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Semialgebraic Description of Teichmiiller Space

By

Yohei KoMORI*

Abstract

We give a concrete semialgebraic description of Teichmiiller space T, of the closed surface
group T, of genus g(>2). Our result implies that for any SL,(R)-representation of T',, we
can determine whether this representation is discrete and faithful or not by using 4g—6 explicit
trace inequalities. We also show the connectivity and contractibility of 7, from the point of
view of SL,(R)-representations of I';. Previously, these properties of T, had been proved by
using hyperbolic geometry and quasi-conformal deformations of Fuchsian groups. Our method
is simple and only uses topological properties of the space of SL,(R)-representations of I,.
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§1. Introduction

The Teichmiilier space T, of compact Riemann surfaces of genus g(>2)
is the moduli space of marked Riemann surfaces of genus g. Thanks to the
uniformization theorem due to Klein, Koebe and Poincaré, any compact
Riemann surface of genus g(>2) can be obtained as the quotient space
G\H where H is the upper half plane and G is a cocompact Fuchsian group,
ie. a cocompact discrete subgroup of PSL,(R). As an abstract group, G is
isomorphic to the surface group I',, which has the following presentation

Fg=<oty, By, 0, B ,li (0 Bt B ) =id.).

From this point of view, T, can be considered as the deformation space of a
Fuchsian group which is isomorphic to I'; and this is called Fricke space
studied by Fricke himself and more precisely by Keen ([F], [K1], [K2],
[K3]).

In this article, we consider this Fricke space from the point of view of
SL,(R)-representations of the surface group I,. We treat 7, as the
PGL,(R)-adjoint quotient of the set of discrete and faithful PSL,(R)-
representations of I',

T,={I'y — PSL,(R):discrete and faithful}/PGL,(R)

where a discrete and faithful PSL,(R)-representation of I', means a group
homomorphism from I’y to PSL,(R) which is injective and the image of I',
is a discrete subgroup of PSL,(R). Because any Fuchsian group which is
isomorphic to T', can be lifted to SL,(R) ([Pa],[S-S]), we can start from
Hom(T'y, SLy(R)) the set of SL,(R)-representations of I',, And 7, can be
considered as the set of characters of discrete and faithful SL,(R)-representations
of I'.

From this point of view, we can get a real algebraic structure on T, as
follows. By using the presentation of Iy, Hom(I'y,SL,(R)) can be embeded
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into the product space SL,(R)* as the real algebraic subset R(I) which is
called the space of representations ([C-S], [Go], [M-S]). The adjoint action
of PGL,(R) on R(I') induces the action on R[R(I")] the affine coordinate ring
of R(I") and put R[R(IN]7L2® the ring of invariants under this action. Let
X(T) be a real algebraic set whose affine coordinate ring is isomorphic to
R[R(N]P¢L2®_ Then T, can be realized as a semialgebraic subset of
X(T). Hence T, is determined by finitely many polynomial equalities
and inequalities on X(I'). This construction is essentially due to Helling [He],
and later Culler-Shalen [C-S] and Morgan-Shalen [M-S] made this process
more clear. And by using this procedure, Brumfiel described the real spectrum
compactification of T, [Br]. More recently, in a series of works [Sa 1], [Sa
2] and [Sa 3], Saito obtained a description of the coordinate ring for 7, as a
semialgebraic set defined over Z.

Our theme in this paper is to study the semialgebraic structure on T,
and we mainly consider the following two things. First we describe the
defining equations of T, on X(I') by using 6g-6 explicit polynomial inequalities.
(Theorems 3.2 and 4.2). This problem is related to the construction
of the global coordinates of 7, by means of a small number of traces of
elements of Fuchsian groups which have been studied deeply by Keen ([K1],
[K2], [K3]) and more recently by Okai and Okumura ([Ok], [O1], [O2]) by
using hyperbolic geometry on H and an argument involving the fundamental
polygons of Fuchsian groups. Our treatment in this paper is rather
algebraic. The second is that from a real algebraic viewpoint, we also show
the well known fact that 7, is a 6g-6 dimensional cell (Theorems 3.1 and 4.1)
which was proved by Teichmiiller himself by means of his theory of quadratic
differentials and quasi-conformal mappings.

For our purposes, we only need some elementary topological properties
of semialgebraic sets and some geometric properties of the space of
representations R(I'). More precisely, the next three assertions are essential
for our arguments (the following notations are defined in Sections 3 and 4):

1. Let Ry(T) be the set of discrete and faithful SL,(R)-repretations of
I,. Then Ry(T) consists of finitely many connected components of
R(I')=Hom(I',, SL,(R)).

2. Let t7(S(I) be the of SL,(R)-representations p of T, satisfying the
following 2g-3 trace inequalities
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tr(p([“iaﬂi])) < =2 (l=1,,g)
tr(p(loey, By] -+ [0, B;]) < =2 (j=1,---,g—2)

where [o, f]:=a-B-a"*-B7 1. Then ¢ (S(I')) consists of 2*¢73x2
connected components such that each components is homemorphic
to R% 6 x PSL,(R) and this homeomorphism is PSL,(R)-equivariant.

3. Ry = t=X(S()).

In fact, we will construct global coordinates on ¢~ *(S(I')), and by using
these coordinates, we shall find a system of trace inequalities which characterize
Ro(I) in t7!(S(I). Finally, we obtain a semialgebraic description of 7, and
a cell structure of T,. The trace inequalities which define 1~ '(S(I")) in Assertion
2 above already appeared in the paper of Seppild-Sorvali (S-S]), and in that
paper, they used these inequalities to solve the lifting problem of a Fuchsian
group to SL,(R). At first, I proved Assertion 2 above by using a slightly
complicated method involving some geometric properties of R(I'), and I would
like to thank Professor Kyoji Saito for telling me about the result of
[S-S]. These inequalities also appeared in the paper of Okumura [O2].

The remainder of this paper is organized as follows. Section 2 deals with
the construction of Teichmiiller space T, following Culler-Shalen [C-S] and
Morgan-Shalen [M-S]. The description of the defining inequalities and cell
structure of T, are given in Sections 3 and 4. In Section 3 we treat the case
of genus g=2 and in Section 4, the case of genus g>3 is discussed.

Finally I would like to express the deepest thanks to the following persons:
Kyoji Saito my advisor who helped me constantly on the way to the completion
of this work, and from whom I learned the excitement of doing mathematics;
and Yoshikazu Yamagishi and Yasushi Yamashita for the interest that they
expressed at every stage, as well as for lengthy discussions which were
very meaningful for me. Most of the work contained in this paper was done
at the Saturday Seminar at RIMS, Kyoto University, 1992-93, and I would
also like to thank referees for their helpful comments and corrections.

§2. Construction of Teichmiiller Space as a Semialgebraic Set

In this section we review the construction of Teichmiiller space following

[C-S], [M-S], [Sa 1], [Sa 2], [Sa 3].
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§2.1. The Space of SL,(R)-Representations of the Surface Group I'

Let g=2 be fixed. We define the (closed) surface group of genus g by
the following presentation

4
F=rg:=<a1’ﬁl’ "'7ag>ﬂgl I—_Il [ai’ﬁijzid->

where [o;, Bi]:=a; -0 '+ Bt

By using this presentation, we can embed Hom(I',SL,(R)) the set of
SL,(R)-representations of I' into the product space SL,(R)* and let R(I)
denote the image of Hom([', SL,(R))

Hom(T", SL,(R)) > R(I') = SL,(R)*

p— (p(al)’ p(ﬂl)’ ) p(ag)> p(ﬁg))

We identify R(I') and Hom(I', SL,(R)). In the following we also identify
a representation p and the image (A,,B,,--,d,, B))e SL,(R)*®¥ of the
system of generators {a;, B, -, o, B} of I' under p. R(I') is a real algebraic
set and we call this the space of SL,(R)-representations of I'. PGL,(R) acts
on R(I') from the right-hand side

R(T) x PGL,(R) — R(T)
(o, P)— P~ 'pP.

We remark that although we use the system of generators {ay,f;, -, %, f,}
of T to define R(I'), the real algebraic structure of R(I') does not depend on
this system of generators. In fact if we choose another system of generators
of T consisting of N elements and embed Hom(I",SL,(R)) into the product
space SL,(R)", we get another real algebraic set but it is canonically isomorphic
to R(I).

Next we consider the following subset of R(I")
R(I):={peRI)|p is non abelian and irreducible}

where a representation p is non abelian if p(I') is a non abelian subgroup of
SL,(R) and p is irreducible if the action of p(I') on R? admits no nontrivial
invariant subspaces. Hence if p is not irreducible (i.e., reducible) then there
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exists Pe PGL,(R) such that P~!p(I')P consists of upper triangular matrices,
hence in particular p(T) is solvable. We remark that the action of PGL,(R) on
R(I') preserves R(I'). The next lemma is useful for the study of R(I').

