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Operator Convex Functions
of Several Variables

By

Frank HANSEN*

Abstract

The functional calculus for functions of several variables associates to each tuple x=(x, -+, x;)
of selfadjoint operators on Hilbert spaces H,,---,H, an operator f(x) in the tensor product
B(H,)® --- ® B(H,). We introduce the notion of generalized Hessian matrices associated with
f. Those matrices are used as the building blocks of a structure theorem for the second Fréche:
differential of the map x —f(x). As an application we derive that functions with positive
semi-definite generalized Hessian matrices of arbitrary order are operator convex. The result
generalizes a theorem of Kraus [15] for functions of one variable.

§1. Introduction

Let f:1;x --- xI, > R be a real function of k variables defined on the
product of k intervals, and let x=(x,,--,x;) be a tuple of selfadjoint matrices
of order n,,---,n, such that the eigenvalues of x; are contained in I; for each
i=1,--,k. We say that such a tuple is in the domain of f and define
f(x¥)=f(xy, -+, x;) to be the matrix of order n, --- n, constructed in the following
way. Foreachi=1,---,k we consider the possibly degenerate spectral resolution

n, .
xi= Z Am.(i)e:n.m,
m=1

where {e}, }¥' .- 1 is the corresponding system of matrix units and let the formula

ny

fOn )= 3 o S S0 A E)ehm, ® - @ekm,

my=1 me=1
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define the functional calculus. If f can be written as a product of k functions
f=f1-f where f; is a function only of the ith coordinate, then
Sy, x)=f1(x])® --- ®f(x,). The given definition is readily extended to
bounded normal operators on a Hilbert space, cf. [14].

The above function f of k real variables is said to be matrix convex of
order (ny,:-,ny), if

(#)  SOAx +(=Dyy, A+ (=) <Af (x4, - x )+ (=D f G 00)

for every 1[0, 1] and all tuples of selfadjoint matrices (x,, ---, x,) and (yy, -+, Vi)
such that the orders of x; and y; are n; and their eigenvalues are contained
in I; for i=1,---,k. The definition is meaningful since also the spectrum of
Ax;+(1—2)y; is contained in the interval I; for each i=1,---;k. It is clear
that the pointwise limit of a sequence of matrix convex functions of order
(ny,---,m,) is again matrix convex of order (n,,---,n,). If f is matrix convex
of order (n,,---,n), then it is also matrix convex of any order (n},---,n;) such
that n;<n, for i=1,---,k. If fis matrix convex of all orders, then we say that
f is operator convex. If I,,---,I, are open intervals, then it is enough to
assume that f is mid-point matrix convex of arbitrary order. This follows
because such a function is real analytic and hence continuous, cf. the discussion
in the introduction of [10]. It is the aim of this article to develop tools that
make it possible to investigate the notion of operator convexity for functions
of several variables, thus generalizing the theorem of Kraus [15] for functions
of one variable.

§2. The Fréchet Differential

Let X and Y be Banach spaces. We say that a function f: 4 — Y defined
on a subset 4 of X is Fréchet differentiable at an inner point x,€ 4, if there
exists a bounded linear operator df(x,)e B(X,Y) such that

lim |2 = 1(f(xo + 1) —f(x0) —df(x o)1) =0.

h—0

Likewise f is said to be Fréchet differentiable in an open set A, if f is Fréchet
differentiable at every point x,eA. We say that f is continuously Fréchet
differentiable, if the differential mapping 4>x — df(x)e B(X,Y) is continuous.
This notion of differentiability has been used to study perturbation
formulas associated with the functional calculus in C *-algebras, cf. [12]. The
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present notation and various results from the theory of Fréchet differentiable

functions between Banach spaces are taken from [8]. The first result is quoted
from [12].

Proposition 2.1. If o is a Banach algebra, then the exponential function
A —exp(A) is continuously Fréchet differentiable, and

1

dexp(x)h= J exp(sx)h exp((1 —s)x)ds

0

for all x and h in o.

The Fréchet differential df of a Fréchet differentiable function f:4 - Y
defined on an open subset 4 = X is a function from A4 into the Banach space
B(X,Y) of bounded linear functions from X to Y. If df is Fréchet differentiable,
then we define the second Fréchet differential of f, denoted by d?f, to be the
Fréchet differential of df. The second order Fréchet differential can be
considered as a function d*f: 4 — B,(X,Y) from A into the Banach space of
bounded bilinear functions from X to Y. We notice that d(d f(x)h)k = d*f(x)(h,k)
for h,k € X, and that d?f(x) is symmetric in the sense that d? f(x)(h,k) = d*f(x)(k,h),
cf. the standard reference [8]. The following proposition is the starting point
in our investigation of operator convex functions.

