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Abstract

We shall give an elementary and rigorous proof of the Thomae formula for Zy curves which
was discovered by Bershadsky and Radul [1, 2]. Instead of using the determinant of the Laplacian
we use the traditional variational method which goes back to Riemann, Thomae, Fuchs. In the proof
we made explicit the algebraic expression of the chiral Szegd kernels and prove the vanishing of
zero values of derivatives of theta functions with Zy invariant 1/2N characteristics.

§0. Introduction

In [1, 2] Bershadsky and Radul discovered a generalization of Thomae
formula for Zy curve sV =f(2) = [1'% (z— A;) (Theorem 3 in Section 7 below).
The original Thomae formula is the case of hyperelliptic curves N=2 and takes
the form

4
001 0= (5150 0)" I (=200 * (=20
where ¢ is a non-singular even half period corresponding to the partition of the
branch points {1, -, 2m} = {i; < ~ <int U {1 < = <ju), {44 B;} a canonical
homology basis and A= (f4, 27"%d2/s) 1<ij<m-1. This formula expresses the zero
values of the Riemann theta functions with half characteristics as functions of
branch points. Thomae formula was used to give generators of the affine ring of
the moduli space of hyperelliptic curves with level two structure [12] in terms
of theta constants, to give a generalization of the A function of an elliptic curve
[12] (Umemura’s appendix). Beside those, F. Smirnov [14] derived a beautiful
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theta formula for the solution of the sl Knizhnik-Zamolodchikov equation on
level zero using the Thomae formula. For the generalized Thomae formula of Zy
curves similar results are expected. As for the generalization of A function for
Zy curves there are several results [8, 4] based on a different approach. To
study the generalization of Smirnov's formula to the case of siy is a main
motivation for the present work. It will be studied in a forthcomming paper.

Let us comment on the proof of the generalized Thomae formula.
Bershadsky and Radul evaluated, in two ways, the determinant of the Laplacian
acting on some line bundle on a Zy curve and compared them to obtain the
formula. However they used a path integral description of the correlation
function of conformal fields to identify it with the determinant of the Laplacian.
Hence their proof does not seem mathematically rigorous. It may be possible to
make their proof rigorous using the theory of determinants and Green functions
only, that is, without the path integral.

Instead of going in that manner, here we shall give a rigorous and
elementary proof of the formula. Our proof is based on the traditional
variational method which goes back to Riemann [13], Thomae [15, 16], L.
Fuchs [6, 7]. The role of determinants and path integral is then replaced by
Fay's formula [5] relating the Szegd kernel and the canonical symmetric
differential. The strategy of the proof itself is similar to that of [ 1, 2].

The particularity of our proof is to compare the analytic and the algebraic
expressions not only in the final formula but also in each step of the proof. As a
corollary of those comparison the vanishing of the zero value of the first order
derivatives of theta functions with non-singular 1/2N characteristics obtaines.
This result is in turn used to prove the generalized Thomae formula. Hence our
proof clarifies some special aspects of theta functions behind the generalized
Thomae formula. We also reveal a property of the proportionality constants
appeared in the Thomae formula for Zy curves which was not treated in [1, 2].

Now the present paper is organized in the following manner. In Section 1
we gather necessary notation and formulas concerning Riemann surfaces and
theta functions following the Fay’s book [5]. The Zy invariant 1/2N periods are
studied in Section 2. The algebraic expression for the chiral Szegd kernel is
given in Section 3. Section 4 is devoted to the explanation of the canonical
differential and Fay's formula relating it with the chiral Szego kernel. In Section
5 the algebraic expression of the canonical differential is studied. The variation
of the period matrix is studied in Section 6. In Section 7 the generalized Thomae
formula up to moduli independent constants is proved. The property of the
proportionality constants is studied in Section 8. In Section 9 the examples of
Thomae formula for small N’s are given.
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§1. Theta Function
In this paper we mainly follow the notations of the Fay’s book [5] which

we summarize here. Let T be the g by g symmetric matrix whose real part is
negative definite. Any element ¢ €C’ is uniquely expressed as

0
(1) e—_—{ ] ] =2mie+or,

with €, 0 € RY. Here the vectors ¢, 0 etc. are all row vectors. We call €, 0 the
characteristics of e. The theta function with characteristics is defined by

46]Qﬁ=2em%%w+®r%+&q%ﬁﬂmdw+®»
. :

mezd

= exp(%ﬁrﬁ‘—i- (z+2mie) 5‘)0(z+e),

where

0
0[0 }(2)—0(2),

0
and e is determined by (1). We sometimes use 0[e] (z) instead of 6 [ } (2).
€

The transformation property is

7} [ 0 ](Z+Z7T‘M+ICT)
€

0
=exp<-%xm‘-zm‘+2m’ (52‘—65’)) 0 [ ] ](z),

for A, Kk €EZ°. We shall list some of the properties which easily follow from the
definitions:

- 45+m

€tn

a[ 0 ](o>=o{ 0 ](0>,
—€ €

] (2) =exp 2mind?) H[ (6 ] (),
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0 0+m
0[ ) }(Z) 0[ . ](Z>

b) " otm ’
0[6]@) 0[ e-’r—n](O)

for m, nE€Z°.

Let C be a compact Riemann surface of genus g. Let us fix a marking of C
[9] (81). That means, we fix a canonical basis {4y, B;} of m (C), a base point
Po€C and a base point in the universal cover C which lies over Pp. We assume
that the tails of A;, Bj are joined to Po. Then we can canonically identify the
covering transformation group and the fundamental group 7 (C, Po). We also
identify holomorphic 1-forms on C with holomorphic 1-forms on C invariant

under the action of m; (C). Let us denote by  : C—>C the projection and by
J(C) the Jacobian variety of C which is the set of linear equivalence classes of
degree O divisors on C. In the following sections we always assume one marking
of C.