Lemma 2.1. For pe R'(I), there exist g,he X such that p(g) is a hyperbolic
matrix, ie., [tr(p(g))|>2, and p(h) has no fixed points in common with p(g). In
other words there exists Pe PGL,(R) such that

A0

P_lp(g)P=(0 ) (A# £1)

1
2

P‘lp(h)P=<a b) (b-c#0).
cd

Proof. For peR/(I'), suppose that p(I') has no hyperbolic elements. If
there exists a parabolic element p(g) € p(I'), there exists Pe PGL,(R) such that

-1 _ 1 g
P p(g)P—i<0 1) (g #0).

As p is irreducible, there exists A" with
P”lp(h)P=<a b) (c£0).
cd

Then for neN

tr(p(g)"- p(h)) = (£ 1)"(er(p(h)) + ncq)

and p(g)"-p(h)=p(g"h) is hyperbolic for sufficiently large n. This is a
contradiction. Next if every element of p(I')—{id} is elliptic, as p is non

abelian, there exist g,hel’ with [p(g), p(h)];é<(1) (1)> Then there exists

Pe PGL,(R) such that

cos( —sin@

P"‘p(g)Pz( ) (0#0,m)

sinf cosf

-1 _[(abd
P p(h)P-(c d)
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with a®?+b*+c*+d?#2, and tr(p([g, h])=2+sin? 0(@*+b*+c*+d*—2)>2.
This is a contradiction. Hence there exists geI” so that p(g) is hyperbolic
and

A
P‘lp(g)P=(0 ?) )

A

for some Pe PGL,(R). Next suppose that any element of P~ 'p(I")P is either
upper or lower triangular matrix. Because p is irreducible there exist 4,,h,eT’
such that P~ !p(h,)P is an upper triangular matrix and P~ 'p(h,)P
is a lower triangular matrix. But P~ !p(h,h,)P is not a triangular matrix. This
is a contradiction. Therefore there exists ~el” so that

P_lp(h)P=<a b) (b-c#0).
cd
We have another characterization of R'(I).

Proposition 2.1.

R([)={peR(D)|r(p([a,b])) #2 for some a,beT}

=R~ () {peRM)|tr(p([a,b]))=2}.

a,bel

Proof. (=) Take g, heI which satisfy the conditions of Lemma 2.1. Then
tr(Lp(g), p(h)]) # 2.

10
(<«=) If p(I') is abelian, [p(a), p(b)]=<0 1) for any a,bel’. If p(I') has a non

trivial invariant subspace, there exists Pe PGL,(R) such that any element of
P~ !'p()P is an upper triangular matrix. Hence tr([p(a), p(b)])=2 for any
a,bel. ]

Corollary 2.1. R'(I') is opern in R(I).

Proposition 2.2. R'(I') has a structure of a 6g-3 dimensional real analytic
manifold.

Proof. We consider the mapping r
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r: SLZ(R)Zg — SL,(R)

4
(AI:BN ""Ag3 Bg)""’ l—ll [Ai’Bi]'
10
01
at pe R(I') is maximal. By regarding s/,(R), the Lie algebra of SL,(R), as
the Lie algebra of left-invariant vector fields on SL,(R), (dr), can be written as
follows. For p=(4,,B;, -, Ag, B;)e R(I)

Then R(F)=r"1(< )). We will check that the rank of the differential (dr),

(dr),:sL,(R)*8 — sl,(R)
g
EiMd1<icg™ __Zl {0 ar-(FmF )= 0p p.r- (FLF )}

where F;:=IIiZ1[A4,,B]A4;B; and for AeSL,(R) and Xesl,(R), d,X):=
X—A"'XA.

Put S;:=FAF", S;.g:=FB#F "' (i=1,---,g). Then {S,} is a system of
generators of p(I). As pe R(I), some S; is not the identity matrix hence S;
is hyperbolic, parabolic or elliptic. ~First we assume that S; is hyperbolic. Then
there exists Pe PGL,(R) such that

20
S,.=P< 1)P“ (A#+1).
03
Because pe R'('), there exists S, such that

Sk=P<p q)P"‘ (g#0 or r#0).
ros

If we put Xj=P<xj Vi )P"‘, Xk=P(x" % >P"eslz(R),
Zj —xl Zk _xk

Ly
6S(X,.)=p< U p)y,>P_1
' (1-24%z; 0
6Sk(Xk)=P<(1 —Ps—qr)xk+pqzk-—rsyk *)P—l'

* *

Therefore the mapping
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sl,(R) x s{,(R) — s/,(R)
(Xj7 X)— 5sJ(Xj) + 5sk(Xk)

is surjective, and this shows the surjectivity of (dr),. By a similar argument,
one can also show the surjectivity of (dr), for the case that §; is parabolic or
elliptic. Hence by the implicit function theorem R'(I') has the structure of a
6g-3 dimensional real analytic manifold. ]

Next we define the subset Ry(I') of R(I') by
Ry([):={peR()|p is discrete and faithful} 6))

where a representation p is discrete if p(I') is a discrete subgroup of SL,(R)
and p is faithful if p is injective. We remark that the action of PGL,(R) on
R(I") preserves Ry(I'). Then another characterization of Ry(I') is

Proposition 2.3.
RoM)={peR)|p is cocompact, discrete and faithful} )

={peR)|p is purely hyperbolic} 3)

where a representation p is cocompact if the quotient space p(I')\SL,(R) is compact
with respect to the quotient topology, and p is called purely hyperbolic if p(h)
is hyperbolic for any h(identity)el.

Proof. (1)=(2) The fundamental group of a surface p(I')\H is isomorphic
to the surface group I Hence p(I)\H is compact.
(2)=>(3) Because p(T') is discrete, any elliptic element of p(I') is finite order. But
I' is torsion free. Thus p(I') has no elliptic elements. Moreover if p(I') has a
parabolic element, then p(I')\H has a cusp. Since p(I')\H is compact, p(I)
has no parabolic elements.
(3)=(1) Faithfulness is immediate. Discreteness follows from Nielsen’s
theorem (see [Si, Theorem 3, p33]). [ ]

Proposition 2.4. Ry (') is open and closed in R(I).

Proof. We give a sketch of a proof. We recall the inequalities of Jargensen
([Jo], especially the argument of Proposition 1, §3):
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For any pe R(D)p is contained in Ry(T') if and only if
ltr(Lp(g), pU1)]) =21 +|tr(p(h))* — 4] = 1

for any pair g, hel" with gh+#hg.

These inequalities are closed conditions of Ry(I') in R(T).

The openness of Ry(I') = R(I") follows from the next theorem due to
Weil [W]:

If G is a coonnected Lie group and T is a discrete group, then the set of
cocompact, discrete and faithful representations from I to G is open in the set
of all representations from T to G. il

Next we recall the notions of a semialgebraic set. Let V be a real algebraic
set with affine coordinate ring R[V], i.e., the ring of polynomial functions on
V. A subset S of V is called a semialgebraic subset of V if there exist finitely
many polynomial functions f;, g, --- &, ((=1,---,/) on V such that S can
be written as

1
5= U (xeVIf=0, £,(9>0, - g, (9>}

From the above definition, it follows immediately that any real algebraic
set is a semialgebraic set. Moreover, it is known that any connected component
of a semialgebraic set (with respect to the Euclidean topology) is also a
semialgebraic set and the number of connected components of a semialgebraic
set is finite (see [B-C-R] Theorem 2.4.5).

Corollary 2.2. Ry(I') consists of finitely many connected components of
R(I), hence Ry(I') is a semialgebraic subset of R(I).

The relation between R'(I') and Ry(I) is
Propesition 2.5. Ry(I') = R(I).
Proof. Let p be a element of Ry(I'). Since the surface group T is non

abelian and p is injective, p is non abelian. Also beccause I is not solvable,
p is irreducible.
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Corollary 2.3. R,(I') has the structure of a 6g-3 dimensional real analytic
manifold. c

§2.2. The Action of PGL,(R) on R'(I')

This subsection follows the argument of Gunning (Section 9 in [Gu]). We
will show that the quotient space R'(I')/ PGL,(R) under the action defined in
Subsection 2.1 has the structure of a 6g-6 dimensional real analytic manifold
such that the natural projection

R() = R(I')/ PGL,(R)

is a real analytic principali PGL,(R)-bundle.
Lemma 2.2. PGL,(R) acts on R'(I') without fixed points.

Proof. For Pe PGL,(R) and pe R(I') suppose that P~ 'pP=p. Then by
Lemma 2.1 there exists gel' and Qe PGL,(R) such that

Q“p(g)Q=<g ?) (s 1),

-4

Then P~ !pP=p implies that Q" 'PQ is also diagonal, and if Q~'PQ is not
the identity, then Q™ !p(h)Q is also diagonal for any heT, but this contradicts
the fact that pe R(I'). Therefore, O !PQ, hence also P, is the identity.

