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Quantum Current Operators—II
Difference Equations of Quantum Current
Operators and Quantum Parafermion
Construction

By

Jintai DING* and Boris FEIGIN**

Abstract

For the current realization of the affine quantum groups, a simple comultiplication for
the quantum current operators was given by Drinfeld. With this comultiplication, we prove
that, for the integrable modules of Uq(8/(2)) of level £+1, x*(2)x*(2g*?)---x*(2g*%*) are
vertex operators satisfying certain g-difference equations, and we derive the quantum parafer-
mions of U,(81(2)).

§1. Introduction

Lie algebra §/(2) has three current operators e(z), #(z) and f(z). For any
integrable highest weight module of §/(2) of level %, the current operators e(z)
and f(z) satisfy the following differential equation :

(e*(2)) — : z7'h(2)e*(2) :=0=(*(2)) + : z'h(2)f(2):,

which implies that ¢*(z) and f*(z) are vertex operators [LP].

For the case of quantum affine algebras, Drinfeld presented a formulation
of affine quantum groups with generators in the form of current operators
[Dr2], which, for the case of U4(87(2)), give us the quantized current operators
corresponding to e(z), #(z) and f(z) of 8/(2). We would like to find out if it
is possible to derive a similar equation, which will degenerate into the equation
above. To solve this problem, we need to use the Drinfeld comultiplication for
the current formulation of Ug(87(2)) [DF][DI], which resolve the difficulty
caused by the non-commutativity of those quantum current operators. This
comultiplication is very simple as opposed to the comultiplication formula
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induced from the conventional comultiplication, which can not be written in a
closed form with those current operators. With this comultiplication, we are
able to study the zeros and poles of quantum current operators for integrable
modules to derive a quantum integrable condition for Uq(éAl (2))[DM].

In this paper, we will use the same method as in [DM]. We will start with
the case of the module [ for the fundamental representations at the level 1 for
the case of Uq(8/(2)), which is the representation constructed by Frenkel and
Jing by using vertex operators. Uq(8/(2)) as in the Drinfeld realization (see
Definition 2.1) has four current generators x*(z), ¢(2), ¢(z) and x~(2), where
x%(2) and x~(w) are quantized current operators of U.(81(2)) corresponding to
e(z) and f(z) of 8/(2) respectively and ¢(z), ¢(z) are quantized current
operator corresponding to the negative half and the positive half of h(z) of 81(2)
respectively. Using Drinfeld comultiplication, we show that, on any level 1
integrable module of U,(8(2)),

(x*(2g*))(x*(2¢*)- (2" (2g*"*?)) =
o7 (2™ ) (x* (2))(x*(267)) - (x* (2g®™)) §(2g ™+ 1*2),
(x~(zg®" ) (x~(2¢*™))--(x~(2¢°))=
p(zg™ ™) (27 (2g*"))(x (27" 72))+(x7(2)) (=g~ ™**172),

and, (x%(2))-(x*(2¢®*™)) and (x (2¢®™))(x (2¢*™%))---(x(2)) are vertex
operators. In the last section, we apply this method to derive the parafermions
$:(2), i=0, ..., m—1, on the module ®™*'F for U,(3/(2)), such that

(x*(2)(x*(2g?) - (x*(2¢%)) = Vi (2) p™*(2),
(2~ (2¢"))(x*(2¢** 7))+ (x7(2)) = Vi (2) Pm,m-r-1(2),

where ¢m,:(2) commute with ¢(z) and ¢(2), and Vi (z) and Vi(z) are vertex
operators.

§2. Quantum Difference Equation and Vertex Operator

We will first present the current realization of U,(8l:) given by Drinfeld
[Dr2].

