\(0). The following lemma is quite easy.

Lemma 4.3. (a) H)(R?/keri*~H}(R*\(0))=R.
(b) ¥/F ~keri*

Next we precisely determine the space 4/.%,. A function fe C°(R*\(0)
belongs to % if and only if it satisfies (x> +y*)3=—a, and (x*>+y?)ZL=> for
some functions a,be #. By the integrability condition of f on R%\(0), it holds
that (x2+y?)@&+2)=2(xa+yb). Note that this equation is the selfsame
condition for the vector field X=aZ+5b% to be a 1-cocycle. Thus for any
function fe¥, there exist a,be & such that the following conditions hold:
(x? +y2)a—f =—aq,

oy
of b,
X

“.1) 1 (x*+y )5—

oa ob
0+ 2+ D) = 2(xa + yb).
0x dy

Lemma 4.4. Let P and Q be two polynomials of degree n, (n>2). If P
and Q satisfy

42) (x2+y2)(‘;i:+a—Q)=2<xP +70),

dy

then there exist two polynomials P, and Q, of degree n—2 such that P and Q
are written in the following form:

P=a;x+b,y+(x*+y?P,,
0= —byx+ay+(x*+y)Q;,

6P, 30,
Ox dy’

where ay and by are constants.
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Proof. By (4.2), it is easy to see that it suffices to prove the case
of homogeneous polynomials. If degP=degQ=1, then it is clear that
P=a,x+b,y and Q= —b,;x+a,y. Nextlet P=X%,,,_p x> and Q=2 ,,_,
4., x*y' be homogeneous polynomials of degree n, (>2). It is convenient to
consider n under each of cases of modulo 4. Then direct computations show that

{p4m,0 ~Pam-2,2F " +P0o,am=0,
Pam—1,1"Pam-33+ " —DP1.am—1 =0, ifn=0,

{p4m—1,o"‘1’4m~—3,2+ = P1,am-2=0
Pam-2,1—Pam-43+F =" —Po,am-1=0, ifn=3,

{P4m—2,0"P4m—4,2+ +—=Po,am-2=0,
Pam-3,1—DPam-53+ " +P1,am-3=0, ifn=2,

{P4m~3.0“1’4m—5,2+ “*+P1.am-2a=0,
Pam-4.1—DPam-6,3+ " +Poam-3=0, ifn=1

In all cases above, as can be easily seen, it holds that P(x,,/ —1x)=0. The

same results are valid for g, ;, and thus it also holds that Q(x,,/ —1x)=0. This
means that both P and Q have the factor x?+32. O

Using this lemma, we offer the following proof:
Proposition 4.5. ¥ /%, is isomorphic to R.

Proof. For any fe 9, f satisfies (4.1). For arbitrary n>2, let us consider
the Taylor expansions of order n+1 at the origin of the functions a and
b. We write these Taylor expansions as a=a,+ R, , and b=b,+R,,, Where
a,, b, are polynomials of degree n and R, ,, R, , are remainder terms. Then
we know that both a, and b, satisfy the condition of Lemma 4.4. From now
on, we denote by [k(x,y)]0,0) the formal Taylor expansion of any k(x,y)e #
at the origin. Since n is arbitrary, the formal Taylor expansions at the origin
of a(x,y)—(a;x+b,y) and b(x,y) —(—b,x+a,y) can be written as

{[a(x,y) —(ax+b)))0,0=(x>+?) A(x,),
[b(x,) = (—byx+a,3)]0,0)=(x* + %) B(x,y),

where A(x,y) and B(x,y) are suitable formal power series. By the well-known
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theorem of E. Borel, there exist C*-functuions ofx,y) and p(x,y) such that

[a(x,3)](0,0)=A(x,y) and [B(x,3)](0,0y=B(x.).

Recall that a C*-function is called flat at the origin if its formal Taylor
expansion at the origin vanishes. Then the C®-function a(x,y)—(a;x+b,y)
—(x®>+y%)-a(x,y) is flat at the origin, and is denoted by

4.3) a(x,y) —(ayx +b1y)—(x* + %) alx,y) = a,(x,y).
Similarly, we have
4.4) b(x,y)—(=byx +ay)—(x*+y%)- Blx,y)= By (x.y).

Since a,(x,y) and B,(x,y) are flat at the origin, we can express them in another
way: a,(x,y)=(x>+y?)-3%3, and Bi(x,y)=(x*+y?) -45%. Note that both
46 and 5% are still C>-functions.