Lemma 2.3. The action of PGL,(R) on R'(T') is proper: i.e., every element
of R(I) has an open neighborhood U < R'(I') such that the closure of the set

{PePGL,R)|(U- P)nU#¢}
(where U-P:={P " 'pP|pe U} is compact in PGL,(R).

Proof. By Proposition 2.2 R'(I') is a real analytic manifold. Hence any
p of R(I) has an open neighborhood U < R'(I") such that U is compact in
R'(T). Because SO(2) is compact, by replacing U by U-SO(2) if necessary,
we may assume that U is invariant under the adjoint action of SO(2). Suppose
that there is a sequence {T,} © PGL,(R) such that (U-T,)nU#¢ for each v
but {7,} has no accumulation points in PGL,(R). 7, can be considered as

v
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-10
an element of SL,(R) or < 0 1>SL2(R). Then by taking a subsequence we

—1
may assume that {7,} = SL,(R) or {T,} = ( 0 ?) SL,(R). First we treat the

case that {T,} < SL,(R) (a similar argument works for the other case). Then T,
can be written as

1

a,

where 4,eS0(2) and Bv=<‘:)v b"). Because {7} has no accumulation points
in PGL,(R) we may assume that
la,l =0, |a,|— o0 or |b,|— 00 (as v — o0).
Since U is SO(2)-invariant
(U-B)nU#¢.

Hence there exists p, e U so that B, !p,B,e U for each v. Since U is compact
we may assume that {p,} and {B; 'p,B,} converge to pe U and n e U respectively.
For gel put

p.(g)= (’; ’ Z) @
ple)=lim p,(g) =<" g Z“’) )
n(g)=lim B ‘;r>v(g)15’v=<lr)r°o Z,w)' (6)
Then
B—l B _<pv_avbvrv %"v(pv_sv)+éfqv_b§rv) (7)
et a’r, abr,+s, ’

Since p,, p, n and B, !'p,B, are all contained in the compact set U, each
component of the matrices of (4), (5), (6) and (7) is bounded. If |a,| — o0, the
boundedness of {aZr,} implies that r,=lim,r,=0. If {a,} is bounded and
does not converge to 0 and |b,| - oo, the boundedness of {a,b,r,+s,} also
implies r =lim,, r,=0. In these cases, for any geI’, p(g) is an upper
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triangular matirx. If |a,| =0, then r, =lim, aZr,=0. In this case, for any

gel, 5(g) is an upper triangular matrix. But p,ne U< R(I'). This is a
contradiction. |

Proposition 2.6. The quotient space R'(I')/PGL,(R) has the structure of a
6g-6 dimensional real analytic manifold such that the natural projection

R(') > R'(T)/PGL,(R)
is a real analytic principal PGL,(R)-bundle.

Proof. Let peR(T") be fixed. Let us define a real analytic mapping
G by

G:PGL,(R) > R(I') = SL,(R)*®
PP 1pP
We first show that for Pe PGL,(R) the differential (dG,)p at P has maximal
rank. We may assume that PeSL,(R) (For the case <—01 (1)>PeSL2(R)
is essentially the same procedure). Then
(dG)p: sl (R) — sl,(R)*
X (P~ p(y)PX—XP™ ' p(y)P)1 << 2¢

where {y;} is the system of generators of I". If (dG)p(X)=0 for Xes/,(R), then
P 'p(@)PX=XP p(g)P for all gel". peR() implies that X=0. Hence
(dG)p is injective. Therefore the mapping G is regular and there exists an open
neighborhood A of the identity /e PGL,(R) such that G:A — G(A) is a real
analytic homeomorphism. Thus, there exist an open neighborhood U of p
and a real analytic submanifold V of U so that V and G(A) are transversal
at p. Then the real analytic mapping defined by

Ax V- R(T)
(P,n)— P~ yP

is regular at (I,p). We may assume that this mapping is a real analytic
homeomorphism A x V'~U. To complete the proof, it is enough to show that
this mapping extends to a real analytic homeomorphism from PGL,(R)x V
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into R(I'). For this purpose it is only necessary to check that after
restricting V' if necessary, no two points of ¥ are in the same PGL,(R)-
orbit. Suppose that there are sequences (p,),(r,) = ¥V and P,e PGL,(R) such
that P, 'p,P,=#, and lim,, p,=lim,, n,=p. Then Lemma 2.3 shows
that by taking subsequence, we may assume that P, converges to some
Pe PGL,(R). Since

P 'pP=1lim P; p,P,=p
P is identity by Lemma 2.2. Hence P,eA for sufficiently large v. But
P lpPy=n,=P 'n,P

and Ax V~U. This is a contradiction. L

§2.3. The Space of Characters of I’

As we have seen in Subsection 2.1, R(I') has the structure of a real algebraic
set. Let R[R(I')] be its affine coordinate ring i.e., the ring of polynomial
functions on R(I'). Then the action of PGL,(R) on R(I') induces the action of
PGL,(R) on R[R(I)]

PGL,(R) x R[R(I"] - R[R(I)]
(P, f(p)—f(P™'pP)
and let R{R(I")]P9L2®) be the ring of invariants of this action. For example the
function 1,e R[R()] (hel) on R(I') defined by
T(p) = tr(p(h))

the trace of p(h) for peR() is an element of R[R(I)]72®), In fact
R[R()JPOL2®) is generated by the 7, (hel) and is a finitely generated
R-subalgebra of R[R(I")] (see [He], [Ho], [Pr]).

Let X(T') be a real algebraic set whose affine coordinate ring R[X(T')] is
isomorphic to R[R()]P¢®  And let I,eR[X(I)] correspond to 1,
eR[R(I)]PCL2®  Then R[X(I)] is generated by the I, (hel) as an
R-algebra. The injection

RIX(D]=R[RID)]7=® ¢ RIRI)]

induces a polynomial mapping
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t:RT) - X(T).

Because R[R(IN]P6L2® is generated by the 1, (hel), for a represectation
peR(), t(p) can be considered as the character y, of p

1T =R
h tr(p(h)) =14(p)-

Therefore the image #(R(I')) < X(I') of R(I') under the mapping ¢ can be
considered as the set of characters of SL,(R)-representations of I. We call
X(T') the space of characters of T.

Moreover any element of X(I')—#(R(I')) can be considered as a character
of an SU(2)-representation. To explain this we need to review briefly the
theory of SL,(C)-representations of I" following [C-S] and [M-S]. Let R(I") be
the set of SL,(C)-representations of I', then R¢(I') has the structure of a complex
algebraic set and let C[Rc(I')] be its affine coordinate ring. PGL,(C) acts on
R(I) and also on C[R(I)]. Let C[R(IN]FL2© denote the ring of invariants
of this action and let X(I') be a complex algebraic set whose affine
coordinate ring C[ X(I")] is isomorphic to C[R(I")]7¢L©).  Then the injection

CLXAD] = CLRA)]™ O 5 C[Rc(T)]
induces the polynomial map
tC . Rc(r) - XC(F)

which is surjective. Since Rc(I), tc and X(I') are all defined over Q, we can
consider Xg(I'), the set of real-valued points of X(I'). Then we can consider
Xr(T') as the set of real-valued characters of SL,(C)-representations of I". Tt
is known that any element of Xg(I') is either a character of SL,(R) or
SU2)-representation of I' ([M-S] Proposition 3.1.1).

If we consider the polynomial function tr,e C[R(I')] (hel') on R(I)
defined by

tri(p):=1tr(p(h))

for pe Re(I'), then tr, is an element of C[R¢(I)]7¢*2©), and we shall denote
the corresponding element of C[Xc(I')] also by ¢, for the sake of
simplicity. Then by regarding R(I') as the set of real-valued points of Rc(T),
we obtain a natural surjective homomorphism from R[Xg(I')], the affine
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coordinate ring of Xg(I'), to R[X(I]
R[Xr(I] - RLX(I]
trp— I,
Therefore there is a canonical injection from X(I') to Xx(I'). Hence any element

of X(I') is either contained in #(R(I')) or can be considered as a character of
a SU(2)-representation of I

Next, we define the following subsets of X(I)

X'(I)=tR(T))
UT):={xe X(D)| I,.5(x) #2 for some a,beT’}

=X(I)— () {x€X(O) | Lap(0)=2}.

a.bel’

Then U(I) is open in X(I). By Proposition 2.1 ¢t }X'T)=R(I) and
X'(T) < U().

Proposition 2.7. X'(I') is open in UI). Hence X'(I') is open in X(I').

