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On Uniqueness of Commutative Rings of Weyl
Group Invariant Differential Operators

By

Kenji TANIGUCHI*

Abstract

The uniqueness of commutative rings of classical Weyl group invariant differential
operators is discussed. We show this uniqueness for trigonometric or elliptic potential cases
under some order conditions. For rational potential cases, counter examples are constructed.

§0. Introduction

It is important and interesting to construct and classify commutative rings
of differential operators which contain the Laplacian

H=1: %ﬁm).

Such rings have been studied from physical points of view. The Toda lattice and
the many body problem are examples of such rings ([OP1], [OP2]). On the
other hand, to generalize the ring of invariant differential operators on a
Riemannian symmetric space, Ochiai, Oshima and Sekiguchi formulated com-
mutative rings of Weyl group W invariant differential operators. For classical
Weyl groups, they classified the potential function R(x) and constructed all the
higher order operators explicitly ([OS], [00S]). Let X be the reduced root
system corresponding to W and 21” be a positive system of 2. According to
them, R(x) can be expressed as

R(x) =a§:+ua(<a, %0) (ta(t)=uwe(t) for any a€EX, wE W).

Moreover, u.(t)’s are some rational, trigonometric or elliptic functions.
Let H be a Laplacian whose potential function is one of those which
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Ochiai, Oshima and Sekiguchi obtained. In this note, we shall investigate what
kind of differential operator P commutes with /. Note that we do not assume
P to be W-invariant nor to have constant symbol (see §2 (C3)). The arguments
and conclusions differ with the potential functions. In §4, we treat the periodic
(i.e. trigonometric or elliptic) potential cases and in §5 the rational potential
cases.

The main result for the periodic cases is the following (Theorem 4.4) :

Theorem 0.1. Let (W, X) be a pair of a classical Weyl group and the
corresponding root system. Let H=1/231710%~+ Dees+ua, x>) (u.(t)=
uwa(t)) be a Laplacian, where all u.(t)’s are non-constant periodic functions
in the classification of Theorem 2.1. Suppose that P is a holomorphic
differential operator which is defined on a connected open subset of the
domain where H is defined, and commutes with H. Assume that the order of
P is at most n (resp. 2n) for the An_1 or D, (resp. By) cases. Then P has
analytic continuation to the whole domain where H is defined and is
contained in the commutative ring constructed by Ochiai, Oshima and
Sekiguchi.

Since P is not assumed to be W-invariant, this is a stronger version of the
uniqueness theorem of such commutative rings ([OS, Theorem 3.2]). Moreover,
as a corollary of this theorem, if P and P are differential operators satisfying
the above conditions and [H, P]=[H, P:]=0, then [P, P]=0.

The author expects that, under weaker order assumptions, any differential
operator P which commutes with H is contained in the commutative ring of
Ochiai-Oshima-Sekiguchi. For details, see Remark 4.3.

In the rational potential cases, the situation is a little different from these
periodic cases. As an example, we shall construct all the differential operators
which commute with H=1/22710%/0%~+ Z1<i<j<nl Ci(xi— %) 2+ Co}  (An-1-
type Laplacian) and of order at most 2. Moreover, using these operators, we
prove that, if #>3, then there is no commutative ring satisfying (C1)-(C5) in §2
other than those which Oshima and Sekiguchi constructed in [OS]. The result
is as follows (Proposition 5.1 and Theorem 5.3) :

Theorem 0.2. Suppose that W=G6, and u(t)=Cit %+ C., C:%#0.

(1) Let P be a holomorphic differential operator of order at most 2 which
is defined on {x€C"; |x|<7r}N(C"—Ui<icj<{xEC" ; xi=2x;}) for
some < R-o, and commutes with H. Then P is ©n-invariant, has
analytic continuation to C"—\U <;<;<.{xE C" ; x;=x;,}, and is a linear
combination of 1, &hhy=2"-10x, 48, H, Pi, P» and Ps, where
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b= X (x,-axrxiaxj)z-f—zclls xﬁ(xi—xj)'z,

1<i<j<n i<j<n
1<p<n
P:= 2 (x,-ax, —X z-ax,)(x kax,- —X iax;.)

1<i*;#k+i<n

+2C X (2 > xpxq—gxﬁ)(xf—xj)“z,

1<i<j<n\ 1<p<g<n

PaZ: 2 (x,-axl.—x,'axj)(8x,—ax,)-i-ZCllSE xp(x,-—xj)'z.

1<:i<j<n 1<j<n
1<p<n

(2) If n>3, then there exists no ring satisfying (C1)-(C5) in §2 other than
what Oshima and Sekiguchi constructed in [OS].

3 If n= 3, then ds = 0x,0x,0xs— C1 1;53 (x,-—xk)‘zax,., 4 and H
1Sj<k$l3,]', ki
generate a commutative ring. This is proved in [OS]. Define

P= {(xz “Xs) Ox, + (xs —xl)axz + (x1 - xz) axa}z

+2C 2 (xp*xq)z(xi_xj)_z-
1<p<g<3

1<i<;<3
Then, 41, H and 4s+ AP also generate a commutative ring satisfying
(C1)-(CS5) in §2 for any A€ C.

