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A Complex Analytic Study on the Theory of Fourier
Series on Compact Lie Groups
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Abstract

The characterization of Fourier series of real analytic functions and hyperfunctions on compact
Lie groups is discussed by means of complex analysis.

§0. Introduction

The aim of the present work is to give the characterization of Fourier series of
real analytic functions and hyperfunctions on compact Lie groups by means of
complex analysis.

Here let us review the history of the studies concerning this subject. The
concept of hyperfunctions was first introduced by Sato [Sa] in 1958. In [Sa],
among other results, he already got the characterization of Fourier series of real
analytic functions and hyperfunctions on the one dimensional sphere S'. The
way he used was complex analysis, more precisely Cauchy’s integral theorem. In
1970, Sugiura [Sul] gave the characterization of Fourier series of C* functions
on compact Lie groups. His method was based on the fact that, on a compact Lie
group, the Casimir operator becomes an elliptic differential operator and it acts
as a scalar operator on each irreducible unitary representation space of the
group. In 1973, Hashizume, Minemura and Okamoto [HMO] characterized the
Fourier coefficients of real analytic functions and hyperfunctions on real
analytic compact Riemannian manifolds with respect to the Laplace-Beltrami
operators. Their argument mainly depended on the estimate for the growth of
eigenvalues of the Laplace-Beltrami operator obtained in [Mi]. In 1979-80,
Morimoto [Mol, Mo2] discussed on the characterization of the Fourier
coefficients of the analytic functionals on the complex sphere or the Lie sphere
with respect to spherical harmonics. His work owed mainly to the classical
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theory of spherical harmonics and the study of the Shilov boundaries of E.
Cartan’s classical domains of type IV in [Hu]. In 1991, Oshima, Saburi and
Wakayama [OSW2] treated the characterization of Fourier coefficients of real
analytic functions and hyperfunctions on the so called Martin boundaries of
Riemannian symmetric spaces with noncompact linear reductive groups as their
isometry groups (cf. also [OSW1]). Their method was similar to that in [Su].
In 1995, by the similar argument used in [HMO], Morimoto and Fujita [FM]
got the characterization in the case of the spaces of functions of Gevrey classes
and their dual spaces on real analytic compact Riemannian manifolds.

In this paper we shall give a different proof for the result in [HMO] in the
case of the compact Lie groups. Our argument is complex analytic. Precisely, we
present the matrix elements of irreducible unitary representations of compact
groups in the integral form owing to the Borel-Weil theorem. Then we can get a
good estimate of the Fourier coefficients by shifting the cycle of the integrals
owing to Cauchy’s integral theorem. However we note that the method in [Su] is
valid even in our case.

At the end of this introduction we have to add that this work is inspired
not only by the works started above, but also by [B1, B2]. In [B1, B2], van den
Ban studied on asymptotic behavior of Eisenstein integrals associated with the
minimal parabolic subgroup of a connected real semisimple Lie group with finite
center. To get a good estimate for the integrals, the method used in those
preceding works [A, HC1, HC2, HC3, HC4, E, TV], etc. were mainly based on
the study of differential equations satisfied by these integrals. In contrast with
those preceding works, he made a good deformation of the cycle of the integrals
owing to the Stokes formula. That gave us the quite enough motivation of the
shift of the cycle in our problem.

§1. Complexification of a Compact Lie Group

Let U be a connected compact Lie group. It is known that there exists a
connected algebraic subgroup G of a complex general linear group GL (#, C)
with the following properties. (a) It is stable under conjugate transpose. (b)
There exists an isomorphism of U onto G N U ®), where U(n) is the unitary
group. (c) The Lie algebra g of G coincides with the complexification uc=ut®
J/—1u of the Lie algebra u of G N U ®). We identify U with G N U (), and
introduce into U a real analytic structure via this identification. This means a
function on an open subset of U is real analytic if and only if it extends to a
holomorphic function on an open subset of G. The group G is called the
Chevalley complexification of U. Note that the group G is not only linear
algebraic but also real reductive. We denote by 1¢ the identity element of G.

Let 6 denote a Cartan involution of G defined as 89 = (g*) 7! for g €G,
where g* denotes the conjugate transpose of . We also denote its differential by
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6, that is, 6X=—X* for XEg. Then the direct sum decomposition g=ut,/—1u
means the Cartan decomposition for 6. Namely u is the 1 eigenspace and +/—1u
is the — 1 eigenspace for 0, respectively. We denote by exp the exponential
mapping of g into G. Then we have a Cartan decomposition of G. Namely the
mapping

(1.1) UX/=1u3 u, X)~uexp XEG

is a real analytic diffeomorphism. Hence for every § € G there exist unique
elements € (¢) €U and X (9) €4/ —1u so that

(1.2) 9=u°(g) exp X (9).

