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Nonlinear Singular First Order Partial Differential
Equations Whose Characteristic Exponent Takes
a Positive Integral Value

By

Hideshi YAMANE™*

Abstract

We consider nonlinear singular partial differential equations of the form (tD,—po (x))u=ta (x)
+G2(x) (¢ tDa. 1. Dy, ... Dut).

It has been proved by Gérard and Tahara that there exists a unique holomorphic solution with
u (0, x) =0 1f the characteristic exponent o (x) avoids positive integral values. In the present paper
we constder what happens 1f o (x) takes a positive integral value at x =0. Generically, the solution
u{t, x) is singular along the analytic set {+=0, o(x) €EN*}, N*={1, 2, .}, and we investigate how
far 1t can be analytically continued.

§1. Introduction

In this paper we consider the following type of nonlinear singular partial
differential equations:

(tD;—p(x))u=talx) +G;(x) (t. tDm, u, D, ..., D), (1)

where (t, x) EC, X CL x= (11, ... xn), D;=0/0t, D,=0/0x,. We assume that
o(x) and alxr) are holomorphic functions defined in a polydisk D centered at
the origin of C% and

Go(x) (8, 2, Xoy X1y o Xn) = 2 apga (@) P2°X8 X2 |l = a0+ *+* +an.

pta+lal>2

Here apqe (x) is holomorphic in D and > suplapea (@)|HP2XE8° - X2* is a
p+g+ial>2 zED
convergent power series in (¢ z. Xo, ... Xn).
Now we look for a (necessarily unique) local holomorphic solution u (¢, x)
with (0, x) =0. The right hand side of (1) is well-defined because of this
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initial condition.
The following theorem is proved in [1].

Theorem 1 (Gérard-Tahara). Let £ #0 be a point in D. If p(#) €EN*=
{1, 2, 3, ..}, then the equation (1) has a unique holomorphic solution u (t, x) with

u (0, x) =0 in a neighborhood of (0, #) €C, X CZ

In this paper we consider what happens if o(£) takes a positive integral

value.
First we explain the calculation in [1]. They express u (t, x) as a power

series:
ult, ) = 2 um ()" )

m=1

Then {u, (x)} satisfies the following recurrence formula:

w1 (x) =1—%, (3)

and for m=2

m—p@))um ()
=1 (@), 2u2(x)..... =1 1thm1 (@), w1 (L) .. s (),
Dwy ..., Dty .. Dithm—1 ooy Dithm—1, {a.bqa (33) }p+q+lal£m)' (4)
Here fm is a polynomial whose coefficients are 1.
The assumption o(#) & N* guarantees that us,(xr) is holomorphic in a

common neighborhood of the origin of C% for all m. On the other hand, if o ()
€ N* then u, (r) may be singular at x =2 for some m, and there exists no

holomorphic solution with # (0, ) =0 in any neighborhood of (0, £) €C, X C%
This situation is what we would like to consider in this paper.

Example. The equation
(tDy— (1—x°) )u=tx*+G,(x) (t, tDm, w, Dt ..., Duu), ¢, hEN*
has a (unique) holomorphic solution u (t, x) = Zmemm (x)t™ if and only if g <h.
Remark. It sometimes happens, as is shown in the example above, that
um (x) determined by (3) and (4) is holomorphic for all m even when p(0) €

N* In [1] it is proved that u(t,z) = Zmsmm(x) is convergent in a
neighborhood of the origin in such a case.

Now we assume the following:
p(0)EN*={1,23 .}, o) #p0). (5)

Under this assumption, the set V=1{p(x) =0 (0)} CC% is an analytic set of
codimension 1. The equation (1) has a unique holomorphic solution u (t, x)



NONLINEAR SINGULAR FIRST ORDER PDEs 803

with % (0, ) =0 outside V, and there may be no such solution near any point in
V. Now we put

d(x) =dist (x, VU D) =dist (x, V),
where dist (x, Z) is the distance from x to a subset Z € C% The second
equality holds if x belongs to a sufficiently small neighborhood of the origin.

