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Multiple Gamma Functions and Multiple g-Gamma
Functions

By

Kimio UENO™ and Michitomo NisHIzAWA ™

Abstract

We give an asymptotic expansion (the higher Stirling formula) and an infinite product
representation (the Weierstrass canonical product veprescntation) of the Vignéras multiple gamma
functions by considering the classical limit of the multiple g-gamma functions.

§1. Introduction

Multiple gamma functions were introduced by Barnes. They are defined to
be an infinite product regularized by the multiple Hurwitz zeta functions [2],
[3]. [4]. [5]. After his discoverv, many mathematicians have studied this
function: Hardy [7], [8] studied this function from his viewpoint of the theory
of elliptic functions, and Shintani [20], [21] applied it to the study on the
Kronecker limit formula for zeta functions attached to certain algebraic fields.

In the end of 70's, Vignéras [24] redefined multiple gamma functions to be
a function satisfying the generalized Bohr-Morellup theorem. Furthermore,
Vignéras [24], Voros [25), Vardi [23] and Kurokawa [12], [13], [14], [15]
showed that it plays an essential role to express gamma factors of the Selberg
zeta functions of compact Riemann surfaces and the determinants of the
Laplacians on some Riemannian manifolds.

As we can see from these studies, the multiple gamma functions are
fundamental for the analytic number theory: See also [16], [17]. However we
do not think that the theory of the multiple gamma functions has been fully
explored.

On the other hand, the second author of this paper introduced a g-analogue
of the Vignéras multiple gamma functions and showed it to be characterized by
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a g-analogue of the generalized Bohr-Morellup theorem [24].

In this paper, we will establish an asymptotic expansion formula (the
Wigher Stirling formula) and an infinite product representation (the Weierstrass
canonical product representation) of the Vignéras multiple gamma functions by
considering the classical limit of the multiple g-gamma functions. In order to get
these results, we will use the method developed in [22]. Namely, by making use
of the Euler-MacLaurin summation formula, we derive the Euler-MacLaurin
expansion of the multiple g-gamma functions. Taking the classical limit, we are
led to the Euler-MacLaurin expansion of the Vignéras multiple gamma
functions. The higher Stirling formula and the Weierstrass canonical product
representation are immediately deduced from this expansion formula.

This paper is organized as follows. In Section 2, we give a survey of the
multiple gamma functions and its g-analogue. In Section 3, we derive the
Euler-MacLaurin expansion of the multiple ¢-gamma functions by using the
Euler-MacLaurin summation formula. In Section 4, we consider the classical
limit of the multiple g-gamma functions rigorously. In Section 5, we give an
asymptotic expansion formula of the Vignéras multiple gamma functions. In
Section 6, the Weierstrass canonical product representation of this function is
derived.
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§2. A Survey of the Multiple Gamma Function and the Multiple
g-Gamma Function

2.1. The Barnes multiple gamma function. We assume that wiws, *** Wy
lie on the same side of some straight line through the origin on the complex
plane. The Barnes zeta function [5] is defined as

oo

lnls, 2 @)= Z L ,
0 (z+k1a)1+--- +kn(1)n) S

kv ka kp=

where @:= (W), Wy, ***, Wy).
This is a generalization of the Hurwitz zeta function. Barnes [5] introduced
his multiple gamma functions through

%::exp (C;‘ (0, zZ, w) ) .

where
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log px (@) :=—1im [, (0, z; @) +log z].
z—0

It is easy to see that I, (z, @) satisfies the functional relation

[,z o) __Oni(@ ())
LGetw, ®) iz w@):
where @ ()= (wy, -, W1, Wit1, ***, Wn).

2.2. The Vignéras multiple gamma function. As a generalization of the
gamma function and the Barnes G-function, Vignéras [24] introduced a
hierarchy of functions which she called “multiple gamma functions”.

Theorem 2.1. There exists a unique hierarchy of functions which satisfy
(1) Gn (Z+1) =Gn-1 (Z> Gn (Z),

2 G.()=1,
3) L ogCaleH1) 20 for 220,
(4) Go(Z)ZZ.

Applying Dufresnoy and Pisot’s results [6], she showed that these

functions satisfying the above properties are uniquely determined and that
Gn(z+1) has an infinite product representation

(2.1) Gn(z+1)—~exp[ zEn(l)'i‘Zpi(i“ 21(0) — ”‘)(U)]

h=1

) e LS ) )

=0

where

T L EE Re

meN"IxNt =0

Pna (Z> ‘=log Gn-1 (z+1),

etz

_.l=' Eoo _Z_li
=1 1+ i ¥ ® ko
s(m):=m;+my+-+m, for m= (my, ma, ==+, ma),

and N*=N—{0}.