Let t be a maximal abelian subalgebra of u, and put a=,/—1t and ¢=tc=t
P a. Then a is a maximal abelian subspace of ¥/—1 u and ¢ is a Cartan
subalgebra of g. Put T =expt, A =expa and C=expc=TA. Then T is a
maximal torus of U, and C is a Cartan subgroup of G. We have another Cartan
decomposition of G:

(1.3) G=UAU.

So every 4 €G decomposes into the form
(1.4) g=uf a® u§

with u§, u§ €U and a® € A. Let a’ and ¢ denote the dual spaces of a and ¢,
respectively. Since ¢=ac, any element in a” has a unique natural extension as an
element in ¢. So we regard the elements in a” as elements in ¢ which are real
valued on a. Let X(g, a) denote the set of all nonzero restricted roots of g with
respect to a, and g% the root space for « € X (g, a). Note that X' (g, a) coincides
with the set of all nonzero roots of g with respect to ¢ in the above sense and
that each of the root spaces g* is a complex one dimensional vector subspace.
Introducing a lexicographic ordering into a’ with respect to some basis of a, let
us denote by ¥ the positive system of X'(g, a) and by 4 the set of all simple
elements in ¥. Put n=@gecrg® 1= =Dacr g % N=expn and N"=expn_.
Then N and N~ are complex nilpotent Lie subgroups of G.
Now we have an Iwasawa decomposition of G. Namely the mapping

(1.5) UXAXN™D (u,a,n” ) uan” €G

is a surjective real analytic diffeomorphism. Hence for all ¢ € G, there exist
unique elements % (9) €U, a (9) €A and v~ (9) EN~ such that

(1.6) g=u(g)a(g)v" (9)

and the mapping 9+ (1 (9), a(g), v"(g9)) of G onto UX A XN~ is real analytic.
Since the restriction of the exponential mapping of g to a is injective, writing its
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inverse by logs we put H(g) =logs (@ (g)) for g EG.

Put B=CN™ = TAN". Then B is not only a Borel subgroup of the linear
algebraic group G but also a minimal parabolic subgroup of the real reductive
group G. Since G is connected, its open dense subset NB admits the so called
Gelfand-Naimark decomposition. Namely the mapping

1.7 NXB3 (n, b))~ nbENB

is a surjective holomorphic diffeomorphism. We note that any element b in B
uniquely decomposes into a product cn™ of elements ¢cEC and n~ €N~ because of
the fact CNN=1{1¢}. We also note that the groups N, C and N~ are complex Lie
subgroups of G. Then we see that for all elements x € NB there exist unique
elements v (x) €N, ¢ (x) €C and v~ (x) EN~ such that

(1.8) x=v(x)c @)y (x),

and the mapping x+ (v(x), ¢ (x), v~ (x)) of NB onto NXC XN~ is holomorphic.
We have a relation between the Iwasawa decomposition (1.6) and the
Gelfand-Naimark decomposition (1.8):

Lemma 1. Let €N, then u (n) ENB and the following holds

(1.9) vium))=n, cw®)=alm)™ and
v () =am)v" ) o)

Proof. Let n€N. Then by (1.6) we have

(1.10) um)=nv* W) tahm) !
=na®) a®m)v"~ m)am) ™).

Since C normalizes N7, this equality shows u (#) ENB. Hence we have (1.9) by
the uniqueness of the decomposition (1.8). O

§2. Irreducible Unitary Representations of I/

In this section we review a summary on the irreducible unitary representations
of the compact connected Lie group U(cf. [W, §1.7 in Chap. 1] and [Kn, §7 in
Chap. V]).

Put B(X, Y) =Tr(XY) for X. Y €g. Then B gives an invariant symmetric
bilinear form on g. Since the elements in /—1 u are Hermitian symmetric
matrices, the restriction of B to +/—1 u is real valued and positive definite.
Hence we see that both B and its restriction to ¢ are non-degenerate and that
for any g€« there exists unique H, €c such that g (H) =B(H, H,) holds for all
H € . We can then define a symmetric non-degenerate bilinear form on ¢’ by
putting (0, ) =B (H,, H;) for g, €. Since the restriction of this bilinear form
to a’ is positive definite, it gives an inner product on a’. An element A in ¢ is
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said to be dominant if it satisfies the condition (4, @) >0 for all a € ¥.

