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Commuting Squares and the Classification of Finite
Depth Inclusions of AFD Type IlI; Factors, A€ (0, 1)

By

Phan H. Lor™

Abstract

We give a new proof of the classification result due to Sorin Popa that a finite depth inclusion
of AFD lype III; factors NCAL A€ (0, 1), with a common discrete decomposition {N*C M=, 6} 1s
classified, up to 1somorphism, by the type Il core N*CM™ and the standard nvariant of 6.

§1. Introduction

Let A€ (0, 1) and NCM be an inclusion of AFD type III; factors with finite
index and with a common discrete decomposition {N* C M=, 6} . It is an
interesting problem to classify up to isomorphism inclusions of this kind with
the same index.

In [20] Popa has shown that if N M is strongly amenable then such an
inclusion is classified by the isomorphism class of N° C M” and the standard
invariant @°' of 6. This result was obtained as a consequence of a powerful
classification theorem that properly/strongly outer actions of countable discrete
amenable groups on strongly amenable inclusions of type Il factors are classified
by their standard invariants together with their modules if the factors are of
type 1. By [18, 19], finite depth inclusions of AFD type II factors are strongly
amenable.

In this note, we will give a different proof of the finite depth case of this
classification result of Popa by proving directly that the isomorphism class of N
CM is classified by that of N°CM™ and the conjugacy class of §°.

The main arguments of our proof can be summarized as follows. Let NCM
be a finite depth inclusion of AFD type 11I; factors NCM, 2 € (0, 1), with a
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common discrete decomposition {N*C M=, 6}. If the standard invariant 8% of 6
on N*CM™ is trivial, then the classification of NCM follows from Theorem 6.1
in [12], if 6 is not trivial, then it must have a finite period, say m. We can
then show that there exists a finite depth inclusion of type Ill;= factors Q CP
which is split, i.e., isomorphic to Q@ RmC P*@R;m, where R is the AFD type
III;» factor and there exists an automorphism & on @ CP having period m and
which satisfies: mod (@) =17! (in R{/A"%), the standard invariant of & on N*C
M™ is equal to 8% and NCM is the simultaneous crossed products of @ CP by
a. To classify NCM, it amounts to classifying a. Since @ CP is split, to classify
a, using Connes’ tensoring trick suitably adapted to our setting, we can reduce
the problem to the case where « has trivial module and the trivial module case
can be further reduced to the case of a periodic and strongly outer & acting on
a finite depth inclusion of AFD type II; factors BC A such that & and &' have
order m. To this end. thanks to a result in [1], all we need to show is that the
A C AXgZp
higher relative commutants of the commuting square U U completely
B C BX,Zy,
determines the conjugacy class of a. Thi idea of using the commuting square of
the simultaneous crossed product algebras to classify finite group actions on
inclusions of factors was suggested in [8].

§2. Notations and Preliminaries

This section is intended as a brief summary of some of the results that will
be needed in this paper, further detail can be found in the articles cited therein.

EM
1) Commom discrete decomposition. For 1€ (0, 1), let NCM be an inclusion
of type III; factors, where E¥ is the conditional expectation with minimal index
(cf. [6]), NCM is said to have a common discrete decomposition with respect
to E¥ if for any generalized trace (also called a A-trace) ¢ on N, ie, ¢ is a
normal faithful semi-finite weight on N and 0% =1Idy, where T=|27/In 2|, then
¢=¢ - E¥ is a generalized trace on M and the pair of type Il factors N*=N*C
M==M? with give rise to a common discrete decomposition of NC M, i.e., there
exist a normal faithful semi-finite trace 7 on N®>C M> and an automorphism €
which acts simultaneously on N CM* satisfying 7+ §=A7 and such that NCM
is isomorphic to the inclusion of crossed products N* X 3 ZCM* X 4 Z; N°CM~
is often called the type II core of NC M. It is important to point out that by a
result of Connes, a common discrete decomposition of N C M is unique up to
conjugacy (cf. [4]).
2) The standard invariant of an aulomorphism on an nclusion of factors. Let NC
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M be an inclusion of factors with finite index and let a€Aut (M, N), that is, a€
Aut (M) and a@(N) =N. Suppose that N and M are of type II. Let -** CN441 CN,C
-+ CNy=NCM be a tunnel of NCM{cf. [7]), then it was shown in [12] that o
induces an automorphism on the tower of higher relative commutants {N; NNC
NN M; =0} that is known as the standard invariant of a and denoted @y ().
It was also shown in [12] that @y n (@) is trace-preserving, fixes all the Jones
projections associated with the given tunnel and preserves the inclusion Ny NN
C NN M for each £#=0. It turns out that @un(a) depends only on the choice of
the tunnel up to conjugacy and its extension to the closures of U Ny M M and
UN; N M is denoted . For convenience, we will use a* also to represent