Proof. Let V(') be the set of characters of SU(2)-representations of
I. Since SUQ2) is compact, MI) is compact in Xg(I'). Hence U(I)
=X')u(UT)n VT)) and (UI)NNI)) is compact in UI). Therefore it is
enough to show that X'(I)n(UT)nVI))=¢. For peR ('), by Lemma 2.1
there exists gel with |tr(p(g))|=Il(p)|>2. On the other hand for any
SU(2)-representation n of T’

[tr(n(h) =|1(n)) <2 for any heTl.
Therefore X'(I)n(UT)n NT))=¢. B
Next we will show that the restriction of the mapping ¢ to R'(T)
t:R() - X'

is a principal PGL,(R)-bundle. By the result of Subsection 2.2, it is enough
to show that X'(I') is the PGL,(R) adjoint quotient of R'(I'). For this purpose,
we need to prepare two lemmas which are SL,(R) versions of the results in
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[C-S] and [M-S].

Lemma 2.4. ([C-S, Proposition 1.5.2])
For p,,p,€ R'("), we assume that t{p,)=1(p,). in other words, they have the
same character y,, =y,,. Then thereisa PePGL,(R)suchthatp,=P~'p,P.

Proof. By Lemma 2.1 and the assumption x,, =y,,, there exist geI" and
0,,0,€ PGL,R) such that

x 0
01

a

Qflpl(g)Q1=Qz_1pz(g)Qz=< ) (a# +1).

Because p, is irreducible, there exist e " and a diagonal matrix R, € PGL,(R)
such that

a,

1
(Q1R1)_lpl(’1)(Q1R1)=< d > (¢ #0).

Cq
Moreover because y,,([g,n])=1,,([g, h])#2, there is a diagonal matrix
R, e PGL,(R) such that

a, 1

J ) (c, #0).

C; 4y

(Q2R;)™ 'pa(ANQ2R,) =<
For any yel put

(QlRl)"lpl(v)(Q1R1)=<P1 q1>

FyoSy

(QZRZ)‘1p2<y)(Q2R2)=<” ’ ‘—’2).

Fy 8y

Then g, (y)=1,,(y) and y,(g7)=x,,(gy) implies that p, =p, and 5, =5,. If we
put y=#h, then we obtain that a; =a, and d, =d,. Then det(p,(h))=det(p,(h))=1
shows c¢;=c,. If we take hy for our y, then we obtain r,=r, and
q41=q,. Therefore if we take P=(Q,R,}Q,R,)" ', then p,=P 'p,P. B

Lemma 2.5. ([M-S, Lemma 3.1.7])
For a subset U of X'(T') we assume that t~'(U) is open in R'(), hence open
in [R(I')]. Then U is open in X'(I') hence in X(I).
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Proof. Suppose that there exists a sequence {y;} = X'([)— U so that y;
converges to ye U. Let pe R'(I) satisfy y,=y. By Lemma 2.1 we may assume
that there exist g,hel” such that

A
p(g)=<0 0) (A £1)

p(h)= (i :l,) (c#0).

Since I, ,(x)#2, by taking a subsequence of {y;} we may suppose that
(x| >2 and I y(x) #2.

Let p,e R'(I)—t~ }(U) satisfy Xp,=Xi- Then since |I(x,)|>2 we may suppose
that

2 0

0 %.> (i# £1).

Picg)':(

Moreover as I,(y;) = I,(y) we may assume that 1; — 4.

For yel put
Xi Vi Xy
p.-(v)=( />, p(y)=( )
zZ; w; zZw

Then 1,(x;) = 1,5(x) and I,.x(x;) — I,42(x) shows that x; —» x and w;—»w. On
the other hand, since I ,(x;) #2, we may suppose that

a; 1

Pi(h)=< d,-> (c;#0).

i

Then replacing y by A, we have a; > a, d;— d and ¢; - ¢. Moreover replacing
y by hy, we have y;—»y and z;—z Hence p; converges to p. But
p;e R'M)—t"Y(U) and pet™}(U). This is a contradiction. B

By Lemmas 2.4 and 2.5, we conclude that

Proposition 2.8. (:R'(I") > X'(I') can be considered as the quotient map
of R'(I') under the action of PGL,(R), ie.,
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X'(I)=R'(I")/ PGL,(R).

Therefore by the result of Subsection 2.2, t:R'I')— X'(I') is a principal
PGL,(R)-bundle. [ ]

Define the closed subset X,(I') of X(I') by

Xo(D):={x € X(O) | Iig (o) — 2| + T(0)* — 4| = 1
for g,he' with gh#hg}.

Then the proof of Proposition 2.4 implies that #(Ry(I") = Xy(I).

Proposition 2.9. 1. X (I)=«(Ry()).
2. X,(I) is open in X'(I') hence open in X(I).
3. 171 (Xo(T) = Ro(D).

Proof. 1. Any representation of I' to SL,(C) is discrete and faithful if
and only if it satisfies the inequalities of Jorgensen which we saw in the proof
of Proposition 2.4. But there are no discrete and faithful SU(2)-representations
of I' because SU(2) is compact and I' is an infinite group. Hence
Xo(IN) = t(R(I) and it follows that X,(I')=t(Ry(I)).

2. Ry < R'(I) implies Xy(I') = X'(I'). Because Ry(I') is open in R(I)
and :R'(I)— X'(I') is an open map by Proposition 2.6, Xy(I') is open
in X'(I).

3. This is immediate from the proof of Proposition 2.4. B

Corollary 2.4. X(I') is open and closed in X(I'). Therefore Xo(I') consists
of finitely many connected components of X(I'). Hence it is a semialgebraic
subset of X(I). [

Corollary 2.5. t: Ry(I') = X,(I) is also a principal PGL,(R)-bundle. Hence
Xo(T') can be considered as the PGL,(R) adjoint quotient of R,(I), ie.,
Xo(I)=Ry(I')/PGL,(R). -]

We summarize the results of this subsection as the following diagram
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R(I) > R'(T) > Ry(I)

rl | L PGL,(R)-bundle
X(I) > X(T) 5 Xo(T) =Ry()/PGL,(R).

§2.4. The Relation Between SL,(R)- and PSL,(R)-Representations of I

Next we consider the relation between SL,(R)- and PSL,(R)-representations
of the surface group T.

The group Hom(T',Z/2Z) (=(Z/2Z)%*) acts on R(I') as follows. For any
ue Hom(I',Z/2Z) and pe R(I"), we define the representation p-pR(I') by

w-plh):=uh)-ph) (for all hel)

where Z/2Z acts on SL,(R) by multiplication by +1.

Proposition 2.10. ([Pa], [S-S], [02])

Let £:T — PSL,(R) be a discrete and faithful PSL,(R) representation. Let
A;, Bie SL,(R) denote any representatives of &E(ay), &(B)e PSL,(R) (i=1,---,9).
Then

g 10
1l [A"’Bi]=<o 1)'
In other words, & can always be lifted to a representation pe Ry(I') and the set
of all liftings of & is equal to the Hom(I',Z|2Z) orbit of p in Ry(I).
SL,(R)
P | proj.

r 5 PSL,®)

Proof. We briefly review what Seppéld and Sorvali showed in their paper
[S-S1.

Let ¢ be a discrete and faithful PSL,(R) representation. Suppose
A;,B;e SL,(R) (i=1,---,g) denote any representatives of &(x;), &(B;) € PSL,(R).
Then they showed that
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tr{A;,B)< -2 (i=1,--,g)
tr((A,B]--[4;,B)< =2 (j=2,---,g—1).
In particular
tr([Ag, Bgl)< —2
(A, B ] [Ag_1,Bg_ 1)< —2.
We may suppose that [4,,B;]---[4,_1,B,_,] is a diagonal matrix. Then

[4g,B,] must be also diagonal, hence the above inequalities imply the
conclusion. |

Corollary 2.6. 1. Hom(I',Z/2Z) acts on Ry(I') and the quotient space
Hom(T', Z/2Z)\R\(I') can be considered as the set of discrete and faithful
PSL,(R)-representations of T.

