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Solvability of Equations for Motion of a Vortex
Filament with or without Axial Flow

By

Atusi TaNT* and Takahiro NiSHIYAMA*

Abstract

It is known that the motion of a vortex filament with axial flow in a perfect fluid is
approximately described by a generalization of the localized induction equation. The unique
solvability of the initial value problem for it is first established by parabolic regularization. As
the axial flow effect vanishes, 1ts solution converges to that of the localized induction
equation. Analogous results are obtained in the spatially periodic case.

§1. Introduction

In [13], we proved the weak solvability of some initial and initial-boundary
value problems for the localized induction equation

(11) X, =X XX

8§83

which approximately describes the deformation of a vortex filament in a perfect
fluid. Here x=x(s, ) represents the position of a point on the filament in R3
as a vector-valued function of arclength se R and time ¢. But the uniqueness
and smoothness of the solution were not found.

According to [15], Da Rios [2] firstly formulated (1.1) in 1906. Since
then, it has been studied by many authors. Fukumoto and Miyazaki [3]
proposed a generalization of (1.1):

(1‘2) xt =xS X xSS + a{xSSS + (3/2)xSS X (xs X xSS)}’

when the vortex filament has an axial flow within its thin vortex core. Here
a is a real constant representing the magnitude of the axial flow effect.
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By Hasimoto’s method in [4], (1.2) can be transformed into the Hirota
equation (or the nonlinear Schrodinger equation if a=0)

(1.3) W, +P+(1/2)| ¥ 1PY —ia{¥+(3/2) | ¥ |*P,} =0

for W =x«(s, )exp(i ir(s, f)ds+in(f)) (see [3]). Here «(s,f) and 1(s,?) are the
0

curvature and the torsion of the filament, respectively, and #(¢) is a real function
of +. Hirota [5] showed that (1.3) has soliton solutions. In addition, the
well-posedness of the initial value problem for (1.3) can be proved by the
theory of evolution equations ([7], [10], [11]).

However, in investigating the solvability of (1.2) with an arbitrary
(non-soliton) initial data, which is the theme of this paper, we do not use the
well-posedness of (1.3) for the following reasons.

1. We consider s and ¢ to be independent. When a#0, it is nontrivial
to prove that |x|=1 is really derived from (1.2) and |x/s,0)|=1.
Without this proof, Hasimoto’s method cannot be applied to (1.2).

2. If the filament is not an infinitely straight line and it has a segment
where x vanishes (or t is indefinite), then ArgW is not well-defined
even outside this segment. In this case, Hasimoto’s transformation
from (1.2) into (1.3) is not possible.

Recently, it was shown in [8] that (1.1) can be transformed into the
nonlinear Schrodinger equation by not Hasimoto’s method but a geometrical
one which is valid even if |x | vanishes. Then unique and classical solvability
of the initial value problem for (1.1) was obtained, although the class of the
solution was C*.

Differentiating (1.2) with respect to s and setting v=x, yield

(1'4) vt =v X vSS + a[vSSS + (3/2){v8 X (v X vS)}S]'
We impose the initial condition
(1.5) v(5,0)=2(s), |vo|=1

for se R. 1In [14], we proved classical solvability of (1.4) and (1.5) on any finite
time interval. The solution for (1.2) and

(16) X(S, O)=x0(s), 1x0s| =1
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is reconstructed from (1.4) and (1.5) with vy=x,; by

1.7 x=x,+ J[v X v+ a{vg+(3/2v, x (v x vy)}]de.
)

The main goal in this paper is to establish the existence of a unique
solution to (1.2) and (1.6) for a#0 or a=0 such that x, has unit length and
its derivatives belong to the Sobolev spaces bounded-continuously in
te[0,00). To this end, we first investigate a parabolic regularization for (1.4)
which has a solution with unit length. At this time, the estimate (2.17) below,
which was used without proof in [14], plays a crucial role. To obtain it, a
conservation law for (1.3) is suggestive, although we stated above that we do
not use the solvability of (1.3) in this paper.

Moreover, analogous results are obtained even if the spatially periodic
condition
(1.8) x5, )=x4s+1,1)

is added.

In [9], the system (1.4) with a=0 was derived as a continuum model of
the classical Heisenberg spin system. The initial value problem for it was
considered and the existence of a unique solution was obtained by Sulem et
al. [17]. Their method was applied to the problem (1.1) and (1.6) with
[x0ss(E 00)|#0 in [12], while |xo4( 1 00)|=0 in [14] and this paper.