Definition 2.1. The algebra Uq(élz) is an associative algebra with unit 1
and the generators : ¢(m), ¢(—m), x*(1), for i=1,..., n—1, [EZ and mEZ,
and a central element ¢. Let z be a formal variable and x*(2)=2),czx*(1)z7%,
9(2)=2 ez, @(m)z™™ and ¢$(2)=2,cz.,¢(m)z"™. In terms of the formal
variables, the defining relations are

2(0)¢(0)=¢(0)(0)=1,
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o(z)p(w) = p(w) p(2),
$(2)p(w)=¢(w)¢(2),

o 1 9(z/wg™°)
p(2)d(w) p(2) " ¢(w) —%,

o(2)x(w) o(2) ' = g(2/ wg*2°) = x*(w),
¢(2)x*(w) $(2) ' = g(w/ 2g7) x*(w),

[x7(2), x~(w)]= q_lq_l (8(2/ wa~°) ¢(wqz®) — 8(z/ wa®) o(2q%°)},

(z— g**w)x*(2)x*(w)=(g*2— w)x*(w)x*(2),

where

a,__
8(2)= Y2, g(z)= 9% qal (expanded around z=0), a=2.

kEZ 2

For this current realization, Drinfeld also gave the Hopf algebra structure.

Theorem 2.1. The algebra U,(81;) has a Hopf algebra structure, which
are given by the following formulae.
Coproduct 4

) 4(a°)=a°®q",
) d(x"(2)=x"(2)®1+ qo(zq%) ® x(2g°),
) A(x(2))=1®x(2)+x (20°) ® ¢(247),
) d(e(2)=p(2a"7)® p(2q7),
) A(¢(2)=¢(2q7)® (27 7),
where c: is the action of the central element ¢ on the first component and c:

is the action of the central element ¢ on the second component.
Counit ¢

e(g9)=1 e(p(2))=e(¢(2))=1,
e(x*(2))=0.

Antipode a

0
1

) a(¢®)=q"",

) alx™(2))=—o(2q72) " x*(247°),
) alx(2))=—x"(2¢7)¢(2q7%),
) ale(z))=9(2)7",

) a(¢(2)=¢(2)"

This comultiplication structure requires certain completion on the tensor
space. For certain representations, such as the n-dimensional representatios of

(
(
(2
3
(4
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Uq(éIn) at a special value, this comultiplication may not be well-defined.
Nevertheless, for any two highest weight representations, this comultiplication is
well-defined, because the action of the operator as a coefficient of 2™ of the
currents operators on any element of such a module are zero if m is small
enough.

We will present the Frenkel-Jing construction of level 1 representation of
U,(8%2) on the Fock space.

Consider an algebra generated by {a:|2EZ\{0}} satisfying :

_ [2k][]
[ak, az]—3k+z,o_k—“,

k__ ,—k
where [k]=—q‘-]_—gr. We call it the Heisenberg algebra.

Let @=Za be the root lattice of 8/(2). Let us define a group algebra
C(g)[P ], where 7 is the weight lattice of 8l>. Let /l; be the fundamental weight
of 8/(2) and 2/:=a. Let Ao=0.

Set

F::=C(q)[a-+(REZ>0)]® C(q)[ Qle™.

This gives the Fock space.
The action of operators ax, 0a, € (1<7<N) is given by

) o_[arf®ef k<0;
wef®e {[dk, fl®ef k>0,
duf®ef=(a, B)f®e* for f®fEF,,

e fRef=f®e%’

Lemma 2.2. The following action on F: of U(8((2)) gives a level 1
highest weight representation with the i-th fundamental weight.

o x*(z) — exp[i M

E>0

(et oo # Lfaian ereaoe,

k>0

o @(2) —expl—(g—q ™)) a-sz"*1g,

k>0

o ¢(2) —expl(g—q™) D arz*]g™.
k>0

This implies that on F; for the case of U,(8l2)
+ o) =21 W\ 1YW ). .+ + .
2 (2)xt(w)=2z (1 z)(l zq2>' x*(2)x(w) :

2 (2)x (w) =zz(1 ——Z—)(l —Luzlz—> s x(2)x(w):
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wq—l/z o wq—llz iy
x*(2) ¢(W)=q“2£<—ufl_?:§)—>: p(w)x*(2) :=~((£‘3;z—_f—)>¢(u1)x+(2)
1/2 qulz _

¢<w>x-<z>=~iq—“f,z—_ﬁz P(w)x(2) :=<—“’5,2—qz>x-<z>¢<w>
() * O

w

w

Lemma 23. Set F=2®3F. Any level m integrable module is a
submodule of ®"F.