The Vignéras multiple gamma function can be regarded as a special case of
the Barnes multiple gamma function. Namely
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Gn(2) =T, (z,(1. 1+++, 1)) “P"" X (the normalization factor).

In this paper, we will use the word “the multiple gamma function” to refer the
Vignéras multiple gamma function.

2.3. The g-gamma function. Throughout this paper, we suppose 0<¢<1. A
g-analogue of the gamma function was introduced by Jackson [9], [10].

o — 2+k\ —1
Fe+1;9)=0—q) 11 (L_‘I_k_> .
=1% 1—¢q
Askey [1] pointed out that it satisfies a g-analogue of the Bohr-Morellup

theorem. Namely, I'(z; ¢q) is uniquely determined by the following three
conditions:

(1) I+l 9=1[],Iq,
(2) r;q) =1,

2
(3) d%logr(zﬂ;q)zo for 20,
r4
where [z];=(1—¢*/(1—q).

As g tends to 1—0, I'(z; ¢) converges I'(z) uniformly with respect to z. A
rigorous proof of this fact was given firstly by Koornwinder [11].

2.4. The multiple g-gamma function. Recently. one of the authors [19]
constructed the function G, (z; ¢) which satisfies a g-analogue of the generalized
Bohr-Morellup theorem:

Theorem 2.2, There exists a unique hievarchy of functions which satisfy

(1) Gnlzt1;9) =GCu-1(z 9)Gulz q),
(2) Gn(l' q) =1,

loan(z-i-l q) 20 for z=0,

d n+1

(4) Golz; q) = z].

We call it “the multiple g-gamma function”. It is given by the following
infinite product representation [19]

(2.2) Gnlzt+1;q):=(1—¢) A(H)le{(ll—:q—;:—k) c’_'k')(l —g" !?n(zvk)}

for n=>1, where

wo=( ()
Inle =\ o1 )\ )
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In the next section, we will derive a representation of the multiple g-gamma
function called Euler-MacLaurin expansion and consider its classical limit. This
limit formula gives some important properties of the multiple gamma functions.

§3. The Euler-MacLaurin Expansion of G,(z+1; q)

By means of the Euler-MacLaurin summation formula

Zf(,’,)—f f dt+z {}dk l) _.f(k—l) (17\4)}

+(—1D" 1_[ Bmﬂ")(t ydt (for fEC"[M, N1),

n!

we give an expansion formula of the multiple g-gamma functions which we call
the Euler-MacLauvin expansion [22]. This formula plays an important role in the
following sections.

Proposition 3.1. Suppose Rz>—1 and m >n, then
log G, (z+1; q)

AT L )
D COR I TS =

+ZGnJ( )C:\QI+Z Fnr—l(Z (I) an(z (1)

1=0 r=1

whevre

gt [f - ) <1_ M)H
Fn,r—- . =T 1 -
1 0) [dt’_l [(fn—l o8 1—¢**1/]|,

n+1

C (q):= Z fJ+1 r—1

=1

S [B‘m o [ 0=} o

=[]

ST G Lty N R [ G P i
Rum(z: q):= m! J: { 0 [dtm [(n"l)log(l q2+1)}”dt~

The polynomial Gn,(z) is introduced through
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n-1
<z " >=ZG"’j ().
n—I1 £
j=0

Proof. From (2.2) and the definition of G,,(2), we obtain

oo

(3.1) log G, (z+1; ¢) = —<z> log(1—q) *E(nil; > log (1—¢**%)

k=1

+’§:Gn1(2) i E log(1—4*)

Let L,(z) and L, be

u@r%ﬁ;ﬁ% L@):=—log(1—¢), Ly=L,).

where Li,(z) is Euler’s polylogarithm

k
Li,(z2):= k”
k=1
and denote by ,S;, the Stirling number of the first kind;

n

X;;Sﬂt’ = [‘M] 7

=0
where [u],=uw—1) - u—n+1).
By making use of the Euler-MacLaurin summation formula, we have

(3.2) Z (n:kl > log (1—¢***)

k=1
n-1 1 ]n_lsj .
=Z ( (n)—l)! ((]_) ¥ Lr+z(z+1)
7=0 o
+ A %{(Ed[)r—( )} Z 1 Fnr-1(z ) FRum (2 ),

and

(3.3) ij log(1—¢*)
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L,(z) and L, cause divergence as ¢q—1— 0, but we can prove that these
divergent terms vanish. In order to show it, we express L, (z) as the sum of L,
and convergent terms. By partial integration, we can show