Let g(x,y)=a(x,y)+%%3 and h(x,y)=p(x,y)+552. Then a and b can
be written as

a=a;x+b,;y+(x*+y%-g(x.),

4.5) b= —b;x+a;y+(x2+y?)h(x,y),
g oh
ox oy’

where a; and b, are constants. Let y=df=%dx+4dy. According to the
last equation in (4.5), there exists a function e(x,y)e & such that hdx —gdy =de.
Thus we have

_ ydx—xdy b xdx +ydy

4.6) y=a, e 1 eI + hdx —gdy
ydx — xdy b,
=a1——xT+—y2——d{—2—10g(x2+y2)}+de.

Since [y]=0 in HJx(R*\(0)) and the generator of HJx(R*\(0)) is 25734, it
holds that a, =0in (4.6). Thus from (4.6), it follows that d{ f+%log(x* +y*) —e}
=0, and we get f=—Ylog(x?>+y?), (mod#,). This completes the proof.
a

Combining Lemma 4.3 and Proposition 4.5, we get the following theorem:

Theorem 4.6. H)!(R)=~R®R.
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43. Case 3) (R*n=exyZNP).

The same remark holds as in case (2). Namely, we can let ¢e=1 in
computing Poisson cohomology groups. The space of Casimir functions
coincides with R. Hence HP(R*))~R. Let N={(x—axis)u(y—axis)}. To
compute H}(R?), let us also consider the canonical inclusion : R*\N —» R%. By
Proposition 4.2, we have the induced homomorphism 1*: H*R%) — HXR*\N).
Since (R?\NV,n) is a symplectic manifold, it follows that H!(R*\N)= H:(R*\N)
=0. Thus the mapping 1*: H}(R?) - H}!(R*\N)=0 is clearly surjective. Let
X=aZ+b% be an element of Z}(R?. Then a and b satisfy

4.7) bx+ay =xy<a—a +§é) .
ox 0Oy

On the other hand, a Hamiltonian vector field X, is given by

of 0 of 0
4.8) X, =xy —-—f——+—f—).
dyox 0x0y
Let us define a subspace # by
0 0
Jf={feC°°(R2\N)|xy—Jf, xy—feg"'}.
ox dy

Then & is a subspace of #. It is clear that the mapping U: fe # — [X[]
€ H}(R? is well-defined. Now we will prove that this mapping is surjective.

Proposition 4.7. U: fe # — [X/]e H (R?) is surjective.

Proof. Let X=aZ+b%, (a,be F) be any clement of Z}(R?). We must
find an fes# which satisfies

0 0
4.9 / X /
X
where a and b satisfy (4.7). The integrability condition of f is equivalent to

(4.7). From this equation and the continuity of a(x,y), we can see that a(0,y)=0
for any y. We can define a new C®-function d(x,y) by
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a(x,y)’ (x %0),
5(an’)=
l %205 (x=0).
ox

Differentiating (4.7) with respect to y, and letting y=0, we have
da

4.10) a(x,0)=x-—(x,0).
Ox

Using this condition, we get, for x#0,

i a(x,0) =lim a(x + h,0)—a(x,0)

dx h—0 h

_ 1.ma(x + h,0)—a(x,0) —lim a(x,0)
h=0 h(x+h) nooXx(x+h)

%{x- g;(x,O) —a(x,0)}

=0.

Hence by the continuity of d(x,y), it follows that d(x,0) is constant for any
x. Let d(x,0)=a,. Since d(x,y)—a, =0 when y=0, there exists a g(x,y)e F
such that d(x,y) can be written as

@.11) a(x,y)=a; +y-glxy).

Thus for x#0, we have a(x,y)/x=a,+y-g(x,y). Recall that a(0,y)=0. Hence
for any x, we finally obtain

4.12) a(x,y)=a,x+xy" gx,y).
By a similar argument, we also have
(4.13) b(x,y)=b,y+xy-h(x,y), 3h(x,y)eF.

Note that g(x,y) and A(x,y) must satisfy

(4.14) 2=

Then wa have
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b
df=Ctyh)dx— L+ g)dy
x y

=d(b,log|x| —a,log|y|+I(x.y)),

where a, and b, are constants, and /(x,y)e & satisfies &=h, &= —g.
Let &, be the space generated by # and constant functlons on R\N. Then
we get

(4.15) J(x,y)=b,log|x| —a,log|yl, (mod#,).

The funciton f(x,y) is clearly an element of # and satisfies (4.9). O
Theorem 4.8. If n=exyZAZ, then H)(R®)~R®R.

