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Short Time Asymptotic Behaviour and
Large Deviation for Brownian Motion

on Some Affine Nested Fractals
Dedicated to Professor Shinzo Watanabe on his 60th birthday

By

Takashi KUMAGAT*

Abstract

We study so called Varadhan type short time asymptotic estimates of heat kernels and
Shilder type large deviation for Brownian motion on some affine nested fractals introduced in
[7]. As a corollary to our approach, we obtain sharper estimates of heat kernels for a class
of one dimensional diffusion processes studied in [8].

§1. Introduction

In [21], S. Watanabe surveys on short time asymptotic behaviour and on
large deviations for one dimensional diffusion processes. Let X(#) be a one
dimensional diffusion process on an interval (g, ) (—o0<g< p<0) so that
the Euclidean coordinate is the canonical scale (i.e. X(¢#) in the Euclidean
coordinate is a local martingale). Then, this process is determined by its speed
measure gm(x) and the Feller’s boundary condition. Under this situation
(assuming the support of dm be (a, b)), there is a heat kernel p.(x, y) w.r.t. dm
such that

y 2
~lim 2¢ log p«(x, y)=M ,/%%(u)dul Vx, yEl(a, b),

where Ccllz':c” is a Radon-Nikodym derivative of the absolute continuous part of

dm w.rt. Lebesgue measure dx (this result is originally due to [14]) . This
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type of short time asymptotic estimate is sometimes called Varadhan type
estimate in honour of his celebrated work [19]. His philosophy is that taking
this kind of limit, the intrinsic metric appears. In this case, the intrinsic metric

is d(x, y)Z‘ fx y‘ /%%(u)du ‘ This result is deeply connected to the follow-

ing large deviation. Let P§ be the law for X*(et) where X* is the process
starting from x. For fixed 7>0, set Cx([0, T]>E)={¢=C([0, T]-E):
#(0)=x} with uniformly continuous topology where E=[gq, 4] and x<(aq, b).
Define an /-function as

I (¢)={'i“ A T—Cfg—(tﬁ(t))lqb’(t){zdt if ¢ is absolute continuous,

oo otherwise.

Then, for each ACCx([0, T]—E),
— inf L($)<lim inf € log PS(A)<lim sup € log PS(A)< — inf I.(¢).
geintd e—0 e—0 ¢CIA

We call this estimate Shilder type large deviation as this was firstly obtained
by him on the Wiener measure ([18]).

S. Watanabe ([21]) further mentions that these estimates give no informa-
tion (just —log p:(x, ¥)=0(1/¢) as t—0) when dm is singular and introduces
one special example due to T. Fujita ([8]) for which dm is singular but detailed
estimates can be obtained. Let ¢=0, b=1, dm(x)=dF»(x) where the continu-
ous function F,:[0, 1]-[0, 1] (0<p<1) is defined as follows :

F»(0)=0, Fp(1)=1,
_ (1—p)Fs(2x) if 0<x<1/2
F"(x)_{(l—p)erFp(pr—l) if 1/2<x<1.

dFy
ax (x)

=( a.e.>, is called de Rham function. Now, fix 0< p<1 for which log(p/2)/log

This Fp(x), which is x when p=1/2 and otherwise singular (i.e.

((1—2)/2)&Q and set s>0 so that <%)m+<1_g_p_>m=1 Setting 7 =

(%)”_s the following holds.

Theorem 1.1. There exists a heat kernel p.(x, y) w.r.t. dm and a positive
continuous slowly varying function [(t) (ie. lim:-o L(ct)/L(¢t)=1 for all ¢ >
0) such that the following estimates hold.

1) —lim-o t°L(#)log pe(x, y)=|F5(x)—F>(»I'** Vx, y€(0, 1).
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2) For AC C«([0, t]—I0, 1)),
— inf I()<lim inf e°’L(e) log P5(A)<lim sup e’L(e)log P(A)
== o, (@)

where I, is defined by

I (¢):{‘/(].‘]E%—Fp(gb(t))’l+sdt if F5(¢(t)) is absolute continuous,

oo otherwise.