! 1_ z
(3-4) Lt (2) :%10g<’1—__gq_>
l -7 I 1—-r
+Z (Z 1 Lr+1+z (lD,’,), Tr(2>v
7=0
where

z &7 261 gq
Tr(z) 2_[;% 1'(”)‘(]6 d&

Substituting these formula into (3.1), we obtain

(3.5 log G (z+1; q)

_ V.(=1)%,.S, h ( 'y
= Z —1)1 ]—z):LZ<z~ Lree

I=1

+ZG"’(Z)Z j_’l’ L2

r=0

) Seter “([i)

=1

_"Z<—1),“sl (=1)' 1 g
mn—1)1 (j—z)! 1+

t=1

7!
+ZG"’(Z> 7‘ (]'+1—~1/)!}L1

Vs «—nvx@+nwﬂ
Tn 1! G—01 (+1)

1=0

¥ Z‘(fﬁ’)‘( Y e

__Z (=1)u 1572 ( ]"13]!'! (_1)7(2‘1‘1)’"7‘”1(3_*_1)

D) =
n—1
T N SN I YRR

~Rum (Zl q) .
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We prove that the divergent terms in (3.5) vanish. From the definition of Gy ;
and of the Stirling numbers, we can easily show that terms involving L,42 in
(3.5) are canceled out.

Next, we prove the coefficient of L; vanishes. Since

Z nl)j'i)lz&Z((]iz;: (zil)* f( )

1=0
and
n—1 j -1 1 _1
Foutn§2 et -L-27 ()
: o (GGH1=r)" L+ dz n—1
7=0 r=0 r=0
we have

(the coefficient of L)
K 2f t—1 v L d\-ifz—1
—<n> jz’(n-*l)dt—{hZ”( dZ) (n-l)

_ mﬁ_r(__d_>’"1 z~1
7! dz n—1

r=0

z=0

We prove that the right hand side of the above formula is equal to zero. In
a formal sense,

ety () DA

r=1

Imposing the boundary condition at z=0, we make the both sides above act

z—1
on ( ) Then,
n—1

O e a0 T

t—1

V4
because < 1> is a polynomial of (» — 1)-degree. Since Fi{z):= — ( )
n

n—

satisfies

F(0) =0, (Z—l )=F(z——1) —Fl(z),

n—1

it can be seen that
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et0()=(3)

Thus we have the formula

ao () >d’+,=l%[(‘5?>m(;: -

which shows that the coefficient of L, is equal to zero. Hence we have proved

that the all coefficients of L, vanish in (3.9).
._qz+1

Finally, we calculate the coefficients of log(ll_q ) and T,(z+1). Using

the formula (3.6), we have

— 2+1
(3.7) (the coefficient of Iog(l—l—_qq—> in (3.5))
:<z+1)+ S B_'r(__i)'”( z )
n A dt n—1
r=1

In order to calculate the coefficients of T,{(z+1) iu (3.5), we note that

e u z'i(—l)fﬂ_ls,i(—n’ﬂ (1) (D T
n—1 (n—1)1 (j—1)! (= v
r=0

Using this identity, we have

n—1

(3.8) (the coefficient of T,(z+1) in (3.5))=<_;_Z)r_1< z )

Substituting (3.7) and (3.8) in (3.5), we obtain Proposition 3.1. [J

§4. The Classical Limit of G, (z+1; ¢)

In this section, we study the classical limit of G, (z + 1; ¢) using the
Euler-MacLaurin expansion. We will see that this limit formula gives an
asymptotic expansion for the multiple gamma functions, which is a generali-
zation of the Stirling formula for the gamma function. First, we consider the
classical limit of the Euler-MacLaurin expansion in the domain {zEC|Rz>—1}.

Proposition 4.1. Suppose Rz>—1 and m >n.
lim log G, (z+1; q)

q—1-0
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S GRS

r=1

Sl (2 e

¥=
n—

Ven@c+ Y B,

_

1=0 r=1
Rn,m (Z) s
where
ntl
ei== ) elae) s
r=1

(=1)" [== d\y,
+m . B”“(t)<dt) {t/ log t}dt

o= ()7 )|
Rom (2): == l)m lf B ( t)(dt) {<n—_t1)log<zii)}dt

Furthermore this convergence is uniform on any compact set in {z€ ClRz>—1).