We discuss the parabolic regularization for (1.4) in §2. Then the solvability
of (1.2) for a#0 is obtained from that of (1.4) in §3. In this section, the limit
a — 0, or the vanishing axial flow, is also investigated. It is shown in §4 that a
spatially periodic case is analogously discussed.

Let us introduce the notation which we use. The norms in L2(R) and
in the Sobolev space WAR) (n=1,2,---) are denoted by |-| and ||,
respectively. The set of all continuous (resp. once continuously differentiable)
functions in a Hilbert space X on a finite time interval [0,7] is denoted by
(0, T; X) (resp. C}(0, T; X)). The spaces L*(0, T; X)and L>(0, T'; X) are defined
in the same way. We represent the supremum over [0, 7] by {->r and the
L*(R;)-norm, R;=Rx(0,T), by ||-||;. Positive constants, denoted by ¢, c,
and c,, change from line to line. Here ¢, is a monotone increasing function
in |a| and independent of ¢, and c, is independent of ¢ and a. The operator
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D stands for d/0s.

§2. Parabelic Regularization
We first consider the initial value problem
2.1 B, = — el + £ (5, 1),
(2.2) (s, 0)=uq(s).
Let Cy(Q) (@ < R or R?) be the set of bounded continuous functions on

Q. Then we get

Lemma 2.1. For given >0, T>0, uye C,(R) with uy,,e WZR) and
feCO, T; LAR)NL*0, T; WXR)), there exists a unique solution u of (2.1) and
(2.2) such that ue C(R;), u,e CO,T; W2(R)), uy,,ecL*0,T;WHR) and a,
eL?*0,T; WX(R)). Moreover, the estimate

(2.3) sup u| + llag| P> 7+ ltgssell 7+ D0l 7+ el + Nl

seR
0<t<T

< clsupluo| + ll#os ) + BTN A 1> 7+ I £l )

seR

holds, where c is independent of T and b(T) is a positive continuous function
depending on T such that b(T)|0 as T|0.

Proof. According to [16], the solution is formally written as

t
u= JE(S —5, Duy(s)ds + Jdt’ f Eis—s,t—t)f(s,t)ds’
0

R R

=E* o+ E +f,

where E(s,f7) is a fundamental solution (matrix) of {2.1) and is estimated as
|D"E| < ct~ U Wi4exp(—c|s|*3t~1/3). Then we have

|E * yuo| = ¢ supgluol,

I DUE * o) || = cll DPato || (p=1,2,3),
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|E* fl<ct”®Cf1e
IDPE = Al Sct' ~P f1>e (p=1,2,3).

Here we used the formula [ exp(—s*3r~*3)ds=(3/4)['(3/4)t**.
0

On the other hand, the Fourier transformation yields

IDYE = yuo)ll, < cl| DP~*ug|| (p=4,5),
ICE * Psssslle S cll flle L et 2 AD,
ID(E = Al S cl Al cl FI2 1Al S et AL fisll

The coefficients ¢’s in these estimates depend on & However, they are
independent of ¢ Hence the statement of the lemma follows. O

Now, let us investigate a parabolic regularization of (1.4):
(24) v,=vx v +a[ve+(3/2){vs % (0 X v} ] — e{Vsss + Moy V5w + 3w >0}
for ¢>0. Then we obtain

Proposition 2.1. Let ¢>0, aeR and vo,e WHR). Then there exists a

positive constant T, such that (2.4) with (1.5) has a unique solution v satisfying
ve CyRy,), v,€ €0, Ty; WH(R)), vy € L0, Ty ; W3 (R)) and v, € L*0, Ty ; W (R)).

Proof. Set #'®=0 and let #™ (n=1,2,---) be a solution in Lemma 2.1
on a time interval [0,¢] with u,=v, and
f=u 0 xul ™D 4 aful D+ (3/2){0 0 X (@D X))

— {4l V- ul D™ 4 3july ™ VPu " V)
Then u™ is well-defined for each n. Indeed, it follows from (2.3) and the Sobolev
imbedding theorem that

Ay =suplu®] + [lul D, + |ulll+ | D™+ || + il
s,t

is bounded from above by ¢, {1 +b()(1 +t"*)4,_(1+4,_,)*} for n=2 and by
¢, for n=1. Here ¢, (>0) is a constant depending only on [lz,['® (note that
[zl =1).
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Let M be a constant satisfying M >c¢,. Then, choosing t=T; so small
that ¢, {1+b(T,)(1+T{*)M(1+M)*} <M, we have, by induction, 4, <M
(n=1,2,--) on [0,T].