We claim that the solution 1 (t, x) is holomorphic in an open set of the following
form:

ltl <Cd(xr)?, xis sufficiently close to the origin,

where p and C are positive constants. A strinking feature of p is that it is
completely determined by p(x) and nothing else. A more precise statement
will be given later.

Assume that o (xr) —0(0) has a zero exactly of order g at x=0. Then we
have the following estimate:

I 1 , s
|m £Cd(r) ' (6)

where (" and g are positive constants. The proof of this estimate will be given
in Appendix.

Now we announce

Theorem 2 (Main Theorem).
(1) If p(0) =g + 2, then the solution u(t,x) of (1) with u(0, x) =0 s
holomorphic in a domain of the form

[t <cCdlx).

(i) If p(0) <g + 2, then the solution u (t,x) of (1) with u(0, ) =0 is

holomorphic in a domain of the form
g+2

lt| <cd(x)°@.

In both cases C is a constant >0 determined by p(x), a(x) and G (t, z, Xo
Xl, ceey Xn) B

§2. Proof of the Main Theorem
We express the solution u (t. x) in the form of a power series in ¢
u (f, CL‘) = 2 Um (JC) tm.
m=1
Then {u, (x)} satisfies the following recursive formula:

uy (x) =T%(;()x) : (7)
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and for m =2

(m—p0(x) ) um (x)
=fm 1 (@), 2u2(x), ..., M= Dum-1(x), u1(x) ... wm—1 (),
Dml N Dnu1 ..... Dmm_l yeary Dn’lxtm—1. {apqa (.T) }p+q+1q|gm). (8)

Here fu is a polynomial whose coefficients are 1. Put p(0) =MEN*={1, 2, ..}.
Then un (x) (m>M) may be singular along V=4 EC" p(x) =M}. It is easy
to see that we have the following type of estimate:

bim (@) | <Crd (@) = (m=M) 9)

in a common neighborhood of the origin, where C,, is a positive constant and sp
(m= M) is a positive integer. Obviously we can take sy =g. (The first
M—1 terms sy, ..., Sy—1 will be given later in a technical fashion).

We have

Proposition 1. We can choose sy=m+g—M (n2=M) if M2g+2. On the
other hand, we can choose siysr=1g+2) +Ek—2 (121, 0<p<M—1) if M<g+2.

Proof.
Obviously we have

| Diton ()| SCrud () ~Sm*0 m2M. k=1, ., n (10)

for some positive constant C,,. Hence we may set, for m=>M+1,

Sm =max Hs,,,l—}-l; 1<m, Sm——l}

U {’z (smy+1): 25 <om, my 211 <57 <), im,-,sm]]. (11)
y=1 =1

Here we set s, = —1(1<m<M—1). This technical choice is made in
order to deal with the exceptional cases m=1 ,..., M—1 where 1, is holomorphic
and so 1, and its derivatives are bounded. In these cases we don't need the
kind of estimate like (10), in which the term +1 was necessary because of the
singularity of u,, (n=M). The quantity s, + 1 comes from G:'s terms which
are linear in Ui, v Um—1, Dml yoees Dnul yeeey D]’btm-l ..... Dnum—l and Z§’=1 (Sm;'+1>
comes from G;'s j-th degree terms in ui, ..., #m—1. D1t ..., Dy ..., Dty ..,
Dyt —s.

We can simplify (11) slightly. Since sp= sm—1+1 > M + 1) follows
immediately from (11), we have su=sm—1 (m=>2). Hence we obtain

Sm=max [{sm_l—f-l] U [ZJ: (sm,+1); 2<j<m, mp21(1<5<)), im,r=m]].

7"=1 =1

Moreover, by using the fact
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{sm1 13 (s, +1) + (53, 1) ; mi 21, ma 21, mytme=m},

we obtain

J 7
Sm= max {Z (m,+1);mi21 ., m;=1, Zm,r=m}. (12)
= 1'=1

1=2,..m *j'=1

Now we prove the case M=¢ +2 by induction on m. The desired formula
is obviously true for m =M. Assume that the formula is true for si, ..., Sm-1,
where m=>M~+1. Then we have

smarF1={m—1)+9—M+1=m+g—M.