Proof. Taking Proposition 3.1 into acount, we must show that

—z+1

4.1) lim 10g<1—1£——> =log(z+1),

g—1-0 q

2+1 57 flog B gr— _ 1 L

w2 i [T e=— [ Cag=— ) D),
(4.3) lim Fy oy (z: q) —Fn,,-l (2),

4-1-0
(4.4) lim Rum (2, q) =Rnm(2),

g=1-0
(4.5) lim C, (q) =C,,

q—1-0

and further have to show that this convergence is uniform. Here we prove only
(4.4). The other formulas can be verified in a similar way.
Since

i () (2 el =) (2 )




MuLTIPLE GAMMA AND g-GAMMA FUNCTIONS 823

in order to show (4.4), it is sufficient to prove that the procedure of taking the
classical limit commutes with the integration. Let us introduce polynomials
M,(x) through

r r
,dd?log(l_qzﬂ) — (M) M, (qz+t)

1_qz+t
(cf. [18]). They satisfy the recurrence relation.
M@ =1, @=2) 20, @)+ o= Dx+ DM, (2) =My @)

and M, (1) = (r—1)!1. Using this we have
(&) 7 (s
_fl Bm(t)(dt) (n_1>log 1 er1>a!t
m .
- VL 1) Z{( 1 n—lslz<l )[]]I

=0

m—1I
><f1 Bm(t)t’_’<T19&tg;;> 4 My (q’“)dt}.
- q

Therefore we have to show

1—1
(4.6) lim f B [t] 1( 10g[+z>" ql+z My (qt-i-z\]
q—1-0
— m—1
=f lim B,y (t) {tj—l<<£)£g_> 4"t Mp_, (g*%) ]dt.
1 g-1-0 l—qt+z

This can be proved by means of the Lebesgue convergence theorem and of
the following lemma.

Lemma 4.2. Suppose that o € N be fixed and that yo and y, are fixed
constants such that —1 <yo<yi. Then theve exists a constant C depending on y,
and yy such that

I a
o<<q,j’f_"1> <(tfy)“ for Y€ lye yi], 1<t<oo, 0<q<l.

Next we show that this convergence is uniform on any compact set in the
domain {z€C|Rz>—1}.
Put

From the consideration above, it follows that {® (z, q) [0<¢<1} is a uniformly
bounded family of functions and
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(=1 == 1)
Oz, q)—”f; B (t) (1_'_2)(;”_, )dt as ¢—1—0.

Hence, by Vitali’'s convergence theorem, this convergence is uniform on any
compact set in the domain {z€C|Rz>—1}. [

The constant C, in Proposition 4.1 can be expressed in terms of the special
value of the Riemann zeta function.

Lemma 4.3.
1

C,=—C(—) “G)”

Proof. From the definition of {(s).

Cs)=— Zlokisk for Fs>1.

k=1

By the Euler-MacLaurin summation formula, we obtain

1 VB (d\
w.7) Cor =t () o]

_,1_ >y <i>” —s
m an(t) i {+S log t}dt.

Since
<i)n{t_s logt}= _0 [—s], 75"+ [—s], t75" logt
dt 0s " " '
(4.7) can be analytically continued to {zEC|Rz>—n+1}. So if we put s=—j,
n=j=+2, then the claim is proved. []

Next we prove that the limit function in Proposition 4.1 coincides with the
multiple gamma function.

Theorem 4.4. Suppose m>n. Then, as g—1—0, G, (2 +1; q) converges to
Gn(z+1) uniformly on any compact set in the domain C\Z<o and

(4.8) log Gn(z+1)

AL e

Va2 1 .
- {(—E> <”_1>}XW{(2+1) 1}
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—’an,j (2) {C (=) +'(7:|1_1) 2] +2%F””‘—1 (2)
—Rum (2).

Proof. In the domain {z € C|Rz> — 1}, we have already proved the
existence of the limit function and uniformity of the convergence. Let us put

Gu(z+1):= lim Gn(z+1: q).

g—1-0

Because of the uniformity of the convergence, we have particularly
im [(4)" tog Gale+1: 0} = (L) t10g Gule+1))
quEo dz log Gplz+1.¢g) 1| = iz log Gn{z

so that, from Theorem 2.2, G, (z+1) satisfies the conditions in Theorem 2.1 (1)
~(4). Since a hierarchy of such functions is uniquely determined, so G,(z+1)=
Gn(z+1) in {zE€C|Rz>—1}. Thus the claim of the theorem in the case that
Rz>—1 has been proved for {z€C|Rz>—1}.

