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Fourier Transform for Paragroups and Its
Application to the Depth Two Case

By

Nobuya SATO*

Abstract

We prove that the flatness condition in Ocneanu’s paragroup theory for graphs with depth
two is equivalent to existence of the multiplicative unitaries in the theory of Baaj-Skandalis by
using “Fourier transform” introduced by A. Ocneanu. Moreover, from two Kac algebras dual
to each other, we construct a subfactor as a crossed product by a Kac algebra action, with the
string algebra construction.

§1. Introduction

Subfactor theory has explosively developed since its initiation by V.F.R.
Jones and it has unexpectedly produced a similar structure to conformal field
theory ([B-G]), 3-dimensional topological quantum field theory ([04]), exactly
solvable models ([R]), quantum groups ([W]), and so on. They have stimulat-
ed each other and subfactor theory has also enjoyed the effects.

In [Jo], V.F.R. Jones constructed subfactors of the approximately finite
dimensional (AFD) factor of type II; with all the possible index values. Later
in 1987, A. Ocneanu announced a complete classification of AFD II; subfactors
with index less than four in [O1]. He used his original theory of paragroups
[O1] for AFD II, subfactors. For some time, his combinatorial theory had been
mysterious, but the theory has been worked out by several people. The analytic
aspects of the classification problem of subfactors have been fully completed by
S. Popa in [P4].

The paragroup theory has very interesting aspects. One of them is that it has
a (finite) group-like structure though they are based on infinite dimensional
algebras, von Neumann algebras of type II;. If a subfactor arises as a crossed
product by a finite group action, the paragroup for this subfactor contains the
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same group structure and also has the unitary representation theory of the
original finite group. So paragroups seem to be “quantized groups” and general
subfactors seem to be “paragroup crossed product” subfactors. This was the
original motivation of Ocneanu for the initiation of the paragroup theory.

Among the axioms for paragroups, the flatness axiom is the most important.
On one hand, if we have an irreducible inclusion of factors of type II;, we can
construct a paragroup using bimodule theory (or correspondences [P2]) as in
([03], [Y1]). On the other hand, if we have a bi-unitary connection (not
necessarily flat), we can construct an inclusion of factors of type II; by the string
algebra construction as in [O3] and then the tower of the relative commutants
of this inclusion is realized as the “flat part” of the string algebras [03].
Moreover, if we have flatness, the inclusion constructed with string algebras has
the same (dual) principal graphs as the original graphs. This fact was stated as
the Range Theorem in [O1]. Flatness gives a compatibility for tensor products
as bimodules as in [04], [E-K1]. Moreover, it seems that flatness gives the
above-stated group-like structures in irreducible inclusions of type II; factors.

A. Ocneanu announced that an irreducible inclusion with depth two is
described as a crossed product by a compact (or discrete) Kac algebra. Though
several proofs have already been given (see [Da] and [Sz] for inclusions of type
IT; factors with finite index, [Lo] for inclusions of properly infinite factors with
finite index, and [E-N] for inclusions of properly infinite factors with infinite
index), this theorem still has deep contents from the view point of group-like
structures for paragroups.

In the present paper, we will study paragroups with two graphs with depth
two and seek for the relation between flatness and group-like structures.

In section 2, we will review A.Ocneanu’s paragroup theory.

In section 3, we will study Fourier transform for paragroups. This gives a
powerful machinery to analyze the “group-like structure” of paragroups.

In section 4, we will prove our main theorem as follows. Assume there
exists a bi-unitary connection with depth two. Then the flatness condition is
equivalent to the existence of two multiplicative unitaries in the sense of
Baaj-Skandalis ([B-S]).

In section 5, we will investigate the relation between the above two
multiplicative unitaries.

In section 6, we give a realization of a depth two paragroup from a Kac
algebra. Moreover, it will be shown that a paragroup arising from a crossed
product by an outer action of a Kac algebra is equal to the paragroup construct-
ed with a Kac algebra. This suggests a relation to categorical aspects of
paragroups (rigid monoidal tensor categories [T-V], [Y2]).
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§2. Ocneanu’s Paragroup Theory

We review Ocneanu’s paragroup theory to fix some notations. The present
exposition is rather restricted. For general paragroups and more details, we refer
readers to [O1], [03] and [K].

First, we have a graph G consisting of four finite bipartite graphs o= 93
=9, §,=6,=7 as in the following figure.

Go
Gs Gi
Go

Suppose that §; and § ;41 have common vertices V;+1 and ;s have the
common Perron-Frobenius eigenvalue 8 and the common Perron-Frobenius
eigenvector u for JEZ/4Z. We fix a vertex in Vo (resp. V2) called *¢ (resp.
%) and normalize ¢ so that x(*)=1. We call a combination of four edges,
one from each graph, with common vertices, a call. We set one more assump-
tion on the graphs (Initialization axiom) as follows.

There exists the only one vertex connected to *g (resp. *x) in Vi (resp. V)
and it is the only vertex connected to *x (resp.%*y) in Vi (resp. V5).

We assume that we have an assignment, called a connection, of a complex
number to each cell and denote it W and we use the graphical notation for the
value of W of a cell as in the following figure.

a,_gyb
0'34_’}0'2
& 04 d

We set some assumptions on W as follows (Unitarity axiom).

a~o;1_b a 0'1 ol Y
03£ ;0”2 03l l% = 05,6'05. 500n o

o—>e

co‘ao'4
c O'4d C 0'4d

a O'l.b a—01—.b
b, 0‘1 o2 l_.l L_io'z =005, 600, o
c o, d oy d
We can construct the nested graphs by reflecting each graphs vertically and
horizontally. We use the notation ~ to mean the reflected graphs and edges.
We assume that W on the nested graphs satisfies the following identity
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(Renormalization rule axiom).

cogd b g 7y &.b
G| |2 = oo o3 = [Ha)ld) as| oz .
a5 iz (&) p(c) et

If a connection W satisfies the above two conditions, we call it a bi-unitary
connection.

For an oriented edge 0, we denote the starting point, the end point and the
length by s(0), (o) and |0 respectively. We define an oriented path ¢ on o
by a succession of edges. We take a pair of paths (£, £-), called a string, which
has the starting point * and the same end point with length #.

First we construct an algebra Ao,» from the above data.