Let {v;} be the basis of the normalized holomorphic 1-forms. The
normalization is

f Vp— 2m‘5,~,,,
A

f Vi = Tik-
By

A flat line bundle on C is described by the character of the fundamental group
x: m (C) —> C* where C* is the multiplicative group of non-zero complex
numbers. The two representations x; and Y, defines a holomorphically
equivalent line bundle if and only if there exists an holomorphic 1-form w such
that

and set

X1 (r)xz(r)'1=exp(ﬁw>

for any Y€ m(C). Let & and B be positive divisors of the same degree, say d,
and set 4 =2¢%; P;, B= 2%, R;. Let us fix points P;, R; in C so that they lie

over P;, R;j. Let us set
B d R,
f vi— Z ﬁ Vi,
4 j=1

tl

where the integration in the right hand side is taken in C. Then the flat line
bundle corresponding to the degree O divisor B—4& is described by
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x (4:) =1, X(Bi)=exp<fjv,~>.

Another choice of P;, E,- gives an equivalent line bundle.
We say x is unitary if the image is contained in the unitary group U (1).
The following proposition is well known and easily proved.

Proposition 1. For an isomorphism class of flat line bundles there exists a
unique unitary vepresentation ¥ which defines the line bundle belonging to that
class.

If we take 0, €eER? such that

Lo f7)=]7]

as a point on the Jacobian variety of C, then the corresponding unitary
representation X is given by

T

(3) 7 (4;) =exp(—2mid;), 7 (B;) =exp(2mie;).
The multiplicative meromorphic function described by X is, for example, given

by

a[ 0 ] (fEv—a)

—€

0(fz':v_a)

where v is the vector of normalized holomorphic 1-forms, xE€C, ®€C’ and the
integration path is taken in C.

We denote by 4 the Riemann divisor for our choice of the canonical
homology basis which satisfies

24 =Ke.

Here K¢ is the divisor class of the canonical bundle of C and = means the
linear equivalence. Let Ly be the degree ¢ —1 line bundle corresponding to A4.
For a divisor & with degree 0 let us denote by ¥, the corresponding flat line
bundle and set Lo=%,&L,. For a non-singular odd half period a let &, be the
section of L, which satisfies

w2 ) =3 90lal ) .

j=1 0z,

Then the prime form is defined by
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_ 6lal h—x)
EGd) =5 D ha)

Y
—
x

where 1, y€C and v= (01 (x), -, v, (x)). Let 7; be the projection from C X C to
the j-th component and 6: C X C—J(C) the map (x, y) =y—=x. Then E (x, y) can
be considered as a section of the line bundle z{f Ly @z¥ L' ®5*O, where O is
the line bundle on J(C) defined by the theta divisor. Let us fix the trans-
formation property of the half differential on C under the action of 7, (C) so
that the section of w* L, is invariant. This means, in particular, that E (x, y)
transforms under the action of A;, B;in y as

E(x,y+A;) =E(,y), E(x y+B:) =exp<—%—£ym>E (x,9).

Here we denote the action of A;, B; in an additive manner. The prime form has

the nice expansion as follows. Let # be a local coordinate around PEC. Then
the expansion of E (x, y) in u(y) at u(x) takes the form

(4) E (x,y) vau &) vau &) =u(y) —u (x) +0((u ) —u (x))3).

Since the expansion is of local nature we sometimes use the way of saying that
PEC, the local corrdinate # around P and the expansion in u (y) atu (x) etc.

§2. Zy Curve and % Period

Let us consider the plane algebraic curve sN=f(z> =" (z— ;). We

compactify it by adding N infinity point 0 ® - 00 ® and denote the compact

Riemann surface by C. The genus g of C is g=1/2 (N—1) (Nm — 2). The
N-cyclic automorphism ¢ of C is defined by ¢ : (z, s) = (2, ws), where w is the
N-th primitive root of unity. There are Nm branch points @i, -, Qnv» Whose
projection to z coordinate are Ay, -, Aym.

The basis of holomorphic 1-forms on C is given by

5-1
wém:f_.‘_ii 1<a<N—1, 1<p<am—1.

Sa

Let us describe the divisors which we need and their relations. The

following lemma is easily proved.

Lemma 1. For any P € C the linear equivalence class P+ ¢ (P) + - +
@Y1 (P) does not depend on the point P.
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We set
D=P+¢P)+ ~ +¢"1(P).

The following lemma is easily proved.

Lemma 2. The following relations hold.

1. D=ENQ,=c0P+ - +00W for any i.
2. Kc={L—1)D, where L= N—1)m—1.
3. 2N Qi=mD.

Following Bershadsky-Radul [2] we shall describe the important object of
our study, the Zy invariant 1/N or 1/2N periods. Let us consider an ordered
partition A= (Ao, =, Ay-1) of {1, 2, -, Nm} such that the number |A;]| of
elements of A; is equal to m for any i. With each A we associate the divisor
class ea by

ea=N1+2A,+ - + (N—l)AN_l—D“A,
where for a subset S of {1, 2, -, Nm} we set

Szz Qj.

For a given A we denote by A(j) the ordered partition
A(]) = (Afv Ai+1’ Y Af+N—1)v

where we consider the index of A; by modulo N. Then

Proposition 2. For any ordered partition A we have

1. Nes=0 for N being even and 2Ne, =0 for N being odd.
2. er=er@= " Zeamw.

3. _eAEAN_1+2AN_2+ -+ (N_l)Al_D_A

This proposition is easily proved using Lemma 2. For A= (A,, ..., Ay-1) we
set

A= (AE, . A;/_1) = (Ao, AN_l, vy Al) ,

and A = A*. Let 6 (2) be the theta function associated with our choice of
canonical homology basis. Then

Proposition 3. The 1/2N period es is non-singular, that means
0 (eA) 750.