For the case of 8/ (2), we have that the correlation functions of e(z)e(w)
and f(z)f(w) have no poles, which are always polynomials of z, z27%, w, w™*.
By the correlation functions of an operator, we mean all the matrix coefficients
of the operator. However, for the quantum case, we have [DM]

Theorem 2.4. For any level m>1 integrable module of U,(8l), the
correlation functions of x*(z)x*(w) has at most poles at zg"*=w. For any
level m>1 integrable module of U,(8l:), the correlation functions of
x~(2)x~(w) has at most poles at zq*=w.

Theorem 2.5. For any level m integrable module U4(8l3), the correlation
functions of x*(2m+1)x"(2m) . .. x"(22)x"(21) is zero at z:/z:+1=q>. For any level
m integrable module of U,(3ls), the correlation functions of x (Zm+1)x (2m)

.. x (22)x (2) is zero, if zi+1/2:=q"

Lemma 2.6. On F, we have

1
x*(q%2)=q**exp[ £ Y a-s(qg— g7 ) q*q¢¥7*2*1x*(2) X
k>0

+da - - - x_l_ —k1__
a=%exp[F Y (a—a )N —q ") arg™2*z7*]=

k>0
¢$1(ZQI%+1)xi(Z)¢i1(zqi%+l).

Proof.

xi(qzz)=exp[i ?,I;je q+?kq2kzk:|exp[$ 2 [6% q$%kq—2kz—k:|eitlziaa+lq2i3aq2

k>0
— + a-r ¢lk 28 k:l + |:—- ar xlk -2k __ —k 2 2+3a
exp[_’g KA (¢**—1)2* |x*(2)exp| F ), (]2 (g7 —1)z }q q

k>0
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=exp[t Y a-x(g— 77)q"¢* 22" %% (2)

k>0

— _ _ 1, _
exp[F 21(a—a ") =g " arg*2* 2 *1q*q***

k>0
=q*%expl Y a_w(g—q7)q* g7 2*1x*(2) g%
k>0
- - _ =1, _
exp[F Y.(a— a7 )(— g *)arg™*z7*].
k>0

Lemma 27. On ®™'F, let, A™(x*(2))=(1®1® ... ®4)....(1® 4)(4)
((x*)(2)), then

A™(x*(2))A™(x"(29%))---A™(x " (2¢®*™)) =
¢(qul2)¢(zq1/2+2)_” ¢(Zq1/2+2m_2)x+(zq2m) ® ¢(243/2) ¢(2q3/2+2)
¢(zq:«1/2+2m—41)9‘/.+(2’,612m—1) ® ...... ® ¢(zqm—112)x+(zqm+l) ®X(qu).

Proof. From the comultiplication formula, on ®"*' F we have

(101®...04)....14)(D([(x*)(2)=
2 (2)®1.... .91+ +9(2¢")® p(2¢*?)® ... ®x*(2¢") ®
1...914+ ...+ 9(2¢"®) @ p(2¢*?)® ... @ p(2g™ V) R x*(2g™)=

m

DX™(2).

i=1
Let
fa”:,'“armrl(zl, ey Zm+1)=X;1m(21) X "'X;m”i;(ZmH).