Definition 2.1. We define Ao as follows. As a C-vector space, a basis
for Ao, is given by the strings with length n. The algebra structure is defined
as follows. The product structure is given by (E+, £-)* (74, 7-)=0c_1.(Ex, 7-).
The star-structure is given by (€., £E)*=(E., £.). Then Aon is a finite
dimensional C*-algebra.

We can embed Ao,» into Ao,z+1 canonically. Moreover there exists the unique
normalized trace compatible with this embedding. Using this trace, we can
construct an AFD II; factor Ao,wZULle,nweak

We can construct finite dimensional C*-algebras Ax,» on nested graphs in
a similar way. Although we have many ways to reach at the (%, %) component,
the identification of different bases is given with the connection. We call these
Ar.n string algebras.

Ae C Aog C Az C

N N N
A1,o C A1,1 C A],z C

N N N

Thus we can construct increasing sequences of AFD II; factors A=
Us=0A4s,n ek as well as Ao,». We call this construction of AFD II; factors the
string algebra construction. We can also construct the string algebras A_1,» by
identifying the one connected to %*¢ and the edge connected to %*j; with
Initialization axiom. We have the following theorem.

Theorem 2.2 ([03]). The inclusion AowC A is irreducible and the
Jones index for this inclusion is given by 3°. The increasing sequence of AFD
I, factors
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AO,co CAl,oc CAZ,chﬁ,wCAli,oo' b

give the basic constructions for AoC A1~ Moreover, we have an estimate
Ao’ N ArwC Aro for the higher relative commutants of AoeC Aie. Also we
have an estimate A-1,0' N AreCAr1 for A 1o NAge.

Now we describe the most important axiom (Flatness axiom).

Definition 2.3 ([K], Theorem 2.1). We say that a bi-unitary connection
is flat if it satisfies the following equivalent conditions. Here % means either
*g or *y.

1. Any two elements x < Ao (in the vertical string algebra) and y< Ao, (in
the horizontal string algebra) commute.

2. For each horizontal string o=(0+, 0-)EAox , we get the following
identity, where Co,c< C depends only on p and oc=(0., 0-).

P+ . P-
T- T—
+>[ =3r+,r-Cp,o‘.
e

3. For any horizontal paths o+, 0- and vertical paths o+, o- with all the
sources and ranges equal to %, we get the following identity.

O+
P+ p

= 66+,o‘-6p+,,a_.

g_

We explain the figures used above. First, reversed arrows define the new
values as follows.

a, o1b b o1a
os |02 = o3| |oa
o >
c U'3d d 03 C

Next, the box-like figures mean the following. We make all the possible fillings
of cells for the above diagrams. One such choice is called a configuration. We
multiply the connection values of all the cells in a configuration and sum them
over all the configurations. This is the value assigned to each of the above two
box-like diagrams, and we mean this value by the diagram.

Definition 2.4. We call a bi-unitary flat connection (G, W) a paragroup.

Theorem 2.2. and the following theorem give the reason the paragroup
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theory is important.

Theorem 2.5. (Popa’s generating property [P3], [P4]) Let NCM be an
irreducible inclusion of AFD I\ factors with finite index and finite depth.
Then we have the following anti-isomorphism.

weak weak

<Q1Ml'ka cOmnm, );(NCM).

Thus we can say as follows.

Theorem 2.6. A paragroup gives a complete invariant for irreducible
inclusions of AFD Il factors with finite index and finite depth.

§3. Fourier Transform for Paragroups

We freely use the notations in [K] and fix a paragroup (G, W) with graphs
G0=93=9, §:=9,=X and denote the Perron-Frobenius eigenvalues for
these graphs by 5. Moreover, we note that we may change the connections by
a gauge choice, which means a choice of an appropriate unitary operator, if
necessary. So we choose the connection as follows.

B— T, B,,
P =08:4, 4, | =0

ik T

The meaning of the Kronecker & on the right hand side is as follows. There
is only one vertex on & that is connected to %y (resp. *x). For any % (resp.
7), the number of edges connecting such a vertex on § and % (resp. 7) on 9,
(resp. Go) and that on G2 (resp. §s) are the same. By identifying these pairs of
edges and denoting the above vertex simply by “*” (without any label), we can
impose the above formula.

A. Ocneanu has defined Fourier transform for a paragroup first. Following
[02] and [03], we define Fourier transform.

Definition 3.1. We define the linear map F : Ao2—— A1 by

3.1 F(x) :=FEa (xever), xE Aoz,

and call this linear map F the Fourier transform for the paragroup.
We define the linear map F : Ai,,—— Aoz as well by

(3.2) F(x) :=B°Ea,.(xe10), xE Au,

and call this F the inverse Fourier transform for the paragroup. Here E,
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eo and e; mean the conditional expectation and the two Jones projections,
respectively (LK ], [03]).

Here we set some notations. We fix a system of matrix units {e%}: j-1,ns
(k’s are odd vertices in the graph §2) in A1, and another system of matrix units
{Aba}p,a=1,-nr (7’s are odd vertices in the graph §o) in Ao, for simplicity.

That is,

ef}:( *’H_.._"’_.k s *—»o—» )
PYAES (ERE O N |
Moreover, we use the notation 7.=u(k) and n,=u(r).

Using the connection, the Fourier transform and inverse Fourier transform
are expressed as follows.

Proposition 3.2.

<1’L >L P

3.3) F(Mh)=2(22) i] |7 e,
i,9,k\ Nk k'T.
1 BT

=0 R _ N \Z q 37

(3.4) 7(6“)_p§r<—n,> I}T;q Abe.

Proof. First we shall derive the string formula for Az¢ in Aos.

P r q r .
Aba=( % , o ) in Ao,

Imbed this string into Ao,s and we get the following expression

Using the connection, we identify this string naturally with the following
expression

% —’--—JL T<q—o<-—- * Ig Ig
I SN - N .
LSt STt k1 ’ K
miphprn gk N atth ntn

By Initialization axiom, we can identify the above equation with the
following expression

r 4
o e tt—oa— ¥ . ~ 3 ~
> B N T Y G CL R 1. L
ettt H s H .