We are motivated by the results and consider the problem on fractals. The
fractals we consider is a subclass of affine nested fractals, a class of finitely
ramified fractals studied in [7]. Typical examples, which we express the results
here in the introduction, are shown in Figure 1.1 (Sierpinski gasket) and Figure
1.2. The based fractals E are constructed by an iterative procedure from the
figures. We give conductance on each triangles : for Figure 1.1, the conductance
on each triangle is 5/3, while for Figure 1.2, p; on small triangles and o, on the
large triangle where the ratio of p;, p,>1 are arbitrarily chosen. By another
iterative procedure, we can construct a Dirichlet form on the fractal. The based
measure is a Bernoulli measure such that the mass on each triangle is 1/3 for
Figure 1.1, while for Figure 1.2, 1, on small triangles and g, on the large triangle
where g, t#2>0, 9m+=1. Then, one can obtain a heat kernel p.(x, y) of
the corresponding diffusion with apriori estimate (Theorem 2.6). Our results are
concerning the Varadhan type estimate and the Schilder type large deviation for
the process. Let d(x, y) be a shortest path metric constructed in Section 2 and
dw be a so called random walk dimension which expresses the average diffusing
speed of particles (i.e. E*[d(x, X(¢))]/t'%* is bounded from above and below
for all (< ¢<o0). Then our main theorem is the following.

JAVAN

Figure 1.1 Figure 1.2
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Theorem 1.2.
a) For the case of Figure 1.1 with p;=5/3, u;=1/3 (1<i<3), there exists a
non-constant positive continuous function F(t) such that the following holds
for all 2>0, x, yEE. (The right hand side is 0 when d(x, y)=0.)

€)) - %}2}((2/ 5)”Z)dw—1—f log pemm(x, y)=d(x, y )%F<7(xiﬁ> '

b) For the case of Figure 1.2, if llg—gg(%aﬂ;}, then the following holds.

1) —limewo 1Y@ log p(x, y)=d(x, y)@uT Vx, yEE.
2) For ACCx([0, TI-E),

—,inf Ix($)<lim inf ez log PS(A)<lim sup edu1log P(A)
<= jnf, o)

where [, is defined by

]A@:{A"‘%d(x, #()) ?jﬂ—la’t if d(x, ¢(t)) is absolute continuous,

oo otherwise.

As a corollary to Theorem 1.2 a), we see that Varadhan type estimate does
not hold for the Sierpinski gasket (Corollary 4.1).

Using the idea of the proof, we can show that L(¢) in Theorem 1.1 can be chosen
as a constant (Theorem 4.2).

In Section 2 we briefly explain the class of fractals we treat and explain how
to construct the Dirichlet forms and the shortest path metrics. Section 3 is for
the estimates of hitting times which is a key part of the proof of our results. We
give the proof of Theorem 1.2 in Section 4.

The author thanks Dr. B. M. Hambly for fruitful discussions while he was
visiting United Kingdom.

§2. A Class of Affine Nested Fractals and Their Dirichlet Forms

In [7], we defined a class of finitely ramified fractals called affine nested
fractals and constructed Dirichlet forms for the fractals. Here we treat a subclass
of the fractal and briefly summarize the construction.

Let @>1, then an g-similitude is a map ¥ : R?—>R? such that

) U(x)=a'U(x)+a,

where U is a unitary, linear map and ¢&R”. We will consider a finite family
of @;-similitudes by { ¥;})_,. Without loss of generality, we assume &;(x)=ai'x.
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By Hutchinson [11], there exists unique non void compact set E such that E=
MY, ¥;(E) and this is a self-similar fractal. As each ¥; is a contraction, it has
a unique fixed point. Let F be the set of fixed points of the &;’s, I<;<N. A
point x € F is called an essential fixed point if there exist 7, j&{1, -+, N}, i+
7 and yE F such that ¥y(x)= T;(y). We write I for the set of essential fixed
points. For ACR?, define ;... ;,(A)= ;0.0 T, (A). We will call the set
i FO) an y-cell and &, ;,(E) an y-complex. Set

N o
FO= (@ ol F®), Fo= F™
i1, in=1 n=0

Taking closure, E can be recovered : E=CI[(F™).
We can now define an affine nested fractal as follows.