This proposition was proved in [2]. One can find another proof in [8]
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which is similar to that of [12] in the hyperelliptic case.
§3. Chiral Szegd Kernel

Definition 1.  For e €C satisfying 0(e) #0 the chiral Szego kemel R (x,
yle) is defined by
Ole] b—x) x
= (S5

Reo) = gLl 0wy *¥SC
We remark that R (%, %|e) depends only on the image of ¢ to the Jacobian
variety J(C). Let m; be the projection to the i-th component of C X C. Then R (,
yle) can be considered as a meromorphic section of the line bundle L. QnFL_,

and is holomorphic outside the diagonal set { (x, x) lxeC).
We shall give an algebraic expression for R (r, ylea). Let us set

_(_N—-1 N—1,. N-—1
(5) o(g_{ 2 2 +1» ’ 2 },
N _1=N Ji+i+5
(6) 41(1)= ZN +[ 1’N Z ,

for IE¥ and i €Z. Here {a} =a— [a] is the fractional part of a, [a] being the
Gauss symbol. For an ordered partition A= (A, ..., Ay-1) we define the number
ki i=1, .., Nm by

(7) i€A;  if and only if ki=j.

For each. IE¥Z we set

=
3

filx, A) =11 (2 (x) =2:) "*/dz () .

Il
-

The following proposition was found in[2].
Proposition 4. f 1(x, A) is a meromorphic section of L., whose divisor is
N
(8) div fi=A1j+ 2 Apj+ -+ + (N—1) Ay j— 2 00®,
k=1

where |=— (N—1)/2+;.

Let us set

F(x, y|A) =% Sicofile Afr . A7)

z(y) —z(x)

Here the choice of the branch of f; (x, A) should be specified as in (12) and
(13). Note that both F (x, y/A) and R (x, ylea) can be considered as meromorphic
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sections of 7i¥ L,, ® 75 L_,,. Then we have

Theorem 1. For an ordeved partition A we have
R (x, ylea) =F (x, 5|4).

As a corollary of this theorem we have the vanishing of the theta
derivative constants.

Corollary 1. For any ordered partition A and any 1 we have

© aea[ze’A] 0) =

Note that whether the left hand side of (9) vanishes or not depends only on
the divisor class of e4 by (2). Hence the statement has unambiguously a sense.
This curious result is a natural generalization of the hyperelliptic case where e,
is a non-singular even half period and the corollary is obvious. A theta function
0lea] (z) is even if and only if e4 is an even half period. For N>2 it is not even
in general.

Lemma 3. The following properties hold.
1. ¢G)=q @) ifi+i=i+1
2. qG+N)=q,G) for any i.
3. Yot qi () =0.
Proof. The properties 1 and 2 are obvious. Let us prove 3. Using 1 and 2
we have

Ta0=3 ¢2p0)=3 (G +)=0

O

Proof of Proposition 4. Let us consider f;(x, A)% It is considered as a
multi-valued 1-form on C. We show that it can considered as a (usual)
meromorphic section of Lﬁzzfm & K¢. The meromorphy at points except the

branch points and ©® is obvious. We can take t = (z — A;)'" as a local
coordinate around @;. Then

(2= 2,) Zartk g = N -142Ng k) N g
If we write I=— (N—1/2) +7 (0<;<N—1), we have

N—1+2Ngq, (k;) =2N{Ie"—]ji}.

At ©©® we can take t=1/z as a local coordinate and we have



996 ATsusHI NAKAYASHIKI

ﬁ@Av=5}uu+o@>

by the property 3 of Lemma 3. Hence, for each p € C and a sufficiently small
neighborhood U, of p, /7 defines a meromorphic function on U, with the divisor

N—-1 N
(10) 2('S ke — 20,
k=1 k=1
Since the divisor (10) is linearly equivalent to 2(esq—» +4) =2(esa+A4) by 2 of
Proposition 2, f; (x, A)? can be considered as an element of
N-1 N
m(cLe(~2 % k2 o) ).
k=1 k=1
Note that
N-1 N
1) 1(C. L, (= S kst £ 0®) )
k=1 k=1

is one dimensional. Hence f; (x, A) can be considered as an element of (11).
Thus Proposition 4 is proved. O

Lemma 4. The following expression holds:

Nm
foily, A7) =11 (e ) =) a5
Proof. Recall that
A= (AE, - AITI—I) , A;=AN—]'.

Then we have
Nm
f-10, A7) =11 (2 () —2) =¥+ /dz (y) .
i=
Hence it is sufficient to prove
g-1(N—1) =—q, (@),

for any ! and 1. This can be easily checked. O

Lemma 5. F (x, y|A)is regular outside the diagonal set {x=y}.

Proof. A priori we know that F (x, y|A) has poles at most at z(x) =z ().
Hence it is sufficient to prove that F (v, y|A) is regular at z (x) =z (y) and x#9.
If we write I=— (N—1)/24; we have

g (i) —q_n-1 (ki) =q_n-1 (G + ki) —q_n-1 (ky) =# mod. Z.

2
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Therefore we can set
a1 (k) —q.n-1 (k:) =Jﬁ+m, 1i; € L.

Let us choose the branch of f; (x, A), fi (x, A7) such that the following equations
hold:

(12) file, A) = (2(x) =) ™s (1) f-2-1 (2, A),
(13) farle, A7) = (2() =20 7™s (1) 7 fora (s, A7),
Then we have
F(x, ylA)
_ NS 2 ) = A\ (s() )
=f-2:10, Af-2710, A )j=0 e <z(y) —,1,-) (s (y) )

Now in the limit
2(x) —z(), sk)—w'sk), 1<r<N—1,

with w=exp2mi/N we have
N-1
F (5, yl4) —>f-2=1 (7, A)f-n=1(y, A7) T w"=0,
j=0
where y7'=(2(y), w’s(y)). O

The following lemma is proved by a direct calculation.