S,t
. .S i ~tos
u,Jll;le;;kﬁ i kg U kg
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Next, we describe the Jones projections ey and e: graphically as follows

€0=(*ﬁ oy W *5 ) in A

We can imbed eo into A1,z and get the following expression

lp la
o= tgz( *,H—u._—.a.*w_... i1 s *,H__a--—b*ﬂ—»otl)'
Similarly we have
o= 1 < nkznk' ) ( 12 ko 22 . J'zkfzjg )
1— .
i2,42,k2,k'2 ,8 " "
We can compute Ajqeoe: as follows.
% Prd4 % ~
G —e—b ot—oat—T(G . 7 - !
= i1kl JLE) 1
r _ 1
heme=| T4 (w o )
z‘m‘x,kx,k'l aknt ik g
1

la ly
(t : H—»-—»*Fo-otl’ *’H——N_’*’H_»tl) X
1,t2

1 . o ; o
My My >_ LS LY
(zz,]z.kz,k’z ,8( Bz ( " » R )

% —bo—pb r<q—-<—*g
. S,t1
ll)

11k
s (* oo —P-0
o—>o—>ot—te—e H

Iz
t1 y *H_“'_“*T“'il )
1,01, 71 k1 lltllz

mzm' B2 oy G2
( &
lz,Jz,kz,k’

NN i 1T N
e & (PP
il.,ksx,ll iy k1 i A :B B

Jz, k"2

M

J2 ké .7:; )

s

Applying the conditional expectation E4,, to this equation, we get

G

r 4 x
l—b.—b .:—-‘4— g

1/ ne L
Ea,, (Abqever)= < 3 )
zl,Jz,kl, '8 B

ik .
-——».——»-f——-h—! (*‘H R H ='('H % kl)
21 k1 J; "

p

l*g —>-—>!‘:q—a<——*g .
= 3 (i ) L b (st
sitgzk1 35\ Ny

J2 k1
Y H s Kz )'
H
k1 7

G —>e

—e

Because l l’ =0u,x and l l =1, the above is equal to the following
-.Tlpckl —y
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R S

N (qu):_ 2 < r >7 ill la ei@'-
i1,52,k1\ By k‘l—"; .
2

Thus we get the formula for the Fourier transform. We can deduce the formula
for the inverse Fourier transform in a similar way. Q. E. D.

Remark. In the case of a paragroup coming from an irreducible inclusion

1 1
of type II; factors NC M, we can easily check that {( : >2/1£q} (resp. {(%)2
r

efj‘,-}) gives a Pimsner-Popa basis for the inclusion M1 C M, (resp. M C Mi). So

the above formulae are unitary transformations between the Pimsner-Popa bases
for N'NM; and M’ N M.

Proposition 3.3. The Fourier transform F is invertible and its inverse is
the inverse Fourier transform F .

Proof. We shall check this by direct computation.

i(?(ﬁ@)hf;ﬁ((—ﬁff T e:;->
£

R
J
1 L P AN
— Z <ﬂk>2< Wn>2 zl lq zl lql A;lq
ik \ Nr N LS — 1
b1,q1,7 k L

1

= 2 Bp,px,c?q,qlar,r( ’; >7A£1ql (using Unitarity)
r

p1,91,71
=/1£q

Similarly, we can compute the other as follows.

Tt
L

y@(es))igr;f((z—j)% T 3?%))
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P r
1 1 e P r
2 2 ~ —
b,a,r Nr Nk, k = —
i1,J1,k1 3 k1 .;1

1 LT P
= N |2 i a'il a k1
B2 L e

o
7 k1 g1

1

Y3 . ..

= ( k) 04,i205,710r,z,€5% (using Unitarity)
iLinLki\ Nk,

=ek.
This completes the proof. Q. E. D.

Lemma 3.4. The Fourier transform and the inverse Fourier transform
preserve the inner products arising from tr. That is, we have the following
identities.

0 (F&), FN=(x, y), x, yE Ao
i) (F), FON=(, y), x, yEALL

Proof.
THTNRY S I e
.7(/15:1)7(/15&;:)*: 2 <nr>2< nr'>z 1’1 la 1/1 lq, ef,-eﬁ'i,
ik \ Nk Ny !
"R P k _.'I
J J
1 P r o

(%r%rr)f ; T e R
= Aritr’j e q i 7 .
i,J',Zk,i' Nk l_.,"} 4 _ 4 €.

k 3 k 7

Applying the trace to this identity, we get

PR N
W(F () F G =t 33 e T o[ o
i,J,k,1" k'_"'-’. k-—;b'
7 J

1
+ e
p] nr:;lr 2 i ;_‘v’lq i l—:.lql
G kg

=6Pyi”8q,q’ar,r’j;—r. (using Unitarity)

On the other hand, we have

tr(/llrrq/lxrﬁ"q’*) = 8q,q’5r,r’tr(/igﬁ')
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n
- ap,plaq,q’ar,r' 7: .

This completes the proof of (i).
By a similar computation, we can prove (ii). Q. E. D.
By the above two Propositions, we get the following Proposition.

Proposition 3.5. The linear maps F and F are unitary.

Next, we introduce another product called the convolution product in Ao,2
and Ai,1.

Definition 3.6. We define the following new product in Ai..
(3.5) xxy:=F(F(x)F(v), x, yE AL
We also define the following new product in Ao,.
(3.6) x%y:=F(F(x)F (), x, yE Ao

Because F and F are the inverses of each other, we get the following
identity.

3.7 Fxxy)=F(x)F (), x, vE A1,
(3.8) Fx*y)=F(x)F(v), x, vE Ao,z

Furthermore, we get the following Proposition by definition.

Proposition 3.7. The convolution products * and % are associative.
Using the connection, we can describe the convolution products explicitly

as follows.

Proposition 3.8. We get the following formulae for the convolution
products.

nof—
o)
=
o~
Q
N,

(3.9) Al ® Aflg,= 3 Bnfinflr = Tt ba,
v,q,7r B l lqz

1 ~
2 [
(3.10) elt K oht,= 31 PP Bl

nk s l _—’.l'il
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Proof. For (3.9), we can compute as follows.