For the corresponding results for B» and D, cases, see Remark 5.4.
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§1. General Notation

We fix an orthonormal basis {e1, ***, ea} of R”. Let W be a Weyl group
and 2 be the corresponding reduced root system. Root systems 2. of type An-1,
B and D, are realized in R" and we choose positive systems of them by ;

An_r-type: 2" ={ei—e;; 1<i<j<n},
Batype: 2" ={e;te;; 1<i<j<n}U{e:; 1<i<n},

Datype: 22" ={e:ite;; 1<i<j<n},
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and fix them.

In this paper, we treat holomorphic differential operators on C"=R"® C
and use the coordinate system (x1, **, x») with 2 7-1x:e;E C”.

We put 0x,=09/0x: (1<i<#). For a€> and x=(x1, **, x»)E C", let <aq,
x> be the coupling. For example, if @=e:— e;, then {a, x>=x;—x;. The norm
|a| of a root « is defined by |a|=+v<a, a>. Similarly, let {a, dx> be the coupling
of @ and 0x=:(0x1, ", Oxn)-

For a multi-index p=(p1, -, pn)EZ%), we put 0Z=0%! -0 and |p|:=
2.

Let P be a differential operator on some open subset of C". We decompose
P into P=37-0Ps, where Po=3pi—ras(x)02. We define Pr:= 2 p=ras(x)E?
(£=(&, -, &), and call it the k-th symbol of P. Especially, we call P, the
principal symbol of P. For &, we define de,, 0%, <@, &> and <@, 0> analogously
to those of x.

For differentiable 2#-variable functions f(x, &) and g(x, &), the Poisson
bracket { , } is defined by

{f, 9} = 3300 )(6:9) (31 )(3e:9)).

Remark 1.1. 1If two differential operators P and @ commute each other,
then the Poisson bracket of their principal symbols ¢(P) and o(Q) is zero.

§2. Commutative Rings of Weyl Group Invariant Differential Operators

In this section, we review the results in [OS] and [OOS].
Let C be a commutative ring of differential operators satisfying the follow-
ing conditions :
(C1) Elements of C are holomorphic differential operators on some appropri-
ate W-invariant open connected subset 2 of C” with 0€.Q.
(C2) Elements of C commute mutually.
(C3) Elements of C are W-invariant and the principal symbols of them are
constant with respect to coordinates {x:}.
(C4) C contains a Laplacian H=1/2X%.0%+ R(x).
(C5) Principal symbols of elements of C generate C[£]".
When W is a classical Weyl group, Ochiai, Oshima and Sekiguchi deter-
mined the potential function R(x) and constructed higher order generators of C
in [0S] and [0O0S].

Theorem 2.1 ([OOS, Theorem 1]). R(x) can be expressed as

R(x) = 2 ulxi—x5), if Wis of type An-1,

<i<j<n
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R(x) = 3 (ulri—x)+ulvc+x)+ R o(x), if Wis of type Bn,

R(x) = ; (ux:—x5) +ulxs+x5)), if W is of type Dn.
<i<j<mn

The above functions u(t) and v(t) are as follows :
If W is of type An1 with n=3,

2.1 u(t)=C®(t)+ C..
If W is of type Bn with n=3,

{u(t) = Clg"(t)'i‘ Cs,

(2.2) Cs® ()4 C ()2 + Cs (1 )2+ Ce®(8)+ Cr

v(t) = HOE
or
(2.3) u(t) = Cit 2+ Cot®*+ Cs and v(t)=Cut 2+ Cst*+ Cs
or
2.4 u(t)=C: and v(t) is any even function.

If W is of type Dn with n=4, then u is (2.2) or (2.3).
If W is of type Bz then (u(t), v(¢)) is (2.2) or (2.3) or (2.4) or

() = Cs®(2/2)*+ C(¢/2)°+ Cs8(t/2)*+ Ce®(¢/2) + C
(2.5) {” ©(t/2)? ’
v(t) = Cf(t)+C,

or

u(6) = Ce()+ cELBS 1,
(2.6)

v(t) = C4K*(t)+?u—)c5j53—+ Cs
or
(2.7) v(t) = C1 and u(t) is any even function.

Here, Ci’s are arbitrary complex numbers and ©(t) is the Weierstrass’ elliptic
function €(t|2w1, 2wz) with primitive half-periods w\ and w: which allowed to
be infinity, and es is a complex number satisfying €?=4(® —e1)(¥ — e2)(® —e3)
(see [WW]).

Note that ®(¢|oo, co)=¢72 and €(¢|y/—1x, c0)=sinh™? t+1/3.
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§3. Basic Results

In this note, as we mentioned in the introduction, we investigate what kind
of differential operator P commutes with H=1/22710%+ Zeez-u.{a, x>).
Here, (1) uo(t)=uw.(t) for a€X} and wE W, (2) u«(t)’s are given by the
classification in Theorem 2.1.

