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1-Cocycles for Rotationally Invariant
Measures
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Hiroaki SHIMOMURA™

Abstract

Let H be a separable Hilbert space over R (dim (H) is finite or infinite), H® be the algebraic
dual space of H, 8 be the cylindrical o-algebra on H® and g be a rotationally invariant probability
measure on (H°, B). Further let 6=0(x, U) be a 1-cocycle defined on (z, U) EH* X O (H), where
O (H) is the rotation group on H. That is,

(c.1) for any fixed UEO (H), 6(x, U) is a B-measurable function of x,

(c.2) |6(z, U)|=1, and

(c.3) for “Ui, YU€0 (H), 8(x, Up) 0(Urz, Up) =0 (x, U1U,) for p-ae. x,
where ‘U is the algebraic transpose of U. Moreover it is said to be continuous, if the following
condition holds for 6.

(c4) O(x, U)—1in g, if U — Id in the strong operator topology.

Our main result is as follows.

Assume that dim (H) # 3. Then for any continuous 1-cocycle 8, there exists a B-measurable

function ¢ with modulus 1 such that for any fixed UE0 (H), 0(x, U) =¢ (‘Ux) /¢ (x) for p-ae.zx.

§1. Introduction

Let ¢ be a rotationally quasi-invariant probability measure on the dual
measurable space (H% %B).ie. g is absolutely continuous with respect to gy for

each UEO0(H), where py= (uo'U) is the image measure of ¢ by the map ‘U™%
Then a canonical representation (R,, L2(H®)) of O (H) arises such as

Ru(): 1) ELE ) 0z, )42 ()7 (Uz) €15 (),
where 0 is a 1-cocycle defined on H® X O (H). Another representation with 1-

cocycles appears in the following situation which is analogous to the
representations of commutation relations in quantum mechanics.
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Suppose that V(#) and T(U) (h €H, U € O(H)) are given as unitary
representations on a Hilbert space # and that they satisfy the following two
conditions.

(¢5) V is cyclic and V (k) is continuous on every finite dimensional
subspace of H.

(c.6) For "heH, "UEOH), TW) V() =V (Un) T (U).

(It may be appropriate to say that this pair of representations is a
representation of semi-direct product of H and O (H).)

(1) Then the representations are realized on LZ(H®) as the following
manner with a rotationally quasi-invariant probability measure g on (H°, B)
and a 1-cocycle 6.

(1.1) V(h): flx)—exp G h, x))f ().
(1.2) TU): fx)~0(x, U) Qd%(r)f('Ux),

where {h, x) is the duality bracket for » € H and x € H® Moreover T is
continuous, if and only if so is 6.

In fact, take a cyclic vector ¢ €# with norm 1 and form a function {V (h)e,
e)y of h€H. It is positive definite and continuous in the sense stated in (c.5). In
virtue of Bochner’s theorem we have a probability measure ¢ on (H% B) such
that

(1.3) Ve, )= [ exp(i(h 2))pdz).

Hence a map

w: Za;V(h,-)eE?f H’Za,- exp (i (hj, x)) ELL(H?),
j=1

j=1

is well defined (a; are scalars), it is extended as a unitary operator on the
whole space, and

(1.4) V):=wvm) W flx)~exp i, ))f &),
(1.5) TW):=wTU)W™:f(x)pu)f(Uz),

where py:=T (U) (1). It follows from (1.5) that
fH L exp (iGr, 2)) p(dz) = fH , exp (i (U, ) |ou (x) |1 (dz),

and therefore
po (dx) =lpu (@) Puldx) .
Thus g is O (H) -quasi-invariant, and a 6 defined by
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(1.6) 0z, V)=00 @) (42 @)

is a l-cocycle. It is easy to see that 6 is continuous if and only if T is
continuous. (1.5) is now written as

(1.7) TW): fx) ~0(x, U),/id% (@)f (Uz),

and the work of realization is complete.

We claim further the following statements without proofs.

(2) For the above pair of representations, (V, T) is irreducible if and only
if the corresponding g is O (H) -ergodic.
Here the ergodicity for O (H) means that ¢ (B) =1 or 0 provided that x(‘UB©
B) =0 for all UEO (H).

(3) (V, T) is equivalent to (V’, T)if and only if £=¢ and @ and & are
mutually equivalent, where the equivalence for 1-cocycles means that

0x, U)=¢(Ux)/¢ ) & (x, U)

holds for p-a.e.x with some B-measurable function ¢ with modulus 1. Such a
1-cocycle ¢ (‘U = ) /¢ () is called a 1-coboundary and it will be denoted by 6.
By the above, the pair of such representations (V, T) is completely
determined by rotationally quasi-invariant measures g and l-cocycles 6. We
wish to describe their structures. Now the following facts are already obtained.