A;;m’?A;iﬂz=j(7(A5141)-7(/1£§qz))

1,1 MmN mn
= W, \2[ %r, \27 . ~ ~ el am
=7 2 <—I‘—> <_Ji> 111 lKIl 7‘21 lqz enndig
iLj1k1 \ Nk, Nory ! !
2,52,k 2 1 ]"i ko 7
1,1 . mn ;N
n 2(n 2 1 T~
= Z <_L>< 7‘2> zll lql Jll lqz 7(@11;2
inink1\ Ne, Nk, ! —
7 1n k1L 5
1 1 ,mn P2m R
) R e e ' "
= 5 (Lo P22 o] Jas] e (Z2) ol i a
il,j,lykl nk1 nkl o—2 ko_”’.. nr ;—,,"
PR k1 g1 172 J2

Using Renormalization rule for the first two connections, we get

P k2 1 LR
o—p-e . o 1 -
Ao af Ju sl e (2T Ji g,
11,71, k1 B —a-.k | S Nr k;_’-‘".
pq,r Jrokr p2 o J2
nPL P
O l5 ,
= 2 : 1 1 /11211-
0.q9,7 5 l @
*g-—ba—p;"’_z

For (3.10), we can compute as follows.

ez‘in zm—y(y(ezm)?(ezwz))

P17 P2 1o

E & .
27 2 < 1) < 2) le lql lzl lqz Aplql PZQz
P\ Bry Ny, e k
b2,92,72 k1 F » Jz
A A Iﬂlrf l—ql-lri
= 2 RatlH ke 1 q1 %2 2 F (A
Px,th,n( nn> < nn) k'_’?". k'__?:.' ( quz)
qz 1 71 2 S
e\ 2 \E i le i ie (Vb O
= < k1>< kz) nl l‘h 121 lqz< r1> zl lqz ek,
Prgemi\ fin nr kB ke Nk =t
igok In 2 Ja k5

Using Renormalization rule for the first two connections, we get

1 P1 ky 12 1 P
nklnkz

el Je e e Gr) e

i k1 q k
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kyJd2 I k

= Z nklnl‘zé%k_% "~Zl y; ef}_.
i,k l l"l
i;H——>-—J;1-’k1

0. E. D.

Definition 3.9. We define another star structure # in Ai1 as follows.

(3.11) 2 =F(F(x)*), xE A1
We define another star structure # in Aoz as follows.
(3.12) 2 =F(F (x)*), xE Ao
Thus we have the following property by definition.
(3.13) F(x*)=F (x)*,
(3.14) Fx*)=F (x)*.

Proposition 3.10. The two algebras (A, the convolution product %, the
star structure #) and (Ao, the convolution product % , the star structure #) are
finite dimensional C*-algebras.

So we can decompose these C*-algebras into direct sums of full matrix
algebras as follows.

Al,l = ré:‘)anr(C).

We define a system of matrix units {A5¢}p.a=t,nr (#=1, ..., s) by Aje=
F (A3a).

l
Ao,z = k(;Dle(C).

We define a system of matrix units { €%} j-1,-.n (B=1, ..., [) by &&=
F(ek).

Thus we have two finite dimensional C*-algebra structures in each of Ao,
and Ai1. We will see in the next section that these two algebra structures give
a Kac algebra structure on each algebra.

§4. The Relation between the Flatness Condition and the Pentagonal
Identities for the Depth Two Case

We apply all the results in the previous section to the depth two case and
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prove the main theorem in this section.
We need some preparations for proving the main theorem. We adopt the
notation n=/;2

Definition 4.1. Define linear functionals @, ¢ as follows.
(4.1) F(x)=8tr(x), xE Aoz,
4.2) o(x)=pRtr(x), x€ A1
Definition 4.2. We define the linear maps r from Aoz to Ao2&Q Aoz and
I from Ay to A11QA1 as follows.
(4.3) (8@ &) I (x)(a®b))=@(x(a % b)), x, a, bE Ao,
(4.4) (2@e)(I'(x)(a®b))=o(x(a* b)), x, a, bE As,.

Proposition 4.3. The linear maps I’ and I' are described with the
connection as follows.

r1 I
(45) F(APQ) nr ; % % P1¢I1®/1!92<I2,
LIl P2
P 4 *g—po-—q;‘,rz
kz.ik._“'..k
(4.6) Feh=nd 3 "1V etn@ets.
32 z; 1 1.1'1

Proof. We shall prove only the formula for I” because the formula for I’
can be proved in a similar way.
We set
ﬁ(A£Q)= 2 clegzl-l7‘1?2‘1272/11’;141®/i;§<h-

b1,91,71
p2,92,72

(8@ &) F(35a) (5o ®5ar))
—n(tr®tr)(, 51 Chlrimsarridflantba @ iaidbiar )

b1,q1,7
2,92, 2

=n(tr®tr)< > Ch%rrrpaprrrn Amw@%fq")

b1,b2

‘b

NNy qr
_‘——_Cq'p’r’q”p”r”.
n

By (3.9), we have the following identity.
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v P, P3rs
P Y nr,n,nnra_% ‘;'l 1‘;3 s
Ap'q’ k /1p"qrr= Y . . Apsqa.
Ps,93,73 l lqn
#b—b.—p?,‘,’,ll
~ -
v, P
~ryr (Y L yrr =3l Az nT,nr"n,.s'% f;'l 1&5 s
¢(/1pq(/ip’q’ * /117”11”)) =@l Apg : ' Ablas
13,93,73 ,8 l lq”
*Q_"_;;l"l’"
=
oo
N BNy 2 4 g3
=Btr| 25— TB 2 l l Abas
g3 1 lqﬂ
*g-—’-o—-plb,.rll
v
1 5 ~
— Nr Ny Wr?2 l lp
n "
q
*i—» —’D"lrll
So we get the following equation.
-
L R A
LI >
Ny e ~par _ newinez 7 |»
q’plrlq'lpllrl’— . . .
n n l lqn
L
That is,
7 P~' 9 r
T A
1 q,l P
Cg?pr,,,q,,p,,r,, =5,2 l .
L
*g—>o—”'r"
Thus we get (4.5). Q. E. D.

Definition 4.4. We define the linear maps W and W by the following
equations.

4.7 W(x®y) :=T'(y)(x®1), x, yE Aoz
(4.8) WxQy) :=I'(y)(x®1), x, yE A1

Lemma 4.5. The linear maps W and W are described explicitly as
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follows.
r2,. 4
1 ~ll lpl
(4.9) W(/iﬂq®/1p’q’)— N2 U AR @AbLe,,
1,P2,qz,7'z l lpz
*g—b.—-—l—I;'rz
kz,_{é.._l’.,ki
, 1 72 3
4.10) W(es®et)= 3 met 2t ¥ oh @k
i1,72,72, k2 l i
R
1

Proof- We can check these formulae by direct computations using Proposi-
tion 4.3 and Definition 4.4.