Definition 2.1. The set E is an affine nested fractal if {¥,, ---, Wy}
satisfy :
(A1) (connectivity) For any 1-cells C and C’, there is a sequence {C;:i=0,
-, n} (nEN) of 1-cells such that Co=C,C,=C" and C;.sNC;*+ ¢, i=1, -,
%
(A2) (symmetry) If x, y=F© then reflection in the hyperplane H,,={z:|z
—x|=|z—y|} maps F™ to itself.
(A3) (nesting) If {i, -, in}, {j1, ==, jn} are distinct sequences then

T il EYON il E) = T il F YO G in FP).

(A4) (open set condition) There is a non-empty, bounded open set V such
that the WV) are disjoint and \JY,T(V)CV.

Our first further assumption is the following.
(A5) W(E)NW(E) (i+/) is at most one point for 1<, j<N.
(A6) For all x, y, z& F® which are distinct, |x —y|=|x—z|.

Remark. 1) In [7], we thought we could deduce (AS5) from (A1)-(A4)
(Proposition 2.2), but the proof needed more assumption so that we add it as an
assumption here (we do not know whether (A5) always holds for affine nested
fractals or not).

2) (A6) implies that F@ is a D-dimensional tetrahedron.

We next define a size equivalence class. The sets ¥;(E) and ¥;(E) are the
same size if they can be mapped to each other by the composition of the
reflection maps which appear in (A2). Let the number of 1-complexes with
different size be k). We can order the 1-cells by their size and put a weight on
each size: ¥ =(7y, -+, o) 7:>0(1<i< k). (We use™ when we distinguish
cells by their size.) We call (x, y)EFY X F® (x+y) size i and write Size(x, y)
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=; if x, y are F®-neighbours and the size of the 1-complex containing both x
and y is 7 (by (AS), there is a unique 1-complex containing both x and y). Let
the size of the 1-complex which contains an element of F® be #,. Also, let #;
= 7 size(wyr)y Where Size(W;(E)) is the size of T(E) (1<i<N).

Now, we put conductance »; on ¥;(E) and consider F* as a network.
Then, for each f[(FWV)={f: FY—>R}, the energy of this network is

Ef, N=5. B (@)~ 3w

X, YEF

where Jxy=1/ Zsizex.y) if x, vy are FV-neighbours and J,,=0 otherwise. We can
then induce a network on F® by solving a variational problem ([1] e.t.c.):

Proposition 2.2. There exists unique A>( such that

nf{(&1(f, )i flro=vl=55, 3 (F@)—FG)F for all vEUFO).
Set p;=A/7:. We assume the following throughout this paper.
(Bl) Forall 1I<i<N, p;:>1.
Remark that (B1) always holds if we take 7;,= 7, for all 1</<;j<k,. Let
1 be a Bernoulli measure on E such that u(¥(E))=p:>0 (Xipm=1).
We can now define the Dirichlet form for the affine nested fractal. Let £,
g€ [(F®)={f: F*—>R} and define
() &l D=5 _ T 2 onerl Frrotn) — (i)

2 1<k h<N x,yEF©

X (g( s, n( %)) = G Crreen(¥)))5

where 0,..4n=0n:""*Or.. This is a energy of the network on F™ with
conductance Ogz,..z, o0 T,..x,(E). By Proposition 2.2,

gn(flp(n), fIFm»)ﬁ gn-&-l(fl;r(nu), flpmu)) for all fE Z(F(w)).

For fe€l(F®), define F={f:supn &(f, f)<oo} and é’(f,f)=£i1§

&x(#, f)- Then, from [10], [16] and for the more general class of P.C.F.
self-similar sets in [12], we have the following.

Theorem 2.3. 1) Any function in F can be extended uniquely to a
continuous function on E (thus we can consider ¥ C C(E)={f:f is a continu-
ous function on E}). Further, (8, F) is a local regular Dirichlet form on
L%(E, 1) which has the following properties.

@ 8(, )=LF0:8(f> Wi, g W) for all f, gEF,
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(5) ggglf(x)léa.l-él(f, f) for all f€F,

where ¢,1>0 and & 4(+, )=8&(+, *)+B(+, g, » for B>0.

2) &, admits a positive symmetric continuous reproducing kernel gs(-, *)
which are uniformly bounded and equi-uniform continuous w.r.t. >0 on E.
The corresponding diffusion is point recurrent.

Note that the based metric in the statement 2) will be introduced later. Let
T;=p:/ ;- T: is a time scale for the process on ¥;(E) (i.e. the average time for
a particle to cross ¥;(E) is 77! times the average time to cross E).