Proof. Since U and 1* are surjective by Proposition 4.7, H!(R?) is
isomorphic to # /#,. This space is spanned by [ /], (mod#,) for the function
f as defined by (4.15). More precisely, H(R?) is generated by the two vector
fields [xZ] and [y2] O

4.4. Case (4) (R* n=y*ZN3).

It is also clear that H)(R?’)~R. By the same method as in the case
(3), we have H}!(R?\(x—axis))=0. Thus the mapping 1*: H(R?) —>H}(R*\
(x—axis))=0 is surjective, where 1: R*\(x —axis) = R? is the canonical inclusion.
Let X=aZ+b% be an clement of Z)(R?. Then a and b satisfy

da 0b
4.16 2b= +
(4.16) y( o 6y)

A Hamiltonian vector field X, is given by

of o 6f6)
4.17 X, =y’ ——
@17 ! y( 6y6x+6x6y

Next we define a space A by

oA ={fe Co(R\(x— axxs))|y2—f,yg;fe )

Then A contains & as its subspace. The linear mapping V: fe A — [X/]
e H!(R?) is well-defined and ker V=4%,, where &, is the space generated by
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Z and constant functions on R%\(x —axis).

Theorem 4.9. If n=y*ZA%, then HAR))=A |F,, and is of infinite
dimension.

Proof. First we prove that V is surjective. Let X=aZ+b% be any
element of Z}(R?. Then we must find a solution fe # such that

(4.18) yl=—q,

The integrability condition of f is equivalent to (4.16). Let [Zdx=a+6().
Then the desired function f is given by

1
(4.19) S (x,y)=? b(x,y)dX+f%dy-

In fact, by using (4.16), we know that the function f is an element of ", and
that f satisfies (4.18). Thus the linear mapping V is surjective. Now it is
clear that H}!(R?) is isomorphic to "/ %,. Let m(x,y) be any function of &#
such that m(x,0)#0. Then m(x,y)/y is contained in 2", but it is not contained
in #,. Hence A /%, is of infinite dimension. O

§5. Computations of H2(R?)

First note that any two-vector field f(x,y)ZA & must be a cocycle. Thus
Z2(R?), the space of 2-cocycles, is isomorphic to & = C®(R?). In the previous
section, we determined H2(R?) for case (1). So let’s start with case (2).

Throughout this section, we denote the space of C*-functions which are
flat at the origin by .

5.1. Case (2) (R% n=0(x>+y)EAE).

We define a subspace &' of # as follows:

da b
F'={(*+ YY)+ )= 2xa+yb)|a,pe F}.
0x 0y

Let X=aZ + b} be an element of x(R?). Since D(X)=[n,X]=56{(x*+y*)E+2
—2(xa+yb)}& N, the space of 2-coboundaries, BX(R?), is isomorphic to
Z'. Thus we have H2(R)>~% |/ %'. For the sake of simplicity of description,
we define two differential operators, D; and D,, by
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0
D,a=(x? +y2)—g —2xa,
ox
0
D,a=(x? +y2)—a— 2ya.
ay

Then ge % is contained in &' if and only if there exist a,b€# such that:

(5.1 D,a+D,b=q.
Lemma 5.1. .7 is a subspace of F'.

Proof. let qef. Then zf57: is contained in #. For example, let
a=(x*+y*)|gdmdx, and b=0. Then a and b satisfy (5.1). Thus g is
contained in %' O

Let F be the ring of formal power series generated by formal Taylor
expansions of all elements of & at the origin. Define a subspace F’ of F by
F'={D,A+D,B|A,BeF}.

Then we have
Proposition 5.2. F' is of codimension 2 in F.

Proof. Our aim is to consider whether the following equation:
(5.2 D A+D,B=Q

can be solved or not for every homogeneous term of Q. Let 4 and B be
polynomials of degree 1. Then it is clear that the space {D,4+D,B} spans
a 4-dimensional space {x,y,x>—y2,xy). (To be specific,c D;4+D,B can not
attain to x2+y2%) Next let Q be any homogeneous polynomial of degree n,
(n=3). Now we will show that the equation (5.2) can be solved (i.e., we can
find homogeneous polynomials 4 and B which satisfy (5.2)). Let

A = Z At,sxtys9

t+s=n—1

B= ) B, xY%",

t+s=n—1
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0= Z Qk,lxkyl'

k+l=n

Substituting 4, B and Q into (5.2), we obtain a system of (n+ 1)-linear
equations. With respect to the basis ()", xy""1,---,x""1y,x"), the matrix of
coefficients is as follows:

/—Oz (1) 2 0 n;3n—4.. 0 \

~103 n—1 0
00", n—-2" "
17 . PR
o n=2 .00
0 n-1 30 -1
\ 0 -4 0 () 20 -2 /
n—3 1 0

The above matrix, of type (n+1)x2n, which we denote by C(rn+ 1,2n),
has rank n+1. Hence we can find 4 and B satisfying (5.2). Thus for any
QeF with degQ>3, we can solve (5.2). It can be concluded that
F/F ={1,x2+y*>. O

Let E: & — Fbe the linear map defined by f(x,y) € # — [ f(x,¥)]0,0)- Then
by one of the theorems of E. Borel, E is surjective.