Next, we show that in {zEC|Rz< —1, z# —1},

Gn(z+1; ) —GCalz+1) as ¢—1—0

and that the convergence is uniform on any compact set in this domain. For the
proof, we use induction on #.

The case that n=1 was considered by Koornwinder [11]. So. we consider
the case of n. Let K be a compact set in {E€C|—2<Rz<—1, z# —1}. We
assume that

Gno1z+1: q)—Gr1(z+1) as ¢g—1—0

and that the convergence is uniform on K.

From (2.2), we see that, if ¢ is sufficiently close to 1, G,_1(z+1; ¢) has no
poles and no zeros on K, neither has G, (z + 1) from (2.1). Therefore,
as ¢ —1—0,

V= Gnlz+2: q)
Gn(2+]. q) Gna (Z+1§ q)

uniformly converges to

Gplz+2) _
Gn_1(2+1) _Gn(z+1)

on K.
Repeating this procedure, we can verify, for any n, G, (z+1; q) converge to
Gn(z+1) in a compact set in the domain {—3<Rz<—2, z# — 2}, {—4 <Rz
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£ —3, z#—3}, +*-. Thus the claim of the theorem is proved. [
§5. An Asymptotic Expansion of G, (z+1)
Let us call the expression (4.8) the Euler-MacLaurin expansion of Gn(z+1).

We should note that (4.8) is valid for zEC\{Rz< —1}. We show that it gives
an asymptotic expansion of G, (z+1) as Izl—-)OO, 1.e. the migher Stirling formula.

Theorem 5.1. Let 0<0<m, then
log G» (z+1)

~[<z:1 )+§%<—;—z)’—l<;l )] log (z+1)
—i{(—fz—)r_l<njl )} XL {(+1)7=1)

Gni(2) {C (_])+ +1) } Z (21,),Fn2r—1<z)

0 r=1

3
[
—

<
il

as |zl—o0 in the sector {z€Cllargzl <m—5}.

Proof. Straightforward calculation shows that

Y6 (=)=
Z(Z S (DA T

Thus, we can see that

(5.1) ? Z:; g; =02 as |z—oe.

Furthermore, noting that

1 1
[z+1] < [t]]sin o]
in the sector {zECllargz| <m— 5} and that |Bom (£) | <|Baw| for 0<t<1, we have

an,z,n(z)l—](—Z 1), ISJZ[;J n=1= 1)1 B (0 gyt

Z?Z S( \[1] 2m—1—1)!
o =n = |sind|?”~ tz”"’

Hence, |Ryam (2)| =0 (72" "14") =0 (Fy3m-1(2)) as |zl in the sector. []

I/\



MuLTiPLE GAMMA AND g-GAMMA FUNCTIONS 827

Let us exhibit some examples of the higher Stirling formula. In the case
that =1, we obtain

log G1(z+1) =log I'(z+1)
~ <z+l>1og (@+1) — (e+1) =2 (0)

By,
+Z (2r] (z+1)2' v

This is the Stirling formula since { (0) = —%log(Zn').
Furthermore, in the case that #=2, we obtain

log G2(2+1)

—_ i__l_ _§ 2__ R 1
(2 12) log(z+1) =4z =5+

=z (0) +L(=1)

———1— 1 Y B2r 1 _
12 z+1 +z 2r]s G121 (z—2r+1),
r=2

which coincides with an asymptotic expansion of the Barnes G-function (see
[23], [25]). In the case that n=3, 4, and 5, we have the following results.

Proposition 5.2. The higher Stirling formula for n =3, 4 and 5 are as
follows:

log Gs{z+1)
(P21 11 43 9 .,z 13
(6 +24) log (e +1) =3¢zt 52+ 575

~Zozp o +E -y -1

BZr _ _ _
12 z+1 2[27]4 (Zﬂ o @~ (6r—11)z+ (4" —16r+16)}.

log G4(z+1)

4 3 2
~(z__5,+z__ 19

207676 W) log (z+1)

A aplpagz o4 8L
722 797 T Taee T 1ad

~£=3 e ) 4 =8 () 25 L (—) + 30 (-9)
1 l 1 24 19
122417720 (zH)s(Gz +gats)
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¥ BZr 3___ — 2 —
+) <z+1>2” (12r—27) 22+ (20°— 94r+111)2