Suppose that P is an m-th order holomorphic differential operator which
commutes with H, and is defined on a connected open subset of the domain
where H is defined. Then, by Remark 1.1,

(3.1) 2 P} =600 —0.

For notational convenience, put 0:=271£:0x; and £:=217-10x.0s,. We define
y17 Y yﬂ by

(3.2) =2 A

yi = éj EJ—’;(lS]Sn'—l)

The following lemma is elementary.

Lemma 3.1. By the above notations, we have the following formulae :

[D, 0x]=0(1<i<n),
[D, 0e] = —0x, 1<i<m),
Dy: =10 (léiSn—l),
[o@, of] = - 7:13?:1.

For aEX)" and a holomorphic function f(t),

(3.3)

(3.4) FKa, x) = 0@<f(<<aa_,5x>>)>.

Corollary 3.2.

(1) If Q(x, &) satisfies {1/227-1£2, Q}=0, then Q is a function of & and
Y1, Yy Yn-1.

(2) Suppose that a holomorphic differential operator @ commutes with H,
and is defined on a connected open subset of the domain where H is
defined. Then the principal symbol o(Q) of Q is an element of R:=
Cl& (1<i<n), x&—x:8: (1<i<j<n)), and the highest order term
of @ has analytic continuation to the whole space C".

() If Q(x, &)E R is symmetric with respect to &, i.e. Q(x, 0(£))=Q(x, &)
for any 0ES,, then Q< C[£].

Proof. (1) Since {1/22%.€7, Q}=371£:0x Q=D Q=0, (1) follows
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from (3.3).

(2) By Remark 1.1, D0(Q)=0. Moreover, from (3.3), 0x.0(Q)=—[D,
0:.)0(Q)=—2D 0e.0(Q). By induction, we can prove 0%0(Q)=
(—1)"*'D""525(Q)/|p|!. Since o(Q) is a polynomial with respect to &, o(Q) is
also a polynomial with respect to x. Then (2) follows from (1).

(3) By the definition of %, Q(&, x) satisfies D Q(&, x)=0. Since Q is

symmetric with respect to &, E0x Q (&, x)+ E:0x,Q(E, x)+ él Er0x, Q(&, x)=0.
by

By these two equalities, we have ((~8x,-—8x,) @)(g, x)=0forany 1<7,;< n. This

means @ = Q(&, Z¥1x:) and D Q@ =(Z16:) Q'(§, Xirx:) =0, where Q'(&, ¢)

=dQ(&, t)/dt. Then @ is constant with respect to x. []

(3.1) is equivalent to
(3.5) D Pn=0.

The m-th order term of [H, P]=0 is equivalent to

12 p {_1_” 2 B }:
zzax.Pm‘f‘ 21,2:1«‘,&1, Pm—l 0,

i=1

then & Pp_1=—1/23%10% Pn. From (3.3) and (3.5),

% Ph.

M=

los\_1 5 1 5 _ _ 1
@(7xpm>— U2, £1Pat L0 Pa=—1

1

i

Then Pn-1 can be expressed as :
(3.6) P = %x Pt Qnas
with Q1€ R(=CLE, x,6:—x:&)).

Furthermore, we shall investigate the (#2—1)-st order term of [H, P]=0.
This term implies

SR8 a5 28, Pacs) = (Pa, R().

Since
{Fm; R(x)} =gasiﬁm'axi<a§+ua(<a, .7C>)>
= 31 <a, 8> Pnuil<a, 27),
~ _ 1 n 2 ~ 1 n 0 A
(37) O@Pm—z - _Tg_laxioﬁ Pm__i—zlaxiQm—l

+ 3 <a, 90 Pruilla, x3).

By (3.3),
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D(§ L2 Pat 5 ) =~ L Pa—y 208, Gns.
We integrate the third term in the right hand side of (3.7). Since D Pp=
0,
D(Ka, 3> Pn) = [D, <a, 3] Pn = —<a, 02> Pn.
By (3.4), we have

{a, 3> Pn
‘@(—_—__(a, 53 ula, xD)+

=<a, 9> Pnui{a, ).

a, 3x> Pn

e x>))

Here, U.(¢) is a primitive function of #.(#). Then, we have proved the
following proposition.

Proposition 3.3. P2 can be expressed as :

(38)  Pusz= %xzﬁw—%—x Qn-1t Qn

{a, 3> Pn
+aez+{ <a/, $>

<(l’, 0x) ﬁm

u{a, x>)+ o, £

U.({a, x>)}.

Here, since Pn-s, £?Pn and L Qn-1 are polynomials with respect to & and
o@Qm 2—0 Qm Zezaez+ E>zﬁ

§4. Uniqueness of Commutative Rings with Periodic Potentials

In this section we assume that

4.1) for any a€ X", u.(t) is a non-trivial periodic function
in the classification in Theorem 2.1.