0. E. D.

Lemma 4.6. The linear maps W and W are unitary operators

Proof . First we shall derive the formula for W*

(W(25®25a), Aprar@ b

pqulr p"’q'"

) (/11"16()/1 b’q’, W*(/IP”:q"®/1p:xq"’))
Set

Dpn qrr P q”’r”’

g Ill
W*(AP q”®/1p"’q”’)— q r’ P’19'177 10729 27 2 P’UI’ ®/1P’29’
"1y 1.
72

P’z, 2,7
Computing the left hand side, we get the following
(W(A5®Abar), Aprar@Apimar)

D’

1 Pll lp~' r . '
= Z Nrr2 : H (API‘I@APZQM Ap"q"®/1p'"q'")
Pz,lh,fz l le
*g—>-—>'

> . | | tr(A5,e)tr(A5,am)
*g———bo —qn,‘:i
r2,, 4
pT// 5/ .
=0r,r"0q,g" N2 l l Bl

Computing the right hand side, we get the following
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(A3e®A%ar, W*(A5ar@Abmar))

P D ’1q’1r'1P’zq’zT’z(/1P¢I®/1P’Q’
g
S ,
=3 DEabn? " (A (A )
1L,P'2
_ e,

—_————_—pnannpnlqnlrln
2 barp’q’r’
n

P'19'1®AP'24' )

Thus we get the following.

rP, 4
-, .
gy
qurp’q’r’ -

1 g v
aq,q"ar,r”nr"'nr’ 2 i l .
l lpﬂl
*g——’.——z’,,jll
That is, we get the following formula for W*

(4.11)

r Pl 92 ro

W*(/lpq®/1p’q’)* 2 n,,2 Nry = * l

AR " 25.0®
Pz,lh,rz l lP’

*g—>- —qr'rr
We can verify that W* is a unitary operator as follows

r2,.. 9L
1 ~1l }1"
W* VV(A?'(IQ()/1 p'q’ ) W* 2 nr’7 i A{nq@/lng
b1,P2,92,72 l lpz
Ky & e pm®

G P T2

I &) r P %1

1P 4 1 p 7 ,
» , Nrr2 i l RryNrry 2 i lz A aQAbiar,
P A *l__. .11‘2 } |p
G _;; [ Ag—e —Tq;'rz
RO S T
1 = | 11 = |7
= 3 nezne Zui'n l '“.l,l k3,1 (using Unitarity)
RoAD e e
257y *G—>o *G_""
L7 P qd 7 r I;;L % 7
= Zp Ry 2 2 |7y 1% 25,¢®2%%e, (using Renormal-
g ikq ikq
ization rule)
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R B
= ;z vl 7] |re A3.®AFie, (using Unitarity)
R, o—po o——po
k 3 k3

=Ape®A . (using Unitarity)

Thus we get W*W=id Au®4ne Since the linear map W is on a finite
dimensional Hilbert space Ao,:® Aoz, we get WW*=1id 4,,g4., automatically.

This completes the proof that Wis a unitary operator.

Similarly, we get the following formula for W*.

PR i ko
*( & & -1 j/l lfz & &
(4.12) W*(etQ®eli)= 2 nwnwz ! voefiQel.
iz,.;zl,kz l lll
i amakiraly

Using (4.12), we can prove that the linear map W is a unitary operator on
A1,1®A.L: in a similar way. So we omit the proof for W. Q. E. D.

Definition 4.7 ([B-S]). Let 76 be a Hilbert space.
A unitary operator V on 3@ is called a multiplicative unitary if V satisfies
the following identity.

(4.13) Vas Vie= V12 Vi3 Vas.

Theorem 4.8. The following conditions for a bi-unitary connection are
equivalent.

(i) The bi-unitary connection is flat for *¢ (resp. *x).
(ii) The unitary operator W* (resp. W*) defined in Definition 4.4 is a
multiplicative unitary.

Proof. Applying ¥ to (4.13) for V'=W* we get the following equation.
(4.14) Wiz Was= Was Wis Wha.
So we will check that W satisfies (4.14).

Ws Wos Ao @5 @)
= Wha(A5a® W (35 ®Far)

P . ‘I".'r”

1 1

= 2 nrz
b1,02,92,72

pll . ,
} W (A5:@A510) @ Abian
le
g—hn _.>'1‘2

q2

*
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r i’_._q: '’ T.L-ir
L P P, P3 ?
, pE "2 l l nrz l H /Uiaq®/1£rzﬁq4®/1£§qz
bupran } ” b
— . °
4 g ™ g qa ™
Was Was Waa( A5 @A ¢ @ Abrar)
rp,, 4
~ 7
_W W L P l lp Az Aze ®Ar"
= Waz Wis 2 n ' 1 55a@Ab3qs @ AL
Ps,06,96,76 l lps
*g—bu——q;,rs

= ﬁ/zs 2 4 "

bs5,P6,96,76
b7,P8,98,78

g "8
~ . . ~ ~ ~
1 b5 1 7 1 9 lPB s
nyz l l nyz ; ; Nrg2 l i /1;7q®/1£645

SRR, L L e p e

9,£10,910,710 —— . —»* .
G P 6 (4 @ T8 G
QA5 S aso

T
q0' 10

So to check that W satisfies (4.14), we must prove the following identity.

7

v, g P, qr
1 n l 4 1 P ; lm
4.15) Dn,2 : N2
b1 P2 l lp"
*g"’"' ——7!;'1_2 *g—p- —‘1201.4
r L _’1’..1" L Ps _g’»’.ﬂ: T4 P B8
~ 2 ~ ~
S g 1 5{ {P " 1 Psi lp’ " 1 4{ ;Ps
T T8 .
oL I e N I
*g—bo P T4 *g—>- — T8 *G—-bn —

q 7

o pe

We multiply formula (4.15) by N i) lﬂ' and take a summation over p”, q”

o—p-e

k1 1
and »”. Then using Unitarity, we get the following identity equivalent to (4.15).
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"7, rP. 2
1 i1 . I;Zil 41;
@ig) 3 7 i, 1
P l lpz l .lm
*g—>- ﬁq;.’f? *g—bo —q: T4

r B g7 P ry Pe 5 rs

. "~ i .

