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§ 1. Introduction

The theory of bimicrolocalization is a natural improvement of the so-called
second microlocalization. This theorv., which was first considered by
Kataoka-Tose [13], was introduced fully functorially by [19] and [21]. After
these algebraic constructions. the theory took its full strength with @-modules
and revieled to be useful in some kinds of problems concerning partial
differential equations. Until now, we can list up three types of applications:

(a) Edge of the wedge type theorems for hyperfunction solutions ([22],[23])
(b) Extension of holomorphic solutions ([23])
(¢) Solvability of systems with multiple characteristics ([24])

The aim of this paper is to extend the results (a) and (¢) with the aid of the
theory of microlocal inverse image initiated by Kashiwara-Schapira [10],
D'Agnolo [3] and [4]. In particular, in [23] we proposed a conjecture on the
vanishing of the cohomologies of bimicrofunction solution complexes to some
class of Y-Modules. Now in this paper. we solve this conjecture to generalize
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the results of [23] and [24] . Note that the technique of microlocal inverse
image enables us to “cut off” the characteristic varieties of ©-modules and
characterize the conditions of the extension of solutions in terms of the
geometry of them.

§ 2. Review on Preliminary Notions

In this paper, we essentially employ the terminology of [10] and [19]. Let
X DL DM be a sequence of C*-manifolds. Let us denote it by (X, L, M) and
call it a triplet of manifolds. First recall the construction of the binormal
deformation of X along (L, M) in [19]. We shall denote it by Xuz and let ¢, s €
R be the deformation parameters. Then we have a commutative diagram

(2.1) Tl X 1Ty X—X R 50y =1t > 0, s > 0}
TX} by 5X
1
M X.

By the immersion sy in (2.1), Taul X T1 X is identified with X N {t=s=0}. If
we choose a local coordinate system x= (x’, x”, x”") of X such that

2.2) {L={x'=0}
M={x=0x"=0},

then the morphism px in (2.1) is described by :
(2.3) W, 2" %7, t, s) —> (tsx’, t2", x”").

We call such a coordinate system “admissible”. Let D (%) be the derived
category of C-vector spaces on a topological space with bounded cohomologies.
In [19] we defined the functor of bispecialization :

(2.4) vir : DP () ———D(Tal X T; X)

by the formula :

(2.5) vur (F) :=s3'Rix.px'F .

We also defined two functors :

(2.6) { vt - D° () ——D* (Tl X [ TEX)
oz D (X) D° (THL X [ TEX)

as the Fourier-Sato transformations of vyz (%) . For F € D® (X) , vz (F),
vuur (F) and uur (F) are biconic objects, that is, every cohomology sheaf of
them is locally constant along two R.i-orbits.
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First we shall recall the estimation of the support of the complex ftuz (F)
for FED*(X).

Theorem 2.1 (Funakoshi [6) and [24]). For FED®(X), we have :
2.7) supp ttmr (F) CTHix o (TEX) NCrex (SS(F)),
wheve we used the natural isomorphism THL X (TFX = T*ux .m0 (TEX) and the

Hamiltowian isomorphism — H : T* (TFX) =T e (T*X) .

Let f : M— M” be a smooth morphism of real analytic manifolds, N C M a
submanifold of codimension d = 1 such that ¢ = fiy: N— M” is smooth, and fc :
X— X" (resp. gc: Y — X") a complexification of f (resp. g). Set L: =fc' (M")
(resp. H:=¢c' (M")) in X (resp. in ¥Y). We assume that dim®M = » and dim
R)” = p—1 (hence d < 1). Thanks to the abstract edge of the wedge theorem of
Kashiwara [8], we get the definition below.

Definition 2.2 ([13], [19] and [22]). We define the sheaves of bimicro-
functions €Enz, Gur and Enm by :

(2.8) G =unr (Ox) ® ory[n]
Gur = tur (Ox) ® oryln]
Gvr :=pnu (Oy) ® oryn—d],

where Oy (resp. Oy) denotes the sheaf of holomorphic functions on X (resp. Y).
Now we define the relative cotangent bundle 7% (X/X”) by the exact sequence :
(2.9) 0— V=X Xy T*X'—T*X—T* (X/X")—0.

Then we have a sequence of closed embedings :

(2.10) TEX — TEX X xV— T*(X/X") X xV =Ty (T*X)

defined by the zero-section of V' € T*X and the Hamiltonian isomorphism. We
denote by @Dx the sheaf of ring of holomorphic differential operators on X. In
[23], we proved the following result.