Dy v (@)
If NCM is extremal, i.e. its Jones index is minimal (cf. [6, 16]), then we

can construct a® by using the tower of basic constructions as follows.
Assuming M is in standard from with canonical involution J, let NCM=M,C---
M;C M1 C -, then a can be canonically extended to each My by fixing all
the Jones projections. We will still use a to denote this unique extension. It is
well-known that Ng41=JM}/ is a tunnel of NCM, and the standard invariant of
a constructed using this tunnel is given by the restriction of AdJ * a « AdJ on
each NyNNCN; NM.

Suppose now NCM are of type III; with a common discrete decomposition
{N*>CM™, 0} and a€Aut(M, N). Then as above, we can still define @yy(a) but
it turns out that this will not be sufficient for the classification of a as it does
not contain any information about the Connes-Takesaki module of a. Instead the
method introduced in [22] has to be used to define a conjugacy invariant for a

as follows. First, we choose a unique € [1, 47!) such that mod (@) =g, and let
¢ be a generalized trace on N © M that gives rise to the common discrete
decomposition of NC M (cf. [5]), then there exists a unitary u in N such that,
with ap=Adu-a, ¢-ay=p"1¢, a, commutes with & and preserves the inclusion
of N* C M>”. Hence it makes sense to consider @y-y-(a) and it is
straightforward to verify that @y y- (atp) does not depend on the choice of u
and is a cocyle conjugacy invariant for & as automorphism on N C M. For

simplicity, @ye=n=-(q) will be denoted a™’.
§3. Main Results

For the definition and the basic properities of strongly outer and strongly
free automorphisms, we refer the reader to [1, 20, 10, 23]. Our first lemma is a
direct corollary of the results in [1, 8, 19].

Lemma 1. Let BT A be a finite depth inclusion of AFD type 11, factors. Let
@ be a strongly outer action of Zm on BT A such that o has period m. Then a is
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classified up to conjugacy by a™.

Proof. Set Myy=B, Mi1;=A Xg Zom, Mio=A, Myy=B X4 Z,, and consider the
My C© Mn
commuting square: U U . Without any loss of generalily, we may assume
Mow < Mo
that Mg is in standard form with canonical conjugation /. The downward basic
construction of the above commuting square of factors gives rise to another

Mo1 © Mo
commuting square U U satisfying JMiJJ =M_o and JMoJ=M,_;.
M_.1 © M.y

By [21]. M-1-1 © My has finite depth and and thus by [18], there is a
tunnel {M_,—;; =0} of M_1_1 € My such that M_,-;,NM_1, T M_1—; and M_,_;
N Moo T Moo and as pointed out in [8], it follows that M_,—, N Moy T Mo-1 and
M, ;N M-y T M-y Let Mj,=JM’",_,J, then {M,;} is isomorphic to the tower of
basic constructions of My C My and by [16] J<J is a trace-preserv-
ing anti-isomorphism that clearly maps the commuting squares
Mo NM.,—, < MM, MuNM,; C MypNM,

J U onto U U | the latter commuting
Moy MM, © M_oywwNM.,, M NM;, © MioNM,;
squares have been computed in Theorem 9 of [1] and they depend on the
isomorphism class of B C A, the conjugacy class of «® and the group Zm.
Therefore the commuting square of factors formed by B € A with their
simultaneous crossed products by a is isomorphic to the one constructed using
o', Standard arguments then imply that « is conjugate to some power of a®
and hence there is a familv of Jones projections {e_,; =0} that is associated
with a generating tunnel of BCA and for which a(e_,) =e_, for all j.