We next introduce an intrinsic metric for the Dirichlet forms which we call
a shortest path metric. For x, y& F™, let

(6) 7n(x, y)={7n: 7n is an m-walk in E from x to y which does not
contain multiple points}.

Here 7n=/{pr, pr+1}k=1 is called an m-walk if [EN, p,&F™ for 1<k </,
br and py.; join in the same m-cell for 1<k<]—1. For mn={pr, Dri1}h=1E
7n(x, v), we say the length of 7, is / and denote it by |7,|=/. For r€ m(x,
v), let v(x) be an ky-dimensional vector such that (v(z)), is the number of
k-size steps in the path 7 (1<k<k,). We assume the following.

(A7) For x, yE F©, x=+y, there exists a path 7 m(x, v) such that (v(7x)).>
V(7)) Q<k<k) for all rEm.

In the following, we fix the shortest FV-path from 0 to xo& FO\{0} (xo is
arbitrarily fixed) and denote it 7 ={(p%, p%-+1)}%;. Set y>0 so that 3V 7,7, .
=1. Now we define the distance on F™ as follows:

|

|
drow(x, y)= min Tombret-
7€ zm(x, ¥), 7={(ts, pa-)}ils £=1

Here 7p,9=ri.sn if the m-complex containing both p and g is &j,..;n( E).
Lemma 2-4- ([7]) 1) dF(m)(x, y):dpmul)(x, y) l:f X, yEF(”‘).
2) For any choice of p, q=E, define d(p, q) by
d(p, @)=lim d(pn, g»),

where pn, g.EF and p,—p,gn—q as n—oo. Then d is well defined and
d is a metric on E.
For the diffusion X(¢) corresponding to the Dirichlet form E, let
Wa=inf{t >0: X(£)= F™\{X(0)}}.
Setting ¢(s)=E°[exp(—sW)], we have the following.
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Proposition 2.5. 1) There exist positive constants c;; czs Such that
@) c22< @(8)/TIVEL E™(exp(— sWA)| X(Wh) = p%-1) < Ca-
2) There exist positive constants cs4, Cas Cosr Ca2z SUCH that
(®) C2.4 €XD(— 258V ") < () < 2.6 €XD(— €278V ™) for all s>0,

where dy,=1/7.

Proof. By the symmetry and strong Markov property,

Q) B(s)= ”EI?(%‘ ) P x]- T, E**[exp(— sWA)| X (Wi) = pa+1)-
T (o Pt

On the other hand, it is easy to prove that, if 7,5 5 =7 then

Dar o4’

c2.8< E?[exp(— sWh)| X(Wh)=p;.1]/ E*exp(— sW)| X(Wi)=1%+1] < 2.0

for some ¢y, c2.0>0. (Much stronger fact will be proved in Lemma 3.1.) Now,
using the assumption (A7), we can factorize the right hand side of (9) and obtain
1). 2) is proved in [7] Proposition 5.2 (we did not mention lower bound there,
but that can be proved in the same way as [15] Proposition 3.2). |

For the heat kernel, we have the following estimates essentially proved in
[7]. Remark that changing the based Bernoulli measure corresponds to a
singular time change for the process and changing the measure also changes the
metric.

Theorem 2.6. There exists a jointly continuous transition density p.(x, y)
for the semigroup on LA E, ) which satisfies the following.

(10) 012121 ps(x, x)>0 for all xEE,

(1n (%, ¥)<carot ™ exp(— 21 ¥ (d(x, v), 1))
Sfor all 0<t<1, x, yEE, where ¥(z, t)=(z%t )"V and cy10, C23,11>0.

Proof. (10) can be proved in the same way as [2] Lemma 7.1. The
diagonal estimate of (11) comes from the facts that g is uniformly bounded,
p:(x, x) is non-increasing w.r.t. ¢ and the expression gs(x, x)=/Fexp(— At)p:(x,
x)dt. The proof of the off-diagonal estimate is the same as Theorem 5.7 in [7].