7=3

~ (=567 +134r—109) .

log Gs(z+1)

A 11, 22, 3 )
(120 16+722 ‘g T160/log e+ )

137 o, 89 , 461 323 . 5639
~7200% 3207 " 21607 T 1440 ~ 14407 T 43200

t—62°+112"—62 ., —18z*+22z2—6 .,
_Z'—6z = z 6ZC(O)+ z° 18222- z GC(_U

62— 18:+11 ., 9:-3.,
— U= 2123 —3)- 24*( 4)

1 1 1 1 (35 45 2)

P R S S (. =Y
T2 241 720 Grpevas T act

n Z [Bz], *Lh{z;_ (20r—54) 28+ (702 —375r+506) 22

“ (z4+1)%1
(200 1420
(3; 5402+ 1420, 1354)
16 —%7%75472 42797+1021]

§6. The Weierstrass Canonical Product Representation for G, (z+1)

By calculating the formula (4.8) in the case of m =n+ 1, we derive the
Weierstrass canonical product representation for the multiple gamma functions.
Main theorem of this section is the following:

Theorem 6.1. For n €N, we have
—k
Gn (Z+1) =exp (Fn (Z)) H {(1 +£) <”—l)exp ((Dn (Z. k) ) }
k=1 4

where

Fa(2) i="§Gn, 2 LL( >Y(Z_u )J XL (=7

1=0 7=0

~fz 2 u i X
0 \n—1 wAT
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._,_1__2{ _i} Ve
Oule )=ty ) | ), ) (e e
p=-1 r=p+1
j ].
QJ(Z):ZPj(Z+1)_ <7>2rPJ—r(1)
r=0
7+1 7
T+ 1 —1)L
+ AN () mrt P
r=1 =1
i+1B
Py(x)i=) Trep,a

r=0
t!+1 t]+1

W:(%)’{m;ogt— (j+1)2]

=1
Proof of this theorem will be carried out through the sections 6.1 ~6.4,
and some examples of this representation will be discussed in the section 6.5.

6.1. Rewriting the Euler-MacLaurin expansion of G,(z + 1) . In this
section we prove the following proposition.

Proposition 6.2.
n—1
(6.1) loan(z+1)=ZGw (2)K,(z)

71=0

wheve

K, (2) ::217—<j;—”—>10g<z+1> — 0 (—) +P, (1)

By {ztk+1) : (z+k+1)].

+Z[P,(z+k+l)—P,(z+k)+ o ot

k=1
Furthermore the infinite sum in the last tevmn is absolutely convergent.

Proof. In the Euler-MacLaurin expansion of G,(z+1), we see that

6.2 a0

1 .
XW{(z+1) -1}

z=0
=1
n-1
(z+1)*1—1
=) Gny ()" —
]Zo +] Z) (]+1)2

and also that for 1<y<un—1,
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n-1
(6.3) Fara (&)= ) Gas @) (+1) "7,
j=0
Moreover, from the properties of the Bernoulli polynomials, we have
zt+1 Y B, d +1 (Z+1)
G5 }jc,,, _
r=1

Next we calculate Ryn+1(2). From the definition of Gn,(z), we have

(6.5) Rans1(z Z ns (2) [i( +1)1
Z+t+k)}dt].

f By (t) (dt) (z+t+k)’ log( 1

Here we have, for j< n—1,
z+t+k)}d

(6.6) LB @ (&) 07 10g(HTE

=0 ") as k—oo,

so that the infinite sum in (6.5) absolutely converges because j—n—1<—2
By means of the Euler-MacLaurin summation formula, we have

an+1 ( ) {(z+t+k)’log<%_l]_—k)]dt

) XB’[;},_ (1)1 log (a+8)

(6.7) (n+1)'

HE) ST

r=1
1+
Z+]k+11) Z 2], e He+1)71 ]log(z+k+1)

s 2+k+l)’“_ (z4E)"*!
(z+k)"+ eS| [Es)

=t
A

+=

i “[5].- 1{<z+k THL=T— (z+k+1)’“"’”log(z+l)

n

Br o, ftrt 1 m7r— (i),

M,t,"_

r=0
It is easy to see that the coefficient of log(z + 1) of the above formula

]

vanishes.
Hence we obtain
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n-1 n+l
6.8  Runa@=—).6un@) |~ Y. 1)1,
j=0 r=5+2 ’
V(B (e +1) | (zHh+1 .
+kZl[ SHAD og (T 4y (e )~y 4]

and the infinite sum is absolutely convergent since, for ¥=j+2, (z-+k+1)/+7

— (z+k)"*'77 decreases more rapidly than #~2 as k —co,
Substituting (6.2), (6.3), (6.4). (6.8) to (4.8), and noting that

n+l ntl
+Y e ) S )= ),

r=1 r=1+2

1
(j+1)2

we obtain (6.1). [

In the above proof, we showed that

Binilz+E+1) (z+k+1
j+1 08\ Fk

=0(k™2) as k—oo,

)+P, (z+E+1)—P,(z+F)

We note that the converse is also true.