Setting w™=u™ —u®"~1, we estimate w®"*? on [0,¢], 0<t<T,, by
(2.3) as

B,y =supw™ " DI+ (DD 4wl Vll,

S,t

+HIDPw T DY+ lw Dl + g V],

Scb()(1+1'?)(1+ M)*B,,

while B;=A4,. If we choose T,e(0,T,] so small that ch(T )1+ T¢'*)(1 + M)?
<1, then B, converges to zero as nfoo. Hence #™ converges to a solution
v of (2.4) and (1.5) belonging to the class in the proposition.

It is easy to prove the uniqueness of the solution. (|

Next, we prove the following lemma, which implies that the length of the
vortex filament is conserved.

Lemma 2.2. Let v be a solution of (2.4) and (1.5) belonging to the class
in Proposition 2.1 with T, replaced by an arbitrary T>0. Then

(2.5) lo|=1
holds for any (s,t)e R x [0, T].
Proof. Define the function A(s, t) by
h(s,f)=|v|* —1
for seR, 0<t<T. Then, from (2.4) and (1.5), we obtain

ht = a{hsss - 3(” ) vss)hs + 6(vs : vss)h} - S{hssss + 8(vs : vsss)h + 6lvss|2h},
h(s, 0)=0.

Since (d/do)l|1]1* < c(sup; Jo|+ o)z |P|A|* follows, Gronwall’s inequality
yields that ||| =0. Hence we have A=0, which leads to (2.5). O

Utilizing Lemma 2.2, we derive an a priori estimate for (2.4).
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Lemma 2.3. Let v be as in Lemma 2.2. Then there exists a positive
constant &, depending only on T and |v|| such that, for any ¢€(0,¢,], the
solution v satisfies the estimate

(2.6) gl ®dr+llzllr +& vl + logllr) + e 21 D%l r S e,

where ¢, depends only on |a|, ||vyl|®, &, and T.

Proof. From (2.5), we have

v ov,=0,
v = —lol%
@7 VU Vg = — 30" U,
v v = —dvg v — 3l
Then, in (2.4),
(2.8) {vy % (@ x v}, =(v,*v),=2(v, v )0 +|v|*v,

holds. It also follows from (2.5) that, at each point where |v,| is nonzero, the
vectors v, v,/|vy and v X v /|vy| are the unit tangent, the unit principal normal
and the unit binormal vectors in R3, respectively.

Then

v, X D"v=v,x[(v* D"v)v + {(v X vy)- D"v}v x v,/|v,*]
holds for n=2,3,4,--- and leads to
2.9 v x D'v=—(v Do) xv,+{(v x vy D"v}v.

Clearly, (2.9) is also valid where v, =0.
Multiplying (2.4) by v, integrating over R and using (2.7) and (2.8), we
obtain

d
(2.10) & log(-, DI = = 2e(llvgssll* +4f|vs|2vs “Vesd5 + 3l |zl fol %)
R

= —3||Usss”2 +86’0”‘Us|| 10-

Here ¢, is a positive constant given by use of the multiplicative and Young’s
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inequalities. Note that the scalar equation dr/dz=egcyr® with #(0)= ||v,,l* has
the solution #)=(||vy|| ~® —4ecot) ™ '* when decyt < ||vo,l ~8.  Then, choosing
g, so small that

(2.11) 0<eo<(4coTlwosl®) 7,
we have
(2.12) o, 0l () Zcy

on [0, 7] for all e€(0,¢,].

To obtain further a priori estimates for (2.4), a conservation law for (1.3)
is suggestive, as was mentioned in Sect. 1 (see also [12]). According to the
soliton theory ([1]), Zakharov-Shabat’s recurrence formula ([18]) yields

1 _ _
I &ll* = 211 1112 Jrglll‘i’l3 (= f(‘*’?‘Pz +P2¥)ds

1
4

R
(the bar denotes the complex conjugate) as an invariant for (1.3) independently
of a (see also [10], [11]). This invariant represents the same quantity as