[ |
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Remark. 1) 1In [7], we consider unbounded affine nested fractals and their
Dirichlet forms. Let E“?=¢gf'E and E=%_,E. E is the unbounded affine
nested fractal. Also, let 7 be the Bernoulli measure on £ such that

F(A) =" u( Yoo Ti(A)) for all ACE™, nEN.
| S —
% times

Then, by the similar way, we can construct a local regular Dirichlet form on
L*(E, ). The main theorem in [7] was about the Aronson type estimates for
the transition density %.(x, y) of the form with respect to a special measure.
Here we briefly state the result. Let S be the unique constant which satisfies
2 075=1. Then, for the Bernoulli measure /7 satisfying p;=p75 for 1<;< N,
there exist positive constants cs12, €213, Cz.14 Cz.15 such that

Can2t ™% exp(— s ¥(d(x, ¥), 1))
<Pelx, )< Cz.14t_% exp(—cais¥(d(x, v), t))
for all 0< ¢<oo, x, yEE. Our question is whether more precise estimates will
be possible in very short time.
2) The results introduced in this section, except Proposition 2.5 1), is valid

without assuming (A6), (A7). Also, remark that the fractals in Figure 1.1 and
Figure 1.2 satisfy (A1) ~ (A7).

In the following of this paper, we assume (A1) ~ (A7) and (B1).

§3. Estimates of Hitting Times

In this section, we will have sharp estimates of hitting times. First, we
define a collection of words, A,CU,s:{1, -+, N}™ by

/an{a)za)r“a)lE Um21{1, Yy N}m: Twrmwr < Th < Twr"wz}'

Here r,=max; r; and we set 7y,.o,=1 when /=1. This set was
introduced in [13] and similar set was considered in [7]. Define H“"=
Uweds Tu(FD®). We call A,-cells, A,-complexes in the same way as we did for
F™_ Then the time scale of A,-complexes differs at most r;,,, For H"“n-
neighbours p, g, set 7p,¢=twiw; if D, §E T F®).

Lemma 3.1. There exist ¢z, c32>0 such that

cs18(s/ tp,0) < E*(exp(— s Wan)| X(Wan) = q) < c3.28(s/ T5,4)

Sfor all s>0, p, g= H“"» which are H“™-neighbours.
Here W,=inf{t >0: X(¢+)€ H“"\{X(0)}}.
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Proof . First, remark that from (A6), we have
(12) E[exp(— 51,0 Wo)]= E°[exp(— sz5,5 Wo)| X (Wo) =]

for an arbitrary xo&€ F\{0}. Now pick up all /,-cells which intersects p and
extend each cells (except the cell containing g) f times (/ is the smallest integer
satisfying 7'>1r;). Let W be the first hitting time to the boundaries (except p)
of these extended cells. (Giving conductance and measure similarly to that in
Section 2, one can construct Dirichlet forms on this space.) In the same way,
shrink each cells (except the cell containing ¢) a1 ‘ times and let ¥ be the first
hitting time to the boundaries (except p) (see Figure 3.1). By the construction,
the average speeds of particles crossing in the extended (shrunk) complexes are
bigger (smaller) than that in the complex containing p and g. Also, as the
number of complexes containing p is bounded from above by some positive
constant (independent of the choice of p), E°[exp(—szsy Wo)| X (Wo)=2x0)/
E?[exp (— sWu,)| X(Wa,)=gq] is uniformly bounded from above and below by
some positive constants. Therefore we can show

(13)  cssEP[exp(—sW)| X (W)=ql<E°[exp (— st55 Wo)| X(Wo)= 0]
<csuE?[exp (—sW)| X(W)=4].
Now
P};zg(((lz 3)::(1(3) E*(exp(—sW)| X(W)=q)
1 P(X(W)=q)
=as PP(X( WAn)=qq) #s/ %)

where the first inequality is from {X(W,,)=q}C{X(W)=gq} and the second is
from (12) and (13). As P*(X(W)=q)/P?(X(Wa,)=gq) is uniformly bounded
from above, we obtain the second inequality. The first inequality can be
obtained in the same way. |

E?(exp(—sWa )| X(W4,)=q)<

Figure 3.1
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For the proof of the next key lemma, we use the following version of the
well-known renewal theorem. This version of the renewal theorem is used in
[13] to show the asymptotic behaviour of eigenvalues of Laplacians on P.C.F.
self-similar fractals.