Put L={HEt, exp H=1¢}. An element g in ¢’ is said to be analytically
integral or T-integral if it satisfies the condition g (L) € 27 /—1Z. Since L
spans the whole space t over R, we see that T-integral elements are in a’. We
note that every element in X' (g, a) is T-integral (cf. [He, Lemma 6.5 in Chap.
VII]). We put

(2.1) A={A€(" 1 is dominant and T-integral}.

As for the algebraic structure of the irreducible unitary representations of
the compact connected Lie group U, the followings are well-known. (A) Every
irreducible unitary representation of U is finite dimensional and its differential
gives rise to a highest weight module of U(g), the universal envelopping algebra
of g. (B) For any A€ A, there exists an irreducible unitary representation @; of
U with the highest weight 2. (C) For any distinct A and g in A, @, and @, are
not equivalent. (D) The set {®@,} ,c1 gives a complete representative system of
the equivalent classes of irreducible unitary representations of U. (E) For 1€
A, every weight ¢ of @, is of the form 0=A1— 2 ges Mo (ms € Z>o), hence is
T-integral. Furthermore it satisfies the following estimate:

(2.2) lofl <{lafl.

Next, we mention the realization of irreducible unitary representations of U
with the given highest weight A €A, the Borel-Weil theorem. Let A€ A, and put
*=exp (A (H)) for ¢ =expH (H € ¢). Then ¢* defines a single valued
holomorphic function on C. We put also &(cn™) =c¢* for c€C and n~ €N, then
&; gives a holomorphic one dimensional representation of B. Furthermore we put
@ (1) =ind§ &, the induced representation of G by &. That is, the left regular

representation: @ (A; 9)f(x) =f(@ ) (9, xEG) of G on a function space
(2.3) T'A)={re0(G);fgb) =& ()71 f(9) for all gEG and all bEB},

where 0 (G) denotes the space of all holomorphic functions on G. Then @(1) is
a holomorphic irrenducible representation of G with the highest weight A.
Introducing the inner product of L2(U) into I'(1), one can make it a Hilbert
space. Then the restriction of @(4) to U gives the irreducible unitary
representation of U with the highest weight A.

For the later use, we give a formula for the L?(U) -norm of the functions in
I(2) with A€ A Put p=2"'2cr (dimg g*) @ = ey @ Then the invariant
integral on U is given as

(2.4) [ rwan={ [ ruwtnai® aun

for continuous functions f on U, where dun is the left invariant measure on N
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normalized so that Sya®)®dn = 1 and dt the Lebesgue measure on T
normalized so that J; dt=1 Let A€ A and fE€ I'(A). Then by Lemma 1 and
(2.3) we have

(2.5) flu@m)t) =fm) (@m)e™)*

for all n €N and all t € T. Since ACa’, we also see that |[t*|=1 for all tET.
Therefore we have the following formula for the functions f in I"(2):

(2.6) Irle= [ [ 1 u o)) o2 o) #dtan
=j:v [f(n){za(n)Z(”"’dn.

We finish this section by recalling a well-known estimate for the matrix
elements of @(4).

The restriction of the invatrinat symmetric bilinear form B on g to +/—1u
gives its inner product: (X, ¥) =B(X, Y) for X, Y €./—1u. Using this inner
product and the Cartan decomposition (1.2), we put g ]=|X (9) || for g €6.
Then the followings hold

2.7 e g2[|=] ] for u, ”’ €U and g €G,
(2.8) le=!l =gl forgec.

For A € A we put d (1) =dimc I'(1). Since I'(A) is decomposed as the
orthogonal direct sum of its weight spaces, we can choose an orthonormal
weight basis {¢; ) = Qi (A; g)}lg,_,gd(x), and in what follows we will fix it for
simplicity. We identify @(2) with its matrix representation [®@,;(A) =
®,;(2; 9) 1<, ,<a2), where

2.9 0,9)=(0%9)e;(), 0.2) GEG 1<4,j<d(2)).
Then the following estimate holds:

(2.10) (@, (4; g)| <eMHllel - (g, 1<i,7<d(1)).