(4) Any rotationally quasi-invariant measure pg is equivalent to some
rotationally invariant measure. (See, [6].)

(5) Any rotationally invariant measure £ is a superposition of 7.(c € [0,
©)), where 7. (¢>0) is the uniform measure on the sphere of radious ¢ in the
finite dimensional case and is the standard Gaussian measure with mean O and
variance ¢Z in the infinite dimensional case, and 7, is the Dirac measure at the
origin. (See, [5, 8].)

Thus a factor from measures is completely determined and the ambiguity
left for us is a factor from 1-cocycles. It is desirable to classify them with some
method. Fortunately we found that they are characterized as 1-coboundaries.
(Thus, the equivalence of these representations are reduced to the equivalence
of corresponding measures.) This is a main purpose of the present paper.

Here we have something to say about the finite dimensional case in which
there are similar arguments with our results by some authors, for example [2].
However they are slightly different from our ones in several points such as
cocycle conditions, measurable assumptions, etc. So we will state them in our
style for distinction as well as for completeness.

The proofs for the finite dimensional case and for the infinite dimensional
case are carried out in Section 2 and in Section 3, respectively. They are
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completely independent of each other and each of them is deduced from the
characteristic properties of finite and infinite dimensional spaces, respectively.
Besides, in each of the sections we pick up only representations of the type

(R,, L2(H%)) and study their mutual equivalence.
§2. Finite Dimensional Case

2.1. 1-cocycles on SO(n). Let R” be the n-dimensional Euclidean space,
B (R”) be the natural Borel field on R”, g be a rotationally invariant probability
measure on (R*, B(R”)), and 0 be a 1-cocycle. i.e.,
YUESO W), 0(x, U) is a B (R") -measurable function of x with modulus 1 and

(21) vU1, VUZGSO(n), 0(1’, U1)0<U1_11', Uz) =t9(x, Ule)
for y-a.e. x.

Theorem 2.1. Assume that n¥# 3. Then the following statements for 0 are all
equivalent.

(1) B is a continuous 1-cocycle.

(2) There exists a jointly measurable function 6 (x, U) defined on R" X
SO () such that "UESO ), & (x, U) =0(x, U) for p-a.ex.

(3) 6is a 1-coboundary.

Proof. It is obvious that (3) implies (1) and (2). Conversely, under the
assumption (1), we have a stochastic version {(x, U) such that {(x, U) is a
jointly measurable function of (xr, U) with modulus 1 which satisfies for
v-aeU, 0(x, U) ={(x, U) for g-a.ex, where v is the normalized Haar measure
on SO (n). Here we will divide this proof “(1), (2)=(3)” into two steps.

(I) The case of x({0}) =0.

At this time, for the proof it is enough to admit the following lemma.

Lemma 2.2. Assume that n# 3, p({0}) =0 and that a jointly measurable
fumction C(x, U) with modulus 1 satisfies

f i fs oo f; ooy §@ UD LUz, Us) =L, UhU2) |t (d) v (@Uy) v (@ U) =0.

Then theve exists a Borel function ¢ (x) defined on R™ with modulus 1 such that
'UeSOwm), L(x, U)=¢(Ux) /¢ (x)

for t-ae.x.

Proof. Let 7 be the uniform probability measure on S™ %, and m (E):=ulx
| lxl€EE) for all EEB(R*), where || « || is the norm on R™. Then we have

1B = 7 B)m )
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for all BEB (R"). It follows from the assumption that for m X 7-ae. (c, ®)

(2.2) Clew, Uy) LUt w, Us) =C(cw, U,Uy)

for yX v-a.e. (Uy, U;). From now on we will write &, (w, U) instead of {(cw, U).

Now take any ¢ €S™! and fix it. Then by Fubini’s theorem we have for m-a.e.c,
(2.3) Ce (Ue, Uy) ¢ (Ur'Ue, Up) = Cc(UE, UiUs)

for yX yX y-ae. (U, Uy, Uy). Let us exchange the variable U, to Uy :=U" U U,.
Then it follows from (2.3) that

(2.4) Ce (Ue, Ur) = (Ue, UUL) /e (Ur*Ue, Ur'UU,)

for m X yX y X y-ae. (¢, U, Uy, Up). In particular, some U, exists such that the
above equality holds for m X v X v-a.e.(c, U, Uy). We fix it. Put