Let B be another strongly outer action of Z, on BT A such that 3% has
period m and that @ and 3% are conjugate. The preceding arguments applied to
B show that there is another family of Jones projections {f_,; =0} associated
with some generating tunnel of BC A such that B(f-;) =f_, for all j. It follows
that if ¢ is the automorphism on B C A such that o(f_,) =/, then 0 a-
oY (f,) =f, for all j. ie., 0+ o+ o' is standard with respect to the tunnel
determined by {f_,; =0} and is hence conjugate to 8 by assumption. Thus we
have shown that & and B are conjugate. QED.

Remark. We would like to point out that Lemma 1 will still hold if BCA
are of type Il and a€Aut (4, B) is trace preserving because in this case with
a little more work one can show that there exist type II; factors ByC A, and an
automorphism @, € Aut (Ao, Bo) such that BCA~BXB(H) CAKRB(H) and &
is conjugate to a@Idg.g).

To continue, we recall that an inclusion of type III; factors Q CP is said to
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be split if there exist type I factors BC A and a type III; factors M such that @
CP is isomorphic to BMCAQM.

Lemma 2. Let QCP be a split inclusion of AFD type 111, factors with finite
depth. Let « be a strongly free action of ZLm on Q C P with trivial module and such

that a® has period m. Then « is classified up to conjugacy by &',

Proof. Let {Q*C P=, 0} be a common discrete decomposition of @ CP. By
Lemma 2 of [14], there exists a conjugate ap of & such that @, commutes with 6

P C PX4Z,
and @(Q”) = Q. a(P®) = P and U U is isomorphic to
Q C QXgZm
PMXGZ c (waaozm) XGZ Pm c waaozm
U U As U U is isomorphic to
QMXGZ C (Qm Xao Zm) XOZ Qm - meaozm
Poo®R0,1 C (Pm xao Zm) ®R0,1
U U . where Ry, is the AFD type Il factor, we can

Q"®Ro1 T (Q™ Xao Zm) @Roa
consider the automorphism 8,=0&X 07!, where mod (6;) =A.

Since Q C P is split by assumption, the standard invariant of 6 on Q@ C P~
is trivial by [12] and so the same is irue for 6. Since mod (6,) =1, it follows
that 6, is approximately inner by [12], ie., 6y(x) = lim Adu,(x) for some

n—oo

sequence of unitaries u, in Q®@R,, and for all rE€P”QRo1. On the other hand,
since ap commutes with 6, we have: limAdu,= 0= (aoe@Idg,.) * Oo° (eRId ge,) !

1—00

=lim Ad (ao@Idg,,) (un). It follows that {uF (@@Idg.:) (un)} is a centralizing

#H—r00

sequence for @*Q@Ro; CTP*QRo1. As ao®Idg,, is strongly, outer, it is centrally
free by [20] and hence by [4]. there is a centralizing sequence {v,} in Q@R

such that lim G (ae ® Idg,y) (in) — v (o @ Idg,,) wa)) = 0, hence 6, =

n—roo

lim Ad (uv¥) as automorphism on Q@ Ry € P* Q Ry X a8y, Lm. In other

n—owo

words, Op is approximately inner on Q& Ro1 CP*QRo1 X a@itn. £m and hence
the corresponding standard invariant of @ is trivial and this in turn implies
that the standard invariant of 6 on Q® C P* X4 Z,, is trivial. Since Q TP Xq Zn
has finite depth by [1. 21], Theorem 6.1 in [12] implies that QCP X4 Zy, is a
split inclusion and a simple argument will show that the commuting square
P (‘—— an an

U U is isomorphic to the commuting square of tensor products
Q C @QXgZn
P°°®R1 c (waao Zm)®RZ = (Pw®RZ> X ao®ld z; Zm

U U , where R, is the AFD

QM®R1 c (Qw X ao Zm) ®Rl = (QM®R1> X ao@ldg, Zm
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factor of type IIl;. Therefore a is conjugate to an automorphism of the form

0@ Idg,, where ao is strongly outer on @°CP” and a§'=a*. By Lemma 1, @, is
classified by its standard invariant and so the same is true for a. Q.E.D.