Proposition 2.3. Let M be a coherent D-module whose characteristic variety
satisfies the condition:
(2.11) T$X 0 Cy(Chl) = 9.
Then we have a canonical isomorphism. .
(2.12) Roi R#omg, (M, Eni) [d]——RHomgy, (My, Eun),

where 0: THL X ([TFX—THH X yTEY is the natural projection and My denotes the
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induced system of M on Y.

Since the morphism o is finite on the support of the complex R#omg, (M, €x)
[d] under the assumption (2.11), we have:

(2.13) H'RHomg (M. Ex) =0, forj <d.

In [23], this result has been essentially used to get several edge of the wedge
type theorems, but the condition (2.11) on ./ was too strong at the zero-section
X of T*X. As a final style, we proposed in [23] the following conjecture.
Consider the injection :

(2.14) TEX Xy V——T*(X/X") X xV = Ty (T*X)

and the projection 7y : T$X X xV——V, and recall the definition of Bony [1].

Definition 2.4 (Bony [1]). We say that the system J[ is non-
microcharacteristic for Y along V at g € V if M satisfies 77* (g) N Cy (Chdl) = @ .

Now we have:

Conjecture ([23]). Let pETHL X TFX and ¢ EN X TFX < V be its base
point. If the system /[ is non-microcharacteristic for ¥ along V at ¢ €V, then

we have :
HIR%OWLQX (./%. %NL)p = O fOI‘ ]' < d.

In the next section. we will solve this conjecture under the additional condition
TEX N Ch#= 0 (M is non-characteristic for Y).

§ 3. Microlocal Inverse Image and a Solution to the Conjecture

First, let us recall the theory of microlocal inverse image developed by
Kashiwara-Schapira [10], D'Agnolo [3] and D’Agnolo-Schapira [4]. This
theory was invented to obtain deep results without using pseudo-differential
operators. In fact, combined with the micro-support theory of Kashiwara-
Schapira [10], we can obtain many new applications on the solutions to
P-modules. For example. see [4]. Delort [5] and Tonin [25]. Now let X be a
vector space and 0 € X its origin. We will identify the tangent space ToX at 0
with X itself, and we take a closed convex cone 7 of ToX = X. Let ¢q: and ¢:
denote the first and second projection from X X X to X respectively. We also
consider the map s: X XX — X defined by (r, x") = x—x and take an open
neighborhood @ of 0 in X. The following definition is essentially given in
Proposition 6.14 of [10] (see also Definition 1.3.1 of [4]).

Definition 3.1. For F € D°(X), we set:



MICROLOCAL INVERSE IMAGE 139

Ox (7, 0, F):=Rgax (s7'C,; ®'¢iFs).
Since Rg,x (s7*Cy ®“gT'F) = F, we have a canonical morphism
(3.1) O« (1, w, F)—F.
The next proposition is the main part in the theory of microlocal inverse image.

Proposition 3.2 (Proposition 6.1.4 of [10]). Let K be a proper closed convex
cone of TeX and U CC K an open cone. For F € D°(X) | let W be a conic
neighborhood of K N (SSF\{0}) in TEX. Then there exists Fo € D°(X) and a
morphism wo 1 Fo—F such that:

(i) wo is an isomorphism on UC T§X.
(il) TEX N SSF, € W.

In fact, if we choose a pair (7, w) satisfying some appropriate conditions (such
pairs are called “refined cutting pair” in [4]) and K°* C y C U then the
object Fo :=®x (7, w, F) and the canonical morphism

uo: Fo—F
satisfy the conditions of the above proposition. In order to avoid the appearance
of the additional parts of SSFy in 87°*\ {0}, we have to impose these very
delicate conditions on the pair (7, w).

Now we will come back to the situation considered in the last part of
Section 2 (f: M—M" is a smooth morphism of real analytic manifolds etc.). We
also inherit the notations there. Then we have the following theorem as an
answer to the conjecture in [23].

Theorem 3.3. Let p € THL X . TEX and qEN X [ TEX C V its base point. We
assume the Dx-module M satisfics the following conditions:
(i) M is non-characteristic for Y.
(ii) M is non-microcharacteristic for Y along V at q.
Then we have:

(3.2) HRHAomaex (M. Evi) »=0 for j<d.