The proof will end when we prove that s,-;+1 attains the maximum in the
right hand side of (12) by using the following iequality:

3 (s, +1) < Zmp+ (cardA) (9 —M+1), (13)

=1 €A
def
A= my2My {1, .., 5}

If A=¢, then 24 (sp, +1) =0<m +g — M, where the last inequality
follows from the assumption m =2M+1.
Next if cardA =1, we have, since each m, =1,

2my<m—cardA*=m—j+1.

j'eA

Here we have used the notation A°={1, 2, .., j}\ 4. So it follows from (13)

3 (s, +1) Sm—j+14 (g—M+1)

= .
=m+g—M—j+2
<m+g—M,

because j =2,
Last, if cardA =2,

Smy+ (cardd) (g—M+1) <m+2(@g—M+1)
j’ €A
<m+g—M,

because § —M< —2.
The case M =g +2 has now been proved.

Next, we prove the case M<g +2. First we assume that /=1. The case
k=0 obviously holds. It is easy to see that s, =sp-1+1. M+1<m <2M—1.
Hence the case [=1 is proved.

Now suppose that the claim has been shown for si, sa, ..., Sigsr-1, 122, 0ZF
<M—1. Then we have

(su-vut+1) + (sper+1) ={(1—1) (g+2) =1} +{(g+2) +£—1}
=[(g+2) +E—2.
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We are going to prove that this attains the maximum of the right hand side of
(12> When l1+"‘+l;=l‘-l/. k1+”'+kj=Ml,+k,
(Sumrat1) +ooot (siarsn,+1) = 2 {1y (9+2) +oy—1}
€A
=(g+2) X 1;;+ X ky—card4

j’€A €A
for A={j"; 1,21} {1, 2, .., j}. Remark that 2y ealy = 2% -1l =1—1" and that
ki =1 if 1;=0. If A=¢, then the right hand side is equal to 0=1(g+2) +£—2.
The claim obviously holds in this case.
Next if A#¢@, then
(311M+k1+1) +t (SI;M+k,+1)

=(1—1) (g+2)+ X ky—cardA. (14)

j'eA

Let us estimate the second term in the right hand side. If 7€ A then [,,=0
and B-=1. So it follows that

2 k= (MU'+kE)— 2 ks

i’€A JEA
< (MU'+Fk) —cardA®
= (MU'+k)— (j—cardA). (15)

By combining (14) and (15) we obtain
(sumernt1) +o+ (spper+1)
S@=1) (g+2) + M +k) —5
=i(g+2) +/'{—(g+2) +M) +k—j
<i(g+2) +k—5
<i(g+2) +k—2.

Thus we have proved that s;y+;=1@+2) +£—2.

We will make use of the following

Lemma 1. Let Q be a domain in C% x = (x1,... Ta), and assume that a
holomorphic function u(x) in Q satisfies

aeN={0,1, 2. ..},

)| < S
e

where y=dist (x; 0Q) is the distance from x to the boundary 0Q of Q and C () isa
polynomial in v of degree <a with non-negative coefficients. Then we have

D (x)] Sg_(ﬂ;alz_IC(_T_)_, =1, .., u
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Proof.
We may assume that ¢ =1 without loss of generality. Goursat's formula
implies that
uly, T2, Xn) ,

_ 1
Dy (x>_2nf——19€ (i—p)? dy,

where I'= [ly —| -—j;l—f’} cC, Since

dist ((y, xa,..., 2n); 0Q) 27—#T=jh7 for y€T,

a
we have by writing C{r) = 2C,
7=0

<3 a )”"
suplty. 1 .21 26,
<[(-2 - —a L C(T)
—-<a 1 ;Z:(;)Cﬂj (4 y“
Hence we get the following estimate:
1 7 1 Clr
|Dm(x){ﬁé;c— . Z“'a-l-l . ( i y>2 <e r“)
at1
_elat1)Cl)

o O
Now we come back to the proof of the Main Theorem.
In a sufficiently small neighborhood of the origin, we may assume that the
following estimates hold:

;) | <A, |Du, (0)|<A, (j=1,..M—1.:i=1 ., n),

lum () | SAd(x) 0 |Duw(x) | <Ad{x) o+, G=1...n),
Sl <1 m2m). Im—p @) 2 Nom m2M+1),
laﬁqa (l“ ISAM%

where A. N, 0 and A are positive constants and 2 Apgal?Z XX G X0
p+a+lar =2

is a convergent power series.
Consider now the following analytic equation (with parameter d >0):

oY=c(At+Al++AM T+ gHtM)
+% 2 Apa?YIY% (oY) ¥ (oY) @
p+g+lal>2

mz
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where By, is the coefficient defined by the following identity:

2 But"= 2 Ai,qae““""*“"t"(At+At2+“'+AtM"l)"+"",

m=2 pHg+lal>2
la! =apt (a1 ++am).

By the implicit function theorem, this analytic equation has a unique
holomorphic solution Y of the form

Y= 2 Vnuld)t™

mz1

Here Y (d) is determined by the following type of recursive formula:

A
Vi=:-=Yy.=4, YM=dg+1
and for m =M1,
1
O'Ym':‘z m (Yl, v Y15 eV, eVt {qua}p+q+|al£m).

where Fy, is a polynomial with positive coefficients.
It is easy to see that Yy (d) is of the form

Cn(d)

Vo 8) = 21

where C, is a polynomial of order= t, with non-negative coefficients. Here
=01 <m<M—1), ty=g+1 and for m2M+1

tm=l+max[{tml; 1£mlSm—1}
2 J
U {Z b 255 <m, myp 21 (1557 <y), Zm,zﬁm}]. (16)
ji=1 7’=1
It is obvious that t,=s,+1(m=1). So we have
tw=m+g—M+1m=M) if M=g+2,
ter=1(g+2)+r—1(=1, 0<k<M—1) if M<g+2.

We are going to prove that Y is a majorant power series of u if d =d(x).
More precisely. we want to show that for m =1

i () | < s () | < Vo (d) 17)
Dam @) LeY, (@), i=1,2. .. n (18)

The cases m =1, 2, ..., M are obviously true. We will prove the remaining
cases by induction on m. Suppose that the above inequalities have been shown
to be true for uq, #g, ..., um—1. Then we have
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lm ()|
<] Sl 2. .. -
Dy, oo IDwts], oo IDsmerl, oo [Drthmsl; Alapaalt psarasm)
< ’Vam Fm (e, 2], oy =1 i, Jual, Jual, ... ftm—1l,
Dyl oo IDts], oo IDsmer, o | Dattmrl; |asaal} prosasm)

_NO’WL fm(Yl Yz cees Ym 1, Yl YZ ceey Ym—L.
€Y1 very g} Ly seeny CYm_l, veey er—-l; {qua}p+q+asm>

1 , .
=NomEm (Y1, oo Ymer. eV, o eV, {Apgad prava<m)  (It's an equality!)

c0dYm, (d) YV (d)

~Nom N

Therefore we obtain
i ()| <4V, (d) SV ).

Here we assume that x is in a ball of radius <N centered at the origin. Hence
0<d<N. Moreover, since

1 Culd)

1
< Y, =
l'lzlm (.1') | =N d m (d) N 1

we deduce by using the lemma that

}él\t/mz CZtm> - C:;z(d) =Y (d).

IDxum (

So induction proceeds. We have proved that u <Y,

Our next investigation is about the convergence of Y= 2,,51Yn (d)t™ and
u (¢, .l') = Zmzl”m (1') .

Fix some sufficiently small do>0. Then for some T >0, the series
2im=1 Ym(do) T™ is convergent by the implicit function theorem.