Proposition 2.2. If A is an open convex subset of a real Banach space
X and B(H),, is the space of bounded selfadjoint operators on a Hilbert space
H, then a twice Fréchet differentiable function f:A — B(H),, is convex, if and
only if d*f(x)(h,h)=0 for each xe A and he X.

The result follows by adapting the reasoning of classical analysis to the
present situation and can be found in [8, Exercises 3.1.8 and 3.6.4]. The
following elementary result is stated without proof.

Lemma 2.3. Let X be a Banach space and Y a Banach algebra, and let
F, G:A— Y be mappings which are Fréchet differentiable at an interior point
xo€A S X. Then the mapping (FG)(x)= F(x)G(x) is Fréchet differentiable at x,
and the Fréchet differential is

d(FG)(xo)h = (dF(xo)h)G(xo) + Flxo)dG(x,)h
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for each he X.

Applying the above lemma to the Fréchet differential of the exponential
mapping, we obtain

Proposition 2.4. If </ is a complex Banach algebra and teR, then the
Jfunction x — exp(itx) is twice continuously Fréchet differentiable, and
1

dexp(itx)h=it j exp(itsx)h exp(it(1 — s)x)ds
0

d? explitx)(h,h) = —t* f 1 J 1 [s exp(itusx)h’ exp(it(1 —u)sx)h exp(it(1 —s)x)
0J0
+ (1 —s)exp(itsx)h exp(itu(1 — s)x)h’ exp(it(1 —u)(1 — s)x)]du ds

for all x,h,h" in of.

Let x=(x,---,x;) be a tuple of bounded operators on Hilbert spaces
H,,--,H,. The exponential function

exp(it - x) =exp(it;x;)® -+ @exp(ityX;)

is everywhere defined in the product space B(H,)x --- x B(H,) and maps it
into the tensor product B(H,)® --- ® B(H,). The definition is consistent with
the functional calculus of selfadjoint or normal operators as given in the
introduction. The following result is a direct application of [8, Theorem 3.3.1
and Theorem 3.3.2].

Proposition 2.5. The exponential function exp(it-x)=exp(it;x;)® --- ®
expl(it,x;) is continuously Fréchet differentiable, and

k

dexp(it-x)a= Y, exp(it,;x,)® -+ @dexp(it,x)a;® --- @exp(it,x,)
i=1
for each t=(t;, --,t)eR* and each tuple of operators a=(a,, -,a). It is
understood that the differential operator is applied only in position number i of
the tensor product in each term.
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Corollary 2.6. The exponential function is infinitely many times Fréchet
differentiable, and the second derivative is given by

d? exp(it - x)(a,b) = d(d exp(it - x)a)b

k

= Y explityx,)® - @dexplitx)a;® -+ ®dexp(it;x)b;® --- @exp(it,xy)

ij=Li#j

k
+ Z expl(it; x)® - ®d? exp(itx;)(a;, b)® - @exp(ityx,).
i=1

We consider the set CZ(R¥) of real functions of k variables with continuous
partial derivatives of order p and compact support.

Lemma 2.7. Let fe CER¥) and let

1
@2m)

i)

J esf(Hd¥t
Rk

denote the Fourier transform. Then |s|f(s) is an integrable function for p>1+k/2
and |s\*f(s) is integrable for p>2+k/2.

Proof. The function f and its partial derivatives up to order p are
continuous functions with compact support thus square integrable. It follows
from Plancherel’s theorem that the function g(s)=(1+Is|)?f(s) is square
integrable. Since

Is]
(T+1sly?

Is17(s)=2g(s)

we conclude that |s|f(s) is integrable, if

Isf? k ©or
—ds=Q, rTidr< oo
re(1+[s)?? o (1+r?

where ©, is the volume of the surface of the unit sphere in R* But this
integral is finite, if and only if 2p—k—1>1. Similarly

Is|?
(1+1s)?

Is1%7 () =g(s)
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and the function |s|?(1+|s|)~? is square integrable, if and only if 2p—k—3>1.
QED

The following result is similar to [12, Theorem 1.5].