Proposition 4.1.  Under the assumption (4.1), {a, 0:> P is divisible by <a,
&> and {a, 0x> Pn is divisible by <a, £)°.

Proof.  First, notice that the first and second terms of the right hand side
of (3.8) and~Pm—z are polynomials with respect to &._ Then there exists a
polynomial Qn—2E R such that {a, 0x> PnU({@, x))+ Qn-2 is divisible by <a,
&, ie.

(42) lim {<a ax>PmUa(<a/ x>)+ Qm 2} =0.

{a, £>—
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Suppose that limg, s»-<a, Ox) PnU(Ka, x>)#0. If we pay attention to a
coefficient of an appropriate monomial with respect to & in (4.2), there exist
polynomials f(x)#0 and g(x) of x such that

F(x)UslLa, 2>)+9g(x) = 0.

It follows that U,(#) is a rational function and this contradicts the assumption
(4.1). Then <a, 0x> Pn is divisible by <a, &.
Next, there exists a polynomial @7-2E .2 such that

. =1 <a', ax>ﬁm A7 } —
4.3) ({llylanlo{w, 0:> Prnuo(<a, x>)+————<a, 53 ULa, xD)+ Qm-zf = 0.
Let xi:=<a, x> and x":=(x3, **-, x) be new variables which satisfy C[<a, x>,

x']=C|x] and <a, 0x>x;=0 for 2<;j<n. For example, if #=e1— e, then x{=
X1— Xz, x5=x1+%2 and xj=x; (3<7<n). We define &:=<a, &, £:=(&, -,
&) analogously.

Since <@, 0x> Pn is divisible by <a, &£ and Pnisa polynomial of x and &,
P is expressed as

Pn=<a, &Si(Ka, &, &, <a, x>, )+ S&, x),
with some polynomial functions Si(s, &, ¢, x7), S2(&, x’). By this expression,

. <a, 0> Pn

(“4.4) <al.15>nlo {a, &

= |al(3:5:(0, &, <a, x>, x')

= |a|Xa, 0> lim <a, 0> Pn.
{a, £>—0

Suppose that <a, d¢» Pn is not divisible by <e, £>. Then there are polynomials
fo(x)#0 and g.(x) of x such that

(4.5) Fe(X)uaKa, x>)+|al2(Ka, 0> fo)(x) UsKa, x>)=go(x).

For a constant @ and a function ¢(x)=¢(x1, ---, x»), we denote ¢(x+ we;)=
¢(x1’ oxitw, e Xn).

Suppose that  is a non-zero period of u.(#). Then there exists a constant
Co such that Ud(t+w)=U.(t)+ Cw. Substituting x+ we;: for x of (4.5), we
have

(4.6) falx+we)ula, x>)+|a|"Ka, x> fo)(x+ we:) UlLa, %))
= go(x+we:) — Cola|™(Ka, 0> fo)(x+ we:).

Here we used the fact that {a, e;>E Z for any a€ 2] since 2. is of Ax-1, Bn or
Dgy-type. By assumption (4.1), . is not a rational function. Then (4.5) and (4.
6) implies
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det fd(x) 'al_2(<a’, ax>fa)(x) =0
fdxt+we:) |a|(Ka, 0x>fo)(x+ we:) |

Since fo+0,

Ka, 0 f)(x) _ Ka, 0x>fa)(x+ we:)
fa(X) - fa(x—f—wei) )

This implies ({a, 0x>f2)(x)/f«(x) is a rational periodic function, i.e. a constant
function with respect to each x; (1<7<#%). But since fo is a polynomial
function, f« is a constant function. Since #. is not a rational function, (4.5)
implies fo=0. This contradicts our assumption, and we have proved that <«,
3e> P is divisible by <a, &. Using (3.8) once more, we conclude that <a,
x> Py is divisible by <a, &% [

Proposition 4.2. Let P(x, &) = Xp=xcs(x)EP be a polynomial with
respect to &, and suppose lim, <@, 0> P(x, £)=0 for any aEX".
Assume that P(x, €) satisfies at least one of the following conditions :

(4.7) The degree of P(x, £) with respect to £ is
{ <n (W, 2) is An-1 or Du-type),
<2 (W, X) is Bn-type).

(4.8) If all the p:’s of p = (p1, -, pn) are non-zero, cp(x) = 0.

Then, P(x, £) is W-invariant with respect to &, i.e. P(x, 0(£))=P(x, &) for any
ocEW.

Proof. First, if (W, X3) is An-1 or Da-type and dege P(x, £)<n, P(x, &)
satisfies (4.8) modulo the W-invariant term &:-:-&.. In the case of Ba-type, p:
=0 or p:=2 for each 7 since lim¢,, s-o<e;, 0> P(x, £)=lime,-0 0s,P(x, £)=0. It
follows that, if dege P(x, £)<2n, P(x, &) satisfies (4.8) modulo the W-
invariant term £---£5. Anyway, to prove the W-invariance, (4.7) reduces to (4.
8).