First, we know that there are no poles at z;/zi+1=¢° (Theorem 2.1). Let 0<¢
<j<m+1

(p(2¢"®)® p(2¢**)®...®x"(2¢")®1...®1)
(p(wg"®) ® p(wg**)®...®x (wg”)®1...91)=
(24" p(wq'?) ® p(2¢**) p(wg*?) ® . ..

w_ 2
(5-7)
Wo2\_q
()1
Thus know that if there is any 7, such that @:;<ai:1, then the correlation
functions of fat .ams(Z1, . ..., Zm+2) are zero at z:/2:+1=¢> That means the

elements that are possibly not zero have the property that a:<aj, if i>;.
Because x*(2)x*(2q?) is zero, we have that the elements that are possibly not

®: x (z¢g" Np(wgi™?) : @ p(wg'*')® ....x " (wg")® ... ®1
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zero have the property that a:<a;, if :>j. Therefore we finish the proof.
Let x*™(2)=4™(x"(2))4™(x"(2q%))---A™(x(2g®™)).

Theorem 2.8.

x*™(2¢) =0 (20" ® 0 (2¢")® .... o (27 ™)x"™(2)
(/J(Zq%”m“)@ .... ® ¢(zq%+l+m)=
(1019 ...04)....0”4)(A) ¢~ (zg™* V) x*™(2)
(191®...04)....01”4)(A)¢(zg™+1312),

Proof .

1/2+2m—2)

x"™(2¢%) = e(24°q"*) p(2¢%q"**?) - o(29°q
x*(20°¢"™") ® p(2¢°¢**) p(2¢°¢** %) p(2¢°¢***" 5+ (2¢°¢*" 1) ®
...... ® p(zg’q™ ") x*(2q°q™ ) ® x*(24°q™) =

0(20°0") p(24*¢"*) - p(2a?q "> *" D) 9 (2q TP x* (2™ (g 34 @
o(20°¢*?) 9(2¢°4**) - p(207¢****" o7 (g ™% + (24" ) P(2gT™)® . ...
® p(2¢°a™ ") ¢ (2 T )5 (20" ) $(2g T ) ® 9N (2g T ®
2 (2g™)$(2q7 ") =024 ® ¢ (26°D) ® . ... g7 (2gT ™)x™(2) X
(zg7 "D . ® ¢(2g2t1+m).
On the module ®"*'F, from the comultiplication formula, we have

A™an)=(1018 ... 04)....(184)(d)asn=
¢d™2q.,®1... ®1+1®¢™ P2y, ®1...®1+ ...+
1®....910q ™™g,

Then
[4™(an), d™(a-»)]=[2%n][(m+1)n]/n.

From the theorem above, we have that

x*™(2) =exp[§%ﬂq’”’z‘“22k}exp[ ~§_—_A7E§;]Zk) q—3ml2—1/22—k] v

(e’®e”..... ®e)) (e ..... ® 2 (g™® . ... ® gMie)glitmimiz,

Corollary 2.9. x*™(z) is an vertex operator.

Similarly we can derive corresponding results for x~(z).
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Lemma 2.10. On ®™"'F, let A™(x(2))=(1®1® ... ®4)....(1”4)4)
((x™)(2)), then

A™(x~(2g%*™))A™(x (2g*" 1) A™(x(2))=
x'(zq"‘) ®x—(zqm+l)¢(zq3/2+2m—2) ® .. . ®
x—(zq2m—1)¢(zqs/2+2m—4)_,,¢(2q3/z+2)¢(zqs/2) ®
x-(zq2m)¢(qu/2+2m—2)_,,¢(zq1/2+2)¢(2q1/2)‘

Let x ™(2)=4"(x"(2¢%™))4™(x~(2g*"7?))---A™(x~(2)).

Theorem 2.11.

x™(2¢)=(2q7™)® ... ® p(2g7 ™) x™(2)

6(2) (2g7 @ ... g7 (2¢*D) @ ¢ (2g") =
(1”1 ...04)....(184)(4)p(zg=m+132)x=m(z)
(181®...84)....(14)(A) ¢ (zg~™>12).