Oc (U) = C;l (Ue, UU()) .
0. (U) is a jointly measurable function of (¢, U) which satisfies
(2.5) Cc(U@: Uy) =0, (UT'U) /0. (U)

for m X yX v-ae.(c, U, Uy). Consider the isotoropy subgroup G, at e, G.:=1{g €
SO ()| ge=e} and take any g from G,. Then we have for m-a.e.c,

O¢ (Ul_lUg) /0c<Ug) =UC(U1_1U) /UC(U)

for yX v-ae. (U, Uy). It follows that for m-a.e. c,
0. U0) /0. W)= [ 0.(UPU) /6. (UF'V) 1 @Uy) = k(o)

for p-a.e.U. The measurable function k(g) satisfies

’kc (g) | =1, kc (glgz) =kc (gl)kc (92)

for all g, g1, 92 € G.. Namely, k. is a measurable character on G, so it is
continuous, and in virtue of the classical results for n=4 k. is equal to the
identity for m-a.e.c. Consequently we have for m-a.ec

(2.6) V9 EQG., 0.(Ug) =0.(U)

for v-a.e.U. Again Fubini’s theorem implies, for m-a.ec, for v-a.e.U, o.(Ug) =
0. (U) for ve-a.e. g, where v, is the normalized Haar measure on G.. Thus we
have for m-a.ec

2.7) 0.(0) = [ 0 (W9 velag) =: 9. V)

for v-a.e.U. ¢ is a jointly measurable function of (¢, U) and it is a function of



972 HIROAKI SHIMOMURA

(c, Ue).
Now take a Borel section N : S*"'—S0O () of the map M : UESO (n) »Ue €
571 That is, #N =1 on S*" . Let us put

¢ (e, w):=¢(, Nw)
for (¢, ) ER*XS" ! Then ¢’ is jointly measurable and satisfies for m-a.e.c,
(2.8) o.(U)=¢'(c, Ue)

for v-a.e.U. In this way, we have for m-a.ec,

CcUe, Uy =¢' (¢, UT Ue) /P’ (¢, Ue)

for vX y-ae. (U, Uy). Finally we put

¢ @):=¢ (el lel'2).

Then ¢ is a Borel function and we have
(&, U)=¢U"x)/¢(x)
for X v-a.e. (x, U). The rest of the proof is a standard argument. Let
G:={UeSoOm)|(x, U)=¢ (U x) /¢ (x) for u-ae. x}.

Then G is a measurable subgroup and v(G) =1 by what we have proceeded.
Thereby G=SO0®). [J

Hence (2) implies (3). As for the implication “ (1)=> (3) ", note that for
v-aeU, Jwl0(x, U)—¢(Ux)/¢ ()| (dx) =0, and use the continuity of 6.

(II) General case
We write down g =ay,+ B¢, with @, 320, a+B=1, where 7, is the Dirac
measure at 0 and g ({0}) =0. By the property (2.1),

60, Uy 6(0, Up) =6(0, U Us)

for all Uy, U,ES0 (). Moreover if (1) in Theorem 2.1 holds, then 6(0, U) is a
continuous function of UESO () and if (2) in Theorem 2.1 holds, & (0, U) is a
measurable homomorphism, so it is continuous. Hence for #=4 we have

6(0, U)=1and ¢ (0, U) =1

under the assumption (1) and (2) respectively. On the other hand, it follows
from the result of (I) that there exists a Borel function ¢’ (x) such that

Yuesom), 8(x, U)=¢ (U 'x)/¢ ()

for ¢'-a.ex. So a Borel function defined by
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¢ (x):=¢ (x), if £#0, and ¢ (0):=1

satisfies

'uesow), 0, U)=¢(Ux)/¢ ()

for p-a.e. x. There is nothing to prove in case of n=1. The case of n=2 is easy.

O

Remark 2.1. If the cocycle condition (c.3) holds for every x €S"! and U
€50 (n) without exceptional points, and @ (x, U) is a measurable function of U

for each fixed x € S"!, then it follows easily that there exists a measurable

-1
function £ on S such that 8 (x, U) ZE_(CUF%)_ for Yx € 8" ! and for ‘U E

SO (n) in the case of n#3. (cf. Proposition 1.2 in [2]).
For the proof take a Borel cross section N from S*! to SO(®) such that
N (x)eo=x, where ¢o= (0, 0,....0, 1) €S™, and put 4 (U) :=N (Ueo) ~*U. Further

putting x (V):=0(eo, V) for YVESO(m—1) and {(x):=0(eo, N (x) 1), we can
easily checked that

-1
0, ) =S F S @@
Since x is a measurable character of SO —1) and =>4, so x =1 and the

conclusion follows.