2. Through the mapping t, Hom(I',Z/2Z) also acts on X,(I') and the
quotient space Hom(I',Z/2Z)\Xy(I') can be considered as the PGL,(R)-adjoint
quotient of the set of discrete and faithful PSL,(R)-representations of

I. |
We call this set the Teichmiiller space T,
Ty:=Hom(', Z/2Z)\ X (')
=Hom(I',Z/2Z)\R(I')/ PGL,(R).
Remark. ([Sa 1]) For any pe Ry(I), let = be the projection

n:H - M:=p('\H

and put p:=n(,/ —1)e M. Then the isomorphism from p(I') to the fundamental
group n,(M,p) of M with a base point p

1:p()~m,(M,p)

is uniquely determined. Put a;:=1(p(x;)), b;:=1(p(B))en,(M,p) (i=1,--,2).
We say a representation p 1is orientation preserving (resp. reversing),
if, with respect to the orientation on M coming from the complex structure on H,

[ad, [b]> =0y; (resp. —9;), {[a;],[a;]>=<[b:]),[b;]>=0
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(i,j=1,---,g) where [a,] is the homology class of a; and <, > is the intersection
pairing on H,(M,Z). 1f RS () (resp. Ry (I") denotes the set of orientation
preserving (resp. reversing), discrete and faithful SL,(R)-representations
of T, then Ry(T) is the disjoint union of Ry (") and Ry (I') and
Xo(T)=Ro(I')/ PGL,(R)=Rg (I')/ PSL,(R).
Ty =Hom(I', Z/2Z)\ X(T')
=Hom(T', Z/2Z)\Rg (T')/ PSL,(R). B

Proposition 2.3 implies |I,|>2 (for all h(#identity)eI’) on X(I'). Hence
the sign of [, is constant on each connected component of Xy(I'). This means
that Hom(I',Z/2Z) permutes the set of connected components of Xy(I)
freely. Thus

Corollary 2.7. The quotient map Xo(I') = T, is an unramified (Z./2Z)*-
covering. Hence by taking any lifting of this mapping, we can consider T, as
a finite union of connected components of X(I'). Therefore T, can be considered
as a semialgebraic subset of Xo(I). ]

Corollary 2.8. If ny(X(I") denotes the number of connected components
of Xo(), the order of Hom(I',Z/2Z) divides ny(XoI)). In particular

2% <mo(Xo(I).

We summarize the result of this subsection as the following diagram.

Hom(T, SL,(R)) = R(I) > Ry(I)

‘1 !
XI) o Xo(I) =  Ro(I)/PGL,y(R)
l

T, = Hom(T',Z/2Z)\X,(T)

§3. Semialgebraic Description of Teichmiiller Space 7, (g=2)

In this section, by construction global coordinates on Xy(I'), we will give a
semialgebraic description of the Teichmiiller space 7',, which we will use to
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show its connectivity and contractibility. For this purpose, we need to find
some semialgebraic subset S(I') of X(I') containing X(I') whose presentation
as a semialgebraic set and topological structure are both simple.

§3.1. Definition of the Semialgebraic Subset S(I') of X(I")
We define an open semialgebraic subset S(I') of X(I') by
S ={xe XD L,(0)< —2}
where ¢, ==[a;,8,]=[a,,B,] 'el.
Proposition 3.1. S(I') < X'(I. Hence t*(S()) 5 S(T) is a PGL,R)-

bundle, and S(I') can be considered as the PGL,(R)-adjoint quotient of
t~1(S)), ie.,

S(T)=1"1(S(I)/ PGL,(R).

Proof. First we show
S(I) N (X(T) — «(R(I)) = ¢

As we have seen in Subsection 2.3, any element of X(I') — #(R(I")) can be considered
as a character of an SU(2)-representation of I. Thus for ye X(I')—#(R(I'))

IL()<2 for heTl.

This means that S(I') < « R(I')). On the other hand, Proposition 2.1 shows
that S(I') = X'(IN). -]

The next result is due to Keen, Okumura and Seppild-Sorvali
([K1], [K2], [K3], [O1], [02], [S-S]).

Propesition 3.2. X(I') < SI).

Proof. Any element p=(4,,B,,A4,,B,) of Ry(I') induces a discrete and
faithful PSL,(R)-representation of I Hence we have seen in the proof of
Proposition 2.10 that

tr([4,,B )< —2.
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This completes the proof.
The above arguments give rise to the following diagram.
Corollary 3.1.
R(T) > R(I) > t71(S(T) 2 Ry(I)

] l l !
XD) > XD > SO > X,

§3.2. Topolegical Structure of S(I')

In this subsection, by constructing global coordinates on S(I'), we will show
that S(I') consists of 2# x 2 connected components such that each component is a
6 dimensional cell. For this purpose we need some preliminaries.

Let us define a polynomial mapping f from X(I') to R® For any

€ X(I), let
f(X) = (Ial(X)s Iﬁ;(X)’ Ialﬁl(X)s I:zz(X)s Ipz(X)’ Ia;[iz(X))'
By the definition of 7, (heT), for any pe R(I')

S o tp)=(tr(p(a,)), tr(p(B1), -+, tr(p(x285)))-
R(T)

Sot
rl N

f
XT) > R®

We denote the coordinates (x,,X;,Xs,Vy,Y2,¥3) on RS by (%,7) for the sake
of simplicity. Next we define a polynomial function x(x,y,z) on R? by

k(x,y,2)=x*+y>+ 22 —xyz—2.
Easy calculation shows the following lemma ([F], [Go]).

Lemma 3.1. 1. For any A,BeSL,(R)

k(tr(A), tr(B), tr(AB)) =tr([ A, B]).
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2. If (x,y,2)eR? satisfies k(x,y,z)< —2, then

x|>2, y|>2, |z|>2 and x-y-z>0.

In particular if we put
V_={(%)eR®|x(x)=x()< —2}

then from the definition of S(I'), we have f(S(I')) = V_. In fact we will see
in Proposition 3.3 that f(S(I)=V_.

Lemma 3.2. V_ < R® consists of 2* connected components such that each
components is a 5-dimensional cell. More precisely, put U=V _ r\{(x-),ii’)eR6
|x;>0, ;>0 (i=1,2)} and define the action of (Z/2Z)* on R® by multiplication by
+1 on the x; and y; (i=1,2). Then U is a 5 dimensional cell and V_ can be
written as

V_= 11 WU) (disjoint union).
Ye(Z/2Z)

Proof. For r<—2 put
W,:={(x,y,2)eR3|k(x,y,2)=r, x>0, y>0, z>0}

and u:=x—y, vi=x+y for (x,y,z)e W,. Then by Lemma 3.1.2

vz\/g—uz——‘lf(2+r—zl)>0.
-2 z—2

Hence the next mapping is a homeomorphism, and consequently W, is a 2
demensional cell.

W,~Rx{zeR|z>2}.
(x,,2)— (u,2)

Since U is a fiber bundle over the base space {reR |r< —2} with fibers W, x W,,
U is a 5 dimensional cell and by Lemma 3.1.2
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v_= L yU).

ye(Z/2Z)*

The next lemma can be shown directly by calculation, but it is a key
lemma in the whole story of this section.

Lemma 3.3. Let (4,B)e SL,(R)? be a pair of hyperbolic matrices which
satisfies the following condition
A
[A,B]=< 0> A<—-1).---1)
01
Put (x,y,z):=(tr(A), tr(B), tr(AB)). Then k(x,y,z)< — 2, and there exists a constant
keR*:=R—{0} such that A and B can be written as

1 1{ P }
—_—X - x°—1
A+1 k [(A+1)?

A+1
...2)
1 1{ 1 y) }
— Nz X
( it AT TR \
B Lo
A+1)? ;
k
—)
\ 1 A A+1 }
—_—Z— X
il e

Conversely for any keR* and (x,y,z)eR? with k(x,y,z)< —2, define . < —1 by
A+i=K(x,y,2). Then the pair of matrices (A, B)e SL,(R)* defined by condition
2) satisfies 1) and (x,y,z)=(tr(A), tr(B), tr(AB)). ]

Since the pair (4, B)e SL,(R)? defined by the above condition 2) is uniquely
determined by keR* and (x,y,z)eR3 with x(x,y,z)<—2, we write it as
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(4, B)=(A(x,y,z,k), B(x,, 2, k)).

Now we can show the main result of this subsection.

Proposition 3.3. S(I') consists of 2*x 2 connected components such that
each component is a 6-dimensional cell.

Proof. First, we define the mapping ¥
Y Y(S() —» R*x V_ x PGL,(R).

as follows: For any p=(4,,B,,4,,B,)et (S)), we first diagonalize
[4,,B;]. More precisely, by using Lemma 3.3, we can choose Pe PGL,(R)
uniquely such that by use of the notations of Lemma 3.3, (P4,P~!, PB,P™})
(i=1,2) can be written as

PA P~ ' =A(tr(4,), r(B,), tr(4, B,), 1)
PB, P~ ' =B(tr(4,), tr(B,), tr(4,B,), 1)

0 1 0 —1
PAZP“1=(_1 0>A(tr(A2), t(B,), tr(AzBZ),k)<1 . )

0 1 0 —1
PBZP“=<_1 0>B(tr(A2), 1r(B,), tr(Asz),k)<1 o )

where ke R* is some constant. We define the mapping ¥ by
¥ I(S(D) - R*x V_ x PGL,(R)
p(k, o p), P).

Lemma 3.3 implies that ¥ is bijective and, in fact, a homeomorphism. From
the difinition, ¥ is PGL,(R)-equivariant. Hence it induces a homeomorphism
® from S(I') to R*x V_ as follows.