Proof. Let us assume X= C"=R? and the base point of ¢ in X is 0E€C".
We may also assume g € T¢X, because the case ¢ € T¥X is already proved in
Proposition 4.6 of [23]. Thus we can take a proper closed convex cone K C
T&X and an open cone ' C C K satisfying ¢ € U. If we cut off by Proposition
3.2 the micro-support of the complex F:= R¥omse, (M. Ox) € D*(X) with
respect to this choice of cones UC CK, we get Fo€DP (X) and a morphism uo:
Fo— F such that:

(A) o is an isomorphism on UC T§ X.
(B) There exist an open neighborhood W, (not necessary conic) of ¢ in V
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and an open conic neighborhood Wi of {0} X xT¥X in T*X such that

This condition (B) is strictly weaker than the following one.
(C) T¥X N Cv(SSFy)=1.

As is clear from the proof of Proposition 4.6 of [23], the following isomorphism
holds for the objects Fo€DP(X) satisfying the condition (C):

(3.3) Ro pwr (Fo) [2d]——pwvu (W'F0),

where o : THL X ;TEX— THH X yTHY is the projection as before and & : Y—X is
_ the inclusion. We want to use such an isomorphism, but it is difficult to get the

cut-off Fo € DP(X) satisfying the condition (C). This difficulty arises from the
fact that the microlocal cut off works accurately only on the fiber T§X of {0} €
X. To make up for the conditions of Fo€DP(X) we will give a precise version of
Proposition 4.6 of [23]. By using the morphisms:

(3.4) T*Y—Y XxT*X —T*X
oy oy
we consider the point ¢’ := pyo7' (q) € NXT§Y C T*Y.

Proposition 3.4. Let Fo € DP (X) be an object which satisfies the condition
(B) above at gEN X [ TFX C V. Then we have an isomorphism:

(3.5) Ro pwe (Fo) [2d] ——ptyp (R'Fo)
on ' (q"), where my denotes the projection THH X yTEY——N X 4y THY.
Proof. The problem being local, we may assume :

(3.6) [X=<C’ XC'DOL=C'XR"'DM=R'XR"",
Y=({0} XxC") XC"'DH=C"*XR*"' D N=R'"XR""*

for 0<d <. We introduce a local coordinate system (x, v) = (', "), (", v")), &
= (x1, o, %a), 7= (agr >+, xn), Y= (1, =, 91), 9" = 41, =+, 9) of X such that:

(3.7 {M={y=0}3N={y=0, =0}
L=1{" =0}

Take care that the numbers of " and y'-variables are different from each other.
We also use the notation 3" = (31, ***, va, ™), ¥*= (a41. **~.31). In this setting, the
associated admissible coordinate system of the triplet (X, L, N) (resp. (Y, H,
N)) is (", (", 9. «") (resp. (3", ¥* x”)) and there exists a canonical injection
h: Yyve— Xz induced by h: Y—X. This injection is described by the equation x’
=0, y1="-=9,=0 and we have the commutative diagram :
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~ ] b
(3.8) Tl X 5TaV—5 Prge—Qy— ¥

Th 1 r 1 LTQ, lh
TnL X LTLX_""XNL‘_—QX__"X
SX ].X ‘EX
in which all squares are Cartesian. Now we take a point po = (0: n* 9" e
gt (¢") CTHH X yTHY, (3”%0) and we will show that the canonical morphism:
(3.9) Ro: v (Fo) [2d]—ptve (R Fo)

is an isomorphism at po. Let us imbed THH X yTHY Into the zero-section of
T*(TEH X yT#Y) and consider the canonical identification:

(3.10) T*(TYHX gTEY) =T (TyH X 4y TxY)

which follows from Proposition 5.5.1 of [10]. Then as in the same way as the
proof of Theorem 6.7.1 of [10], it is enough to show the isomorphism:
(3.11) s7 (' Cx ® KTIG]—s3' G

for G: =Rjx.px'Fo in the localized category DP (TxH X yTrY: po) of D (TyH X
#TuY) at po= (0, 0, 0; n*dy* + 1"dy” + 0dx") € T* (TyH X yTgY). Thanks to
Corollary 6.4.4 of [10] it remains to prove the following assertion.

Lemma 3.5. The natural injection h:Y yg— X i is non-characteristic for the
object G=Ryjx.px'Fo on Ve for sufficiently small € > 0. Here the open subsets Ve C
T*Yyu is defined by

(3.12) Ver={(y" v*«" t.ssn" . n* & 7,0 ET Yy,
—l<e, lgri<e, i LIy Iy e

r/[ N

Jtl sl <el.