7 21
(2.13) stssnz_inlvsl ossll® — 14112, 212 +§H1vs!3 I

if Hasimoto’s transformation is possible. Thus we anticipate that, for (2.4),

the time derivative of (2.13) is bounded from above by a constant proportional

to &. The correctness of this anticipation will be verified in (2.17) below.
Set

20 Vs — 105 U0 > — 10y (Vs " Vssr)
—28(2, v, (05 v + (63 /o (2, w)
equal to I, +al,+ely, where I,, I, and I, are independent of a and & It is
clear that the time derivative of (2.13) is equal to {(/,+al,+e&l5)ds. Then,
noting (2.8), we have )
I = =0, X 0y) Vyoos + 052 (0 X 0) Vg5 + 140 20 X 05) " D

+ 7|vSS|2(v X vs) ) vsss + 28(vs ' z}SS)(z} X vs) : z}SSSS
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+28(v; v, )(0 X vg) v — (63 /W)|v | (@ X ) v,

I,= =20 D0 +(945/8)0,|5(v, ) + 72w, v )(Vgs Vs
+ 54|03V Vsgs) — T05s (05" Vysss) + 605" 055) (05" D555)
—46(2, " U3 )Wy Vgges) = 310l s Vssss) — T2 (255 D72)
—28(v, " v,)(v,  D0) +(105/ 2w vy v5s) + (147 /Dv | “(0s - v44s)
— (777 2oy gl 2wy vy) — 2730y @ v, (w5 vges) — 420(25 " v4)>.

Since (2.7) and (2.9) yield

(vs X vSSS) : vSSSS

= 3(vs ’ vss)(v X ‘Us) " Ussss 4(1}5 : vsss)(v X vs) TVsss 3'1)55'2(11 X vs) "Vssss
we get

1 = 7|vSI2(v X vss) : vSSSS_I_ 141115'2(2}5 X vSS) ’ z}SSS + 19IvS5,2(v X vs) : vSSS
+ 16(vs ’ vSS)(v x vS) ’ vSSSS + 16(1}5 ’ vSSS)(v X vs) ’ vSSS

+28(2 v3)(¥ X 1) 04— (63 /D)o | X 0 15
If 7, can be written in the differentiated form, then it is as

(2 ] 4) {kl(vs ’ vss)(v X vs) T Usgss +k2|vs|2(v X vss) " Ugss

+k3(vs ’ vsss)(v X vs) Vs + k4lvss|2(v X vs) Vg + k5|vsl4(v X vs) : z}ss}s

with constants k,,---,ks. In fact, ignoring the coefficients, we see that this
contains all terms of 7,. Since

(2.15) 0,20 X 030) Vg0 = (0 D)0 X V) Vg — (0" Vo) (@ X 0) " 06
can be proved in the same way as (2.9) and

(2.16) [0, (5 X 035)  Uogs = [0 (v X 25) - v — 3wy (5" v )(w X v) g
is verified by (2.7) and (2.9), (2.14) is equal to

(kl + k4)|vss|2(v X vs) " Vsss + (kl + k3)(vs ’ vsss)(v X vs) "Ugss

+ (kl + 2k2)(vs Vs (U X vss) "Vsgss + (kl + k6)(vs ’ vss)(v X vs) " Ugsss
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+ (k2 ~k7),vs,2(vs X z’:;s) "Vgss + (kz _k6)|vs,2(v X vss) " Vgsss
+ (k3 + 2k4)(vss ’ vsss)(z) X vs) Vg + (k3 - kﬁ)(vs ’ z).f;sss)(‘y X z)s) " Uss
+ (4k5 - 3k7)|vs|2(vs ) z"ss)(z) X Z)s) Vs + (k5 + k7)|vs|4(v X vs) T Vgss

Here ks and k, are constants related to (2.15) and (2.16), respectively.
Comparing the coefficients in it with those in 7,, we get

ky=18, ky=5, ky=—2, ky=1, ks=—27/4

and
ke=—2, k,=-9.
In the same way, under the assumption that I, can be written as
{— gssel® +(945/68)0J° + 111 (3, 055" Vss) + M0 V550
+ 30| (v vy) F Malvg* + M50 0 )@ Vo)
AR N B R N LR M
+mglog vy ve)? +myolvd @, v,
we obtain
m=—4, my=17, my=21, my=37/4, ms=—28,
meg=—"7, m,=2, mg=03/8, mg=—210, m,=147/4.
Thus,
f’1d5= leds=0
R R
holds.