1 (ST) ~ R*x V_ x PGL,(R)
t l l proj.
sm =~ R*x V_



554 Youer KoMor1

Moreover by Lemma 3.2, R*x V_ consists of 2*x2 connected components
such that each component is a 6-dimensional cell. [ |

§3.3. Cell Structure of Teichmiiller Space 7,

Next we consider conditions which characterize the connected components
of Xo(I') in S(I'). By the definition of ® in the proof of Proposition 3.3, the
first component k& of @ can be considered as a function on S(I).

Proposition 3.4. Suppose that U = S(I') is a connected component on which
the function 1, -1,,-k is negative. Then there exists yeU such that y is not
contained in Xy(T).

Proof. First we remark that on a connected component U of S(I'), the
signs of the functions 1, -1,,, and k are constant. We consider x,y)eV_
satisfying |x,|=|y]=4 (i=1,2,3). Then there are 2* points of V_ satisfying
this condition. Since f(U) is a connected component of V_, take p=
(A1, By, 4,5, B et (S() with #(p)e U and fotp)=(X,y). If L (1(p)) I.,(t(p))
=tr(4,) tr(4,)=16>0, then by using the presentation of p=(4,,B,,
A,, B,) in the proof of Proposition 3.3, t(4,4,)= —2 —k—% where we denote
k(p) by k for the sake of simplicity. Hence if k(p)=k=—-2 (ie, I,,-1,, k<0
on U), then tr(4,4,)=2 and this means that 4,4,eSL,(R) is a parabolic
matrix, thus #(p) is not contained in Xy(I'). Similar argument holds for
the case I,,(p) I,,(p)=1tr(4,) tr(4,)=—16<0. B

Since X,(I') consists of finitely many connected components of X(I') by
Corollary 2.4, Proposition 3.4 implies that there are 16 connected components
of S(I) on which the function 7, ‘1, -k is negative. Hence the number of
connected components of Xy(I'), no(Xo(I)) is less than or equal to 16. On
the other hand, as the argument in Subsection 2.4 implies 7y(Xo(I))=> 16,
we get following result.

Theorem 3.1. 7y(X,(I)=16. Thus
T,=Hom(T', Z/2Z)\ X,(T")

is a connected 6-dimensional cell, and, in particular, contractible. B
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§3.4. Semialgebraic Structure of Teichmiiller Space T,

The preceding argument shows that Xy(I') can be presented as the following
subset of X(I):

Xo(T)={x €SI [ 1,,(x) L,(x) " k(x) >0}
={xeXM)|1,,< -2 and I,,(0) I,(0) k(x)>0}

where ¢; =[a,f,]el. This presentation induces the following semialgebraic
description of Xy(I') in X{(I').

Theorem 3.2. X (') can be described as a semialgebraic subset of X(I') as
follows

(o) +2) Lsl)

X)) = X1, -2
o) ={xe XD L,(x)< L0 1)

Hence for any representation p=(A,,B,A,,B,)eRI), p is a discrete and
faithful SL,(R)-representation of T if and only if

(tr(LA4y, B 1) +2) tr(4,4),)
tr(4y)- tr(4,)

>2.

tr((A,B;1)<—2 and

Proof. For any p=(A,,B;,A,,B,)et™ (SO), calculating tr(4,A4,) gives

2t1(A,)- tr(4,)
zr([Al,B,])+2> p)

( tr(4,)? )( tr(4,)? >
+ —1 —11=0.
tr([A41,B])+2 tr([A4,,B])+2

If we consider this as a quadratic equation in k(p), the constant term is

k(p)* + (”'(A 145)—

positive. Hence the sign of k(p) and the sign of the coefficients of the linear term
of this equation are opposite each other. Thus, for p=(4,,B,,4,,B,)
et '(S()),

(tr([Ay, B 1) +2)- tr(A,4,)
tr(Ay)- tr(4,)

>2.

tr(Ay)  tr(4,) k(p)>0 <
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Remark. The various connected components of X,(I') are separated by the
action of Hom(I',Z/2Z), i.., the sign conditions on the functions I, , Iy,, I,
and I,,. Therefore, by adding these 4 conditions, we obtain a semialgebraic

description of T, by means of 6 polynomial inequalities (see Corollary 2.7).

Corollary 3.2. The function k=k(y) on S(I') can be written as follows

1 22 2 L,
k=/14 111112—24 11¢1C1ﬂ2€;1+/{2 1 2
- - 17,42

where A=(x) is the function on S(I') defined by

1
i(x)+z(5——~lcl(x)<—2 and A< -—1.

Especially, the point of T, is completely determined by the 8 functions I, ,1,1, g,
(i=12), I,,, and Iamazcl_l.

Proof. For p = (A,,B;,A4,,B,) € t~(S(I'), by comparing tr(A4,4,)=
Ialaz(t(p)) and tr(Al[A15B1]A2[A1’B1]—1)=I¢1c1a;cl‘ I(I(p)), we Obtain

22
21 |—k+
Y ) arr”

VAR p
Lo, (H0)) = 7((“ el 1)((X+ 02

W A 2
Iaccac‘lt =5\ 5 2_‘1 2—1 —Azk"‘
waae; 110P) 12k<(/1+1)2x )((/1+1)2y ) G+

where x=1r(4,), y=tr(4,), A<—1 with A+Li=tr([4,,B,]) and k=Kk(p).
Subtracting A times the second equation from the first equation then gives the

()

desired formula. o

§4. Semialgebraic Description of Teichmiiller Space 7, (g>3)

In this section, we assume g>3. We show the connectivity and
contractibility of the Teichmiiller space T,, as well as give a semialgebraic
description of it, by means of arguments similar to those Section 3.
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§4.1. Definition of the Semialgebraic Subset S(I') of X(I)
We define an open semialgebraic subset S(I') of X(I') by
ST):={xe XD L)< -2 (i=1,-g)
L(n<-2(=2-,g-2)}

where ¢;:=[a;, ;1€ and d;:=c,c; - ¢;.

Similar arguments to those used to prove Propositions 3.1 and 3.2 show
t
Proposition 4.1. S(I') < X'(I). Hence t~'(SI')— SM) is a PGL,(R)-

bundle and can be considered as the PGL,(R)-adjoint quotient of t~*(S(I))
iLe.,

S(T)=1t"1(S())/PGL,(R).
-]

Proposition 4.2. X, (I') < S(I). B
Moreover if a representation p=(4,, By, -, Ag, B,) is contained in R(I),
the representation p;:=(A4;,B;,-+, Ay, Bg, A1, By,--,A;—1,Bj_y) (j=2,---,8) is

well-defined and also an element of Ry(I'), hence we have

Corollary 4.1. For ye X I), I, . ()< —2 (i=2,---,g) where we assume
that ¢, 1=cy. B

The above arguments give rise to the following diagram.
Coroliary 4.2.
R o RM) o t71(S(T) o Ry

t] | | l
XD > X)) > SO > X
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§4.2. Topological Structure of S(I')

In this subsection, by constructing global coordinates on S(I'), we will show
that S(I') consists of 228 x 22673 connected components such that each
component is a 6g-6 dimensional cell. For this purpose we need some
preliminaries.

First we define a polynomial mapping f from X(I') to R3¢ by

f(X) = (Iau(X)s Iﬂl(X)a Ialﬂ 1(X)’ T Iag(X)s Iﬂg(X)a Iagﬂg(X))
for ye X(I).

R(T)
Sot
t l N

f
XI) > R

Let (551,--~,3c'g) denote the coordinates (x;q,X;2,X13,""Xg1>Xg2,Xg3) ON
R32. We define a semialgebraic subset V_ by

Vo= {(F, - %) eR¥[K(X)< =2 (i=1,-,)}

where «(x, y, z) is a polynomial function on R3 defined in Subsection 3.2. Then
from the definition of S(I'), we obtain that f(S(I')) = V_. In fact we will see
in the proof of Proposition 4.3 that f(S(IN)=V_.

The next lemma can be proved by the same argument as that used to
prove Lemma 3.2.

Lemma 4.1. V_ < R3& consists of 2?8 connected components such that each
component is a 3g-dimensional cell. More precisely, put
U=V_n{F, %) eR®¥|x;>0 (i=1,-,g j=1,2)}

and define the action of Z/2Z)*% on R* by multiplication by +1 on the x;
(i=1,---,g5 j=1,2). Then U is a 3g-dimensional cell and V _ can be represented
as

V_= LI yU) (disjoint union).
ye(Z/2Z)2e
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The next lemma, which is shown by elementary calculation, is a key
lemma in this section.