Theorem 3.2 (The Renewal Theorem). Let vy be a Borel probability measure
on [0, oo) such that ’/O‘mxy(dx)<00. Let x=LY(R) be such that (x)—0 as

|x}—co. Suppose that z is a bounded measurable function which satisfies the
renewal equation

(14) z(x)———u(x)-l-/;wz(x—t)y(dt), for xR,

and such that z(x)—0 as x——co. Then
1) Non-Lattice Case : If the support of v does not lie in any discrete subgroup
of R, then the limit z(c0)=limx-- 2(x) exists and

a(e)=( ["atan)” [Cutxax

2) Lattice Case: If the support of vy lies in some discrete subgroup of R, then
if T is the greatest common divisor of the support of vy, the limit G(t)=
limp-w 2(t +nT) exists for every t and

G =( [Txtan)” B ult+iT).

Lemma 3.3. Let L(s)=—s""*1log ¢(s).
1) Non-Lattice Case: If the group 2%, Zlog 1. is a dense subgroup of R,
then the limit lims-- L(s) exists and it is positive.
2) Lattice Case: If 2)%2.7 log 1x is a discrete subgroup of R, let log h be its
positive generator. Then the limit k(s)=limn-~ L(s* k") exists and it is positive.

Proof. Let

u(x)=—exp(—x/ dw)(IOg( dlexp x) A(1—¢) >

1—€

_ ‘2' 10g< p(exp(x/ax)) AN(1—¢) ))

1—e€

where 7 ={(p3, p%+1)}/%!; is the shortest FV-path introduced in Section 2 and g,
=Ty m. By the truncation, we see %(x)=0 for all x<—N when N is large
enough. Also, by (7) and Lemma 3.1, we see

lu(x)|<cssexp (—x/dw) for all x>0

so that %(x)—0 as x—oo. By these facts, y=L(R). Set
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2(x)=—exp( ~x/dw)log< ¢(exp fl/;(l —€) )

1%]
V(dt)=Ela;”dwalogau(dt)'

By the truncation, z(x)—0 as x— —oo and by (8), z(x) is bounded. v is a
probability measure such that _/; wxy(dx)zga;“"w log a.<co and they satisfy

(14). Thus by the renewal theorem mentioned above, we obtain the results.
Note that the positivity of the limits comes from (8). [ |

The next lemma relates hitting times to distances.

Lemma 3.4. For the case of the Sierpinski gasket with p;=5/3, u;=1/3
(1<i<3) or for the non-lattice case, the following holds.

lim —L(T_)—Slll—dw'k)g E*lexp(—sty)]=d(x, v) Vx, yEE,

§—oo

where r,=inf {t >0: X(¢)=y}. This convergence is compact uniform w.r.t. d.

Proof. Non-lattice case : First, let us consider the case x, y& F*. In this
case, we can choose m (depending on x and y) such that x, y& H“™, Taking
a shortest H“™-path 7 ={xo, -, x.} connecting x(=x,) and y(=x,), we see
d(x, v)=274d(x:, x:+1) by the geodesic property of this metric. On the other
hand,

E*exp(—sn)]= X E*[exp(—sn)|7]P(x)

TET oam(%, ¥)

= > } 1725 E*[exp(— s Wam)| X (Wam) =yi+1] gx(s),
”EHHM,..x(J;:: y)’l':)hltx[ummal

for some g, bounded from above and below (7u-(x, y) is defined in the same
way as (6)). The third equation is a factorization of the second by each minimal
path (remark that 7 is one of the minimal paths). Using Lemma 3.1, we have

361170 p(s/ Txiyxie) < E*[exp(— 573)]
< T B/ Tumn WS B) g, 5)
= C3.7H :I;Ol ¢(5/ Txi,xi+1){h7f(s)}'
Taking log and divided by logg(s), we have

log cs.6 log ¢(s/ txixis) < log E*[exp (—s1y)]
log ¢(s) T log ¢(s) = log ¢(s)
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log C3.7 log ¢(S/Txi,xi*1) 10g hn(s)
=Tog #(s) T2 log 6(s) ' log ¢(s)

Taking s—oo,

log ¢(s/fxi,xi+1) — T;i,lJ/C;iﬂL(s/ TXi,Xin) — —1/dw — . .
log ¢(S) = L(S) Z'xg,xsu_d(xz, .x'1+1)

as lims-- L(s) exists. On the other hand, by Lemma 3.3, we can take cz5— a7
—( in (8) as s—oo. By simple estimates using this fact, we have log %x(s)/log
#(s) —0 as s—o0. As ¢(s) —0, log cs.ee.n/log ¢(s) —0. Thus,