Lemma 6. Let PE C be a non-branch point. We can take z to be a local
coordinate around p. Then the expansion in z(y) at z(x) takes the form

F (x, y]A%)

_Jdz(x) Jdz(y) 1 X (kik;) 2
= ) 2@ h*ﬁmﬂ@wfm&w—bﬂ“*7@>+4'

where q(1,7) = Ziee 1) qi (7).

The following lemma is a consequence of the expansion (4) of the prime
form E (x, y).

Lemma 7. Under the same conditions of Lemma 6 we have
R (x, ylea)

= i £ 0 )~ + -]
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where v, (x) means the coefficient of dz (x) in v, (x).

Proof of Theorem 1. Let x be the unitary representation corresponding to

Z,,. If we write
[ 5 J
en= ,
€ T

then x (4,) and x(B,) are given by (3) in section 1. The transformation
property of R (x, yles) is

RGx+71 y+72dea) =x (71) x (72) 7R (x, ylea),
for 71, 72E€ 7 (C). On the other hand if we pull F (x, y|/4) back to C X C then

F(x+7’1, y+?’z|/1) =X1 (7’1) Xz (YZ)F(I. yl/i).

for some unitary representation X; and X, In fact if x rounds a cycle of C
fi (x, A) is multiplied by an appropriate 2N the root of unity. The same is true
for y.

Let us set

Flaolt) =532

Then ﬁ(x, y|A) is the section of the trivial line bundle and obeys the tensor

product of unitary representations of m (C) X m (C). Hence F (x, y|A) is
invariant under the action of 7; (C) X 71 (C). This means that R (x, yle4) and F (x,
y|A) have the same transformation property. Therefore the function

I(x,y) =F (x, y|A) =R (x, ylea)

can be considered as a section of the line bundle 7{L,® 7L _,, By Lemma 6

and 7 we know that I (x, y) is holomorphic at least except U¥%{Q,} X {Q.}. Since
I(x, y) is meromorphic on C X C, I(x, y) has no singularity. By Proposition 3, es
is non-singular which means

H(C, L,,) =0.
Hence
H(CcxC, nfL, drnfL_,,) =ntH"(C, L,) ®mFH (C, L-.,) =0.
Thus I (x, y) =0. O

Proof of Corollary 1. This is a direct consequence of Theorem 1, Lemma 6
and 7. O
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Corollary 2. Under the same conditions and notations as in Lemma 6,
then we have

R (x, ylea) R (x, y| —ea)

_ dz(x)dz(y) 1 Am (kik;) _ 24 .
= iy Z e iy 0 e -,

§4. Canonical Symmetric Differential

The canonical symmetric differential w(x, y) is defined by the following
properties.
1. w(x, y) is a meromorphic section of 72 Q@ 7F02¢ on CX C, where 7; is the
projection to the ¢-th component of CXC.
2. w/(x, y) is holomorphic except the diagonal set {x =y} where it is has a
double pole. For p € C if we take a local coordinate # around p then the
expansion in u (x) at u(y) takes the form

w(x,y)=< 1

(u(x) —u(y))?

3. The A; period in x variable is zero for any j:

Llw(x, ) =0.

+regu1ar) du (x)du (y).

4. ok y)=w(®,x).

The following proposition is well known.

Proposition 5. The canonical differential exists and is unique.

In fact there is an analytical description of @ (¥, y) in terms of the theta
function (see for example [5] p26, Corollary 2.6):

g 2
w (x, y) =dsdylogE (x, y) = _i,j=1 aa;ii(g (y—x—f)vf (%) v; (y)

for any non-singular point f€ (0), where (0) = (6(z) =0). The uniqueness can

be easily proved using H®(C X C, n{f2é Q ¥ Q%) ==nFH* (C, 28) R n¥H® (C, 2F).
There is a remarkable identity due to Fay [5] (Corollary 2.12) connecting

the chiral Szego kernel and the canonical symmetric differential. The formula is

(14) R(x, 5le) R (x, y| =) = (, ) +i ; Lla(fazjﬂ (0)v: (1) v; (),

for any ¢ €C? such that 6(e) #0.
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For a non-branch point PEC we can take z as a local coordinate around P.
Let us define

. dz(x)dz(y)
G.(2) = },Lrg [w (x, ) —mﬁé)—)ﬂ

It is known [5, 10] that 6G; is the projective connection which satisfies
6G: (t)d?2=6G, (z)dz*+ {z,t}dt?

for another local coordinate ¢ around P, where {zt} is the Schwarzian
differential defined by

= (L)

z z
By Corollary 2 and (14) we have

Proposition 6.

0=y 2 T A e —a B a Ouul,

As a corollary of this expression we have

Corollary 3. Let t= (z— 2;) Y7 be the local coordinate around the branch
point Qi. Then the coefficient of tY~%dt in the Laurent expansion of G, (z) in t is

q(kiky) 1 2, "2 N—2)5%log 6lea] @ (), N-2-a) (.
ZNJE.; /L'_/zj (N_Z)Ir,él Eo o azrazs (O)Ur (Qz)vs (Qt),

where vi® (Qi) is the coefficient of t* dt in the expansion of v, (x) in t.

§5. Another Description of Canonical Differential
Let P{" (z, w) be a polynomial satisfying the conditions
1. PP (zw) =27 PP (w) (z—w)’ with

PR ) =rw), PR w) =L > L8

2. degy PP (z, w) < (N—1)m.
The following lemma can be easily proved.