This is an immediate consequence of the following inequality

(2.11) 1@, (2 9) <@ ) ol lp =D (2 9)]

and the decomposition (1, 4) and the estimate (2, 2).
§3. Fourier Series of Real Analytic Functions on U
The family {® (1)} ;cs gives a complete representative system of the equivalent

classes of irreducible unitary representations of U. Hence, from the Peter-Weyl
theorem, we see that the set
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(3.1) {d)2,;(2); 2€A,1<4,;<d (1)}

gives an orthonormal basis of L?(U). Then any function f in L?2(U) has an
expansion

(3.2) ;=Ya@ ), 00,0,

1e4 1<1,<d )
the Fourier series of f. For f€EL%(U) and A €A, we put Ff,; (1) = (f, @;;(1))
(1<4,7<d(A)) and Ff(A) = [Ff,; (D) ]1<.,<a. For kEZso let M (k, C) denote
the set of all k-by-k complex matrices, and we put S(A) = [l,exa MW@ (1), C).
For s € S(A) and A € A, let us denote the A-th component of s by s(1) €
M@ (), C). Then the space

6.3 s@={ses; =]}t @Tr@s @] <o)

i€

is a Hilbert space with the Hermitian inner product

(3.4) (s,8) = Zd D Tr(sQ)s"(A)*)  fors, S ES?(A).

A€

Again from the Peter-Weyl theorem we see that the mapping %: f—>%f= (¥%f
(1)) 2ea is a unitary operator of L?(U) onto S?(A). We call ¥ the Fourier

transformation of L2(U). The inverse ! of the maping ¥ is given in the form

(3.5) F =Y dWTr W) for s€S(A).

€A

Now we are going to discuss on the restriction of the Fourier
transformation % of L2(U) to the subspace & (U) of all real analytic functions
on U.

Let V be an open subset of G. We put

(3.6) 0,(v)={recca(v)); Aveo ()},

where CI(V) denotes the closure of V in G, C(CL(V)) the space of all
continuous functions on CIL(V), and @ (V) the space of all holomorphic functions
on V. Then 0,(V)is a Banach space with the norm || f |=supgecin| £ (9)] for f€
0, (V). For e>0, we put Ve=1{9 €G; |gl<e}. Then {Ve} e>0 consitutes a
fundamental neighborhood system of U in G. For 0 <g <¢', the natural
restriction mapping O (Ve)— 05(Ve) is injective and compact. Hence & (U)
becomes a DFS space with the following inductive limit topology (cf. [Ko]):

(3.7) 4 (U) =lim indeso Op (Ve) =lim indsez,, Op (Vis).

For n€R we put
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(3.8)  S,(A)={:€5A); [sl,=sup e {Tr (s (1) s (1)) *}/2< o0}
A€A

Then S, (A) is a Banach space. We also put Sg(A) = Ueso S—c (A). For 0<e<¢/,
the natural inclusion mapping S_¢ (A) = S_¢ (A) is compact. Hence Sy (A) is also
a DFS space with the following inductive limit topology:

(3.9) Sy (A) =lim indeso S—e (A) =lim indrez,, S—1/2 (A).
Now we can state our first assertion.

Theorem 2. (i) The Fourier transformation F gives a topological linear
isomorphism of A (U) onto Sq(A).

(ii) For s € Sy (A) the Fourier sevies (3.5) comverges in the topology of
4 (U).

For the proof of this theorem we prepare the following lemma.
Lemma 3. Let €>0. Then we have

(3.10) 1Z£; DI flle e (1<i,j<d (2))

forall A€ A and all f €0,(Vy).

Proof. When A=0, ®@(R) is trivial. Hence (3.10) is obvious in that case. So
we may assume that 1 € A\ {0}. Let f € 0, (V.). Since @ (1) |y is unitary,
D (A; u) =@ (A; u) * holds for all u €U, and thus, it follows from (2.4) and
(2.5) that

(3.11) Fa W) = [ ) 0k u)
= [ 1) [ 01 (% ) 9% v) dvan
= [ £ @,k w) g, (& ) dudy
= e (1) 1227 (2) ™) 1 (A m) @5 (A ng)
* (a (1) h7'a (n2) £2)* (a (1) a (n2) ) *dtrdtadmadns.