Theorem 2.8. Let feCiR). The function x— f(x) defined on the
selfadjoint operators B(H),, on a Hilbert space H is continuously Fréchet
differentiable and

df(x)h= J ’ (—is) Jq exp(— istx)h exp(— is(1 — t)x)dt f (s)ds

= Jw dexp(—isx)hf(s)ds
for all x,h in B(H),.

Proof. The proposed expression of the Fréchet differential is bounded
because exp(—istx) and exp(—is(1 —£)x) are unitary operators, and the function
s —sf(s) is integrable according to Lemma 2.7. The linear form depends
continuously on x. We obtain

fx+h)—f(x)— Jw (—1is) f 1 exp(— istx)h exp(—is(1 — )x)dt f(s)ds

0

= fw (exp( —is(x +h))—exp(—isx) +is fl exp(— istx)h exp(—is(1 — t)x)dt) 7 (s)ds

0

= Jw (—1is) f 1 (exp( —ist(x + h)) —exp(— istx)) hexp(—is(1 —0)x)dt f(s)ds,
— 0

where we used the Dyson formula, cf. [12]. The norm of this expression is
bounded by

Il f ) lsif lexp(— istx+ R) —exp(—istx)de| 7(s)  ds

and even after division by |4 this does tend to zero as 4 — 0 by Lebesgue’s
theorem of dominated convergence. QED
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Corollary 2.9. Let fe C*(I) where I is an open interval. The function
x — f(x) defined on operators x € B(H),, with spectra contained in I is continuously
Fréchet differentiable.

Proof. Let xe B(H),, have spectrum Sp(x) = I. Since Sp(x) is compact,
we can find an open and bounded interval J such that

Sp(x)cJcJcL

The function f is bounded on the closure J, so we can extend the restriction
of fto J to a function in CZ(R). Since continuous Fréchet differentiability
of the mapping x — f(x) in a point x only depends on f in a neighborhood
of the spectrum of x, the assertion follows. QED

Let d; denote the partial Fréchet differential operator associated with a
function defined on a product space, cf. [8, Section 3.3], and let P; denote
the insertion mapping which inserts 4; into the ith coordinate of the zero
vector in B(H)X --- x B(H). The partial Fréchet differential d,f(x) is the
differential of the function A; —» f(x+ P;h;) at h;=0.

Corollary 2.10. Let fe CP(I) where I=1I, % --- x I is a product of open
intervals and p>1+k/2. The function x — f(x) defined on tuples of selfadjoint
operators x=(xy,--+,x;) in B(H) contained in the domain of f is continuously
Fréchet differentiable and

af k=Y. &/

for every tuple h=(h,,---,h,) with h;e B(H),, for i=1,---,k. If f has compact
support, then the Fréchet differential can be written as

df(x)h= J. dexp(—is- x)hf(s)d*s

Rk
where the Fréchet differential under the integral is taken with respect to

x=(Xg, 0 X,

Proof. We may assume that f has compact support. Since

f(x+Pihi)—f(x)—J

d;exp(—is- x)h, f(s)d*s
Rk
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= f (exp(—is-(x+P,-hi))—exp(—is-x)—di exp(—is-x)h,-) F(s)d*s
Rk
and this expression is bounded in norm by
1
[l llf IsiIJ llexp(—is;t(x; +h) —exp(—isitxy)dt | F(s)ld"s
R: Jo
we obtain that the function x — f(x) has partial Fréchet differentials given by

dJ(x)hi=f

R

d; exp(—is- x)h, f(s)d*s.

This entails that x — f(x) is Fréchet differentiable with Fréchet differential

k

df (x)h= f dif (x)h;= ZJ d; exp(—is- x)h, f(s)d"s
i=1 Rk

i=1
=J dexp(—is- x)hf(s)d*s
Rk
according to [8, Theorem 3.3.2] and Proposition 2.5. QED

We then consider twice Fréchet differentiable functions. Since the
reasoning is very similar to the above arguments, the exposition is brief.

Proposition 2.11. Let fe C3(R). The function x — f(x) defined on the

selfadjoint operators B(H),, on a Hilbert space H is twice continuously Fréchet
differentiable and

d*f(x)(a,b)= J d? exp(— isx)(a,b) f(5)ds
R

for all a,be B(H),, where the Fréchet differential under the integral is taken with
respect to Xx.