However the above situation is different from the assumption of Theorem
2.1 in various points such as the cocycle conditions, measurabilities and
supports of measures.

Remark 2.2. For n=3, this assertion does not hold in general as is seen by
Proposition 1.7 in [2]. The typical counter example is, using the above notation,

b, (x, U)=x AUV ())),

where x is any non trivial continuous character on SO (2). These 6y are all
continuous.

2.2. 1-cocycles on O(n). Next we consider actions of O(). Take a
Borel function Q{(c) defined on [0, %) such that Q?(c) =1, and define a function
0° by

(2.9 0%, U):=Q ) 1= 1AL

It is a continuous 1-cocycle on O () as is easily seen.
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Theorem 2.3. Let y be a rotationally invariant measure on (R”, B (R")) and
0 be a 1-cocycle on O (). Then the followings are equivalent.

(1) 6 is continuous.

(2) There exists a Bovel function ¢ (x) with modulus 1 and a such Q as above
which satisfy

Yueom), 6, U)=0%U, U)-04(x, U)
for -a.e. x.

Proof. It is obvious “(2) = (1)”. We prove the converse relation. To begin
with, let us restrict 6 to SO (n). Then some function ¢ exists such that

YUeSOm), 6, U)=¢ (U x)/¢(x)

for pg-a.ex. This equality is true even in the exceptional case for » =3, because
the proof of Lemma 2.2 works validly in this case, though we omit the detail of
it. Next take any To€0 (1) \SO () and fix it. We have for any UESO (),

0(x, ToU) =6 (x, To) 0(To'x, U)
=0(z, To) ¢ ((ToU) x) $ (To'x).
Thus,

(2.10) 0 (. ToU) =7 (&) ¢ ((Tol) ~'z) ¢ (x)

for u-a.ex, where 1 (x):=60(x, To) ¢ (x) ¢ (To'x). It follows that for all Uy, U, €
SO ()

0 (x, UrTo) 6((UrTo) iz, UsTo) =7 (x) ¢ (U1 To) ") ¢ ()
°n ((UsTo) ~Ix) ) ((U:To) 72 (UyTo) x) 0} ((UrTo) ),

and

0(x, UiToUszT,) =¢ ((U1ToUsTo) ~Ir) ;15—(;)—

Compairing the right hand side of the above two equalities, we get for all UE
SO (),

(2.11) n(To'U™x)n (x) =1
for y-a.e. x, and therefore for y-a.ex,

(2.12) )= fs (15U ) v(av).

So n(x) depends on only the norm of x. Namely, 1 (x) = Q(|zl) for some
measurable function @ defined on [0, ©). It follows from (2.15) that Q*(| =)
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=1 for p-a.e. x. Consequently, we have for any UE SO (),

6, ToU) =Q (| zll) ¢ ((ToU) ~x) ¢ (x)
for p-a.ex, and the proof is now complete. [

Remark 2.3. As for the uniqueness of ¢ and @ in Theorem 2.1 and
Theorem 2.3, ¢ is determined up to a norm-dependent function with modulus 1
and @ is determined uniqucly.

2.3. Equivalence of representations. Let us consider the following
representation of SO ) or Om),

R (U): f(x) ELEZ(RY —0(x, U)f (U 'x) ELZ(R").

In case of SO(n) (n#3), R? is equivalent to R (§=1), by what we have

considered and in case of O(n), R’ is equivalent to R’ =:R? by virtue of
Theorem 2.3. We state below a study of the mutual equivalence of R

Theorem 2.4. Put I''={c>0|Q () =1} and I'"={c=0|Q (¢) =1}.
Then n order that

(R LE(R)) = (RY, L;(R")),
it 1S necessary and sufficient that

(1) dim (L% (D)) =dim (L% (")) and dim (L2 (I'°)) =dim (L% (")),
if m ({0}) =0 or if m ({0}) >0 and Q(0) =Q’(0), and that

(2) dim (L% (D) =dim (L3, (I'")) =dim (L% (")) =dim (L% (I""¢) ) =0,
if m ({0}) >0 and Q(0) Q' (0).

Proof. (Necessity) Let A be an intertwining unitary operator from (R9,
L2(R") to (RY, L2(R"™)). Restricting the representations to SO (n), we see that

VFELZ(RY), A(f(U™)) (x) = (4f) (U x).

Thus Af is rotationally invariant, if so is f, and hence a unitary operator A on
L2 [0, o) induced from A satisfies

(2.13) AQ-f)=Q - Af
for all fELZ [0, o). It follows that
(2.14) AOPr=Pr.0A,

where Pr is the projection from L% [0, ) to L2 (I'). So we have
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dim (L% () =dim (L% (I"")) and dim (L2 (I"°)) =dim (L2, (I"¢)).