Let us consider the case M=>g +2, where tx=m+9—M+1m=M). We
have

0> S V)= % Snldo) gu_ 1 5oy

m=M m=M d(’)nﬂ,_M-H dS—M+1 mz=M < )
and if |t/d|<|T/do| and 0<d <d,. then
uY= 2 Y, d)t"

m>1
m d
= 2 Yuldt+ Z dm+g(M)+1t”‘
1<m<M-1

m

= X Yw@e+ prareey Z Cm(d)< ) ,

1<m<M-1
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= 2 Yu@)lt™+

1<m<M-1

Z Cm(d )( )m<oo'

y M+1

So for x sufficiently close to the origin, there exists a positive constant C
such that (£, ) is holomorphic in | <Cd(x). (In fact C=|T/d|.)

Next, we consider the case M<g +2, where tiysr=1(@+2) +—102>1,
0<k<M—1). We have

M) 2 (do)
00> 30 Viuldo) T"= Z Z~—~——”‘“" O ik

mo M £=0 1(0+2)+k 1
=M§1 di g e (do) (dgi’2>l.
Hence if |£4/d?*2 <|T™/a§*?| and 0<d <d,, then
ukY
=2 Yuld)t™
m=1

= 5 ra@r+ S S0 (1),

1<m<M-1

s X Yl d)ltl’"-!—Z

1<m<M-1

!
pr= IZC1M+k(d0)( g+z> <oo

So for x sufficiently close to the origin, there exists a positive constant C
such that u (t. ) is holomorphic in || <Cd (zx)?*2
The proof of the Main Theorem has now been completed.

§3. Appendix

We give the proof due to T.Oaku of the estimate (6) in the Introduction.
The author is very much grateful for him.

Proposition 2. Let f(x) be a holomorphic function defined in a neighborhood

Q of the origin of C% x= (1, .... xn). Assume that f(x) has a zero exactly of order
g € N* at the origin. Denote by V the set {x € Q; flx) =0}, and by d(x) the
distance from xE€Q to V. Then theve exist a neighborhood Q' T Q of the origin and
a positive constant C>0 such that | f(x)|=Cd(x)?, xEQ’.

Proof.

Let the Maclaurin expansion of f(x) be f(r) = Ziaizgfaxr® Set fy(x) =
2lal=s fox® which is a nonzero homogeneous polynomial. By applying a
suitable linear change of coordinates if necessary, we may assume that fg,e,..0 %
0. The preparation theorem of Weierstrass implies that f(x) can be written in
the following form:
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fla) =clx) @{+a, @) 2+ +a,(x)), ¢(0)#0,a,(0)=++=4a,(0) =0,

where ¢(x) is a holomorphic function defined near the origin 0 of C” and each
a, (@) (=1, 2, .., g) is holomorphic near the origin 0’ of C¥*, 2’ = (2 x3 ...,
xn). So there exist functions @i (x),., ¢,(x’) (which are not necessarily
holomorphic) such that

1) =e@) 1l =9, @), $:1(0) ==, @) =0.

If x is sufficiently close to the origin, we have
1 9 N
!f(x)lzflc(oﬂHlxl“fﬁj(r)l
=1

>31c(0)la@)”. 0

This kind of estimate does not hold in the real analytic case. We give a
counterexample.

Set f(x1, x2) = —x+x3, (x1, 22) ER%.  The function f has a zero of order 2
at (0,0). Set VEB={(x1, z;) €ERZ% f(x1. ;) =0}. 1f d>0 then the distance to
V® from the point (—d, 0) is d. It is attained by (0, 0). Note that f(—d, 0)
=43

This is not a paradox. There are some points in V¢ = {(z, z) € C%
f(z1, z;) =0} that are closer to (—d, 0) than the origin is. Such points are

found. for example, on the intersection of V< and Ry X iRy, © Chysiprzssivy =

Ch.z». In fact, the equation f(x), iy2) = —xi —y3=0 defines a curve in R,
S (—d, 0) which is very close to the point (—d, 0) if d >0 is sufficiently small.

The reader is referred to [5] for estimates of real analytic functions from
below.
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