Lemma 8. The polynomial PP (z, w) saisfying the above conditions 1,2
exists for 1=1, -, N—1.
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We set

£ (5 y) _ dzx)dz(y)
’ (2(x) —2()*

Wi o PPEG). 26))de(azl)
) = ) 1 tr) —2 )2 T

E(x, ) =%1§ £V (x, v).

e, N—1,

The condition 1,2 implies that £ (x, y) is regular on C X C at least except {z(x)

=z()}.

Proposition 7. 1. E&(x, v) is holomorphic outside the diagomal set {x =
3.

2. For a non-branch point P € C, we take z as a local coordinate around P. Then
the expansion in z (x) at z(y) is

E(r,y) = M)Lwto( (2 (x) =2 (»)?)

Proof. For y €EC let ¥ = (z (y),w’s (y)). Suppose that y is not a branch
point. Then we can take z as a local coordinate around y. By calculation we
have the expansion of £® (x, y) in z(x) at y” as

(15)

£V (x,y) =" [m - Zl—;]z <% logf (2 (v))) LN;—ZZ logf(z(y))

P

+EREO 4 0( () —26))")] d2e)az ).
By definition &(x, y) is regular at least except z (x) =z (y). In order to prove the
property 1 of the proposition it is sufficient to prove that £(x, y) has no
singularity at =9 for 1<r<N—1. Note that if y=Q; for some i, then z (x) =
z(y) is equivalent to x=y=Q;. Hence by the expansion (15), E(x, y) is regular

()

at #=y. The property 2 is also obvious from (15) above. O

Corollary 4. w(x,y) —E(x, v) is holomorphic on CXC.

Proof. By Proposition 7, w(x, y) — &(x, y) is regular at least except

¥m(Q;, Q;). Hence w (x, y) —&(x, v) is regular everywhere on CXC, since w(x,
y) —&(x, y) is meromorphic on CXC. O

By this corollary there exists a set of polynomials P{? (z, w) such that
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w(x,y)—E(x,y):Nil NZ—:I PP (z(x), z(y))dz(x)dz(y) |

I=1 g=1,k+1 s (@) ks @)V

n
I

where by changing the definition of P{” (2, w) the k=1 term can be excluded.
The condition for the right hand side to be regular at z(x) =0 and z(y) =0 is

degPY (z, w) <km—2, degwPy (z, w) < (N—1)m—2.

Hence we can write
km—2 X
PPz, w) = 2 P w) (z—w)’,
1=0
for some polynomials P} (w). Now by the condition that the A period of w (x, y)
is zero we have

Proposition 8. The relation

N

1
P (1) =—7 (2) 33 log det A

I=1

holds, where A is the gX g period matrix of non-normalized form:

a=(f ug).

Proof. Let us take t= (z— ;) YY as a local coordinate around Q;. Then we
have

S?’(;)(yv)fn s A0 () 1<I<N=1,
j#1 \Ai j

dz(y) = N (N—1 N
CE)—20)® &) —a)? at(1+0(™)).

Therefore if we set

1 PP (z(x), A)dz(x) PP (), Ai)dz(x)
N s (x)l(z (x) "/L)z k=1k#! S (x) k '

then the condition that the coefficients of dt, td¢, -, tY"2dt in the expansion of
Ja, @ (x, y) vanish is equivalent to

o® (x) =

(16) wa“’ (0)=0 1<I<N—1.
Noting that

P (e ) =L (1) G=2) +'2 Pl (2) =207
=0
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0 dz_ 1 dz

04, s N ¢ (z—A,)’

we see that (16) is equivalent to

£Q) 9 [ dz 1, (e=2)dz
a7) N LGN E e [

N-1 km=2 —2.)7
+ 5 Tgay [ AN

k=1,k#! j=0

We consider (17) as a linear equation for the g variables {P{) (1;)}. Solving

(17) in P{% by the Cramer’s formula and summing up in ! we have the statement
of the proposition. O

The idea of deriving equations of the form (17) is due to
Bershadsky-Radul [1]. By calculations we have

Corollary 5. The coefficient of tY=%dt in the expansion of G, (2) in t= (z—
2,’) VN 18
Nm 1 a
—uN 2 ﬁ_Nﬁ log det A,
1 7 1

j=ly#i

where

(N—1) @2N—1)
6N '

§6. Variational Formula of Period Matrix

Let us consider the equation

Nm
st=0e—A4—t) Il (=24
j=Lj#i
which is a one parameter deformation of the curve C by a small parameter . We
denote the corresponding compact Riemann surface by C, Let 7 be the
projection 7 : C —> P! which maps (z,s) to z. We can take a canonical
dissection {A4;(t), B; (t)} of C; such that T(A4,(t)), T(B;(t)) do not depend on ¢
for |t| being sufficiently small. The integration of a holomorphic 1-form on C;
along A; (t), B; (t) can be considered as the integration of a multi-valued
holomorphic 1-form on P'— {4, -, Aym} along 7 (4; (t)), T (B; (t)). Hence we
can think of the integration cycles A;(t), B; (t) as if they are independent of t.
Therefore we simply write A;, B; instead of A;(t), B; (t) in the calculations in
this section. Let {v, (x, £)} be the basis of normalized holomorphic 1-forms on C;
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with respect to {4;(¢),B;(t)}. We denote by 7(t) = (74, (t)) the period matrix

2 )= [ v, ).

We set

B—l
(@) — dz
Wgat «

St

We also use our previous notation v; (x) =v; (x, 0), Tx»="1kr (0), s=s0, W =w.

Our aim in this section is to prove

Theorem 2.

ATk () — 1 N2 (N=2 ) i, mzear (5,
it (0) NN=2)1 EO o 5 (Q4) v (@).
We define the connection matrix ¢ and ¢ by

(18) Vj (x) = %aj(aﬁ)w;(ia) (x), (a) (x) ZC (@B)iVj (x).

Let PEC and u be a local coordinate around P. Let w (P; ) be the abelian
differential of the second kind satisfying the following conditions.