Lemma 6.3. Theve exists a polynomial A (k, z) such that

BJ+1(Z+k+1)l <z+k+1
j+1 ' z+k

=0(k™?) as k—oo,

>+A (k2)

A(kz) is equal to P,(z+k+1) —P, (z+k).

Proof. Since

J+1
By (e+h+1) =) Brus, (1) (+)",
7=0
we have
B (z+k+1) . (z+k+1>
j+1 08\
1+1 r+1
1 j+1 Z (—1) o i
o (r >B,+1-,(1) S R =0 (7).
r=0 =1

By integrating the both sides of
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j+1
Bijy1 (Z‘l‘l) = ZBj+1—r(1)zr
7=0
from —1 to 0, we get
741
1 jt1 (=17 _
(69) ]"{"12( 1% )Bi+1—r(1> 71 =0.
r=0

This implies the statement. [

6.2. An infinite product representation for the ' (—j). We derive an
infinite product representation for £ (—j) in the same way as in the Section 3.1.

Proposition 6.4.

By+1(k+1)

exp (L' (—7)) =exp(P,(1)) kfjl{<1 +%> U exp (P, (k+1) —P, (k) )]

and the infinite product absolutely converges.
Proof. From the proof of Lemma 4.3, we have
b B
€ <—]) =P, 1) +T—_f_2_§—(07 J+2
D o (L)
G+2)rJ, Bi+2(2‘) T {t’ log t}dt.
Here, in the same fashion in the previous section, we have

(6.10) le)ZJ;,lf Bj2 (1) (dt>] {t' log t}at

]+l

(]+2 Zf B2 ( t)<dt>] {(t+k)? log (t+F) Ydt,

i{ Ml“)l g(1+3)+£,(0) —P, (1)

k=

—

el sl
TH I\ T ) e
Bj+2

i[ _L(ki"_l_log<1+%>+P,(k)—P,(k+1)}+( +2)'¢)”+2

This completes the proof. [

6.3. Good representation for K,(z) . In this section, we give a “good”
representation for K, (z).
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Proposition 6.5. Let k be a positive integer and define

0)s =]$1{Z <"J:1 ) Brs ()Y 0o

r=0 =1

(D == ) ks,

(III)kI=Zz’ (P, (e +1) Pr(k)}——]::L

r=0
and

(Iv)k::2< > i 1)1 11

7=0

Then we have

B, (z+E+1) <z+k+1
S BN

= (P s () + 0

(6.11) >+Pj(z+k+1) —P;(z+Fk)

By (ztk+1) . z+k+1) }
FES) 10g< b1 4+ (D)

+
n [B;H (z+E+1) 10g<k+1)+ (I[I)k}
-

7+1 k
(z+Ek)’ 1og(1+ )+ (Ilf)k}

—jil {Z <~1’1'3'rlzr+lBJ+1—r(z) ] (%_k—il—>

r=0
Furthermore each term in the vight hand side decreases like O (k72) as k—0,

Proof. 1t is easy 1o see that each term in the right hand side is O (¢72) as k
— 00, Moreover we can show that (I);~ (I), are polynomials of z and that

7+1
_ 1 Jy(itl (=171
<I)k*]+1[z< ’ >Bj+l—r(2) 1 ]k

r=0
+ (a polynomial of k).

J+1
_ 1 i+l (=721 1
“”k—“m[z< , )B @ e

r=0
+(a polvnomial of k),

(I = ~|-1 p 1y (a polynomial of k),

1
(V)= i—l e (a polynomial of k).
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Hence, if we put
B(kz):= (D)4 (D e+ I+ (IV),
_ 1 g j+1 (—-1)12”13. () (l.._ 1 )
j+1 ’ 1 M\ kL)
7=0
then, B(k, z) is a polynomial of k, z and

(the right hand side of (6.11))
=Bj+1 (Z+k+].) B <Z+k+1
j+1 ! ztk

From Lemma 6.3, Bk, z) =P;(z+k+1) —P;(z+k). [

)+B. 2)

Proposition 6.6.
_ NEAYS
K;(Z) _'Q/(Z) +;<7> C ( 7’) +1T

+,§{—(z+k)"log<1+> Z() W ),1, }

=1

and the infinite sum n this formula absolutely converges.