Here let us consider the second case : m ({0}) >0 and Q(0) # Q' (0), and

suppose that dim (L% (I)) or dim (L% (I"°)) would be finite, say dim (L% (I))
<. 0 belongs to only one of I"or I"’, so we assume that 0€I'\ I"".

By the way, the representation (R,, L2(S*71)),
Rr:flw)~f(U" w) (UEOW)),
has irreducible decompositions (R,, #,;) with mulutiplicity 1:

L2(S" ) =A#H DK . D--- DA D,

where #o = {constfun}, #1, = {{h, w)}rer--* and so on. In general #,; are

obtained by orthogonalizing polynomials of degree I on S*! succesively. (See,
[9].) Now according to the following two decompositions,

Lz (R") =Lz ({0}) ©LZ (I'\{0}) ®LZ(S*) DLE (I") ®LZ(S™™)

L2 (R") =L% (I'") QL2(S* 1) BL2 ({0}) DLZ, (I'°\{0}) ®L2(s" 1),

we consider an element k(¢) ho (@) €ELL (I') @#1, where he (w):={e, w), and e
€R” is any fixed vector. Then some calculations derive that for g¢-a.e.x

A7 (2®h,) () #0 = Q () =+1,

and hence for any fE€LZ () QL2(S* 1) A1 (kQh,) (x)f(x) =0 for p-ae. x.
This shows that

ATY(LE (I @#y) CLE({0)) BLEL (I\{0}) @LZ(S™ ).
It follows from considerations for irreducible components that
ATHLE () Q#,) <Lz, (I'\{0}) @#,,

and therefore there exists a one to one operator U from L2 (I"’) to L2 (I"\{0})
such that A7 =U®1Id. So we should have dim (L% (I")) = dim (L% (") <dim

(L% (r'\{0}), which contradicts to the assumption.
(Sufficiency)
(I) The case of m ({0}) =0. From the assumption there exists a unitary

operator A on L%[0, ) such that
AQ-1)=q - AF,

for all f€LZ[0, ). Since L2(R") is regarded as L% (0, ) ®LZ(S*), so
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41 Y 105 (@) =), (A7) ©9; (@)

is a desired one of intertwining unitary operators.
(1) The case of m ({0}) >0 and Q(0) =Q’(0). If the common value of Q is 1,
then we have

dim (L (I'\{0})) =dim (L% (I""\{0})), and dim (L2 (I"°) ) =dim (L2 (I""%)).
Set m+=m|R* and take a unitary operator A on L%, (R*) such that
AQ-f)=q - Af
for all f€LZ, (R*). Then in this case regarding L2 (R") as LZ({0})BLL, (R ®
LZ(S™1), we define A on L% (R") such that
A:r®F()g (@) Pr@BAf) ()9 (w).

This is a desired one of intertwining unitary operators. The case of Q) =
Q' (0) =—1 is treated similarly.

(III) The case of m ({0}) >0 and Q(0) # Q' (0). Without loss of generality,

we may assume that Q(0) =1, @ (0) =—1. Put 6 (x):=m ({0}) "V*x (I zl), (in
general, xg stands for the indicator function of the set E), and take c.o.ns'’s:

€1s €y on LG (P\N{0}), ei...., ep..on L5, ("), fu,o, frr.on L5 (), fir, fr. 0D
L2 (I''°\{0}), respectively. We define a unitary operator Ao as follows.

Ag: 0e1®1, e:Q1esRX1,..., 6,Q1¢;1R1,...
AR1-6, LR1-ARN,..., f1:1R1—fR1,....

Ao 1S defined on
L2 ({0}) DLE (I'\{0}) ®# DLS, (I"°) @,

and maps the space to
L4 (I'") Q#,DL2({0}) DLE (I'"°\{0}) R,

and it gives an intertwining operator from R? to RY. Now let us take any unitary

operator ﬁl on L% (0, ) which gives one to one correspondence between
L2, ('\{0}) and L2 (I"") and between L2, (I'¢) and L2 (I"’*\{0}), and define A,
on L% (0, ) ®#7 such that

A1:7(0)g (@) ~Afe)g (w).

Then A:=ADA, is a desired one of intertwining unitary operators. [
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Corollary 2.5. (R9 L2(R*)) = (R", LZ(R")) if and omly if Q(c) =1 for
m-a.e.c.

§3. Infinite Dimensional Case

3.1. Continuous 1-cocycles for @ (H). In this section we assume that
dim (H) = oo,

Let ¢ be a rotationally invariant probability measure on (H% B) and 6 be a
continuous 1-cocycle. i.e.,

(3.1) |6(z, U)|=1.