= s F ip’ 3§ lk1 5 7’!1‘5—% m; gps

A, f o e ) | e

* —»o——q: T4 g—b-fq; T8 g—bo-—-——> T

nklnrz

We multiply formula (4.16) with ——~ l lrz and take a summation

e
over P2, gz and 72. Then using Unitarity to the both hand sides and Renormal-
ization rule to the left hand side, we get the following identity equivalent to
(4.16).

v rEedr
@iy 3R A " S
Vol } e
*g—b. =!=‘;;-——>---—q:'r4
TR L N ry S, 8 rs
I L P omE 4 " wAle
Ds,be l lps Ds,9q8,78 1 lps l l{é
*g—-u-- —-(}:'1,4 *g—u-- —qg',,,s *g_" °

Using Renormalization rule to the last term of the right hand side, we get
the following identity equivalent to (4.17).

s r2,, 4
o ~ ~
@iy S A ATE P
b1 1 L l lPAi
*g—b. *g—bo_q:'r4
rEo L T B rBe, @ —
s 7 s . ~ 1 gs
=3t PR Al
poeete l lPG l ot l l{; Nk R
*g—b-- _‘1:.7‘4 *g_.° *g_’“

Using Unitarity to ps, gs and 7s, we get the following identity equivalent to
(4.18).
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o r L.i.r’
@19) 374 " s
NN *l e
*g——b. g~>o-—q:r4

y
Hg——. —>

T
a ™

~ L Tm i

. 1 p5l ? p3 1 Pa J3 n %

Trg ™ | f f G
*g .

Using Renormalization rule to the both hand sides of (4.19), we get the
following identity equivalent to (4.19).

/
420 3l i1 5 1 ~51' 1’7 ri—ﬁs", T“._?:G..'
sl = noz 1 A i1 g, i
( ! *l—>. —»‘ll:l; " el *l — _..lpe 3.73’41‘11 4—i;lk'l
g qu Tt ¢

We multiply formula (4.20) by 1741 lJ’4 and take a summation over p4 and
i2 ki
72. Then using Unitarity, we get the following identity equivalent to (4.20).

rrLLrr IO S
p3 l i s s .5
n . .
(4.21) % ilil W:pzs % % , P31 lz
Ja 4 1 Ps =
*g—-»o—quorrr;-o *g_>'—".1'4 Ja k1
4 7 p [:21
We multiply formula (4.21) by —k‘%—r p@l |1 and take a summation over

Ja k1
71, k1 and js. Then using Unitarity, we get the following identity equivalent to
(4.21).

Toe—>o—po—po—apar .,T-L'_(IL'T:.
~ ~ ; /
p3 5 n 5 P
(422) 4 L ETS S S
|V o } 2
*g—b-—»o——zo—b*g *g_..__,_o
aa T pl

Thus we get the following identity equivalent to the pentagonal relation for
w*.
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> = ’ ot '

. G S S

~ ~ ’

P3l ip’s n 1"5 P

(423) = 6p3,p’3 ar,r" T4 4 l

! ! GO

ko —o —z-——,gg *g—>o—>‘,r

q T4 p{; qa 4

Using condition 2 in Definition 1.4, the identity (4.23) implies the flatness
condition for .

We can also prove that the pentagonal relation for W* implies the flatness
condition for %y in a similar way. So we omit the proof for W*. Thus
condition (ii) implies condition (i).

Next, we show that condition (i) implies (ii).

T, P,
We multiply formula (4.21) by n’;f’ p'sl 1%’1 and take a summation over

J4¢ k1
71, k1 and js. Then using Unitarity, we get the following identity equivalent to
(4.21).

P 4P D r P 4
~‘I‘o—>-—>- —>o—>-1‘~ ~ . . ~
(4.24) - t _ [ % r
} nro I
F o — 0 ey * -0 —p
(4 a ™ 7 g g qa ™
L
We multiply formula (4.24) by | |7 and take a summation over 7', ¢’
ks 75

and #’. Then using Unitarity and Renormalization rule, we get the following
identity equivalent to (4.24).

is H P
Bl 1% r - p“gri_’ys -
(4.25) 31 lp; [ s = Ta "7y Yks )5
l nro | I
g0 oy ' qq4 T4
¢ 9 " pj ¢
r
We multiply formula (4.25) by 1;’51 lis and take a summation over 75 and
.%Nks

p. Then using Unitarity we get the following identity equivalent to (4.25).
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J6 kg J~5
, e —>xy
Psr} l Ps v ks Js
(4.26) 5| e = e W T
M Ny n S
l q4 T4
ke — e —po——py
[4 0 1'4}% (4

ks .775
We multiply (4.26) by ﬂéy—‘ | |7 and take a summation over js, s

qe T4

and ks. Then using Unitarity, we get the following identity equivalent to (4.26).

]
94 v, Ps
—e—

—>

! ]
| s o T
R

*

g——» — e —pe—y

g
as ™ pjs

(4.27)

Syt

By flatness, we get the following identity.

"}
94 4 Ps
*

15—»-——»- —e— i

(4.28) % %
o |5
b,
¢ o ™ pj ¢
We can decompose (4.28) as follows.
% 1, Pl
r Fi
, K et
(4.29) 5 " e
i,k 34 lps k.T»
i—’ — —— ——"i
G P 1;; 4

We can get
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94 7y 7;25 2
g—bl — —Dli .
13
4 kl.—.' 2
74 A T
(4.30) ) }4 P —1ana 3| L1 =0
Lk 31 l?:s R B
*g—b. —;:;;——;o—»;,:g
because of Unitarity.
By the Cauchy-Schwarz inequality, we get
94 T4 I;;S
Ig—b-- —0 — i .
o P . )
p p ‘O—D*
(4.31) }i Lf =i |
3i lpa k7
*g—bu—q:;rpzc—b*g
i e Vi
Note that we have k‘,l __,l =<—7;—k> by Renormalization rule. Set 2= % 4,
then we get identity (4.27). Thus we are done. Q. E. D

We apply the construction of Hopf C*-algebras by Baaj-Skandalis to the
above multiplicative unitaries. Since we know that a finite dimensional Hopf
C*-algebra is a finite dimensional Kac algebra and vice versa, we get the
following corollary.

Corollary 4.9. In the case of a paragroup with depth two, we have Kac
algebra structures in Aii, Aoa.