Then, from the theorem above, we have that

x"”(z)=exp[ — §)A—m[(]f]_—k)qa+3m/2)kzk]exp|: Z A'Eg;]lk) q(l—m)/z)kz_k]

(e7*®e™™...... ® e %) (g tmrratle . ® z~dmeratl)
(q—maazpna® ® q—maazpha)q(1+m)7ﬂ/2

Corollary 2.12. x~™(z) is an vertex operator.

§3. Quantum Parafermions

In this section, we will derive quantum parafermion and explain the
parafermionic construction of integrable modules of U4(87(2)) following the
line of the work of Lepowsky and Wilson [LW1] [LW2]. This type of
construction for the classical case was also given in [FZ] from a different point
of view.

On the module ® ""'F, we have that

(181®...04)....0M(D((x")(2)=
2 (2)®1....01+ ... + (2" @ p(2¢*H)® ... ®x*(2¢")®1... ®1
...+ e(2¢"")® p(2¢°%)® ... ® p(2g™ ) @ x*(20™).

So the /+1-th term Xi™ is
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?(2¢")® p(2¢°)® ... @ p(2¢" ") ®x(2¢)®1... ®1=

exp[—(g—q™) Y a-xa*?2*1g " ®expl—(g— 7)) Y a-»g**?2*1g" 7 ®

k>0 k>0

.. ®exp[—(g—q )Y a-rg* VP2 ]g % ®expl Y. ‘[l,;f g 7*q"z"]
k>0 k>0

exp[ _ Z [CZ] q———kq—lkz k]eazaa+lqlaql
k>0

exp[—(q—q‘l)Zz’*(a_kq“”@1 . ®1+1®a ¥ ?® ... @1+ ... +

k>0

19 ...810a_r¢""1?*®1...®1)+1®...®1® ‘[l/;f q—%kqlk®1...®1]

exp[l@ ‘_kq'”’®1...®l}(l®....®1®e“®1....®1)

q"’“® . ®g @ gPe®] . ®1)qh

Lemma 3.1.

[A'"(ak), —(@—q N a-wg*?®1...®1+1®a_x**"?® ....®1+.... +1®

‘[lﬁ’ "1, .. ®1]=

. ®1®a g ?®1...91)+1® ...
[zk]q—k(m-rl)lz

I: . ® 1— Z ——kq—lk®1 . ®1’ Am(a—k)]—_—

k>0

—q 1>/2+l>k[2k]/n<q-%kq-lk>=
_ q‘k""“)/z[Zk]/n.
Proof.

[A’”(ak), —(g—gVa-xq"?*®1...®1+1®a_wg**"?*® ... @1+ .... +1®

‘[’ﬁ e - ®1]=
[2k][k]/n(qk/2qk(—m)12+ q3/2k k(—m+2)/2+
. _I_q(l—1l2)kq((—m)/2+l—l)lz)(__q+q—l)+ —klqukq(( m)/2+l)k/[k])=
[2k][k]/n(qklzqk(—m)/2(1+ L +q2(l—1)k>+q—klqukq (- m)/2+l)k/[k])___
(—a+a O2kIR)/ n(g**q* ™" (1~ g**/(1— g**)+ g *2q"*q" "™ V% /[ k])=
[21?] —k/2 k( m)/2/n [Zk]q—k(m-«»l)lz‘

. ®1®a_ g ?®1...01)+1® ...