1. w(P;n) is holomorphic except the point PEC where it has a pole of order
n=>2. At P we have the expansion of the form

o (Pm) = —";,%u (140 ().

2. o (P;n) has zero A; periods for any j:

j;,w (P, n) =0.

The differential w (P; n) depends on the choice of the local coordinate . In

our case P=Q; we always take u= (z— ;) ¥ as a local coordinate around Q;. In

this sense w (P, ) is uniquely determined. It is known that the following
relation holds

(19) f w(P;n) —(5—2_)_'”’(” “2(P),
where v{"~? (P) is the coefficient of #"%du in the expansion of v;(x) in u.

Lemma 9. If we expand v; (x, t) as

(20) v; (x, £) =v; (x) tvj () t+ -,
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then we have

) - Oiap A" .
vj1(x) aZ/:a ., (4,—2) &% o (Q; a+1).

Proof. We have the expansion

B-1
(@) () =gl () 4— X8 G2 4 2
) ol ) = )+ o),

and the relation
4

(22) o =2 [ uff v,
j=1 3

Substituting the expansions (20) and (21) into the equation (22) and
comparing the coefficient of ¢ we have

. a
Zoal) [ ui=gn 6.
]= 1

B-1 g A1
23 @ (=2 _dz 5 _#7dz
(23) ng (x) (z— ) s* fév] Y (=21 s*

o
~

Then 7§’ (x) has the following properties:

1. fA,, ﬂfsa) (x) =0 for any k=1, -, g.
2. Taking u = (z — A;) ¥ as a local coordinate around Q; we have the
expansion

« NAY 4
& (%) =) u;ﬁl +0(1).
Hence we have
B-1
(24) ¥ (x) = —;%w (Q;; a+1).

Since

(a) —
f Wg™ —Cap)j,
A

and o is the inverse matrix of ¢, we have the desired result from (23) and (24).
|

Now comparing the coefficient of #¥~'"%du of the both hand sides of the
first equation of (18) we have

am—1 s (2 \a/N
Bz_:l Oiap A§ =‘J(:‘_(/1_1)_—V§N_l_a) Q1)

NN—1—a)!
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for 1<a<N—1 and thus

N-1
1 1 (N-1-a)

vilw) =—+ 21 W=1—a) (@) w(@sa+1).

Integrating both hand sides of this equation along the cycle By and using the
relation (19) we obtain

Lkvn(x) —Wl_Z)_‘ 5 <Na 2) W-2-a () ) i@ ((),)

a=0

§7. Thomae Formula
Now let us prove the generalized Thomae formula.

Theorem 3.  For an ovdered partition A= (A, -, Ay-1) we have
Oler) (O=C (det A)" I (=2 etetion
where k;=j for i EA;,
16.)=Za@a), p=N"ENZL

leg

and q; (i), & are given by (6), (5) in section 3. The complex number Ca does not
depend on A;'s. They satisfy CZ'=C% for any A, A'.
Since the family {C:} is locally topologically trivial, we can take a canonical

dissection {A4; (¢),B; (#)} of C: such that A; (t), B; (#) are continuous in ¢t We
assume that A; (t), B; (t) does not go through any branch point Q; (¢). We can

also define the base points Py (t) of C; and 2 (t) of C; lying over Py (t) so that
they vary continuously in t. We identify Q;(t) with the corresponding point in

the fundamental domain on C; which contains the base point 2o (t). Let () be
the vector in C? whose j-th component is defined by

w), =2l s [ e [T,

i

It is known (see[5] (p8) for example) that
—(g=1D)P(t) =kP(t)

in J(C). Let us define e4 (t) as an element of C? by

eal) =3 f S )+ - (=1 = f R )

o8 j€Ay_,
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Then ¢4 () is continuous in . Note that the linear isomorphism C?~R% sending
e to its characteristics with respect 7(t) is analytic in ¢. Therefore if we write

REIO)
g “)‘[ ) ]

then €(t) and 6(t) are continuous in t. Since €(t) and 6 (t) are in 1/2NZ¢, they
are constant in t. Therefore we simply write €,0 instead of €(t), 6 (t). We denote
by 6;[e] (2) the theta function associated with the canonical basis {4;(t),B; ()}
of C;. We set A[e] (2) =68,[e] (2). Then the function 6;[es (t)] (0) depends on ¢
only through the period matrix 7y, () since

6.Ler 11 (0)= £ exp(5 m+0)7(t) tm+8)"+2mie m+5)°).

mez?

Using the heat equations

aazi[aeﬁ,] (o) = agz[-if] &) (en), 2 g[i"] (z )—060[311] @),

and Lemma 1 we have

(25) 5y log 0lea) (0) =% log 6,[ea (9] (0 1=

1¢& 1 9%0le] () dTur
2.2 BT O dzeoe @t @,

1 < 0%log Bleal (o dTkr
2,”2;'1 0210z, ©) at ©).

On the other hand by Corollary 3, 5 and Theorem 2 we have

9
(26) —uNZ/1 ~7 Ny, log det A

Jj#i

=gy 4lkeks) _\ $ 0%logleal (g )ddf"’ 0).

j#i 1 j kor=1 azkaz

Substituting (25) into (26) we have

0 0 ‘I(ki,k')
3 108 0led] (0) = 5h-log det A+ 30 Loy 3 Ll

j#t 7o

Hence we have proved the first part of Theorem 3.



1008 ATSUSHI NAKAYASHIKI

§8. Property of the Constant C4

Our aim in this section is to prove the remaining part of Theorem 3, that is,
for any ordered partitions A and A’

(27) c=cy.