On the other hand, by the multiplicative and Young’s inequalities, we have
J}sd5§ =2|ID%||1* +c (I, | D% | "* + 2,12 D> |12 + w2 7* | D%» || )
R

S = D)2 +c w5

Hence
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d 7 21
(217) a(“vsssnz _Elnvs“vss'”Z - 14”vs vss”2 +§”|vs|3“2)
=ﬁll +al, +¢el5)ds
R

=8J13d5§ —¢l| D> +c,

R

follows for ¢€(0,g0]. Then
lvgssll> = (7/2D)lll2l ol 1> — 1412, 2|
S 19ossll® +21/8) 2ol II* — el D321 +c 1

holds.  Since [|[vy [wgllI* S ¢, [lo4ll° |24 ** < (1/20) |05 | > + ¢, We have

(sl Y1+ 21 D50 Sy
This estimate together with (2.12) yields

o P> r e logglr e,

It is easy to derive |o,|r+&'*||loglr<Zc,. O

Similar a priori estimates were obtained in [14], where we used (2.17)
without proof.

From Proposition 2.1, Lemmas 2.2 and 2.3, we have

Theorem 2.1. Let T>0, vo,e W3(R) and acR. Then, for each £€(0,g,]
with g, satisfying (2.11), there exists a unique solution v to (2.4) with (1.5) such
that v,e C(0, T; WA(R)), vy, € LX0, T; Wi(R)), v,e L¥0, T; W3(R)), (2.5) and (2.6)
hold.

t
Furthermore, the following lemma is clear since || —uw, __<_j||v,||dt.
0

Lemma 2.4. The solution in Theorem 2.1 satisfies
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(2.18) lo—=wolldr=c,.

§3. Vortex Filament with or without Axial Flow
In this section, we first consider ¢/0. Consequently, the following theorem

is established. Its proof is mainly based on the method in [6].

Theorem 3.1. Let vo,e WZ(R) and a#0. Then, for any 7> 0, there exists
a unique solution » of (1.4) with (1.5) such that (2.5) is satisfied and
(w—-20)e C0, T; W3(R) N C'(0, T; LX(R)).

Proof. Let v%s,t) be the solution of (2.4) with (1.5), where the existence
is guaranteed by Theorem 2.1. Noting (2.8) and taking the difference of (2.4)
for e=¢' and that for e=¢" (0<e&”"<é&'<g;), we have

5=0" X g+ 2 X Vi + a2+ (3/ {0 P2+ @7 - 2™ + (2, 05 Yo" )]
— &' (Bl + 4D} - oo + 3]0l P
8 (e A B + 3R,
where z=v"—v%". For the function gz,
e

v g o= —v" z(=2¥ o)

holds (by (2.7)) and leads to
v g = — (0 + ") g — vz
Moreover, (2.6) and (2.18) yield
Azl = 2F 1P+ + 1P p 4+ o™ —voll D1+ lo™ —wo DrSc,-

Noting these relations, we have

N[ =
O—|Q_

tllz||2=fzt'zds
R

3 " ’
= |f(v§' xz,)- zds| +2 lal IJ{Ivi'lzz +(@8 7)o + (g, v} g ds| +ce
R R
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<cllzl ol + 1242 +cae,

N =
&la

”zsnz = —fzt “Zss ds

R

3
< If(z X vgg) " Z5ds] +§ lall J (2 - vE)z - 2e) + 281725 25)
R

R

F{@F +27) 20" 25) + {07 + 1) 2@ 255)]ds| + ¢
£ 3 - - 4 &r 2
é | (z X vsss) : zsd.S'l + Ela“ [Z(vs : vss)s(z : zs) + 3(”5 ’ vss)lzsl
R R

@S +27) 2} {(@F + 00" 2+ vg 2
- {(z + zviﬂ) : zs}{(vi" : zs)s - ?J;;’ ' zs}]dsf + cagl
<calllzl 2zl 4 Nzl 2l + llzl2) + s

They yield
d 2 2 i2 2 ’
(3.1 d—t—(IIZII izl = ezl + 2l %) +cae'.

Since z(s,0)=0, if follows that {||z|™M>r<ce)'>. Thus, »*—», converges to
some function (w—wg)e C(0, T; W1(R)) in the W1(R)-norm uniformly on [0, T']
as ¢/0. From this, we see that |w|=1.