Lemma 5.3. In Equation (5.1), let E(q)=Q. If the formal equation (5.2)
has a solution, then (5.1) also has a solution.

Proof. Choose a,be % such that E@=A and E())=B. Then if we let
DG+D,b—q=g, § is an element of #/. Thus by Lemma 5.1, there exists
de# such that D,d=§. Hence we have D,(@—a)+D,b=q. O

Corollary 5.4. E(F')=F'".

Lemma 5.5. E~Y(F)=%".

Proof. By Corollary 5.4, we obtain E~!(F') > #'. Hence, it suffices to
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prove that E"YF)c #'. Let q, be any element of E '(F") and Iet
E(q,)=Q,. Then, by Corollary 5.4, there exists g, €% such that E(g,)=0,.
Thus ¢, —g,€#. Using Lemma 5.1, we obtain that g, %" O

Theorem 5.6. Let n=0(x>+y*)&AE. Then HXR*)=R®R.

Proof. Combining Proposition 5.2 and Lemma 5.5, we can see that
HXR)=F |F'=F |E " (F)=F/F ={1,x>+y*)=R®R.
O
5.2. Case 3) (R*m=exyZN{). Define a subspace F” of # by

gr‘"={xy<a_a+(—aé>—(ya+xb)|a,beﬁ}.
ox dy

Note that since D(X)=e{xp(3+2)—(ya+xb)}&ZNE for X=ak+b%, the space
of 2-coboundaries BZX(R?) is isomorphic to #". Accordingly H2(R?) is
isomorphic to & /#". Consider the following differential equation:

oa ob
(5.3) xy<—a+——> —(a+xb)=q,
ox 0Jy

where a,b,qe Z.
First we show that (5.3) has a solution if ¢ is flat at the origin.

Lemma 5.7. ¢ is a subspace of F".

Proof. For any fe #, let a;=(fdx. Substituting a=xa, and b=0 into
(5.3), we have x’yfe F”. On the other hand, let b, =|fdy. Substituting a=0
and b=yb, into (5.3) yields xy>fe #". Thus we obtain

(5.4 xyfeF", xyfeF".

Next let a=0 and b=xf. Combining (5.3) and (5.4), we get x>F < #" and
y*F < #". Thus we obtain

(5.5) 2F < F', VFF

Let f be any element of 4. Since %52 is also an element of .#, it follows
from Equation (5.5) that f=(x*+y*)zizeF" O
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As in the previous case, we define a subspace F” of F by

F'={x (‘M 53) (yA+xB)| A,BeF}.
ay

Proposition 5.8. F” is of codimension 2 in F.
Proof. First note that F” contains all linear functions, but it does not

contain xy nor constants. By the same method as in the proof of Proposition
5.2, we have a matrix D(n+ 1,2n) of type (n+ 1) x 2n:

P \

0 n—2 0 0
Since rank D(n+ 1,2n)=n+ 1, it follows that F” contains all formal functions
Q of degQ=>3. And finally we get F/F"=~{l,xy). d
Theorem 5.9. Let n=exyZA$. Then HXR?)=R®R.

Proof. 1t is clear that E(#")=F". From Lemma 5.7, it follows that
E~YF")=%". Combining these facts with Proposition 5.8, we get

HXR)=F |F'=F |E~(F)2F/F'={1,xp)=ROR. O

5.3. Case 4) (R%,n=y*iAE). In this case, a subspace F" of F is
defined by

.g’—m — {y (aa 6b> 2yb I a,b eF }
0x 0y

Since D(X)={y*%+P)—2yb}ENE for X=aZ+bE, the space of all 2-
coboundaries, or the space B2(R?), is isomorphic to #”, and H2(R?) is
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isomorphic to &/ F".

Theorem 5.10. Let % (x) be the space of C®-functions of one variable
x. Then HXR*»)=ZF(x).

Proof. For any function fe#, let b=—3f and a=—[2dx. Then
VE+D)—2yb=yfe F". Hence yF < F". The converse of this last is also
clear. Thus we know that #"=y&%. Let us define a linear mapping
&L F - F(x) by f(x,y)—=f(x,0). Then & is surjective. It is easy to see that
ker #=yF =%". Thus we obtain that H2(R)=F | F" = F(x). O

Remark. For a Poisson manifold (M,n), H2(M) has the distinguishing
element [n]. If [n]=0, (M,n) is called a homogeneous Poisson manifold (or
an exact Poisson manifold). Through the considerations above, we know that:

a) If n=0 or n=y*ZA%, then (R? ) is homogeneous,

b) Ifn=0(x*+y*)ZAE or n=exyZ A%, then (R? n) is not homogeneous.
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