Step 1. ©s-invariance.
First, we prove this proposition for the case #=3.
We denote P(x, £) by
P(x; E) =pl_‘_hz‘{_?s:kCPx.Pz,Ps(x)Eflsﬁbzéga-

To prove Gs-invariance, we apply Proposition 4.1 for @=e;—e;. The coefficient
of EF1EFY in lime,-e0e,— 0,) P(x, £)=0 is
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(4.9) Dh-0@p— 1) ch-tp1-p(x) =0 (1<I<E),

{25:0(219—1)017,:—9,1:—:(96) =0 (1</<k),
2h-02p—Depr-ri-plx) =0 1<I<E).

We shall prove

(4.10) Cor—1,i(X) = Cie-s,0(x),

Ck—i,o,i(x) = Ck—i,i,o(x)

{Co,i,k—i(x) = Ci,O,k—i(x)s

by induction on ¢.
For =1, 2, this follows from (4.9) with /=1, 2. Next, the first equality of
(4.9) with /=17 is

i(Croni(2) = =i+ B 20— i) Cpi-pai(®) = 0.

If 6>, Cp,i-poa-i(%)=Cip.p.e-i(x)=0 for 1<p<i—1 by assumption (4.8). If 2
=1, Cpi-p.0(X)=Cp,0,i-p(X) = Co,p,i-p(X)=Ci-ppo(x) for 1<p<i—1 by the
hypothesis of induction. Anyway, (4.10) holds for 7. Then, P(x, £) is
Gs-invariant with respect to £.

Step 2. P(x, &) is even for B, Ds cases.

We apply Proposition 4.1 for a=e;+e; and prove P(x, £) is even with
respect to £. For this, we prove that co,:,s—:(x)=0 if 7 is odd by induction on
i.

The coefficient of £72EF7% in lime,-— &8s+ 0e,) P(x, £)=0 is

Do D) PQ2p—Depipa-i(x) =0 (1<I<k),
(4.11) {ELO(—I)Z"P(Zp— Der-ip-p(x) =0 (A<I<E),

So(—1)PQ2p—Depn-ri-p(x) =0 (1<I<E).

Equations (4.9) and (4.11) with /=1 imply co,1,,-1(x)=0. The first equality of
(4.11) with /=27+1is

2i+1 , )
pgo (=12 12(2p—2i—1)Cp2is1-pa—2i-1(x)

2?__..0( —1)? Y (2p—2i—1)cp2ir1-p.r—2i-1(x) = 0.

Here, we used the Ss-invariance. If £>2i+1, then Cpzi+1-p,2—2:-1(x)=0 for 1<
p<1i by assumption (4.8). If £=2i+1, then cCpzi+1-50(X)=Co.p2i+1-p(x)=
Cozi+1-p,p(x)=0 for 1< p=<17 by the hypothesis of induction, since p or 2 +1—p
is odd. Then coz2i+1,4-2i-1(x)=0. By Ss-invariance, step 2 is proved.

Step 3. n>3 cases.
For 0E&,, let ap=(pow), ***, Pom). Let 0, be the interchange of 7 and J.
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If p: or p; is 0, then co,p(x)=cs(x) by step 1. If both p; and p, are not 0, then
there exists 217, j such that p»=0 by assumption (4.8). Applying step 1 for 7,
j» h, we have coup(x)=cp(x). This implies that P(x, £) is Sn-invariant.
Analogously, we can prove that P(x, &) is even for B, and D, cases. [

Remark 43. (1) If we remove the assumption (4.8), there exist
polynomials of & which satisfy the divisible condition in Proposition 4.2 but are
not W-invariant.

For example,

Q = Eitsts— &N+ &)+

satisfies lime,-z(0e;— 9e,) @ =0 for 1<7<;j<3 but is not Ss-invariant.

But, in this periodic case, we can show the following statement by direct
computation : “If P is defined on a open subset of C°, commutes with H, and
ord P<4, it is Gs-invariant and is contained in the commutative ring of
Ochiai-Oshima-Sekiguchi.” Then the author expects that we can weaken the
order assumptions.

(2) On the other hand, when the parameters of potential functions are
special, it is known that there exist higher order differential operators which
commute with A but are not W-invariant ([VSC]).

At last, we come to explain the main theorem of this section. This is the
uniqueness theorem of commutative rings with periodic potentials.

Theorem 4.4. Let (W, X) be a pair of a classical Weyl group and the
corresponding root system. Let H=1/23710%+ X eez-ua{a, 1) (ua(t)=
uwo(t)) be a Laplacian, where all u.(t)'s are non-constant periodic functions
in the classification of Theorem 2.1. Suppose that P is a holomorphic differen-
tial operator which is defined on a connected open subset of the domain where
H is defined, and commutes with H. Assume that principal symbol o(P) of
P satisfies the condition (4.7). Then P has analytic continuation to the whole
domain where H is defined and is contained in the commutative ring con-
structed by Ochiai, Oshima and Sekiguchi.