§5. Duality between Kac Algebra Ao and Kac Algebra A,

In the previous section, we have constructed Kac algebra structures on A,
and Ao: Those algebras have two algebra structures, string algebras and
convolution algebras. The products of C*-algebra structures in Ai,1 and Ao,z are
closely related. The two products in Aoz are given by exchanging the two
products in A;,;1. So the corresponding Kac algebras have a very simple relation,
which is called duality in Kac algebra theory. For applications, we will
describe this duality between Az and Ai,1 by comparing the formulae of the
fundamental unitaries W and W. For our purpose, we shall compute formulae
of W and W. We need some preparations.
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In this section, we fix a paragroup with depth 2.

Lemma 5.1. We have the following formulae.

(5.1) (xky)*=x**y* x, yE A1,
(5.2) (x % y)*=x*%y* x, yE Aopa.

Proof. As we can prove the above two formulae in a similar way, we will
prove only (5.2).

It is enough to prove (5.2) for the basis in Aoz.

By (3.9), we get the following.

o ~'1._~1. A
(Aior ® M) = 3 Hnigtr— "‘% %q A
" P

* 3 * 3
Abia * Absq, = Aaip, % Agip,

o=

1
— 2 N By, Ny li

piar B

1-1._~1»_P,.1' L 4.
63 RIS B

l lqz *l—bu—u'lpz

*g-—-yo——;;'rz G q27'2

Applying (4.23) to the left hand side and right hand side of (5.3), we get the
following.

1-1._‘1,’-_]”.1‘ r i.iri.ﬂ.n

~1l la _ T 1 p Nry
: M N’
I Jo | | .

~7'1 1., _.q .1; r P _.q T —»-p -—b-ql 7]

ll ;P T 1 z Nr,
| 4 Vo
*, o —° L Enaiane *

(4 G
¢ @ " "

By Renormalization rule axiom, the above two values are equal. Thus we
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are done.
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We list the identities we had above as a lemma.

Lemma 5.2. We have the following identities.

mnPL P or

a

(5.4) !
I
G P2 T2
ﬁil...i..’i
(5.5) g 4 lJ

*,’_,.—-.._i; k2

91 _th

r 9,

Al

b e

o —°
h ame 7o k2

To compare the structures of the two Kac algebras Ao and A1, we
transform the string algebra structure and the convolution algebra structure in
Ao,z to Aix by the Fourier transform. Since we know the Fourier transform
gives an isomorphism from the string algebra Ao,z onto the convolution algebra
A1, by formulae (3.7), (3.8), (3.13) and (3.14) and the unitarity of Fourier
transform, we can recover the Kac algebra structure of Aoz in A11. We use the
same notations in the case of the Kac algebra constructed on Ao,z.

We can define I and W as before and get the following formula.

(5.6) W(A5®A5a)= Nors
D1,P2,92,72
We shall derive another formula.
.. ql T,

o

- ’
J
1'?.(1.1'

R
_ i

92

A5:e® A%ia.

*g—>o

We multiply (5.6) by n?f% i l_.li’ , then take a summation over »’, ¢" and

=P
kg
’

/

q ”',
~ - 1 o o =~
67 W\ 5B 3wz || A
v, LA
L
r P
R
= Al TEE®
bp1,i",5" .7.15: n b2,92,72

7’. Using Unitarity, we get the following formula equivalent to (5.6).

J

k
> JT'l lpz /T;zqz

o—o
q2 72
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In the above equality, we used Renormalization rule to the term including the
vertex *g.
We compute a term in the left hand side of (5.7).

LA , A
2Domrz i | Ape=F| X wr7i| |4 e
v,q’,r" —pe pa,r’ o——>e
£ kg
1 —~
=n."2F(F (ek)*)

1
oy — k#
=Nr 2€5 .

Similarly, we can compute the right hand side of (5.7) as follows.

B i B
> 7 P ARe= X iR AR
D2,92,72 —>o D2,92,72 NrPr, —te
@ T2 k3
—— .&m
= i/ P T2
F Pz,%,rz NeWNr, ];___,l ? Apzqu
kg
N
I 5 (F(e)
i,
Ng

In the first equality, we have used Renormalization rule.
Thus we get the following formula equivalent to (5.6).

r P
W(A\Zq@ekz}'&):plzi m&_’y Xiqu@eﬁj#-

ik

Using Lemma 5.1, we get the following formula for .

r g
(5.8) W=73 5| | AAp)®n(es").
ik T

Next, we shall derive another formula from (4.12) for W*.
i k'
We multiply (4.12) by N v lf’ , then take a summation over 7', ;" and
p—>o
g

k’. Using Unitarity axiom, we get the following formula equivalent to (4.12).

U4

L
W* et®| 3 mwz #| |7 ey
I,IJ’Qk’ ’#l

I

T q
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o q 12 ky
AT Lk L TR e
= 2 q”l l"l eiu’@ 2 Nry 2 pl l]z €iziz |-
i1,9” e i2,J2,k2 'r’_,;'..
ik

We can compute a term in the left hand side as follows.

il s

7 14 q°
1 oo , _L o—p-0
2 Np 2 P’l l]’ e{-‘}j,:'z ) j’l lp’ ek,
VI 4 S gk §—>e
q L

1 ’
=0 2 F (Ap)*

1 ~
=0 2T AGrp .

Similarly, we can deform the right hand side and get the following formula
equivalent to (4.12).

*( B Tk tl' q’“. & Tk
w (eij®/1q"p' )= ! q"l l” el ,QAyr™.
1,9 —bo
i ok

Using Lemma 5.1, we get the following formula for W*.

r P
(5.9) W= 3 a| i 2(ef)®(Ak*).
R

We have arrived at the main point in this section.

Proposition 53. We have the following relation between the fundamental
unitaries W and W.

W=ZW*Z.

Here 2 means the flip map on MQOM.
So the Kac algebra constructed on Aoz and that on A1, are dual to each
other.

Proof. We use formulas (5.8) and (5.9). In formula (5.8), e%* is expressed
with e%’s as follows.

el =F(F (ek)*)

1 P r
. 7n zT .
=7 B () e e
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s B
=3 () [l TG
N

Ne : P T —
Z.p§£<nk1> 'i_iq l l? ezm

o —e
11,J1,R1 ] 1

Similarly, in formula (5.8), Abe* is expressed with Ajg’s as follows.