As in the previous section we identify branch points @; with the corresponding

points in the fundamental domain in C.
The key for the proof is the formula of Fay ([5], p30, Cor. 2.17):

s h—A)= det (v; (x;)) a(p) g
0<kz=:1xk b A>_LH:‘<]E(JC{, %) 910 (xp) kIlE(xk,P).

for any p, x1, -, x,€C, where ¢ is independent on p, %1, -, £, and

—enn(—-L1_3 )
op) —exp( i El WU () logE(y, p) ).
Taking ratios for p=a,b equations we have

0(Zf-ixx—a—A4) _ola) {7 E(ra)
0(Z4-mi—b—4) ) 4 E(, b)°

Set a=Q;, b=Q; (i#7j) and taking N-th power of the both hand sides we obtain

9(Z%=1xk—Qi_A)N_<0'<Qi) )N ﬁ E (x, Q)Y

0(X4orii—Q—A)Y \0(@Q)/ 21 E(xe, Q)Y

Since NQ; and NQ; are linearly equivalent, there exists A (i, 7), £ (i, ) €2 such
that

Nj:’v (x) —N./;:)!U (x) =Nj::lv (x) =2mid G, 5) + kG, j) 7,

kG, 0)=—kGj5), A )=—20G7).
If we set

E(x, Q)Y

fx) =E(x, P

then we have
f(x +Ak) =f (x)
f(x +By) = exp (— ZI:THJC @, J') l)f (x).

Hence the function
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exp(Z [0 k)@

can be considered as a single valued function on C. Its only zeros are of N-th
order at @; and only poles are of N-th order at Q;. Therefore there exists a
constant cj; such that

exp(f (x) kG, 7) )EE g'gj:— ,,zgg :j;

By the property of £ (i, §), ci; satisfies

ciy=cit,  cu=1l
If we set
o(Q1)

& c"(a(Q,) )

wihi )= o060, w(Tabi )= Stk 1),
we have —

e . 0(2%=1 k—Qi“A)N 2 ( ) A

(28) exp(w(kglxklt, ])) B(ZL;;C—Q;"A)N I} (;) =2

Y =1, 7= 1.
Now let us take an ordered partition A=A® = (AP, ~, AF.,) with

AP =l -~ L), 0<IKN-—1.

Let us define A?= (AQ, -, AL.)) by
AP =8, iy in ™, AR =G - iR i),

and AP =A[" 1<I<N—2).

If we consider Q; as J v, we have the vectors in C¥:
eaw=AP+2AP + -~ + N—1) ARN\GE) —Qu-—kP,
ea=AP+2AP+  + (N—1) (AP\G5}) — Q. — k™,

=AP 24P+ - + (N—1) (AR \GE1) — Qo — kP
—N-1

Putting i=1im ", j =im and

(&1, 7)) = (AP 248", -, (N—1) (ARL\GR))
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in (28) we have

(29)
o T (k)

@] -1 40
exp (UAL] Y1, 49,) ) ——A=— 6(@/1(2))1\,
) =w (AP +24AP+ - + (N—1) (AR \GY

U(A(l)h% 1’ 19" 1}) liN 1 (’)n
Here II' means the product for (7, s) # (N—1, m)
Let us define the elements of C? by

— a0 =AFL; 248+ ~ + (N—1) (AP\li)) — Qs — k™,

—po=ARL T 2AF 5+ - + (N—1) (AP\GE) —Qu-— K™

=AFL,+ 2485 + - + (N—1) (AP\3}) —Qu-— k™,
=43, 7 =i} and

where again @, denotes J,#v. Then if we set i=

AL, -, (N=1) (AP\ i)

(xl, " x,) - (/1(1) N-3,
in (28) we have
, 0 N— G(é:m))N N-lm' (A o—Ao \7
wlo -1y Zleaw)” & 5]
B0)  exp WAl in ™)) = LT (z—z)

U (AP}, i) =w (Ao + 2485+ ~ + (N—1) (AP\GSD) [i%, i~
Here we have used the property that #(z) is an even function of z

Multiplying (29) and (30) we have
— )N~ 0(eaw) 0(Eaw) \¥
31 ex Z (V=12 APl 9”)(0@”))0@@))

T A Ae)” Q= 20)”
s=1 (Ag=Ag) " (A= A"

where we set
AP =AP\GS},
Since Zxw=eam, k=1, 2 in J(C) we can set
5
=omie®+ 5P §® e"‘)ELZ"
o ’ ’ ZNT

A(l) — (1) 1\{1 /Tfl)=/1f1) (H&O, N'—l).

e,wu—"—[

caw=e ot 2mim P +n®r, m® nPeZe.

Substituting these equations into (31), taking 2N-th power of both hand sides
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and using the transformation property of theta functions, we get

Bleaw] (0) \¥*_ N2 (2= 2g) N7 (o= 2) 7
& (G —BE§< TR N Qg A ) VT

2
B=exp (—ZW'TIC’—NZ Z (_1) k (n(k)m(k)t+25(k)m(k)t+25(k),z.5(k)t) ) ,
k=1
where we set
N-1 _
Nw(- > (N—1—21) APy i‘,’n>= 2mim’ +n'7) K,
1=0

k=GN 45,).