Proof. If o(P) satisfies (4.7), o(P) is constant with respect to x and
W-invariant with respect to & by Corollary 3.2.(3) and Proposition 4.2. As a
consequence of Ochiai, Oshima and Sekiguchi, we know that there exists an
operator P’ which commutes with H and has the same principal symbol as P.
The order of P— P’ is lower than P, and P— P’ commutes with H. Since P
satisfies the assumption (4.7), P— P’ also. By the explicit formulae of higher
order operators ([OOS, Theorem 2]), we know that P’ is defined on the domain
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where H is defined. Then this theorem is proved inductively. []

§5. Rational Potential Cases

In the rational potential case, the situation is a little more complicated than
the periodic cases.

In the first half of this section, all the operators with order at most 2 are
constucted, which commute with

5.1 H =%>ﬂ‘ 02+ 2 {Cilxi—x;)7%+ Ca).

i=1 1<:<j<n

In the latter half of this section, using these operators, we investigate whether
there exist commutative rings which satisfy (C1)-(C5) in §2 but different from
what Oshima and Sekiguchi constructed in [OS]. Note that their commutative
ring is generated by

Al = Eiaxi,

H= %‘Ziaﬁzci'i’ Dicsu(xi—x;),

Oz = 20 i<j<n0x,0x,00,— 22 j:i'u(xj_xk))axi,

7, 13

where u(t)=Cit%+ C..

We use notation in §8§3, 4, and assume that C;%0, #=3.

Suppose that P= 317 P, commutes with H. Then Pp satisfies (4.2). Since
Qn-zisa polynomial with respect to x but U.(¢) has a pole at t=0, we have

(5.2) lim lim <e, 6x> Pr = 0.

{a, x>0 <a, £>—0

Next, by (3.8), there exists @n-2E R such that

<a/, ax>ﬁm Qv;r,l-‘l —
b U.La, x0)+ <a 9} = 0.

Since limq, &-o{<a, 0> P, Ua, x>)+ Q -2} has no pole at <a, x>=0 by (5.2),

(53)  lim {<a, 96> Prtta(<a, x0)+
{a, £>—0

(5.9) lim lim <@, 3:) Pn = 0.

{a, x>—0 <a, £)—0
As we mentioned at the beginning of this section, we shall find all the operators

P with order at most 2. We express P as

(5.5) P=§a56§,+ 2 aiiox.0x,+ Z}lafax‘--*—ao.

1<i<j<n

Here, a3, aii, ai and o are holomorphic functions on {x&C" ; |x|<»}N(C™
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—Ui<icjsal EC™ | 2i=x,})

The coefficients of 0%’s in [H, P]=0 are
(5.6) %1 Oxas =0,
(5.7) 2.0x, 1 Ox,as+ 0xall =0,
(5.8) Ox:Ox; 0 Owail + Ox,ait + Oxait = 0,

2 . l “ 2 i [
(59) O : D) Elaxpa2+ax,-(l1 =0,
(5.10) Ouides: o 3 Fpafi+ i+ Bl = 0,
(5.11) b 5 32 hoai + o = 20300, R(x)+ 3 alt 0 R(x),
J*i
(5.12)  constant : —l—i 0%.a
. . 217:1 xp L0
n . s n .
—(Batez+_2_ atidnde+ 3% aidx ) R(x).
=1 1<i<j<n =1
For a=e;—e;j, (5.4) is equivalent to
(5.13) lim(a3—aj) =0,
Xj—Xi
(5.14) lim (a{f—ait) = 0,
Xji—Xi

for i#j#k+i. Notice that @} and af| are polynomial functions of degree at
most 2 by Corollary 3.2.(2).

Since 0x,ab=0x,a3=0 from (5.6), at=liMy,-x, a3=liMx,-x, a=0:(a3) by
(5.13). Here, 0y is the interchange of x; and x,;. Then a3=0:(a3)=0:0:.(af)
= 0:;0;0k:(a3) = 0;x(a3), and this implies &} is a symmetric polynomial of x1, -+,
Xi, ***, Xn. Then, for any 7, aj is expressed as

. n n
as=mAxite 2 Xxet Mm%+ .
J=1 i<j<k<n Jj=1
J#i J. BFi J#i
Here, 1»’s do not depend on 7 since as=o0:(aj).
Next, by (5.7), Oxall=—2m%x;— 1223 %=1 X — 3. Define ZH by

n
k*1,j
or s n
an= aﬁ+2/£1xixj+/lz(xl'+xj) El X+ (4 x;5).
k#*i,j

By (5.7) and (5.14), 0x @ {i=0x,a{i=0, and limx,-x(Zii— @{{)=0. By analo-
gous argument as above, Z11=0:x(a@1}) and then @1 is a symmetric polynomial
of x1, ***, X1, =+, X; ***, xn. Using (5.8), we have
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alfl = —2mxix;— s+ ;) 2 Xn

k#:t J

n
—/13(xi+xj)+/12 kgl x%+/15-

k+i,j

Define @i by

i__ i n—-2 n
ai = al_(%_l)ﬂlxi_—z_ﬂ221xj.
i3

Then by (5.9) and (5.10), @1 satisfies Ox, @ {=0x; @1+ 0x,@21=0. This implies that
@} is a polynomial function of degree at most 1.
Finally, we determine ao. From (5.11),