‘In

Proof. We will prove this lemma bv a contradiction Assume that for every
€>0 there exists a  point pet = W y* 2" t.s;n", p* &, 1,0) € Ve at which the
morphism &:Yyg—Xnz is characteristic for SS(G). We show that it contradicts
the condition (B) of SSFo. By Proposition 6.2.4 (iii) of [10] we can find the
sequences :

(313> { <y/ (x;n,y;n xm b, Sm 7]m, (E;n. n;n), E,;n, Tm. Urn) €SS (G)
-,);ly_;l;l zm Tm, Sm) EYNH
such that
(3.14) (7;; T T T, Sm) —— 0" 9%, 2", 1, )
m, (xm,ym) xm, tm, Sm) (y". (O, O,y*)),x”, t, S)

(s 15, Eme T Ow)— (1" 1% &7, 0) A
“ [ (Sm ﬂm) E"m T, O'n;)‘—*—{—oo B
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Note that from A and B we have
(3.15) | (&m um. +*, am) | ——+ 0.

Recall that SS(G) €SS (px'Fo) +N* (2x) and we have by Proposition 5.4.5 of
(10]
(3. 16) SS (P_IF > - {(?S' (x ;V 2', xll’ t, S; tsT]”dy”+t§'dx’+t77'dy’+f”dx”+"'>;

0", &) 2" 0", (E, 0}, &) ESS(Fo)}.
Therefore by Remark 6.2.8 (ii) of [10], we obtain the sequences

(317} { bn= (ym (Xm ym) x,r'n, 7]’;n (E;n, n;n) . ;’1}\') SN (Fo)
tm sm>0 and (. Vi, T Fon, Sm) € Yvm

such that
(3.18) T e T T Sm) —— (", 9%, 57, 8, s)
(_)’m/ <tm-5‘m) , (xf’n-y;rJ /tm- xl;n, tm, Sm)——-—‘> (V”. (O (Oy*) ), %", t, 3)
(tmsmﬁl;m tmﬂz, E;'ﬂ)—"" (n”, 77*. &) ---C
!(tms;n' tm (nlm- "'-ndm>>)-—')+oo =D
Set Cim= gkm-‘-mkm for k=1, '+, n and consider the ratio of ({im. ***, {am) € C?
and  (Casrm =, Gm) € CH” d. Then it follows from C and D we get the
convergence:
(3 . 19) { (Cd+1.7’1v o Clm) }/l (Clm. N Cdm) I——')O

Moreover by C and (3.12) we see that the directions of the vectors ({imim, =",
Cam) €C*! tend to that of a point in WoC V. It contradicts the condition (B) on
the micro-support of Fo€EDP(X). 0

Now let us continue the proof of the theorem. Note that by the assumption (1) of
the theorem the set @yoy' (¢") N SSF is a finite set, and we will denote it by {go
=g, q1. ", qm} CTEX. Hence we can take cones U, CC K, (i=1,2, -, m) in TaX
so that ¢, €U, and K, N K,= @ for 1= and cut off the micro-support of F. We
denote the corresponding cut off morphisms by u,: F,—F (i=1,2,+*.m). Then
the morphism :

(3.20) élah’l (1) é@h‘lF, —nTF
1=0

1=0

defined by these microlocal cut off morphisms is an isomorphism in D (Y, ¢")
and hence induces an isomorphism:

P=

UNE (h—lF:);_)#NH (h™'F)

0

(3.21)

1
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at ¢ EN X yTEYC T*Y by Theorem 2.1. By virtue of the same theorem, we get a
chain of isomorphisms at o (p) ETKXHX yTEY:
(3.22) Ro-R#omg (M, Exi) [d] =Ro . uns (F) ® ory[n+d]
—Rp un. (Fo) ® ory[n+d]
= pnu (h™'Fo) ® ory[n—d]

and the last term is a direct summand of the complex pny (h™'F) ® oryn—d] =
RAomg, (My, Gnu) by the formula (3.21). It implies

(323) H [Rp:R%’om_@x (M, %NL)],,(I,):O for 5 <d

and by the assumption (u) of the theorem we get:

(3.24) HRHomgy (M. Enr) =0 for;j <d.

Note that the assumption (ii) entails the finiteness of the morphism o on the

support of the complex R#omy (M, €xi). It completes the proof. ]
Remark 3.6. We conjecture that the condition (i) of Theorem 3.3 can be

removed. In fact, under the condition (ii) we wanted to prove the isomorphism:

(3.25) Ro Rtomg, (M, Gxr) [d]——RHomsy (MY, Exn),

where U is an open neighborhood of g€ V in T*X and M¥% denotes the induced
system of J|y to Y in the category of &x-modules. If one can prove this
isomorphism, our conjecture is true.