Proof. The function s — |s]3f(s) is integrable according to Lemma 2.7 and
the result now follows as in Theorem 2.8. QED
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Corollary 2.12. Let fe C¥(I) where I=1I,x --- xI, is a product of open
intervals and p>2+k/2. The function x — f(x) defined on tuples of selfadjoint
operators x=(x,, -+, x,) in B(H) contained in the domain of f is twice continuously
Fréchet differentiable and

k
d’f(x)ab)= ), dd;f(x)a:b)

i,j=1

for all tuplesa=(a,,---,a;) and b=(b,, ---,b,) with a;, b;€ B(H), for i=1,---,k. If
f has compact support, then the second Fréchet differential can be written as

d’f(x)(a,b)= J

d*exp(—is- x)a,b) f(s)d*s
Rk

where the Fréchet differential under the integral is taken with respect to
x=(x19"',xk)'

§3. Generalized Hessian Matrices

Let f be a twice continuously differentiable real function defined on an
open interval 7/ < R. The divided difference [Au] of f taken in the points A,
uel is defined as

=11
A—p

f'(A) for A=p

for A#u
[Ap]=

and it is a symmetric function of the two arguments with partial derivatives
in each of the two variables. The second divided difference [Au{] taken in the
points A, u,{ el is defined as

j u_@:gug for AL
[Aul]= ‘
0
a[ly] for A=(

and it is a symmetric function of the three arguments, cf. [6] for a more
systematic introduction to divided differences for functions of one variable.
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If fis a real function defined on the product 7, x I, of two open intervals with
continuous partial derivatives up to the second order, then we can consider
the divided differences [Au|¢] and [Au|€] which are just the previously defined
divided differences for the function of one variable obtained by fixing the
second variable to £. We define the divided differences [¢[Au] and [¢]Aul]
similarly. There are, however, also mixed second derivatives defined as

[AICE] — [mE]

for A #
A—u #

[Aule]= !
0
6—1['1'&] for i=p.

We could have defined the mixed derivatives by dividing to the right instead
of dividing to the left, but this gives the same result. Finally, if f is a real
function defined on the product I, x --- x I, of k open intervals with continuous
partial derivatives up to the second order, then we consider the second divided
differences that appear by fixing all but one or two of the k coordinates of
f. They are labeled as

[Ag ] g paps) - Mk]i

where the superscript i indicates that the partial divided difference of the second
order is taken at the ith coordinate and all other coordinates are fixed at the
values 4,,---,4;—; and 4;,,---, 4, or as

A2y R (S Mk]ij

where the superscripts ij indicate that the mixed partial divided difference of
the second order is taken at the distinctly different coordinates i and j and
all other coordinates are fixed at the values A;,---,4;_y,4;44,'4;—; and
Jj+1>%- The notation does not imply any particular order of the
coordinates which can be chosen from the full range 1,---,k.

Definition 3.1. Let f:I; x --- xI, > R be a real function of k variables
defined on the product of k open intervals with continuous partial derivatives up
to the second order. We define a data set A of order (n,,---,n) for f to be
an element Aelj*x --- x I, and we usually write it the form

(*) A={"{m,(i)}m‘=l,--~,n. i=1, sk
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To a given data set A we associate so-called generalized Hessian matrices. First
we define to each tuple of natural numbers (my,---,m)<(n,,---,n,) and to any
su=1,---,k amatrix denoted H,(m,, ---,m,) of order n, x n, in the following way:

1. If s#u, then we set
Hus(mla ...’mk)=
(A, (D] -+ 1A (DAL -+ 1A 1) A ()] -+ | A (K] ™) p= 1, o= 1,ovomg
2. If s=u, then we set
Hmy, s m) = 2A[ A, ()] -+ A () A5()A[)] -+ 1A, (k)] )= 1, e omg
We then define the generalized Hessian matrix as the block matrix
H(my, - ,m)=(H,my, -, m))ys—1 ...k

which is quadratic and symmetric and of order n,+ --- +n,.

If n,=1fori=1,--- k then the data set () reduces to kK numbers A(1), ---, A(k)
and there is only one (generalized) Hessian matrix H. The submatrix H, is a
1 x 1 matrix with the partial derivative f,(A(1),---, A(k)) as matrix element for
s,u=1,---.k. Therefore H can be identified with the usual Hessian matrix
associated with a function of k variables. The notion of generalized Hessian
matrices can be extended from real valued functions to complex valued functions
of k real variables. We shall do this for the exponential functions s — e
without further remarks.