_ & —2C(2a,—al) —2C(afi—2ai?)
ax,ao _J:gl, (xi_xj)s +ls_j;2i$n (JCj“‘xk)s
7 1
g ( —E(x:;)s [2#1( zxj+1§1x127)
J#l b+i

+ﬂ2{2 z xpxq+(xz+x1)2xp élxﬁ}

1; q:t; P#w p+i,Jj

+u3<x,-+3xj+2 ;:]1 xp>+2/14— ,Us]
b#i,j

—2C

1Sf<zk$_n (o —x0)
j, k*1

n
{_2ﬂ1xi+ﬂz(xz‘— 2 Xp>—ﬂs}.
b5
By this equation, we have

ao =

C { 52
——xj)z zﬂlpglxp

1<i<j<n (xi_
n
+/Jz<2 > xpxrpglx%)

1<p<g<n

+ Zuspzzllxp +2m— /Js} + 1.

(5.12) is equivalent to —2CiXi<i<jcn(@i— @{)(x:i—x;)"*=0. Since @i is a
polynomlal function of degree at most 1 and satisfies Ox, @{=0x, @i+ 0x, @{=0,
@i is a constant us, which does not depend on 7.

Proposition 5.1. Let P be a holomorphic differential operator of order at
most 2 which is defined on {x&C" ; Xi=
x;}) for some v < Rso, and commutes with H. Then P is Gu-invariant, has
analytic continuation to C"—\U,<;<;<{xE C" ; x;=x;}, and is a linear combi-
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nation of 1, =X -10x, &, H, P,, P, and Ps, where

P = 3 (xjax,—xiax,)2+2cll 2 x;z)(x,-—xj)"z,

1<i<j<n <i<j<n
1<p<n
Pz = 2 (xjax.-—xz-&x,)(xkax,.-xiaxk)

1<i#j*k+i<n

+2C X <2 > xpxq—élxﬁ)(xf—xj)‘z,

1<i<j<n\ 1<p<g<n

P= X (xjax,—xiax,)(ax,-—ax,-)+2C11SZ .?Cp(xi_JCj)_Z.

1<i<j<n i<j<n
1<p<n
For the construction of a commutative ring satisfying (C1)-(C5) in §2 of
An-1-type, we assume that P commutes with 4, i.e.

Alaé = Aldf"i = A1(lf = thao = 0.

This implies 241+ (%2—2)ue=1=0. Then we have:

Proposition 5.2. All the differential operators which commute with H
and 4, are linear combinations of 1, H, 4, 4% and

P= 3 {(xi—x)0x+ (xe—x:)0x,+ (X:— %) 0xs)

1<i<j<k<n

+2Ch Z (xp—xq)z(xi—xj)_z-
1<i<j<n
1<p<g<n
We shall prove that there is no commutative ring satisfying (C1)-(C5) in §2,
which contains £, H and 4s+AP, if W=6,, n>3 and Ai+0.

Let

Q=_ 3 Oududndat 2bik+ 3 bidke,

1<i<j<k<I<n 1<i*j<n

B B, O+ 21 b+ S buon,

1<i<j<k<n 1<i<j<n

+ (lower order terms)

be a S-invariant differential operator which commutes with £, H and 4
+A1P. Note that b4, b5 and bi{} are polynomials of x with degree at most 3 by
Corollary 3.2.(2).

The coefficients of [H, Q]=0 are

(5.15) 3y Gubi =0,
(5.16) 823’,‘18}(}: ax,b§+ ax:bzi{ = 0,
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(5.17) %:0%; : Ox, b8 + 0x 0% = 0,
(518) a-?fiax'iaxle H ax;,bZl‘f’ 8x,b21 + ax, 1”1)1' ==
(5:19)  0x0x,0xx0x: : Oxbifs + O b+ O, bi% + 0 BT =

(5.20) 3. %pg 2, bi+ dbi = 0,
(5.21) JZan,i . —%'élaachbzl‘i'*‘ax,bzl'i' ax;bﬁ = 0,
(522)  uihdun: 2 Bl Ouubii+3u, bl + bl
=20 2 3 (xo—x0),
p=iik q:zz=11 k

respectively. The coefficients of [4s+ AP, Q]=0 are

(5.23) afc,-ax, . p;z .aXpbfii = 0,
(524) 6‘3,3;(,3;:,, . p; apr:;.+ 2 aprﬂ+p§ _aprzif
2 axFaZ,
P*z sJsk
(5.25) ?qaxj: qu aJCpaJCqbé.-*— qu GXanng+p§ apr21+zaéax,b31
p,a%i a4 7