. —log E*[exp(—szy)] _ ... log E*[exp(—sm)] _ _
I T g gls) R Fe)=d(, y)

Now, for x, yEE, take sequences x,, v, F™ so that x,—x, y.—y. We
have already proved

. log E*"[exp(—szya)] _
(15) lim Tog ¢(5) =d(%n, Yn)-

Noting E*{exp(— sty.)1=gs(%n, ¥)/gs(xn, x») and equi-uniform continu-
ity of the reproducing kernel (Theorem 2.3 2)), we obtain (15) for x, yEE.
Using the equi-uniform continuity of the reproducing kernel again, it is easy to
show that this convergence is compact uniform.

Sierpinski gasket with o,=5/3, ¢,=1/3: In this case, W, is a limit random
variable of a supercritical branching process divided by its mean and

(16) #(50)— 2

(see [3] Section 2). Using this fact, arguments are simpler. For the case x, y
EF®™, choose # so that x, y& H“™ (=F™ in this case), let a shortest F™-
path be #={x,, ‘-, x»} connecting x (=x,) and y (=x,). Then,

E*exp(—sty): X(W ) =x,, 1<k<n]< E*exp(—szy)]
SE"[exp(—sZ Wi)],
d
where W= W= W,/5", Wi=inf{t > Wi"': X(t)€ F™\{X(W™)}}. The left
equation is bounded from below by (1/4)"¢(s/5™)" and the right equation
equals ¢(s/5™)". Further, by (16), log ¢(s/5”’)=—21710g #(s)+0(1). Thus, we

have

limlog EXlexp(—sn)]

§co log #(s) n/2"=d(x, y)

For the general x, y& E, we have the result by the same proof as that of
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non-lattice case. i

§4. Proof of Theorem 1.2
We first treat the Sierpinski gasket with p;=5/3, 1;=1/3 (1<7<3).

Proof of Theorem 1.2 a). For x=y, the result is obvious from Theorem
2.6. So we assume x+y. First, by Lemma 3.3, we see £(s)=limn-. L(5°5") >
0. As we remarked, W, is a limit random variable of a supercritical branching
process divided by its mean in this case. Further, It is shown in [3] Section 3
that this £(s) is not a constant (see also [4]). Now, for fixed x, yEE, set £ (s)
=—d(x, v)s'/*k(s). By a simple calculation using (16), we see that % (s) is
convex and real analytic on R, (in fact, these are properties of the so called
Bottcher function composed with a Laplace transform of a limit random
variable of some branching process (see [5])). Taking a subsequence in Lemma
3.4,

lim 57w Jog E*[exp(—5"sty)]= £ (s).

Let g,=5"%, Y,=—5"r,. Using a variant of the Girtner-Ellis theorem

introduced in Section 2 of [5], we have for each #<(

—lim ai log P(Yn=ant)= k*(2),
where % *(¢)=sups{ts— % (s)} (remark that % (s)<0). By simple calculations,
we obtain
——lim<<£>nz)ﬁl_T log P"( T <<l>nz>=d (x y)%F (——-i—->
ne\\ b ¥=\5 " d(x, y)
(zzdw_l E*(—Z)),
where F(y)=y"@1 sups{k(s)s/?*—ys}. It is easy to check that F(y)>0 for

all yeR,. Also, we can easily check that I is constant if % is. Thus, by a
one-to-one correspondence of Legendre transform, we see F is not constant as

t
k is not. Noting that p,(x, y)=[; pe-s(y, v)P*(ryEds) and AEOrEiBt pe-s(y, v)
>0 (Theorem 2.6), we see that p,(x, y)>AP*(ry<t), and hence, setting g,(z,
2\" \a@-1
X, y)E((g) 2>d "log By, (%, ¥):
(%)=

_1

(17) —linnlﬂsup«%)nz)d"’—1 log PX( ry£<%>nz> > —lirrnlﬁsup gn(z, x, v).