Here we note that the function f(u (1) cica™u (n2) %) (c17* ¢2)? is holomorphic in
the variables (c1, ¢z) on some neighborhood of T? in C2 So, to obtain a good
estimate of the integral (3.11) we are going to shift the component T2 in its
domain of integration. For nE€R, put a (1, ) =exp (nHi/|Al) EA. Then we see

(3.12) [@ (@ m)=e™" and |(a (X n)e)~*|=e
for all tE€T. On the other hand, from (2.7) we see that

(3.13)  {wicicz'uz; u1, u2€ U, c1€a(A; 1) T and c2€a (A, —9") TIC Ve
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for all 7 and %" with 0<1), "<e/2. Hence we can shift the component T? in the
domain of integration (3.11) into a (4; &/2) T X a (A; —&/2) T without change of
its value. Then by the Schwartz inequality and the formula (2.6), we have

<[ f fle eme f;v 100 (s 1) 9 (2 ma) | (@ (m1) a (n2) ) dnidne

<lrlee= e A 1e ][ (@ on)a e #amam]
=“f“s o eIl ]

Proof of Theorem 2. We are going to prove (i) and (ii) simultaneously. The
Fourier transformation % of L?(U) is a linear isomorphism onto S?(A). Hence,
to see that F4 =% |4 gives a topological linear isomorphism of # (U) onto
S« (A), it is sufficient to show that both F4 (U) Sy (A) and ZF 'S4 (4) C
& (U), and that both F» and F4~! are continuous with respect to the topologies
of & (U) and Sy (A), respectively. The spaces & (U) and Sg(A) are endowed
with the inductive limit topologies (3.7) and (3.9), respectively. So, to see the
continuity of Fg4, it is sufficient to prove that for any €>0 there exists € >0
such that the restriction of %4 to the Banach space 0,(V.) gives a bounded
linear operator intc the Banach space S_&- (A) (cf.[KA, Remarks 2 and 6 in §5.6
in Chap. XI]). Since the well-known Weyl dimension formula d (1) =dim¢ I'(1)
=[lace(A+p, @)/ (a, a) implies that ¢ (1) is a polynomial of degree # ¥ in A,
the fact Fo (U) ©S4(A) and the continuity of Fy follow from Lemma 3. Next,
for R>0 we put n (R) = #{A€A; ||A|<R}. Then #(R) is bounded from above by
a polynomial in R. Hence from (2.10) and the Weyl dimension formula we see

F1S4(A) Cd (U), the continuity of F4* and (ii). O
§4 Fourier Series of Hyperfunctions on U

Since U is compact, the space B(U) of all hyperfunctions on U coincides with
the dual space & (U)’ of & (U) (cf. [Ma]). Since & (U) is a DFS space with the
inductive limit topology (3.7), B(U) is an FS space with the following
projective limit topology (cf. [Ko]):

(4.1) B(U) =lim projeso 05 (Ve)' =lim proj rez,, Os Vi)',

where 0, (V.)" denotes the dual space of 0, (V.). Note that B(U) = Nes0 Oy (Ve)’
as a set, and for any >0, 0, (V,)" is a Banach space with the operator norm

(4.2) Ifl:=supll (£, F)|; FEDO, (Ve), IFI<1}  for €0, (Ve)".

Let Sa(A)’ denote the dual space of S¢(A). Then Sy(A)’ is also an FS space
with the following projective limit topology:



962 YUTAKA SABURI

(4.3) S« (A)'=lim projeso S—¢ (A)'=lim proj rez,, S-1/2(A)’,

where S_¢(A)’" denotes the dual space of S_¢(A4). We also note that Sy (A)'=
Neso S—e (A)” as a set. We introduce another FS space by putting

4.4) Sg(A) =lim projeso Se (4).
Then the equality Sg(A) = N0 S:(A) also holds.

Lemma 4. The FS space Sg(A) is isomorphic to the FS space Sq(A)" under
the following pairing:
(45 (59)=) dWTrWSA) for (5, S) ESa(A) XS4 (A),

A€/

Proof. For nE€R we put

@6  SsW={ses@); ) M a@Tr(s(R)s(@)*) <o),

€A

Then S%(A) are Hilbert spaces with the Hermitian inner product

(4.7) (s, s) = Ze‘””‘”d W Trs)s(A*)  fors, sSESEHA).

€A

Furthermore the spaces S (A) and S%,(A) are dual to each other under the
pairing
4.8 (=) dWTrWSW) for (s, HESA) XS, (A).