The generalized Hessian matrices are used in the structure theorem for
the second Fréchet differential of the mapping associated with the functional
calculus for f,; and they are useful to investigate the notion of matrix
convexity.

§4. The Structure of the Second Fréchet Differential

Lemma 4.1. Let x be a bounded selfadjoint operator on a Hilbert space H of
finite dimension n, and let {e;}};_, be a system of matrix units in B(H) such
that x=Y7_, Ae;. Then

dexp(itx)eij = [/1,/1}]6[]
dZ eXp(l'tX)(eU, epq) = 5iq[iij’pllj]epj + 5jp[ijj’ilq:|eiq
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for Lj,p,gq=1,---,n; where the divided differences are taken with respect to
the function s — €.

Proof. Applying Proposition 2.4 we obtain

1 1

exp(itsx)e;exp(it(1 —s)x)ds =it J et " Mgy
o]

dexpl(itx)e;; =it f

0

which is evaluated to [4;4;]e;; and similarly

11
d? exp(itx)(e; €)= —1 f J [s exp(itusx)e,exp(it(1 —u)sx)e;exp(it(1 —s)x)
0J0
+(1 —s)exp(itsx)e; exp(itu(1 —s)x)e ,exp(it(1 —u)(1 —s)x)]du ds

11
— _ 2 itusAdp it(1 —u)sd, ,it(1 —s)A;
=—t j J [0,se™ " 7e e ey
040
+ 5”(1 ___s)eits}.,eitu(l =84 git(1 —u)(1 —s”l“eiq]du ds

which is evaluated to 6;,[4;4,4,]e,;+0;,[4;2:4,]e;,,. The cases where indices
or eigenvalues coincide are considered separately. QED

Lemma 4.2. Let x=(x,,---,x,) be selfadjoint matrices acting on finite
dimensional Hilbert spaces H,,---, H, of dimensions n,,---,n, and consider for
each i=1,---,k a possibly degenerate spectral resolution

%= Y An(Debnm

mi=1

where {el, ", -, is the corresponding system of matrix units. We shall for

Setty S S1,U

later use adopt the notation {el, }% _, for a system of unital eigenvectors of the
i
m,m, *

one-dimensional projections e
The second Fréchet differential of the exponential function x — exp(it- x)

satisfy

dzexp(it 'x)<(°‘1ei1ja ""(xke?j)a (ﬂ1e,l;q, ""ﬂke’;q)>

k ny Ns—1 Ns+ 1 Ry—1 Bu+ 1 nk
su=1;s¥u my=1 ms-1=1 msgs+1=1 my-1=1 my+1=1 me=1

ABul Ay (D] -+ 1AL ALS)] -+ |25 Ag0)] - 1A, (KT
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1 k
em1M1® @efj@ ®e;q® ®e'nkmk

k ny ns—1 ns+ 1 nic
+ Z Z Z Z Z o,
s=1 m=1 ms-1=1 ms+1=1 me=1

OigLAm (D] -+ 1AL AL -+ A ()] ey, @ -+ @@ -+ @ pm,
+ 0L Am (D] -+ 1AL AL AL -+ 1A, () Iy, @ -+ B €D - @ Epym,)

for all complex sequences o, o, and B,---,B.. We use the convention that
e};=0 if max{i,j}>n, for s=1,---,k. The partial divided differences are taken
with respect to the function s — e

Proof. By Corollary 2.6 we obtain

dzexp(it : x)((aleilj’ T ake,i{j)9 (ﬂle;qﬂ Ty ﬂke:q)> =

k

Y aBexplit;x)® - @dexplitx,)es;® -+ @dexplit,x,)es,® --- ®explifyx;)

su=1,s+u

k
+ 3 o Beexplit;x)® -+ @dexplitx)ef), €5)® -+ @explityx)

s=1

which combined with Lemma 4.1 and the spectral theorem applied in each of
the variables not subject to differentiation give the desired formula. QED

Theorem 4.3. Let fe CP(I, x --- xI,) with p>2+k/2 where 1,,---,I, are
open intervals, and let x=(x,,---,x,) be a tuple of selfadjoint matrices of order
(ny,---,n) in the domain of f. We consider the data set