Lemmad4.2. 1. For apair of hyperbolic matrices (C,, C,) e SL,(R)?, assume

that C, is diagonal
n 0
C1=(0 l) n<-—1.

n

If the traces of C,, C, and C,C, satisfy
x=tr(C))< =2, y=tr(C))< =2 and z:=tr(C,C,)< —2---1)

then there exists a unique meR* such that C, can be written as follows.

hz—y

m
n*—1
C,= . )
’ l{n(ny—Z)(nz—y)_ 1} n(ny—2) :
m( (1) n*—1

Conversely, for any constant meR* and (x,y,z)eR3 with x< =2, y<—2 and
z< —2, if we let n be the unique real number < —1 such that n+%=x, and define

Cy ——-(g (1)) and C, by the condition 2), then (x,y,z)=(tr(C)), tr(C,), tr(C,C,)) as

n
the condition 1).

2. Moreover for such a pair (C,,C,)e SL,(R)?, we can diagonalize C,C, and
C, by using the following matrices P, Qe SL,(R).

1 _ m

_ 2—1

T =D —ninz—y)  mhz—y)—H>—1)
mn(n*—1) (n*—1)z*>—1)

where 1< —1 with 1+1=z=1t(C,C,) and C1C2=P<(T) ?)P".
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m¢
Q= 1 -1
T = D)=tz—y)  Emz—y)—(*—1)
m(n*—1) m*—1)E-1)
. 1 6 0 -1
where (< —1 with {4+¢=y=1tr(C,) and C,=Q 01 o .
€

In the following we write these C,, P and Q by C(x,y,z,m), P(x,y,z,m)
and Q(x,y,z,m).

Proposition 4.3. S(I') consists of 2?8 x 2?63 connected components such
that each component is a 6g-6 dimensional cell.

Proof. We construct a mapping ¥
Vi i (SM) - Vo x {weR|w< —2}873 x (R*E 73 x (R*F x PGL,(R)
as follows.
For p=(A4,, B, -, A, B)et™ (S(I), put
(;p "',;g) =fotp)e V_ (where ;i:=(xi1:xi2,xi3))

C;:=[4;,B] (i=1,---,8)
w=1r(C)=x(x) (i=1,---,8)
Dy=Cy--C, (k=1,---,g—1)
wy=tr(D) (k=1,---,g—1).

We remark that

D1=C1
Wy =iy
Wg_1=ug.

The definition of S(I') implies that

wi<—2, u,<-=2, and w,<—-2.
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Lemma 4.2.1 shows that there exists a unique RePGL,(R) such that

1
RCIR_1=('11 ?) (< —1 with n,+—=w,)
0 :
RC,R™'=C(w,,u,,w,,1).
Then by Lemma 4.2.2 there exists P, =P(w,,u,,w,,1) such that
1
RD,R =P, <1Z)2 ?)P{l (n,<—1 with 7, +—=w,).

n2 P

Similarly because
w,<—2, u;<—2 and wy< —2
Lemma 4.2.1 shows that there exists a constant m, € R* such that
RC R '=P,C(w,,us,ws,m;)P7*

and by Lemma 4.2.2 there exists P, = P(w,,us, wy,m,) such that

- My 0 5 1p- . 1
RD3R 1=P1P2( 3 1>P2 1P11 (7’3<_1 W]th ’13+—=W3).
0 4 LE

Inductively, for j=2,---,g—1, because
w1 <=2, y;<—2, and w;<—-2

Lemma 4.2 shows

RCJ'R—1=P1 --'Pj_2C(W}-_1,uj,wj,m~_2)Pj__.12'--Pl_l

J

.0
RDjR_1=P1 ...}7],__1(’3)J 1A)Pj_—11 ...P;‘l

"y

. , 10
where mj—ZER* with m0=], Pj_1=P(Wj_1,uj,Wj,mj—2) with Po:(o 1) and

n;<—1 with #; ,,%,:wj.

Moreover, RCgR“ can be written as
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. 0 1\/n,_, 0)0 —1\ _
chR 1=P1"'Pg—2(_1 0>( gO . )(1 0 )Pg—lz

Ng-1

On the other hand, by Lemma 3.3,
R-AIR—1=A()?1’k1)
RB,R™'=B(X,,k,)

for some k, € R* where we denote A(x;,,x,,,X;3,k,) by A(Xy,k,).
4.2.2 there exist Q,=Q(w;,u,,w,,1) and k, e R* such that

RAZR_ 1= QZA(';Z:kZ)Qz— !
RB,R™'=Q,B(X,,k;)0; .
Inductively, for j=2,---,g—1

RAR '=P, - P;_,Q;A(X;, k)Q; 'P;t, - PT*
RBjR_1=P1 "'Pj_szB(fj,kj)Qj—XPj__lz "'P;l

where Q;=Q(w;_,,u;,w;,m;_,) and k;eR*. Moreover
— 0 1y . 0 —1\ _ _
RAGR 1=P1---Pg_2<_1 O)A(xg,kg)<1 0 )Pg_lz---P1 !
_ 0 1\, . 0 -1\ _ _
RB,R 1=P1--~Pg_2(_1 0>B(xg,kg)<1 0 >Pg_’2~-P1 !

for some k,eR*. Now we can define the mapping ¥

By Lemma

IS 5 Vo x {weR [ w< —2)83 x (R*F~3 x (R*f x PGL,(R)

pH(fot(p)7w2’ “'7wg—27m15 "'9mg—-3,k19 "':kgaR)'

Lemma 4.2 shows that this mapping is bijective and homeomorphic.
a homeomorphism @ as follows

¥ induces
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(1(SMT) = V_x{weR|w<—2)83 x (R¥E~> x (R*f x PGL,(R)

,l lproj.
S(I) 5 V_ox{weR|w< =2} 3 x(R*F 3 x (R*E.

Thus by Lemma 4.1, S(I) consists of 2% x 2%~3 connected components such
that each component is a 6g-6 dimensional cell. B

§4.3. Cell Structure of Teichmiiller Space T,

In the following, by using the global coordinate functions on S(I')
constructed in the previous subsection, we give conditions which characterize
the connected components of Xy(I') in S(I').

Proposition 4.4.  On X ("), the component m; (j=1, ---,g — 3) of the mapping
@ is positive. [ |

This is equivalent to the next proposition for the space of representations.

Proposition 4.5. For p=(A,,B,, -+, A, By)€ Ro('), the value m{p) of the
component m; (j=1,---,g—3) of the mapping ¥ at p is positive.

To prove this, we need the following elementary lemma.

Lemma 4.3. If the matrices P, C(m)e SL,(R) (m<0) satisfy

P=<a Z) (@>0, <0, c<0, d>0) ---(¥)
c

C(m)=(1( x ) ’"> (x>0, w<0, m<0, x+w< —2)
AXW— w

m

then there exists my<0 such that PCmy)P~' is a lower triangular
matrix. Moreover if Py, P,€SL,(R) satisfy the above condition (%), then PP,
also satisfies the above condition (%).

Proof of Proposition 4.5. We use the notations of the proof of Proposition
43. We apply the above Lemma 4.3 to P, and C(w,,u3,w;,m,;) to conclude



564 Youer KOMORI

that m; >0 on Ry(I') because p(I') is a discrete purely hyperbolic subgrourp
of SL,(R), RC;R™! and RC;R™! cannot have a common fixed point. Hence
P, and PP, also satisfy the condition (x) in Lemma 4.3 and by applying it
to P P, and C(w;,u,,w,,m,), we get my>0 on Ry(I'). Successive repetition of
this procedure proves the Proposition. B

Propesition 4.6. On Xy(I'), the product of components x; -k; of the
mapping @ is positive (i=1,---,g).

This is equivalent to the next proposition for the space of representations.

Proposition 4.7. For p=(A,B,,-, Ag, Bg)€ Ry(I), the value x;(p)- kip)
of the product of components x;, and k; of the mapping ¥ at p is positive (i=1,---, g).

Proof. We use the notations in the proof of Proposition 4.3. For
p=(4,By, -, Ag, B)€ Ry(T'), a computation shows that
tr(A,C,)=tr(RA;R"*RC,R™ 1)
= t"(A(’?l’kQC(Wl sUz; W3, 1))

=i< x%1 __1>{’11(’11“2_W2)(’71W2_u2)__1}
ey \wy +2 (i —1)?

xX11(wy+uy)
wy+2

+hy+

Suppose that there exists a connected component U of Ry(I') such that U
contains a representation p with x,, k;<0. Then the function x,, k, is
negative on U. Moreover there exist t< —2 and pe U such that

2

+1.
t+2

—|xl=wi=w,=u,=t and |k|=—

Then since x,-k, <0

212 12
tr(A,C)=+— F2{ —-—1
“:C2) Tii2 T <t+2 )
=+2.

This contradicts the pure hyperbolicity of p € Ry(I') (see Proposition 2.3). Hence
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X1 ky is positive on Ry(T).