On the other hand, (2.6) and (2.18) imply that w—w», belongs to
L®(0,T; W3(R)). Let ®=®(s) be an infinitely differentiable vector function
with a compact support. Denoting the scalar product in W3R) by (-, -)™,
we have

@ — o, &) =| f(:ﬁ' ~v*)-(1—D*+ D*— D*)@ds|
R

<200l — ™.

This means that (v°—w,, ®)® converges uniformly. Therefore, by the density
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theorem, »° —w, converges to w—w, weakly in W3(R) uniformly on [0, 7] and
w—v, is weakly continuous in W3(R). It is clear that w(s,0)=wv, and
Iw(-, ) ~woll¥ <c,.

Let

3
G(@°)=(v* x v_ﬁ)s+5a{v§ X (2° x ¥)},.

Then {||G(@)||V>1<Zc, follows from (2.5) and (2.6). Moreover, since
(G@*)—G(@™), ®) V| Zc, | Do —2 |7,

G(v®) converges to G(w) e L™(0, T; W1(R)) weakly in W}(R) uniformly on [0, T'].
Next, integrate (2.4) over [¢,t"] = [0,7]. Then we get
»
(s, 1) — (s, )= f [avis+ G(2°) — e{vig, + 405 vE o + 3|05 | *v°} ]dt.

¢

Taking its scalar product in L*R) with an arbitrary element of L?(R) and
making use of the above convergence and (2.6), we have

w(s,t")—w(s, )= J(awm + G(w))dt.

in L*(R). Hence w is a solution of (1.4) with (1.5) and |w—w,| is Lipschitz
continuous.

Suppose that there exist two solutions w' and w” for (1.4) with the same
initial data and set z=w'—w”. Then we obtain the same estimate as
(3.1) with &=0. Hence z=0 and the uniqueness of the solution follows.

We can derive (d/d?)||2%,]|> < c, from (2.6) and (2.4) for e€(0,¢,]. Therefore,

%, Oll < [vogssll +cat'? follows.  Letting e]0, we have [wy (-, ) < [[2osl

+c,t''?, which leads to im sup [[wy(", )l S [vossl = W, 0)ll. - Since wy, is
t|0

weakly continuous in LA(R), lim |w(-, )| = [|wosll is Obtained. As in [6], by
t]0

the uniqueness of w and the reversibility of (1.4) in ¢, we can show
we € C(0, T; L*(R)). Then it yields (w—wy)e CO, T; W3(R)n C 0, T;L*(R)).
O

Now, by (1.7), we establish the unique solvability of (1.2) and (1.6).
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Theorem 3.2. Let x,,,€ W2(R) and a#0. Then, for any T>0, there exists
a unique solution x of (1.2) with (1.6) such that |xJ|=1 and (x —x,)€ C(0, T; W5(R))
NCY0,T; Wi(R)). Moreover,

(3-2) lx—xo|>r=c,

is valid.
Next, we consider the limit a — 0.

Theorem 3.3. Let x® be the solution of (1.2) and (1.6) for a#0, which is
guaranteed by Theorem 3.2. Then x°—x, converges strongly in W3(R) and
weakly in W3(R) uniformly on [0,T] as a— 0. The limit function x is a unique
solution of (1.1) with (1.6) such that |x|=1 and (x—x,)eC0,T; WH(R))
NCY0, T; WA(R)\.

Proof. Taking the difference of (1.2) for a=a' and that for a=a" and
setting p=x“—x"", we have

Po=X{ X o+ X X +a (x5 +(3/ Dl Pxy} —a" {xi + (3 /2)x 1 x{"}.

Let 0<|a”|<|a’|]=<1. Then, since c¢,=c, holds if |a| =<1, it follows that
1 2 ar
—~Ilpl| <|pl lipss!i+sup|x Hipll lpsll +cla’l,

1 d "’
24 lpl* = J\pss P:dS<Suplx“’| 1Pl sl + ¢ 4la'l

R
!Ipssll2 J sss Prds =SUP|Py| [ X555l [1pssll +cla’l
R

Here we noted that

arn arn
(x xpss+ps X Xss )s"x xpsss +ps X Xsss

and

I = e =20l D+ ™ —x0 |V 7+ Nl DD 7+ a1 P r Z e
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The above estimates lead to
d (2N2 <« 2n2 ’
&(llpli )* <clpl'?)* +clal,

which yields (||pl|®>r<c,Ja’|'”* since p(s,0)=0. Thus, x*—x, converges to
some function (x —xg)€ C(0, T; W(R)) in the WZ(R)-norm uniformly on [0, 7]
as a —0. Therefore, (3.2) with |g|<1 gives the weak convergence of x"—x,
to x—x, in W>(R) uniformly on [0, 7] and the strong convergence in W3(R)
uniformly on [0,77]. In the same way as in the proof of Theorem 3.1, we
can prove that x is a unique solution of (1.1) and (1.6) belonging to the class
in the theorem. O

From Theorems 3.2 and 3.3, the following theorem is derived.