SHORT TIME BEHAVIOUR FOR BM ON FRACTALS 237

Now, let D,(y)={C: C is an n-complex which contains vy}, Diy)=Dx(y)
U{C: C is an n-complex which is connected to D,(y)}. As x+y, x& Dx(y) for
large #. Denote b7 (1<7<# (3 t)) the boundary of Di(y). Then, by Theorem

2.6, M,= max pe_s(b?, y)<co for t<1. Hence,
7, 0<s<t

t
pex, Y)< TP (ru<1) _£ De-s(b2, )P (€ ds|ty<15)
<M, max P*(r,<t).

Thus,

n \o—— n
(18) —min lim inf((%) z)dw_l log P"(z’b,ns<%> z)é —lirﬁ inf ga(2, x, v).

n-oo

Taking #—oo, we have (18) with y instead of 57, as P*(r,,<t) converges
compact uniformly to P*(r,<t) for small {. We now obtain the result.

Corollary 4.1. There is no function f:E X E—R. which satisfies the
following for some bounded function G :

_1
(19) —lim G()t™" log pe(x, y)=1(x, y) V=z, yEE.

Proof . Let us assume that (19) holds for some f and deduce contradiction.
For x, y with d(x, y)=1, we have from (1)

—lim L(,z)(<%>nZ'>ﬁ log p(%)nz(x, y)=1 Vz>0,

n-oo

where L(z)=F(z)™!. Thus, if (19) holds, then limp- G((—g—)nz>= F(x, v)L(z)
so that

n-oo

20) 3 G(z)=lim G<<—§—>z>

Then, G(z)/L(z)=F#(x, y). As the left hand side of the equation does not
depend on x, y we can take

1) G(2)=L(z) and f(x, y)=1 for all x, yEE with d(x, y)=1.
Using (20) and (21), we can write (19) for general x, yEE as
L 2\" \a@-T _
(22) lim L(Z)(( 3 > 2> log p(%yz(x, »=f(x, y)-

On the other hand, according to (1), the right hand side of (22) is
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dw

d(x, )" - F <7(xi§7> / F(z), which depends on z by a suitable choice of

d(x, y) as F is not a constant. This is a contradiction. [ ]

We next treat the non-lattice case. In fact, Theorem 1.2 b) holds for the
class of affine nested fractals we treat with the condition that >1%2,Z log 7, is a
dense subgroup of R. We will prove it in the following.

Proof of Theorem 1.2b). By Lemma 3.3, lims.. L(s) exists. From Lemma
3.4, using Brujin’s exponential type Tauberian theorem (see, for example [6]),
we have

dw
dw—1

—ltipol t* " og P (ny<t)=cud(x, v)™,

where ¢4 ; is some positive constant. By a suitable normalization of the metric
d, we can take ¢,;=1. We then obtain 1) by the same argument as in the last
part of the proof of Theorem 1.2 a). On the other hand, for 0<a<pB< T, we
have by Hélder’s inequality

d 1

dw w—1 1
dw—ldt> du (B_a)dw-

d(x, y)éiﬂ’%d(x, ¢(t))‘dz‘£<f)#‘;d(x, $(1))

With a suitable parametrization, we can construct ¢:[0, 7 }]— E for which
the equality holds. Thus

dw

23) in Ix(¢)=(¥‘l—(£li—>m-
¢:8(a)=x, (A)=y (B—a)aw
Using 1) and (23), 2) can be obtained by a standard argument due to
Varadhan ([20]). [ ]

We note that Theorem 1.2 holds for the heat kernel %.(x, y) on the
unbounded fractal introduced in the remark in the end of Section 2. The proof
for the unbounded case is just easy modifications of the proof we did in this
paper. Finally, we show the following.

Theorem 4.2. In the Theorem 1.1, L(t) can be chosen as a constant.

Proof . According to Fujita ([8]), L(¢) in Theorem 1.1 is obtained from
another slowly varying function L* via a Tauberian theorem. This L* is the
same function as [(s) in Lemma 3.3 if we set dy, =—1%, n=%, Tzz%. The
apriori estimates (8) is obtained in (4.12) of [8] and (7) holds in this case as £
is an interval. Thus, by the same argument as in the proof of Lemma 3.3, we see
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lims. L*(#) >0 exists so that L(¢) can be chosen as a constant. [ |
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Note added in proof : After the manuscript was submitted, the author was informed
from Professor Watanabe that there was a preprint on large deviations for one-
dimensional diffusion processes with self-similar speed measures ([9]).