A={/1mx(i)}m.=l,w,n, l=13 9k

consisting of the (possibly degenerate) eigenvalues of (x,, --+, x,), and the ensemble of
generalized Hessian matrices associated with f and A. The second Fréchet
differential is then given by

ny

ni k ns n,
dzf(x)(ha h) = Z o Z Z Z Z hfnsjh;mu(Hus(ml LI mk))pj

mi=1 me=1 su=1 j=1 p=1
1 k 1 k
(em1m1® ®e;mu® ®emkmk)(em1m1® ®efnsj® ®emkmk)

for any tuple h=(h',---,h*) of selfadjoint matrices of order (n,---,n).
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Proof. We first prove the statement for the exponential functions s — e
where t=(ty,--,t,) is a fixed parameter in R*. We set n=max{n,,---,n,} and
expand h=(h',---,h*¥) with respect to the corresponding matrix units

h=(h1,‘ Z (h ua' ah{(] k)
i,j=1

where we set /if;=0 and ef;=0 if max{i, j} >n, for s=1,---,k. We obtain
d?explit - x)(h, h) = d*exp(it- x)((hl, N ) X (A h"))

CXP(” x)( Z (h u" hk k Z (hpq IZLE h;q ;q>

ij=1 pql

= Z dZCXp(lt x)((h u" hk k) (hpq pg> """ ’h’;qe’;q)>'

Lj,pg=1
Applying Lemma 4.2 one gets

d? exp(it- x)(h, h)

Nk

i,j.p.g=1Lsu=1;s¥u my=1 ms-1=1 mg+1=1 my-1=1my+1=1 me=1
g Am (D] -+ 1A()A ()] - 12,() A 0)| -+~ | Ay, ()T
em1m1® ®e§j® ®e;q® @efnkmk
k ny ns—1 s+ 1
+ 21 2—1 2—1 Z_l ’ zlhfjh;q

(Gig[Am, (DI -+ 1AL -+ | () Ty, ® -+ B @ -+ R lpm,

+ 0L Am, (1] -+ A1) Al8)A(5)] -~ Iimk(k)]se}.lm@'“®e?q®---®e§.kmk)]-

We evaluate the terms containing the Kronecker symbols, and after applying
the transformation (i,q,j) — (p,j,i) in the last term of the second sum, one

obtains

d?exp(it - x)(h, h)

k [ n k ny ns-1 ns+1 y—1 Ry +1 ni

s=1Lij,p,q=1 u=1lu#s my=1 ms-1=1 mg4+1=1 Mmy-1=1 my+1=1 me=1
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g L (D] I2AAS)] - 1000 -+ A (T
Emum, @ - RE® - @€y ® -+ ey m,

n ny ns—1 ns+1 ni
+ Y Y Y ¥ Ly
i.j,p=1 my=1 ms—1=1 ms+1=1 me=1

2k Ao (V)] -+ 1ALS)A )AL+ Ao ()] i, B -+ B @ - ®ef‘nkmk]-

Since every term with i>ng is zero and every term with g>n, is zero, we can
change the variables (i, g) — (m,,m,) and obtain

n nx

k n k 1
dzexp(it-x)(h,h)=2[z 2X ot X

s=1Ljp=1u=1lw#s m=1 me=1

P o Loy (D] | (S)AAS)] |2 (10) A, (10)] -+ | A, (KN
e'inm@ ®efnsj® ®e;mu® @efnkmk

+ i ni Z 2P o L (D] = 2 (8)A(5)A(8)] - | Ay () °

Jp=1 m=1 me=1

€

'1mm1® ®esm_® @efnkm}
Rearranging the sums and splitting the tensor products then give

ny Ny k k ns Ny
d*exp(it- x)h,h)= Y - Y ZI: DI

my=1 me=1s=1Lu=1lu#s j=1 p=1

msj pmu[)‘ml(l)‘ Mms(s)’{j(s)l ot Mp(u)imu(u)‘ e Mmk(k)]s"
Emym,® - By, ® - PmmNlmym, ® - R ;® - Rerm,)

+ z 2hm,1 pm,[’lml(ln lims(s)j'p(s)'lj(s)l e Mmk(k)]s

Jp=1

(erlnlm1® ®e;m,® ®e:‘nkmk)(erlmml® ®efnsj® ®efnkmk):]'

Inserting the elements of the generalized Hessian matrices H,(m,, --,my)
associated with the function s — ¢ and the data set A we obtain