+ Z.ja{‘f Oxp b3+ 230,031+ E{ai’f 0, D3]
= 3b?faxiaﬁ+§ib2i{’axpaﬁ+2b2i'{ax¢a£
+2b4i0x,a5+ P;}’j bift Ox, a3,
respectively. Since [4, Q)=0, 4ibi=2bsi=2bi{t=0. By (5.15), (5.23) and
2 bi=0,
(5.26) b3 = 22 (constant).
Moreover, by (5.16), (5.18) and (5.19),
(5.27) 0x. b3l = 0,
{ = ouoifi = 0.
Proposition 5.2, (5.18), (5.24), (5.27) and 4:165i=0 imply
Ox,bift = — Ox bS] — Ox, 03t = —(Ox,+ Oxu) b
= _ZAIP*%’k(Xj'i'xk'—zxp).

Then b#% can be written as
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bift = —2(n—3)A(oas+ 220+ xa%:)
+4A1(xi+xj+xk)p$2. kxp‘l‘ b H’f,

where b % is a symmetric polynomial of %#—3 variables x, (1<p<wn, p+1, J,
k) with degree at most 3. By £15{{i=0, (5.19) and (5.27),

Bt = —64 3 bt
PR N
Then
(5.28) bifs = —2(n—3)Ai(xwax; + x50+ x8%:)
F4A(i+ x5+ %) D xp—6A 2 x24+ A3
D#i, g,k D+i g,k

Next, we determine b3j. By 0x,b5=0%b5=0, (5.17) and symmetry, Ox,b5=
axib%i=0
From Ox b8+ 0x, 088 =212 pwsju(;+ X —2%5), we have 0%,05=2(n—23)A
and axkax,bz.ki.:—ZAl, since axkax,b%=—(9x,-ax,b£f—4/h=ax,axkbzif= _ax;,ax;bzi{
—4A.. Then
bi=A 2 (xp—xq)+A 2 Xpt+4s.
p<q D#i,Jj

D,9%1,j
2 b5i=0 implies 4:=0, and we have

(5.29) bi=A 2 (p—x)f+4s.

b,q#i,j

wQ

bH= {Cilxp—xq) 2+ Co}+(n— 3)/11 2 (xz-l-xj 2%p)+ bH.
P,Q$ oJ
Then by (5.20), (5.21), (5.22), (5.26), (5.28) and (5.29),
3x,bzi - 0
aij2+ ax 0

b=
axkbll'i'axjg a.gff=0
This is equivalent to
[E5e she+ i) =0,
then b5 and b are polynomials of x with degree at most 2.
Since Aibi=2 gﬁ=0,
(5.30) bi=1e 2 (xp—xa)'+ o,

b,q+i
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b =— 2/16P§ (xo—x:)(xp—x5)+ Zs.
157

Differentiating both hand side of (5.25) by x; three times, and using Proposition
5.2, (5.26), (5.28), (5.29) and (5.30), we have

o=£(zwwmﬂ)=3zﬁwﬁ%&mﬁ
D+ D+
= 3p§ 2&1(%—3)-2/‘11 =12(n—2)(n—23)A2.

Then 4=0. By Theorem 3.2 of [OS], the commutative ring which contains 4,
H and 45+ AP and satisfies (C1)-(C5) in §2 is unique. Then we have proved :

Theorem 5.3. Suppose that W=8, and u(t)=Cit*+ C..
(1) If n>3, then there exists no ring satisfying (C1)-(C5) in §2 other than
what Oshima and Sekiguchi constructed in [OS].
(2) If n=3, then 4= 0x,0x,0x,— C: > (%5—%2) 20x, & and H
lsjéfziik*z

generate a commutative ring. This is proved in [OS]. Define

P= {(xz —‘xg) ax, + (xs —X1)ax2 + (x1 _X2)axa}2

+2C1 2 (xp—xg)*(xi—x;)72
1<7/<;<3

1<p<g<3

Then, 4, H and 4s+ AP also generate a commutative ring satisfying
(C1)-(CS5) in §2 for any A.

Remark 5.4. For B, and D, cases, it is not difficult to obtain the corre-
sponding results to Proposition 5.1 and Theorem 5.3. Let P be a holomorphic
differential operator of order at most 2 which commutes with H=1/2>%,0%
+ Dicicientu(xit+x5) + ulxi—x)} + Ziv(x:), where u(4)=Co+ Cit 2+ Cat?
and v(t)=DBo+ Bit 2+ Bst? (see Theorem 2.1 (2.3)). If C:+0, then P is a linear
combination of 1, H and

P1: Z (xjax,-—xz-ax,)z

1<i<j<n

+2(Ba){C T (tn) "+ a—x) )+ Bigi?).

1<j<mn

Moreover, all the commutative rings satisfying (C1)-(C5) in §2 are constructed
in [00] and [OS].
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