Next we will show that the function x;,-k; (j=2,---,g) is also positive on
Ry(I'). For p=(A,,By, -+, Ag, Bg) € Ro(I'), Proposition 4.2 and Corollary 4.1
show that

trCJ<—2, erj+1<_‘2 and t”(CJCJ+1)<_2 (j=1,"‘,g)-

Hence by Lemma 4.2 there exists a unique R;e PGL,(R) such that

A; 0
RjCij1=<(; _1_>
A

R,C; (R ' =C(trC;, trC, 1, tH(C;Cy 1), 1)

where A;<—1 with Aj+,%=ter (j=1,---,g. We remark that R,=R and
Ay=n,. Then by Lemma 3.3 there exists EjeR* (j=1,---,g) such that

N I

RAR; =A%, k).

We remark that £, =k,. Moreover, the argument just applied to show that
X117k, >0 on Ry(I) also implies (by permuting the A’s and B’s as in the
paragraph preceding Corollary 4.1) that le-/Ej>0 on RyI) (j=1,--,g). In
the following, we will show that as functions on Ry(I'), k; and Ej have the
same signs on each connected component of Ry(I'). More precisely, for
pe Ry(I), there exists s;eR* (j=1,--,g) such that sf-EJ:kj. By proving this
claim, we will thus obtain that x;; -Ej>0 on Ry(I) is equivalent to x;; -k;>0 on
Ry(). This will complete our proof.
For j=2,---,g—2 put

R;=Qy'P;!, - P{'R.
Then we have
L A: 0
RJ'CJ"*‘lRJ'_l=Qf_1Pj—1C(wj’uj+1’wj+1amj—1)Pj_—11Qj
RAR; ' =A(X,, k).

Proposition 4.5 implies that m;>0 on Ry(I) (j=1,---,g—3). Hence the

. . . + +
signs of entries of the matrices C(w;,u;, 1, w;.,m;_y), P;_, and Q; are ( ),
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|
+ |
N——
o
=
o,
N
|+
|+

>. Therefore there exists s;e R* such that

5,0\ 4 A [(L0\ (2,0
HLER
OS, OS] Ol_j

1o
(; S) = C(IVCJ, IVCH_ 1 tr(CJCJ+ 1), 1)

S 0 ~ ~ s% 0 — _

Hence

-0\ .
R-=<i)’ _I.)Rf and kj=sfl€j.

Similarly put

R,_,=0;'P;'5- P{'R
. (0 —1\ _ _
Rg:<1 0>Pg_12---P11R‘

Then a similar argument shows that there exist s5,_;,s5,€R* such that

Se—1 0\ 4
Rg_1=( gO ! ;)Rg—l and kg_.1=S§_1Eg_1
Sg-1

1
Sg

0\ .
Rg=<i’; )Rg and kg=s52,l€g.

The above arguments show that
Xo(I) = {XES(F)Imj>0 U=1,-,g-3), x;k;>0 (i=1,---,8)}.

Then by considering the number of connected components of Xy (I'), we see
that 7o(X,(I) is less than or equal to 226, On the other hand we have seen
in Subsection 2.4 that my(X,([))>2%. Hence we get the following result.

Theorem 4.1. 7y(Xy(I))=2%¢. Thus
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Tg =Hom(I', Z/2Z)\ X,(T')

is a connected (6g — 6)-dimensional cell, and, in particular, contractible. [ ]

§4.4. Semialgebraic Structure of Teichmiiller Space 7,
Now X,(I') can be written as
XoM)={xeST)|m;>0 (j=1,---,g—-3), x;;k;>0 (i=1,---,8)}.
In the following we will rewrite the above presentation of Xy(I') by using
polynomial inequalities in the I, (hel).

Proposition 4.8. For a representation p=(Ay,By,, Ay, B;)et™(S(I)
we denote by myfp) (j=1,---,g—3) by m; for the sake of simplicity. Then
m;>0 (j=1,---,g—-3)

if and only if
trD; (trDitrDj, , +trC; (trCi ) = 2trDitrCiy , +trCjy 4 trD )
>{(trD;4)* —4}t1(D;C;y ) (j=1,--,g—3)
where C;:=[A4;,B;] (i=1,---,g) and D;;=C,---C; (j=1,---,g—1).
Proof. We use the notations of the proof of Proposition 4.3. We calculate
tr(D;C;y5) (j=1,---,g—=3) for p=(4,,B,, -, Ag, B)et™}(S(I).
tr(D;C;,)=tr(RD;R"'RC;,,R™ 1)

n; 0\ _ _
=tr(P, ---Pj_1<0’ _1>P1—11 e P 1

ny
XP, - PjC(wj+1,uj+2,wj+2,mj)Pj‘1 - PTYH
_1(n; 0
=tr(P; 1(01 L) PiCWiji1,UjizsWjsz,m;))
ny

Wi+ {(WiWja oty 1t 0) —2Wittj s o+ 11 Wi )

2
Wj+1'—’4

3 .2, .2
My =iy =N 011541

m; (’1,?+ 1~ 1)2
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< {’71'+ 1('71'+1uj+2“Wj+2)(’7j+1Wj+2‘“uj+z)_1}

(31 —1)7
i m; "’lf'lj_+11 T 1 =N+
mj—y n;

Hence we get the following quadratic equation in ;%

mj—y
("f”i_+11+nf+1_"juj+l>-( = >2
’lf m;_y

+{wj+1(ijj+2+uj+luj;-2)_2(wjuj+2+uj+1wj+2)__tr(DjCj+2)}
Wiy —4
x( m; >+<—’1j+1‘_’l?+1'7?+’7,;+1’1juj+1>
m;_q (”I?+ 1 —1)?
X{’7j+1(17j+luj+2_Wj+2)(’7j+le+2—uj+2)_1}
(’7,;+1_1)2
=0 U=1--,g-3)

One can easily check that the coefficients of (,,,—'J";'—l)2 and constant terms are
negative. Hence if we put m,=1, then

m;>0 (j=1,--,g—3)

m;
< 2 >0 (j=1,--,g-3)
- Wj+l(ijj+2+uj+luj;-z)'_z(wjuj+2+uj+1wj+2)_tr(DjCj+2)>0
Wj+1"“4
(J:l’,g—3)
Since wf+1—4>0, we have prove our assertion. B

We put
S'M):={xeSM)|mix)>0 (j=1,---,g—3)}.

Proposition 4.9. For p=(A4,,B,,--+, A, Bj)et™ 1(S'() we write x;,(p) k{p)
(i=1,---,8) by x;; - k; for the sake of simplicity. Then
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X k>0 (i=1,--,8)
if and only if

tr([A;, B[ Ais 1, Biv 1 D+ tr[A;s 1, Biv 1] <tr(Ai[Ai+ 1> Biv1])
tr[A;,B]+2 trA; '

Proof. We use the notations of the proof of Proposition 4.7. We compute
t(A,Ciyy) (i=1,--,8) for p=(A4,, By, -, Az, B)et™ (S'(N).

tr(4,Ciy ) =tr(RAR'R,Cy i RY)
= tr(A(}i: Ei)C(trCi, trCiy 1, tr(C;Ci4 1), 1)

+”'Ai'(t"(cici+1)+trci+ ) 1 ((”’Ai)z 1>
rCi+2 k\trCi+2
N J(’litrCH- 1 = CCiy NAH(CCiy ) —1rCyy ) 1}
(trCi+ 2)(A,— 1) '

=k,

Hence we get the following quadratic equation in ;.

24 {t"Ai ((CCiy ) +1rCy 1)_

i tr(A4;Cy 4 )}K;
irC,+2 g +1)}

+< (trd;)? _ 1){('1it"ci+ 1 —(C,Ciy N Atr(CCiy ) —tr(C 1)__ 1}
trC;+2 (trC;+2)(A,—1)?

=0
As the constant term is positive
X k; >0 (i=1,---,2)
< x>0 (i=1,,g)

i(CiCiv)+trCiyy  tH(A;City)
e <
trC;+2 trA;

(i=1,-,8).
|

The above considerations give rise to the following semialgebraic
presentation of Xy(I).

Theorem 4.2. For a;, €T, put ¢;:=[a;,B;] (i=1,---,8), and d;:==c; ---¢;
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(j=1,---,g—1). Then xe X(T) is contained in Xo(I') if and only if x satisfies
the following 4g—6 inequalities on I, ().

Ic.(X)< -2 (l: 1’ "'sg)’

Id,(x)< -2 (./=2a >g*2)5

IL‘ka+ 1£X) + Ick + 1(%) < Iakck + I(X)
I, (0+2 1, (%)

Ly, OO0, (0 + 1y, (O, ()
> 200401, 00 + Ly 0014, ,00) + Uy, (02 = D ey ,(0)
(I=1,--,g—3)

(k=1, "'ag)a

where ¢, =cy.

Hence by adding 2g inequalities which consist of the sign conditions of I, ,
Iy, (i=1,---,8), we can also describe T, by 6g—6 polynomial inequalities
in X(I). [ ]
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