*=F (Aba)*
DU
= nr )2 i gk
_i§k< nk) zl__J &
ko j
D T
= <_"L>2 il lq jl lql/bm
i\drk nrl oo o——b-o
D1,91,71 k J ki

Using these formulas, we can write W and W* as follows.

A R R
W= 31 (Ze) 5] i ] Jaa] |m AT)®n(ek)
1;,;_1,1- Nk — i et
Phe W ik kg 11
21,J1,R1
o \E TP L g A
W= 3 (—) 7] Jnal 19 Al |7 2(efi)®A(A5).
Bop \ Nr T KT AT
ll:ﬂi’,zl’i ! T

ne\y L JBAm L 4n
5.100 X (—") ﬁi 17 lml! J!m

1,4,k Nk,

£1,91,71 i k'T l—j;l’
vy P P
e s—
= < N e >2 ql l'il zal lq’ ]il lq
pgr \ Nr — e J% e
1,51, k 1 k1 F10h 1%

Applying Renormalization rule to the first term of the right hand side of
(5.10), we get the following identity equivalent to (5.10).

17
ns \2 ; R
oz (2 ol el
b1,91,71 'i kij
1 71" P’ 7! .L.T
. 7 A T ~
_i'1::i’2"2,’1< nﬂ’lm) ui___.iq, lel__..,iql J;i—»iq :

b k1 g1 A
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P’
We multiply (5.11) by %] |7 and we take a summation on 1, ji and A:.

7

Using Unitarity, we get the following identity equivalent to (5.11).

, .4 g i R Py
1 Bt Joe] Jr = 3 () Al _jral s
4,k — — 1,57 1,81\ Nr 7 =
i k k3 ky 54 ky &

Using Renormalization rule to the first term of the left hand side of (5.12),
we get the following identity equivalent to (5.12).

' * P
* . q' G—po —>,
o

A S

(5.13)

So we must show this identity.
By Lemma 5.2, set » = %, and apply Renormalization rule to the both hand
sides, then we get (5.12). Thus we are done. Q E. D.

§6. A Realization of a Paragroup with Depth Two

We realize a paragroup with depth two from an initial Kac algebra and
describe the subfactor arising from the paragroup.

Suppose K=(/, I, x, ¢) is a finite dimensional Kac algebra. We denote
the left regular representation for this Kac algebra by 7 and identify the original
Kac algebra and the represented algebra. Because this algebra is a finite
dimensional C*-algebra, we may assume that / and the Haar measure ¢ are of
the following form.

l 1 1
M= D Mn.(C), o= 2 1T,

Here n=dim/. R

We can construct the dual Kac algebra K=/, I', x, ¢) from the initial
Kac algebra K([E-S]). We denote the left regular representation by A and
identify the original dual Kac algebra and the represented one. As above, we
may assume that M and the Haar measure ¢ are of the following form.

M= r@anr(C), p= 2 1Ty 0)

Note that we have the Plancherel formula for the inner products arising
from the Haar measures ([K-P]). That is,
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(6.1) o(ab*)=p(a* b*).

We shall construct a string algebra from these data. At first, we set the two
graphs, one from the Kac algebra and the other from the dual Kac algebra.
More precisely, the graph § (resp. ) has the unique vertex that is connected
to the vertices corresponding to the direct summands of the multi-matrix algebra
M (vesp. M) by nx (resp. #,) edges. We fix a vertex corresponding to the one
dimensional representation for 7 (resp. A) as a special vertex *¢ (resp. ¥y).

Next, we introduce a bi-unitary connection on above two graphs. Connect
these graphs as in the first figure in section 2.

Lemma 6.1. We have the following formulae.

(6.2) Ma= 2 To(ekAba)eb,
idk Ne
(6.3) eb= 3 LGk .

Proof. Since we can easily deduce these formulae by using (6.1), we omit
the proof. Q. E. D

Proposition 6.2. We can define a bi-unitary connection on the above two
graphs by the following formula.

ki

(6.4) ]l = e(ehb).
q r

Here ef; (resp. Abg) means the system of matrix units corresponding to the
decomposition of M (resp. M).

Proof. As described in [S], we have the following identity for the funda-
mental unitary W for the Kac algebra K.

W= 3 —2—o(ehAs) 1(e5)RA(AR).

i,d,k NeWr
s

Also we have

wr= 3% 2 o(eE M) (k) RA(Aba).

nknr

Since the fundamental unitary is a unitary operator on a Hilbert space
MEM, we get the following identities.

WW*: id,ﬂ@,u, W* W= id,ﬂ@,ﬂ.
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It is easy to see that these identities give Unitarity for the connection defined
above.
By Lemma 6.1, we have

n
A= 2 ——o(efidbq) ek
idk Nk

2T

n 1 . ,
= 3 ——o(efirbe)—ro(Aael) Aba.
g,k Nk nr

255
g’

Thus we get the following identity.
(6.5) 2 o(ebdbe) p(Abael) =0p,0-0a,a0r, 1.
i.5,k MEN &
We get the following identity in the same way.

(6.6) 3V o( B i) (Abael) = 0iiOsir Onorr.

{5k W ehr

It is easy to see that identities (6.5) and (6.6) give Renormalization rule. So
we are done. Q. E. D.

As we described in section 2, we can construct the string algebra Ai,1 (resp.
Ao,z) as M (resp. /ﬁ). Thus we have Kac algebra structures in the string algebras
Ai,1 and Aoz. By Theorem 4.8, we can show that the above bi-unitary connection
is a flat connection. So we have a paragroup for the two graphs § and 6. Thus
we get a subfactor from this paragroup and denote it by NC M.

Sekine ([S]) computed the connection for a subfactor PC P X .K concrete-
ly. This connection is equal to the connection given in Proposition 6.2. Thus
by Theorem 2.5 in section 2, the subfactor N M constructed above and the
subfactor PC P X K are anti-isomorphic.

Theorem 6.3. Assume that we have a finite dimensional Kac algebra K.
We can construct a subfactor from the Kac algebra K and this subfactor is
anti-isomorphic to the subfactor PC P X K, where P is an AFD II, factor and
a is an outer action of K.

Remark. We can represent NCM as a Kac algebra crossed product
subfactor by describing an outer action of K on M concretely ([Da]).
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