Theorem 3.4. Lei x be a selution to (1.2) and (1.6) for acR which is
guaranteed by Theorem 3.2 or 3.3. Then it is extended so that |(x—x)(-, 8|
is continuous in te[0, ), and |x (-, )|® and |x,(-, )| (or |x(-,)|® if a=0)
are bounded and continuous in t<[0, o).

Proof. Tt follows from (2.10) and (2.17) that every solution to (1.2) satisfies

”xssil = “x()ss“’

“xssss” 2 —(7/2)” |xss| |xsssl ” ’— 14"xss ’ xsss” 2 é ”x0555s|| 2 +(21 /S)H |x0ss|3 ”2

whether a#0 ora=0. Then x is bounded in W#(R) uniformly in . Therefore,
the solutions to (1.2) in Theorems 3.1 and 3.2 are extended bounded-continuously
for t=T. d

In addition, the existence of a unique solution with |D°x| bounded and
continuous was obained in [12].

§4. Spatially Periodic Case

In this section, the domain of s is restricted to I=(0,1), and the norms
in L*(/) and in the Sobolev space Wi(I) (n=1,2,--) are denoted by | -|; and
|- 11$", respectively. Let P" be the completion with respect to |- [|{” of the
space where every element g belongs to C*[0,1] and D/g(0)=Dig(1) for any
j=0,1,2,---. Then, imposing
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4.1 o(s, )=2(s + 1, 1)

on (2.4), we have

Theorem 4.1. Let T>0, voe P* and aeR. Then, for each ¢€(0,¢,] with
0<eo<(4coTlvgsll¥) ™, there exists a unique solution of (2.4) with (1.5) and
(4.1) such that we C(0, T; P>) L*(0, T; P%), and v, L*(0, T; PY). Moreover, (2.5)
and |||y =Zc, are valid, where c, depends only on |a|, vy, T and &,.

Proof. The proof is divided into two parts. One is to establish the
existence of a temporally local solution as in Proposition 2.1. It is possible
because (2.1) with (2.2) and the spatially periodic condition is solved by the
Fourier expansion analogously to Lemma 2.1. The other is to derive (2.5)
and the a priori estimate in the theorem. The former is clear from the proof
of Lemma 2.2. In order to get the latter by the method in the proof of
Lemma 2.3, we should verify the validity of the multiplicative inequality for
an element in P".

Let g=(g!,g%,8>)eP", n=2. Then, for k=1,2,---,n—1, we have

1D%gl7= —JD"_ 'g-D*"lgds< D" gl |1 D gl
I

N

3
|D*g(s)*= ). ZJD"g"D"“g" ds<2| D*gl,IID"* gl
i=1

Here s; (i=1,2,3) is a point on [0, 1] satisfying D*g'(s)=0, whose existence is
obtained from [;D*gds=0. From this, we see that the multiplicative inequality
is valid for an element in P". O

In the same way as in the preceding section, we can establish

Theorem 4.2. Let xo,€ P? and a#0. Then, for any T>0, there exists a
unique solution x of (1.2) with (1.6) and (1.8) such that |x|=1, x,e C(0, T; P*)
and x,€ C(0,T; P'). Moreover, if x,e€P*, then xe C(0,T;P*.

Theorem 4.3. The solution of (1.2), (1.6) and (1.8) in Theorem 4.2 converges
strongly in W3(I) and weakly in Wi(I) uniformly on [0,T] as a— 0. The limit
function is a unique solution of (1.1), (1.6) and (1.8). It has the same properties
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as in Theorem 4.2 but x,e C(0, T; P?).
Furthermore, we can repeat the above arguments infinitely many times.

Theorem 4.4. Let x be a solution to (1.2), (1.6) and (1.8) for ae R which
is guaranteed by Theorem 4.2 or 4.3. Then it is extended so that |x(-,1)|; is
continuous in te[0,0), and ||x (-, )| and ||x(-, )| (or |x(-, DI if a=0)
are bounded and continuous in te[0, o).
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