Pexplit A= 5 o S S S S ke (s, my),,

my=1 me=1 su=1 j=1 p=1
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Emim, @+ B, ® *+* @pm)Emim, ® ++ B ;® +* Relpm,)

and the statement is proved for the exponential functions. If fe C(R") for
p>2+k/2, then we apply Corollary 2.12. The evaluation of the second Fréchet
differential can be carried out under the integral by Lebesgue’s theorem of
dominated convergence since the function |s|? f(s) is integrable. The statement
now follows from the linearity in f of the generalized Hessian matrices. If fdoes
not have compact support, then we consider the restriction of fto J; x -+ x J,
where J,,---,J, are bounded open intervals such that the spectrum of x; is
contained in J; and the closure J; c I; for i=1,---,k. The restriction of f is
then extended to a function in Cg(R*) and the statement follows because
Fréchet differentiability of the mapping x — f(x) in a point x only depends
on f in a neighborhood of the spectra of x=(x,,---,xy). QED

Corollary 4.4. Let in the setting of Lemma 4.2 and Theorem 4.3

Q= Z e Z qo(ml""5mk)erlm®“'®e’r;k

mi=1 me=1

be an arbitrary vector in the tensor product H\® --- @ H,. There exists a
hermitian, sesquilinear form w(a,b) defined on the complex vector space of
tuples of matrices of order (ny,---,n) such that the expectation value of the
second Fréchet differential

(d” f(x)a,b)p| p)=Re w,(a,b)

for all tuples a and b of selfadjoint matrices of order (ny,---,n,). It is given by

w(p(a’b)'_— Z Z <H(m1,"‘,mk)q)a(mu“'smk)|(Db(m1"",mk))
my=1 me=1

where H(m,,---,m,) are the generalized Hessian matrices. The vectors

Di(my, - m)
q)a(ml’...’mk)= : mi=1’...’ni for j=1,...’k

@y(my, -, my)
are given by

a, PR, § ;s
(Ds(’nl’ ""mk)js—amsjs(p(ml s Mg 1] Mgt 15 "'amk)
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for jo=1,---,n, and s=1,--- k.

Proof. Since the generalized Hessian matrices H(m,, ---,m,) are real and
symmetric thus selfadjoint, it is clear that w,(a,b) as defined is a hermitian
sesquilinear form on the complex vector space of tuples of matrices of order
(ny,---,n). Its real part is a real symmetric form, and it is therefore sufficient
(by real polarization) to prove that (d? SN h,h)e | @)=w,(h h) for all tuples
h=(h',---,h*) of selfadjoint matrices of order (n,,---,n,).

We take the expectation value of the second Fréchet differential as given
by Theorem 4.3 by the vector ¢. Then we insert the vectors ®" and obtain

ny

@fxhhele)= 3, - Z_

my=1

ns Ny

k
Z Z Z hfnsjh;mu(Hus(mls"'amk))pj
wu=1j=1 p=1

((er1r|1m1® ot ®efn,]® e ®e,r(nkmk)(p | (erlnlm1® o ®el"nup® e ®efnkmk)(p)

ni ns Ny

ne k
= Z Z Z 2 Zh:-sjh;mu(Hus(mn"'amk))pj
mi=1 me=1 s,u=1 j=1 p=1
(P(mla"'5ms—1’jsn1s+1’"'amk)q-)(mls"'amu—lspsmu+19"'amk)

ns My

ny nk k
= Z_ Z Z Z Z (Hus(mls"'amk))qu)g(ml’"'7mk)jél-):(m15""mk)p

my=1 me=1 s,u=1 j=1 p=1

B k
= Z Z (Hus(mli"'smk)(Dil(mls"'amk)'(DZ(mla""mk))

mi=1 me=1 sau=1
Nk
= Z (H(my, -, m)®"my, -, m) | @"(my, ---,my)).
my=1 me=1

QED

The structure theorem for the second Fréchet differential is useful because
the generalized Hessian matrices H(m,,--,m,) only depend on f and the
eigenvalues of the matrices x,,---,x,. The vectors ®(m,,---,m,) depend on
h=(h',---,h*) and @ and indirectly on the systems of matrix units diagonalizing
Xy, -+, X, through the coordinates of 4 and ¢.

§5. The Matrix and Operator Convex Functions

Proposition 5.1. Let fe C?(I, x --- xI,) where I,---,I, are open intervals
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and p>2+k/2. If for a tuple (ny,---,n,) all of the generalized Hessian matrices
associated with [ and any data set Ael}*x --- x I} are positive semi-definite,
then f is matrix convex of order (ny,---,n).