(3.2) YUy, YU,€0(H), 0(x, Uy) (U, Uz) =0 (x, UrUs),
for p-ae. x,

(3.3) Lall—ﬁ(x, U)lue(dz)—0, if U—1d,

in the strong topology.

Theorem 3.1. Any continuous l-cocycle 0 is a 1-coboundary. Namely, there
exists a B-measurable function @ with modulus 1 such that

YUeo ), 0(x, U) =¢ ('Ux) /¢ (x)
for t-ae. x.

Proof. We shall divide the proof into 4-steps.
D First we prove the following lemma.

Lemma 3.2. Let hy, ", hys be a cons. in H Take any U, € O (H) such
that Uy (Sp s, =" hnt) L Sp ks, ha} for each n. Then if there exists some @ €
L2(H®) such that {0(x, Uyn) @ (‘Usx)} s has a non zero weak limit point, then some
B-measurable non zero function @ ELZ (H®) exists such that T (U) p=¢ for all UE
O H), where T (U) ¢ (x):=0(x, U) ¢ (*Ux).

Proof. To begin with, we claim that ¢ can be taken as a bounded function,
say ¢. In fact, for €=|w|/2, where w is the non zero weak limit point of {6 (z,
Un) @ ("Unx) } s, there exists a step function ¢ such that ”go— g[)HSE. So there
exists a weak limit point of {0 (x, Uy) ¢ (‘Usx)} in the e-neighbourhood of w. If

necessary, taking a subsequence we may assume that 0(x, U,) ¢ (Unx)— ¢ (x)
in the weak topology. Nothing that for any UE0 (k) :={U<€ 0 (H)|U=1d on Sp

{hy, =, hitt}, UptUU,—Id in the strong topology, we have

fmle(x, UU») = 0(x, Un) [P (dx) = fH 0(Unz, Ux'UU,) —1Pp(dz)
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= [ 166, U U0 =11 (a2)—0, (o).

Further,

)0 CU) =4 () Puta) = [ J0@ ¢ VU0 ) Fulaz) =0 (rmso0).
Therefore using M:=supz|¢ (z) |, we get
[ 166, U2 ¢ (Usx) =0, 1) 6 Uz, Un) ¢ (Uy'Uz) [ ax)
<om* fH |0, Un) —0(z, UU) Ppe(dx)
+2 [ (Usz) = (V1) [ dz) =0 ().

It follows that by the well known property of weak convergence,
YUeo k), 6(x, U)p(‘Ux) =¢ (x)

for p-a.e.x. Since O (H):= U$-,0 (k) is dense in O (H), so we have for all UE
o),

(3.4) 0(x, U)¢(Uz) =¢ ().
for grae.x. [

(II) Take any € €R such that 0<e<1. Then by the continuity of 6, there
exists some d €N such that

[ J1-6G, )lutz) <e,

for all UE 0 (H) such that Un;=h;(1<j<d). Here we take V, for each #n such
that

Vnhjzh'jv (1 S]'Sd), Valari=hasni, Valarnsi=Nasj (1 SJSW)
and Vyhj=h; (>2n+d).

Since [|0( + , V) —1|l,<e, so any weak limit point A of {6( -, V,)}, is non zero.
Put

0 ) ={U€0 H)|Un;=h,; for 1<;j<d}.

Then V7*UV, converges strongly to Id for all UE0(d)* N0, (H), so repeating a
similar argument in (I) we have 0(x, U) A (*Ux) =A(x) for y-ae.x. As 0(d)*N
0o (H) is dense in O(d)*, so we get

(3.5) ueo@)?t, 0(x, U)A(tUx) =4 (x)

for p-a.e. x.
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(I1I) Take any nEN and set U, for each n as follows.
Unhi=hnyj, Unhnyi=h; 1<j<n) Unhj=h; G>2n).

Moreover we take an isometric operator S on H such that Sh;=ha4; (721)
Then we have

(3.6) VaS=SUp W=1,-").

Now we extend T (- ) for an isometric operator R. Take a sequence {R,},
CO(H) such that limy, R,=R in the strong topology. Then

fmw@, Ry) =0 (z, Rm) "2 (dz) = j; J1=0(Ruz, Ru*R) [P1e(dx)
= fH 1=6(x, Ra'Rm) P (dx).