From the comultiplication formula, we have

A"(x (2))=(11®...84)....Ae (U ((x)(2)=
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19 ....910x(2)+1® .... ®1®x‘(zq1)®¢(qu‘%)® Lt
A x(2g™ @ P2 D) ® ... ® $(zq7)=
ZXE'”(Z)
i=1
Xi™(z)=1®....®10x (2¢" )® g//(zqi’l‘%):

1® ®exp[ Z a- k (z 1)k+—-k k]

k>0

exp[zT_q—(z 1)k+ Thy ]e—az—8a+lq—(i—1)6aq(i—l)®
k>0

: 1 1, -
q"“exp[(q—q’IZakq“"”" kz‘k]® ®q"“exp[(a—q"12aqukz k]=

k>0

k>0
exp[l@ . Q— Z k Lt ~Dk+gk k]@...@l]x
k>0
exp[l@l ®1Z g VR AR ®1
k>0
+...1® ... 1®(q—q‘l)2akq“'”k—%kz_k®

k>0

1...91...+...+1® ... ®1(q—q‘1)2akq%kz"‘®1.‘. ®1]><

k>0
(1®...910e7°®1...91)(1® ... 1@z %l (i-lkg gex  @qq" D,

Lemma 3.2.
[Am(ak), 1®...® —f_/;]iq(i—l)u%k] ®1... ®1]=—[2&]/n(g™"+*"2)
[1®1 .8l T%] gV TR Ee] L @1+18 ... 18(g—q )argtiTVR E

®l...®1...+...+1® ... ®1(q——q‘1)2akq%“z'k®l... ®1, A"’(a_k)]=

k>0
[2k]/ n(gm™**7).
Let
e el e ol e
(exelimiDe L ® g/t (gFolmiNQ ® z=2/m D)z,
Lemma 3.3.

V(tm, 2) V(zm, w)
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=exp[—?[(Wzél)—k]q“”””k(z/w)"’}zz""””: V(xm, 2) V(zm, w):

V(£m, 2) V(Fm, w)
2k —&
=exp| 410 DA |

—2/(m+1) 27/ (m+1) V("‘m Z)V(+m w)

We will denote exp[—[(—jémq“m*”k(z/w)"’]zz’(”‘“’ by /*(w, z) and

exp| Tyl )™ 5 by o, 2)
Let X*"(2)= V(£ m, 2)¢*"(2) and Xi™(2)= V(£ m, 2)$i™(z). We have

that ¢*™(2)=2pF"(2).

Proposition 3.4. On the space ® "' F,

*"(2)4™(p(w))=A4™(o(w)) $*™(2),
¢*™(2)A™(p(w))=4"(p(w)) $*™(2),
¢*"(2)A™(p(w)) =A™ ($(w)) p*"(2),
¢=™(2)4™(p(w))=A™(¢(w)) $*"(2).

As the commutants to 4™(¢(w)) and 4™(¢(w)), $*™(z) degenerate into the

classical parafermions respectively [LW1] [LW2] [FZ]. Thus ¢*"(z) gives us
the quantum parafermions.

Proposition 3.5. On the space ™' F,
() pn™(2qD) . .. pi™(2¢*™) =1
s pr™(2)pr™(2g72) . .. pu(2g7P) =1,
This is a quantum version of a classical relations [LW2] [FZ], which

comply with the results in [DM].
From the calculation above, we can easily write down the commutation

relations between ¢7™(z) and ¢F¥™(w) and the commutation relations between

$¥™(2z) and 47™(w).

Lemma 3.6. If i<j,

X*”‘(z)X”’(W)—(( ) XM (w) X ™(2)=g(w/2) X3 ™(w) Xi™(2),

-)

24

X)Xt ’”‘w)=—§”—2)>Xﬁm<w>x~+m<z>=g<z/w>xrm<w>x+m<z>,
.4
w
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()
YL X (w) X ™(2)=g(2/ w) X ™(w) X5 "(2),

=

w_ 2

Xi"”(Z))Q"”(w)=&zL))G’”(W)XF "(2)=g(w/2)"' X; ™(w) X: "(2),

(%)
Xi™(2) X7 (w)=X7™(w) XF"(2) ;

-2

X;“’”(z)Xz-*”’(w)=zz(——w—>: X;m(w)X;m(z)’ ’