€A

Let 0<e<¢'. Since d (1) is a polynomial in A and the number #n(R) = # {1 € 4;
||X||SR} is bounded from above by a polynomial in R, we have the injective and
continuous sequences:

(4.9) 2o(A) = S_o(A) — S2.(A) — S_(A4),
(4.10) Ser(A) — SE(A) — S.(A) — SE(A).
Hence we have the topological linear isomorphisms:
(4.11) S (A)'=1lim projeso S—e (A)’=1lim projeso S2:(A)’
=lim projeso S2(A) =lim projeso Se (4)
=Sg(A),
where the pairing between Sy (A) and Sg(A) is given by (4.5). O

Now we are going to discuss on the Fourier transformation of 8 (U). Since
@ () (1 € A) are holomorphic representations of G, we can take the pairing
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between the elements fEB(U) and the functions @,;(4; u™") €4 (U):
(4.12) FriQ) = 0 (X u™) Q€A 1<4,7<d(A)).

We put Zf(A) = [Ff; (D) ]1<i,2a0 EM (@ (2); C) and FF= (Ff (D)) 24 €S A,
and call the mapping %: f—>%f the Fourier transformation of B (U). Note that
the restriction of this Fourier transformation of (U) to L2(U) coincides with
that of L2(U) defined in §3 (compare (4.12) with (3.11)). Now we can state
our second assertion.

Theorem 5. (i) The Fourier transformation F gives a topological linear
isomorphism of B(U) onto Sg(A).

(ii) The inverse F~* of the Fourier transformation F of B(U) is given by the
series

(4.13) Fls= ) d (D Tr (D) O(R)) for s€Ss(A)
A€A
converging in the topology of B(U).

For the proof of this theorem we make some preparations. The set
(4.14) {a ()20, (A, u™); 2€A,1<54,7<d (2)}

forms an orthonormal basis of L?(U). Hence we have an expansion for f €
L2(U):

(4.15) =Yd@ ) (o) Oykiu).
ieA 1<y <d ()

We call this expansion the conjugate Fourier series of f. We put

(4.16) ﬁfij W)= (f, D, (A u™))
=@ 0. Ewan (1< 7<a @),

and Zf () = [Ffi; (D) ]1<,<ay EM(A); C) for f€ L2(U) and A€ A. We also
put F5= (Ff(A)) 2ea € S?2(A), and call the mapping F: f— Ff the conjugate
Fourier transformation of L?(U). The inverse F1 of the mapping Fis given by

(4.17) F =) dWTr W)@ u™) for s€S*(A).
A€A
As for the restriction of the conjugate Fourier transformation to & (U) we also

have the following theorem.

Theorem 2. (i) The conjugate Fourier transformation F gives a topological
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linear isomorphism of 4 (U) onto Sq(A).
(ii) For s € Sq(A), the conjugate Fourier sevies (4.17) converges in the
topology of A (U).

Proof. Recalling the proof of Theorem 2, we see that the proof of this
theorem is reduced to showing the following two inequalities:

(4.18) 1ZF DI e=™ (1<i,7<d (1))

for all A€ A, all f€0, (V) and all €>0, and

(4.19) |0, (2; g71) | e lHiel (1<i,<d(A))

for all 1€ A and all g €G. The proof of (4.18) is similar to that of (3.10), and
the inequality (4.19) follows from (2.10) and (2.8). (|

Proof of Theorem 5. (i) The fact ZB(U) CSg(A) follows from (4.19) and
the Weyl dimension formula. We have seen in Theorem 2’ that the series (4.17)
for SES4(A) converges in the topology of & (U). Then by (4.5) we have

(4.20) (.51 8)=(r )aWTr(sD @ u™))

A€A

=)W TS WFR)
€A
= (7. S)
for all fEB(U) = Ne»0 05 (Ve)'. This shows that the Fourier transformation %g

of B(U) coincides with the dual operator (Z471)? of 4. Hence again from
Theorem 2" and Lemma 4 we see that the operator ¥4 gives a topological linear
isomorphism of B (U) onto Sg(A). .

(ii) Let s€Sg(A) = Neso Se(A). By virtue of (4.18) we see that the series
(4.13) for s converges in the operator norm | |k for all £>0. This means that
it converges in the topology of B(U) (cf. [KA, Remark 1 in §5.2 in Chap. XI]).
Then again by (4.5) we have

@z (Ja@TrcWORw), F)=YaWTr s WFFR)

A€A A€A
= (s, FF)
for all s€Sg(A) and all FE A (U). This shows that the series (4.13) for s €
Sa(A) coincides with (Z4)%, where (F4)? denotes the dual operator of 4. On
the other hand, from the proof of (i) we see (F4)?=%s'. Thus we see that the
series (4.13) for s€Sg(A) coincides with F5's. ]
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