Proof. We have

SRR I RS N

k=1

T s DX

k=1
r+1

__Bule+]), (HH;E e Z
]+1 ogi\z ]+1 , j+l—7 Z .

=0 1=1

Noting Proposition 6.4 and

=Llos(}) -4}

k=1

we get

(6.13) i{ +1 (Z+k+1) og(1+3)+ 1))

k=1
i/ +1
= Z (jr )zj"{C' (=r)—P, (1)) —}.‘%T.

r=0
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By (6.12) and (6.13), we obtain

(6.14) E{B"“ (].z_tfﬂ) log(z:i:1>+P, +k+1) —P (z+k)}

k=1

-—L———————B"”l.siil_l) log (z+1)

1+1 /. 7
1 i+l (=11
+]'+IZ< , >Bj+1-r(z)z -
r=1 I=1
)t -nan—22,
r=0

+ i [— (z+k)’ 1og(1 +§) +2 (i > zf-’fi?—l-l)—’izik’—'}.
=0 I=1

The proof is completed by substituting (6.14) to the definition of K, (z) in
Proposition 6.2. []

6.4. A proof of main theorem. By Proposition 6.6, we have

(6.15) log Gn(z+1) _
=nZGn,i (2) [Qi (@) +JE<]7) 77 (=) _;—’:; T

=1 =0
+i{—(z+k)flog<l+~z—)+2<i) —TZ( Ve ”

=0

zfcn,,<z>Q,(z>+'S[%<%),<ZZ )] e
_fz(z_u >du Xy
_,Zl [< n—___kl >log(1 +—]§> +:Z:Gn,; (Z)Z—O(i )Zj—rzt%l:ikr—l]-

Thus, in order to prove Theorem 6.1, it is sufficient to show

n=1 7 r+1 1){ L
(6.16) ZG,,, Z e

1=

—

7=0
n—2 n—1

- 3 e

u——l r=u+1
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Since
7 . r+1 'y
(z+k)! log<1+%)+2(] ) 7 (‘%)—Zﬁk’”’
r=0 4 =1
=0(? as k—oo,
we have

o0 (2 el Lo B0 )L

=0 I=1

=0k % as koo,

while we obtain

n—2 n—1

e B

p=—1 r=p+l1
=0(k? as k—oco.

By the same arguments as in Lemma 6.3, (6.16) is deduced from {6.17)
and (6.18). Hence the proof is completed. []

6.5. Examples of the Weierstrass canonical product representation for
Gn(z+1). We give some examples of the Weierstrass canonical product
representation for the multiple gamma functions.

In the case that n=1, we have

Crle+1) =T(+1) =e_”kfjl{(l +2) "4},

This is the Weierstrass canonical product representation for the gamma
function.
In the case that n=2, we have

. , 1 . . .
Since ¢ (0) = —glog (2m), this is the Weierstrass canonical product repre-

sentation for the Barnes G-function [2].
In the case that =3, 4 and 5, we obtain the following results.

Proposition 6.7. The Weierstrass canonical product representations in the
case that n=3, 4 and 5 are as follows:

Gs(z+1)



(1]
[2]
(3]
[4]

(5]

wl

L6]

(7]

(8]

9]
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—exp| 2+ 2+ Lot (-1~ p ) - (2-24))
<A (2 (50~ (5-5) 3l

e[l 13,19 . 5
‘eXP{144 #4157 +144 242

G4 (Z+1)

22—32°+2z,, 2t —4z31+42%
—Lp (—p) + IR () S e ) LA

o0 k(k+1) (k+2) 4 3 2
z s 2z z\1
ku__Il[(l+k> eXp[<24 “+4);

(59Dl

G5(Z+1>
3 5 L7 . 173, 2, 2827
‘EXP{ 7882 T 647 8647 +17280
+§c'(—3>—i2—zc —2)+% 92 2 tllzp )
_24—623+1122—62C,(0 _62° —45z4+1102 —90z? ]
24 720 7

o 2 _k(k+1)(l;1—2)(k+3) 2 2\1
XJJI[(H;) exo|(F5- 16+722 -Z)s

(G Trris i)+ (5o

~Grg)e ]
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