— g

Xi™(2) Xi™(w)=

X;m(z)X;m(w>=zZ(1—%)(1—%?3); Xrm(2) X™(w) -

+m —m —_ 2 1 . —m +m .
Xi™(2) Xi™(w)=z2 (1_212> 1_23)_1). XiM(w)Xi™(2); ,
()X (w)=w 7 L X (D)X m(w));
Xi™2) Xi™(w)=w (1_212)(1_25}_1) Xi™z2) Xi™(w

Lemma 3.7. If i<j,

(ﬂ—qz) B o
<.;_gz___1)¢j (w)i™(z)=

iz, wg(w/2)" ¢5™(w)pi™(2),

H(w, 2)9pi™(2)pi™(w)=r"(2, w)

()
2 i) (@)=
(2-)
fH(z, w)g(z/w)di™(w)pi™(2),
()
w
=
(2, w)g(z/w)d:™(w)$5™(2),
(=)
B
z
(2, w)g(w/2)" ¢5™(w) 7 ™(2),
p=(w, 2)9:™(2)¢7™(w)=1p*(z, w)pi™(w)$i™(2) ;

H(w, 2)¢i™(2)¢i™(w)=rF*(z, w)

f(w, 2)¢5™(2)¢:™(w)=r(2, w) ¢ (w)p;™(2)=

f(w, 2)¢:™(2)d5™(w)=7 (2, w) ¢5™(w) g ™(2)=
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G

$i™(2) ™ (w)=r"(w, 2)z <1 . 1). i (w)pi™(2); ,
—Wiq —

7w, 297287 (0) =1 (w, DZ(1-L)1-2L): g ()i™(w):

1 am e
)Ly

1
1= (e

pi™(2)pi™(w)=p(w, 2)2‘2<

¢:™(2) ™ (w)=p(w, Z)W‘2< _1> D pi™M(2) i (w) ;.

Theorem 3.8.

[(w, Z)¢+’”(2)¢""(w) (z, w)d™™(w)g™"(2)]

== q_1(8(z/wq'”“) (8(z/ wg="+"),

5w, 2)(z—wg*)p=P"¢*™(w)=f7(z, w)(2q**— w)$*"(w) $*"(2).

Corollary 3.9.

¢*(2)=¢"'(2),
Pt (2)=¢7'(2), i=1, 2;
¢ (2)dF (w)= — ¢ (w) $7'(2), 1=1, 2;
{61(2), o7 (w)}=08(q722/ w).

We can see that the quantum fermion ¢*'(2) is basically the same as the
classical fermion, but with certain shifts.

Lemma 3.10. On the module @™ 'F, N<m,
A™(x7(2)A™(x"(2q) . . . A™(x* (2" 2) 4™ (x*(2¢*")) =
Y Xi™2). . Xin(zg®);

A’"(x'(zqz”))hdz"‘.(.xzr(lzqz”‘z)) A (2¢9)) A7 (x(2)=
| Z Xn "(2g%") ... Xam(2).

We can prove it with the same method as in Lemma 2.7.

Lemma 3.11. Let 0SN<m, 61>02... >ive, 1<Jz... <Jm-n~ and the
set {41, ..., in+1, J1, - .., Jm-n} is the set {1, 2,3, ..., m+1}. On the module
®m+1f\, let
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Xim™2). .. X4h(z¢™)=
s V(+m 2)V(+m, 2¢Y) ... V(+m, 2¢*"): ¢iZ0esiva(2),
Xi™(2g* ™M) L X (2)=
: V(=m, 2)V(=m, 2¢°) ... V(=m, 2¢*" ") : 5% <simnr(2).