Since R7'Rp—1d (n, m—0), so {6( -, R,)},CL2(H?) forms a Cauchy sequence.
We denote the limit by 6(x, R). Of course 6(x, R) does not depend on a
particular choice of {R,},. Further it is easy to see that

(3.7) L7 (Rz) =1 (Re) P a) =0 ()

for all fELZ(H?), because g is ‘R-invariant. We define T (R) as follows.
TQR): fx) 0 (x, R)f(Rx)

for all f€ LZ(H?). T(R) is an isometric operator on LZ(H®) and T (R,) con-
verges strongly to T(R). It follows that for all UE0 (H),

T (UR) =lian(URn) =lian(U) TR)=TWU)TR),
T (RU) =li7£nT(RnU) =limT R)TW)=TR)T).

In particular, we have from (3.6)
T(Va) T(S)=T(S)T (Uy).
Taking the adjoints and noting that Uy =U,, Val="V,,
(3.8) T(S)*T (V) =T (Ua) T(S) ™.
Therefore for all f, g €L2 (H?)
(3.9) (T(Va)f, T(S)T(S)*9)= T (Un) T (S)¥, T (S)*9)>
By the way, T(S) T(S) * is the projection from L2 (H?) to Im (T(S)) and
Im(T(S)) ={0(x, S)fs(x)| fs is a square summable B,-measurable function},

where the Borel field 8B, is a minimal o-algebra with which all the functions x
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= {h;, x) G=d—+1, n,) are measurable.
Under the above preparation, we claim that there exists some ¢ € L2 (H%)
which has a non zero weak limit point for {T (U,) ¢},. Suppose that it would be

false. Then for any @ €LZ(H®), {T (Uy) ¢} should converge weakly to zero. We
take g (((hy, )+, (ha, 2)) A (x) as f(x), where ¢ is any bounded measurable
function on R? and A is a non zero measurable function satisfying (3.5), and
put @ :=T (S) *f. Further we take any ¢ (x):=6(x, S)fa(x) from Im (T (S)).
Then

(3.10) . 9)2:=(T(Va)f. T(S) T (S)*9)»
(3.11) =(T(Un) T(S)*, T(S)*9)>
Thus letting # tend to ©©, we have

<f, 9):=0

from the assumption of reductio ad absurdum. It follows directly that
4,2 i 2) @) 6, $)fa ) plax) =0,

and this shows A(zx) 0 (x, S) =0 for g-ae.x, because q ({hy, x),+,{ha, x)) fa ()
spans a dense linear subspace. Since |0 (z, S)|=1 for g-aex, so A(x) =0 for
t-a.e. x which contradicts to the choice of A.

(IV) Set

?:={peLi(H)|p+0, "UEOH), T(U)p=9¢}.
By virtue of the results in (I) and (III), ¢ is not empty. Further we note that if
$E D, then "UEO(H), |¢ ('Uz)|=|¢ (x)| for g-a.ex. So ¢ defined by
dx):=¢@)/|¢p@)|, if ¢(x)#0, and :=0, otherwise,
again belongs to @. Let us put for each ¢E€ @,
(3.12) Se:={r€H*| ¢ (x) #0}, and a:=iggu(8¢).

Then we have y (‘US;© S4) =0 for any UE 0 (H). We claim that there exists @
€ @ such that a=p(S,).

In fact, take a sequence {¢,},C @ such that ¢ (Ss,) T a. If necessary, taking

$, in place of @, we may assume that |@, (x) |<1. Then, for an w € L2(H?)
defined by

(@) =¢,(x), if £ ES4,\UTLS;, and :=0, otherwise,

we get



982 HIROAKI SHIMOMURA

[0 00 (Un) 0@ Fue) < ), [ 166, U) g (Uz) =4, @) Putaz) =0

for all UE0 (H). Thus w €@ and ¢ (S,) =a.

Next we claim that &« = 1. If @ would be less than 1, then £ is also a
continuous 1l-cocycle for a new rotationally invariant probability measure v
defined by

v(B):=u(S5) 'u(BNSS) for all BEY.

So applying the above arguments to v, we have a non zero function o € L2 (H°)
such that

(3.13) YUEOH), 6(x, U)p (tUx) =p(x)
for y-a.ex. Put
do@)=wx), if t€ESw,:=p (), if tES,\Sw, and :=0, otherwise.

Then it is easy to see that ¢o € @ and £ (Ss) =p (Sw) + 1 (S,\Sw) > (S,). By
the above, w (x) #0 for g-a.e. x. Thus we have

'UeOoH), 0z, U)=¢('Ux)/¢(x)

for p-a.ex, where ¢ is defined by ¢ (x):=|w (x)|/w (). O

Theorem 3.3. (Uniqueness) For B-measurable function ¢, ¢" with modulus
1, the followings are equivalent.

(1) 0¢=0¢'.