Lemma 3. Let QCP be a split inclusion of type 111; factors. Let a € Aut (P,
Q) be such that a has period m and mod (@) =A"Y™. Then a=aQldg,.

Proof. Let N=Q X q Zm and M=P X o Zy, then N and M are of type Ulzm.
By the arguments in Case 1 of Theorem 1 in [14], there is a generalized trace ¢
on NC M such that @ = 0%, where T = |27/In 1|. We claim that NC M is
isomorphic to NQR, CMER,. Indeed, as we have NX g ZnCM X 3 Zn=QCP and
QCP=Q®R;CPQR; by assumption and as &= o¥, @€ Int (M, N) by [22], the
subfactor version of Corollary IL3 in [4] (with an action of Z» instead of Z}
can then be used to infer that NCM=NQR; T MPR;.

Now if ¢ is a generalized trace on R; such that 0f=Id then ot = o4®? =g

®Idg, By the Takesaki Duality Theorem, it follows that @=a®Idg, as desired.
Q.E.D.

With the factorization property established in Lemma 3, we can apply
Connes’ tensoring trick to obtain following.

Lemma 4. Let QTP be a split inclusion of AFD type I11; factors with finite
depth. Let a € Aut (P, Q) be such that mod (@) =AY, and « and a® both have

order m. Then « is classified up to conjugacy by a™'.

Proof. As QCP is split, QCP is isomorphic to QROR;@R; CPRR;®R; and
so we can consider the automorphism @& o™, where ¢ is an automorphism on
R; having period m and module A~

Since 07'@ 0 has trivial module, 07*@ ¢ is conjugate to s, X Idg, by [2],
where s» is the model outer automorphism of period m on the AFD type II;
factor Ry and we have used the isomorphism between R; @R, and Ry&@R; to
define s, ®Idg,. It follows that a®0 ' Qo= aQs,,QId g, = a®ldz, =~ a because o
Rsm=a by [15, 23], and a®Idz, = a by Lemma 4. By [23], a®oc is still

! is classified up to conjugacy by its

strongly free hence by Lemma 2, a@ o~
standard invariant which is given by a®, it follows that & is also classified up
to conjugacy by a*. Q.ED.

We can now proceed to prove the following classification result originally
due to Sorin Popa.

Theorem 1. Let NCM be a finite depth inclusion of AFD type 1I; factors
with a common discrete decomposition AN®CM™, 6}. Then NCTM is classified up to
isomorphism by N®CM™ and 6°.
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Proof. By Connes’ uniqueness theorem of the discrete decomposition and
by the definition of the standard invariant in [12], it is clear that {N°C M=,
05} is a conjugacy invariant of NCM.

Conversely, we will show that NC M is determined up to isomorphism by
N C M™ and 6°. First of all, if 6% is trivial, then the result follows from
Theorem 6.1 of [12]. Thus we may assume that 8% is not the identity.

Since the higher relative commutants for NCM are given by the fixed point
algebras of those for N°CM* under 6% by [12], and since NCM and hence N
C M>, have finite depth (cf. [12]), Lemma 2.2 in [13] implies that 6% has
period m for some m>1 (see also [10]). Let ¢ be a generalized trace on N such
that N*=N® and M*=M", where ¢=¢ + E¥. Let QCP be the simultaneous fixed
point algebras of N © M under the modular automorphism 0%/, where T =
|27/1nA|. Then Q=N= X gn Z and P=M= X gn Z (cf.[11]) and hence Q and P are
of type IILm. Since (6™) %= (6%")"=Id and QCP has finite depth, Theorem 6.1
in [12] implies that Q@ CP is split and so Q TP is classified by its type II core
which is given by N> CM™. On the other hand, by Takesaki Duality, there exists
an automorphism a on Q@ CP of order m and such that @=0%/m, and N=Q Xy Z,
and M =P XqZ,. It follows that mod (@) = A~*(in R%/A"%) and o = 6% (cf.
Theorem 1 in [13]). By Lemma 4, a is classified up to conjugacy by a*.

P C PXgZw=M
Therefore the isomorphism class of the commuting square U U

Q C QXaZp=N
is determined by N*CM* and f*. In particular, we can conclude that NCM is
classified up to isomorphism by N*CM> and 8%'. QED.
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