Then
Tl’g g >iNe1 ¢J‘_1’Z.iz~"<jm-1v+1(z)
Proof . Let
_ A-r 1, 4 Ar _Llp__r| _a_sa—1
x(z)=exp[ q7*z }exp[— qz*z ]e Z%1,
hp 1A
Then

7 (2¢*)=p(2¢**) " x (2)¢(24""?),
7 (2g7)=x%(2)¢(2¢7 ") q.
o(2g"**) p(2gV 22+ ) - ¢(zq1/2+2m-z—2)x+(zq2m—z) —

¢(zq1/2+l)¢(qulz+2+l) L. ¢(qulz+2m-—l—2)x+(zq2m)¢(2q(2m—l)+3/2)—1 L
¢(zq2m+3/2)—1

¢(zq1/2+1) ¢(zq1/2+2+z)_ .. ¢(zq1/2+2m—z—z)x+(zq2m—z) —
¢(zq”2“) gz,(qu/zww)_ .. ¢(zq1/2+2m_’"2) j—c—(zqzrn—-l—l)¢(zq2m—l-1/2)q —
¢(zq1/2+z) §0(2q1/2+2+l) e §9(Z£]1/2+2m_ 1—21:—2) k—(zqzm— l—2k—1) ¢(zq2m—l—2k——1/2)
. ¢(zq2m— 1—1—3/2) ¢(Zq2m_ l—1/2)q.

This gives us the proof.

Corollary 3.12. For 0<N<m, let

8+ (2) =2t % s> i (2)
¢—m,m—N—1(z) = Pz ,~2...<im_1v+1(z)'
Then

¢+m,N(Z)= ¢—m,m-N—1(z)

Let V(% m, z) be the vertex operators such that: V (£m, z) V(£ m, z)
=1.

Corollary 3.13.

s Vi(+m, 2)... V(+m, 2¢2): 4™(x7(2)).... 4™(x*(2¢*N))=
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s V(—=m, 2z ) ...V (—m, 2): 4™ (x (2¢*™2)).... 4™(x~(2)).

This generalizes the corresponding results in [LP].

Definition 3.1. Let
¢m‘N:2¢?‘17gizm>iN+l(z)a

for N<m. We call $™"(z) quantum parafermions.

These quantum parafermions degenerate into the classical parafermions,
when q goes to 1.

With the results above, we can write the operator product expansion of
these quantum parafermions and the commutation relations between those
quantum parafermions. The operator product expanison is very complicated as
it can been see from the commutation relations below.

Propositin 3.14.

=0,

;..

oM

I (20" = Pwg*)f(wa™, 2a¥)¢™"(2)¢™* (w)=
:}'{ :(qzzqz" —wg*)f*(2q”, wg*) ™" (w)¢™"(2) ;
: Zilﬁ[ - 1(zq '—q " wg™)f(wg®, 2q7) ™" (2)¢™" (w)=

i=0,1.

I;f (q 2q% —wq*)f(2q%, wg*) ™" (w)d™"(2) ;

A version of quantum parafermion is given in [J] [BV], where only ¢™%(2)
and ¢™™ '(z) are given. With the Drinfeld comultiplication, we are able to
follow the line of [LW1] [LW2] to derive all the integrable representation.
This automatically leads us to the quantum parafermions characterized as the
commutant to ¢(z) and ¢(z). Clearly, we can use the operators $*"(z) to derive
x%(2), by V(=%, 2)¢*(2), which gives parafermion constructions. Combining
the results in [DM], we bascially derive all the corresponding structure corre-
sponding to the results in [LW1] [LW2] concerning the structure of standard
modules for the case of §/(2), which essentially prepares all the necessary
conditions for the extension of the results in [FS] to the quantum cases. On the
other hand, parafermions in the classical case have very important applications
in the conformal field theory [FZ]. Our ¢™"(z2) as deformed fermions should
play an important role in formulating the theory of the quantization of the
conformal field theory. The results in this paper can be extended to the other
cases of quantum affine algebras in a straightforward way, which will gives us
the structure of the standard modules of the quantum affine algebras like in
[Lw1] [Lw2].
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