We can simplify the right hand side of (32) so that there are no common
divisor in the numerator and ther denominator. The result is

(33) (%%)mz t[_llz sﬁ(f :,{IN X)ZN(N-—I—Zr)

it ( (A= Ag) 2“1_

(/112 - /{#-l) (’LQ" —A

>2N(N—1)

0
m.
o

Let us compare this equation with those obtained from the proved part of

Theorem 3. Let {ki}, {ki} correspond to A, A® respectively as in (7). Then
by the proved part of the Thomae formula we have

0[811(1)] (O) 4N2_ (7 — N2(q(ks, k) —q(kt,k3))
(34) (0[611(2)] (O) ) _C‘I;_[] \/2, /1]-)4 q(k q(ks,k ,

where C= (Can/Cam) *N*. Note that 4N?%g (k;, k;) and 4N?%q (ki, k;) are even. Then
we have

(35) LHS of (34)

=C H H (X,l _,22 le >4N2q(r,N—1)IzI;—I: slrjl” < f"‘__—/{i’;’% >4N2q(r,0)

r=1 s=1

T (Z N-1 /119“) (110_21},’:‘) 4N2¢(0,1)
T (GE=20 625

m:

~cIf

7

m=1 (Zlf_l__zlw) (/L“'_/LE,) 4N2(¢(0,0)—¢(0,1))
H ( ( f"’_/lt?n) (llg_ziﬁ_‘) )

ﬁ ( _/2 o >4N2(q(r,0)—q(r,N—1))
_ M My
s=1 /2 —Z N-1

where [1” means the product for (#, s) # (0n). Let us calculate g, (r, t). By the
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definition of ¢ (i, j) and Lemma 3, ¢(i, j) depends only on li —5| mod N. Hence
using ¢; (0) =N/I we have

16, 0=q0, =) = Zg,0)qi (t—1) = g t=).
leg leg

The following lemma is obtained by a direct calculation.

Lemma 10.

(36) Sige ) =5 L (v,

leg

Thus we have

0t =% (B S0 tv—t+n).

In particular
4N*(¢(0,0) —¢(0,1)) =2N(N—1),
4N? (g (r,0) —q(r, N—1)) =2N (N—1—2r).
Comparing (33) and (35) we have

CA<1)>2N_
(C,uz) =B.

Let us write

B=exp< Z bkrrkr).

k<7
Since C4w and Cs@ do not depend on T

0
0Tkr

-B=b;,B=0, for any k<r.

Hence B=1. Since any two ordered partitions are transformed to each other by
successive exchange of elements of A; and Ai+1, i=0, .., N—1, the equation (27)
are proved.

§9. Examples

In this section we shall give examples of Thomae formula for small N’s.
Recall that

L N _N—1 j(N—)
a0 ="
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9G,5)=q(0i—5]) =¢(0,—li—jl).

We remark that the constants Cs in this section are different from those in
Theorem 3 by %1 times because of the reordering of the difference products.
The properties of the constants remain same.

9.1. N=2
We consider the hyperelliptic curve s?=[1#% (z—24;). Let A= (A,,A;) with

Ao={i1< <im}, A1={]'1< <].m}-
We have

1 =1 1
4(0,0)—8, 4 (0,1)'— 8, ﬂ—4

The Thomae formula is

lea] (0)*=Ca(det A)® Il (Aus—2s) (Aj.—25).
k<l
This is the original Thomae formula in which case C5= (2x) ~#™~V,

9.2. N=3
Let A= (Ao,Al,Az). We have

2 1 5
100=% q0D=40)=—F r=

Then
6 lea] (0)6=Ca(det A)3((Aodo) (A1) (A242) )% (AeAr) (A1h2) (AoAa).
Here if

Ai={’i1< <1:m}, Aj={].1< <].m},

then
(Ai/li) =11 (Zu—ln), <AiAi) = ﬁ (/lin_zix)-
k<I k=1

Our result shows that C§ does not depend on A.

9.3. N=4
Let A= (A,, -, A3). We have

_5 —g(03)=—-L =—3 =
100 =75 401 =¢03)=—75 ¢0)=—15 r=

col~3

Thomae formula is
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0leal (0)8=Cy(det A)* ((AsAo) (A1Ar) (A24z) (A3As) )6
((Ao/y) (A142) (A2A5) (Aods))? ((AeAz) (M1As) )2

The constant C§ does not depend on A.

9.4. N=5
Let A= (A, -+, A). We have

100 =2, 401 =¢04)=0, 02)=¢03)=—F u="2.

Thomae formula is

6leal (0)*°=Cy(det A)°((Aodo) (Air) (AzAz) (A3A3) (Asdle) )™
((Ao/ly) (M14z) (A345) (AsAs) (Aeds))®
((Aodz) (A1As) (A2As) (Aods) (Midhe))*.

The constant C§ does not depend on A.

§10. Concluding Remarks

In this paper we have given a rigorous proof of the generalized Thomae
formula for Zy curves which was previously discovered by Bershadsky and
Radul [1, 2] in the study of conformal field theory. Here let us make a comment
on the related subjects.

There sre several papers ([8, 4] and references therein) studying the
generalization of A function of the elliptic curves to Zy curves by studying the
cross ratios of four points on a Riemann surface. In those approaches the only
ratios of theta constants appear and Thomae type formula is not used. However
in the Smirnov’s theta formula for the solutions of sl Knizhnik-Zamolodchikov
equation on level 0, Thomae formula is needed.

Our strategy to prove the generalized Thomae formula here, which is
similar to that of [1, 2], is the comparison of algebraic and analytic expressions
of several quantities. In the hyperelliptic case this can be considered as a part
of the more general comparison of algebraic and analytic construction of
Jacobian varieties due to Mumford [12]. It will be interesting to study the
integrable system associated with Zy curves and to study the generalization of
Thomae type formula for spectral curves.

In fact Thomae [15], Fuchs [6] derived differential equations satisfied by
theta constants with respect to branch points in a more general setting and they
could integrate them completely only in the case of hyperelliptic curves. The
Thomae formula for Zy curves provides a new example which is integrable.
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The Zy curves and the 1/2N periods in the generalized Thomae formula are
related with the Lie algebra siy and the weight zero subspace of the tensor
products of the vector representation. Hence it is natural to expect that the
Thomae type formula has a good description in terms of Lie algebras and their
representations.

For the evaluation of the constant Ca we need to know the explicit
description of canonical cycles of Zy curve. So far we could describe a canonical
basis only in the case of N=3 (except N=2).
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