Proof. Let x=(x;,---,x;) be a tuple of selfadjoint matrices of order
(ny, -, n) in the domain of £ The assumption ensures that the second Fréchet
differential d?f(x)(h,h) is positive semi-definite for any tuple h=(h',---, k*) of
selfadjoint matrices of order (n,,---,n,). But then f is matrix convex of order
(ny,---,n,) according to Proposition 2.2. QED

If the function fis everywhere defined in R* and does not grow too fast at
infinity, then we may relax the differentiability condition in the above proposition
and only require f'to be in C*(R*). This can be derived by first considering the
convolution of f by an appropriate positive approximating unit and then make
use of the fact that the matrix convex functions of a particular order is a closed set.

One may ask whether the condition in Proposition 5.1 is also
necessary. This is indeed so for functions of one variable, and the result is
due to Kraus [15]. It is easily recovered in this setting by localization of
the vectors ®(m). Following Kraus one choose

O(m);=m)e(Ne()  j=1,-n

with the condition that é—(/)q)(j)=11j for some fixed but arbitrary vector
neC" This can be done for any positive ¢ which then can be chosen
arbitrarily close to the indicator function of some fixed m. It thus follows
from Corollary 4.4 that each of the generalized Hessian matrices is positive
semi-definite. However, it can be shown that such localization of the vectors
®(n,,---,m,) is in general not possible for functions of more than one
variable. The functions

1
() f(t“tZ):(l—ultl)(l—uztz) tute]=111

are known to be operator convex for any p,,u,e[—1,1]. The result follows
from a theorem of Ando, and it is noticed in [5].

Theorem 5.2. Let uy,---,u€[—1,1] and consider the functions
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fi(ti) =

Le]—1,1[
1—p;t

for i=1,--- k. The function

S t)=f1(t) - flt)
U

D tl,---,tkE]—l,l[
1—pit;

of k variables is operator convex, and the ensemble of generalized Hessian
matrices associated with f and any set of data

Ae]—-1,1["x - x]—1,1[™ Ry, m €N
consists of mutually proportional and positive semi-definite matrices.

Proof. Take(n,,---,m)eN*and any dataset Ae ]—1,1[™ x --- x ]—1,1["
which we write on the form

A={Am‘(i)}m,-=1.....,,' i:l,...’k.

We define the vectors

a(i)= p; (fs(ll(i))a - '7f;'('ln,(i))> eR™

for i=1,---,k. The divided differences associated with the functions f; are of
the form

Dx1x2] = wi filx ) filx2)
[xyx2%3]=pi 2fix) fi(x2) fix3)

for x,,x,,x3€]—1,1[. It follows that the partial divided differences associated
with f are given by

LAy D1 -+ A ()AL - 125(00) A, (0)] -~ - | A ()]
= pshtf G (1), -5 A DS (8) fu( A5(10))

for s#u while

[y (D1 -+ A ($)A ()AL - 1 Arn, (K)T*
= 13 f G, (1), =+, A (RN SAASNSA(5))
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for s=u. Notice that the expression has the same form for s#u and for
s=u. This is only by coincidence for the very special function f. It then
follows that

H, (my, - sm)=f (1), -+, A, (K))aus) als)
for s#u and
Hy(my,-,m)=2f(p, 1), -, Ay, (k))als) als)
for s=u. The generalized Hessian matrices are consequently of the form

2a(1)a(l) a(l)a(2) --- a(l)a(k)

Hmy s ) = (1) 2 | @) 200V e a@Vall)

akall) aya?) - 2a(kyal)

and they are bounded from below by

a(l)a(1) --- a(1)a(k)

SO, (1), -+, A () .
alk)a(l) --- a(k)a(k)

=f (A, (1), -+, imk(k))<a(1) o a(k)> (a(l) a(k)>
which are positive semi-definite matrices. QED

We notice that all the generalized Hessian matrices above associated with
an arbitrary data set are proportional.

Corollary 5.3. Let v be a non-negative Borel measure on the cube [—1,17*
for keN and let a,,---,a, be real numbers. The function

1

k 1
I—[ P dv(ﬂl: Tt luk)
—yi=1 1=t

1
f@y, - t)=at + - +aktk+J J
-1

is operator convex on the open cube 1—1,1[*.
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