(2) There exists some Borel function k(c) (c=0) with modulus 1 such that
¢x)=¢ @)k (x)) for p-a.ex, where p(x) is the average power,

pa)= [ﬁﬁ,%{ (o, )22+ (o, ) 2}] -
Proof. (1)=(2). Since
(3.14) u=J T m(dc),

(0,00

where m (E):=p(x | p(x) €E), so for all UEO (H)

$(Uzx) _ ¢(x) | =f |g'Ux) _ ¢lex) | _
_/;” & (Uz) ¢ (@) | (dx) Y & (c'Uz) & (ex) |T(dx)m (dc) =0,
where 7:=71,. It follows from the separability of O (H) that there exists a m-null
set N such that for any ¢ €EN¢,
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ww om0 g o

As 7 is rotationally ergodic (See, [10].), so(3.15) implies that there exists
some constant k{(c) such that ¢ (cx) =¢ (cx)k(c) for y-a.ex. Of course k(c) is a
Borel function of ¢. In case of m ({0}) > 0, we make up for the definition by
putting k(0):=¢(0) /¢'(0). Then it is easy to see that

$@)=¢' @)k )

for p-a.ex. The converse assertion directly follows from the above equation,
because we have for all UE0 (H), p (‘Ux) =p (x) for p-a.ex. J

3.2. Standard representation of O (H). Let u be a rotationally invariant
probability measure, which is denoted by (3.14). In this subsection we consider
the structure of the standard representation,

R, (U): f(x) ELL(H®) —f ('Ux) ELL(HY).

As we have already seen, general representations with 1-cocycles are all
equivalent to these R, (U). Put

(3.16) B=m () and pe=0-9"[ romiac).

Then for any fELZ(H*) we have

(3.17) 17 IE=8lr (0) "+ Q=B 7 i

If B#0, the representation (R,, LZ (H*)) is equivalent to (IdR,,, COLZ (H*))
by a map:

feEL: (@)~ (VBr(0), v1—Bf) ECDLE (H?).
So the problem is reduced to the case m ({0}) =0.

Theorem 3.4. Assume that u({0}) = 0. Then the vepresentation (R,, L2
(H?)) is equivalent to (IdQR,, Lz (R*) QL2(H?)).

Proof. For a,€C, k,€L% (0, ), f,€L2(H®) (n=1,-++, N), we have

St (5T )| wla) Y e [ oo )i 6 (T Yy Jutao)

#=l =1

=}Aj ity [ [ 1O @0 /) /) 7 z)m ae)

nn'=1
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=§: OOty j;z ) j; akn(c)mfn @)fo (&) 7 (dz)m (dc)

n,n'=1

-J.J..

N

Z Otnken () f () ]27’ (dx)m (dc).

n=1

Thus a map

Yt 01 =Y i 0 )

n=1 n=1

is isometric and it is extended to the whole space as a unitary operator. It is
easily checked that W is an intertwining operator. O

By the way, the representation (R, LZ(H?)) has the following irreducible
decomposition with multiple integral #,,

(3.18) L2(H?) =HDH DDy,

where each irreducible representation (R, #,) appears only one time. (See,
[3,4].) 1t follows from Theorem 3.4 and from the preceding discussions before
it that for a general i, (R;, #») (n>1) appears in (R,, L2(H?)), dim (L% (R*))
times and (R, #o) appears dim (L% (R*)) times or dim (L% (R*)) +1 times
according to m ({0}) =0 or m ({0}) >0.

Now if (R, L2(H®)) and (R, L% (H%)) are equivalent, then the intertwining
operator maps rotationally invariant functions to rotationally invariant functions. It
follows that dim (L% [0, ©)) =dim (L2 [0, o0)).

Conversely, if these two dimensions are equal, then the above two representations
are mutually equivalent as far as m ({0}) =m’ ({0}) =0 or m ({0}), m’ ({0}) >0. If one
of m({0}), m’({0}) is zero and the other one is positive, then the representations are
mutually equivalent if and only if dim (L% [0, o)) =dim (L% [0, ©)) =co. We
settle these arguments as follows.

Theorem 3.5. Let y, ¢ be votationally invariant probability measures. Then
in oder that (R, L% (H®)) is equivalent to (R,, L% (H%)), it is necessary that
dim (LZ[0, o)) =dim (L2 [0, )).

Further it is also sufficient under the following additional conditions.

(1)  dim (LZ[0, o0)) =00, or

(2) m({0}) =m’ ({0}) =0, or m ({0}), m’ ({0}) >0 unless dim (L% [0, o)) =
[e o]

(If ome of them is zero and the other is positive, then the representations are nom
equivalent.)
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