§ 4. Applications to Edge of the Wedge Type Theorems

In this section, we will give some applications of Theorem 3.3 and the
results in [23] to the extension of hyperfunction (real analytic) solutions. The
main problem that we consider here is to find good sufficient conditions on
P-modules /I for the vanishing of cohomologies:

(4.1) ' unRH omg, (M, By) =0 forj <d,

where d is the codimension of N in M. As was shown in [23] and [28], the
solutions to this problem give rise to many nice applications to the extension of
solutions defined on the tuboids in M having N as its edge. First recall a
definition of [23].

Definition 4.1. We define a biconic sheaf @y on THM X 4 THX by :
4.2) Cnm = lnm (Ox) ® ory[n].

As we shall see in the following proposition, the sheaf €yy defined above
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enables us to extend the formulation of microlocal boundary value problems due
to Kataoka [11] to the cases where the codimension d of the boundary N is
greater than one.

Proposition 4.2 (Proposition 3.4 of [23]). There exists a distinguished
triangle in D (TEM):

(4 . 3) RG. R?/fom@x (./ﬂ, (gmx) __’[ZNR%)O‘M% (-/{/t, QBM) ® 0YN|M
——*R#M,R"ffomm (:/M, gNM) —+1,

where 0: TEX—TEM and 7ty - TEM X yTEX—TEM are the projections.
We know by Kashiwara-Kawai's division theorem of [7] that
(4.4) HRHKomg, M, Cnx) =0 forj <d

if the Dx-module I is non-characteristic for Y. Hence in view of {4.3), to
show the vanishing (4.1) it suffices to study the complex R#omg (M, Gnm) on
THM X yTHX. If moreover the system J is elliptic, this complex vanishes there
by Theorem 2.1 and one gets (4.1), which recovers the main theorem of [7].
Our formulation enables us to investigate non-elliptic Zx~modules. To recall the
notion of partially elliptic systems of Bony-Schapira [2], consider the relative
cotangent bundle T* (M/M”) defined by the exact sequence :

(4.5) 0——A:=M Xy T X'—TEX—T* (M/M")— 0.

Note that A = M X T#X and it is a totally real submanifold of V=X X xT*X"
CT*X. Now we have an injection:

(4.6) T*(M/M") X yA—— T*(X/X") X xV =Ty (T*X)
and a projection 74 : T* (M/M”) X yA——A.
Definition 4.3 (Bony-Schapira [2]). For ¢E A, we say that the Dx-module
(system) J is partially elliptic along VC T*X at q if
7' (@) NCyv(Ch) = 8.
In Proposition 4.3 of [23], we proved the next result.
Proposition 4.4. Let pETEM X [ TFX and gEN X TEX C A be its base point.

Suppose that M is partially elliptic along V at q. Then we have a natural
isomorphism at p:

4.7 R#omg, (M, Gyu) ;f*Rpo*R?fom@x (M, Cnr),

where we used the injection ¢: TEM X [ TFX——TxM X yTiX and the projection po:
TRL X TEX——THM X (T X.
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Combining Proposition 4.2, Proposition 4.4 and Theorem 3.3, we obtain the
following theorem which improves Theorem 4.8 of [23].

Theorem 4.5. We suppose that the system M satisfies the conditions:
(i) M is non-characteristic for Y. _
(i) M is partially elliptic along V on N X, TX, and TiX N ChM CTEX.
(iii) M is non-microcharacteristic for Y along V on N X TFX.
Then we have the vanishing for every 1 <d:

(4.8) HunRHomg, (M, Bu) = 0,

From this theorem, we can deduce local Bochner type extension theorems
concerning the hyperfunction (real analytic) solutions to P-modules by using a
method in the proof of Theorem 1 of Uchida [28] (cf. Sato-Kawai-Kashiwara
[17]). Here we denote by s the sheaf of real analytic functions on M. We say
an open subset £20C M is an open convex cone with the edge N if locally, in a
real analytic chart M=R? X R*™“ such that N={0} X R"¢, £ is expressed as
£2;XR™“ by a proper open convex cone £2; in R%

Theorem 4.6. Suppose that M satisfies the conditions (1)~ (iii) of Theorem 4.5.
(i) For every open convex cone 2 with the edge N in M, every hyperfunction
solution uw € [ofomg (M, Bu) v to M on Q:= M\Qy automatically extends
to an open neighborhood of N as a hyperfunction solution to M.
(ii) Let UCTNM be an open cone with connected fibers and VO U its convex hull.
Then we have isomorphisms:

(4.9) {F(V: wvHomg, (M, Bu))——I(U; unHomg (M, Bu) ).
IV vw#omg (M, du))——T U vyHomg (M, Ax)).

Let us mention that we have used the unique continuation property of
microfunctions with holomorphic parameter to get the second isomorphism of (u).
The microfunction solutions to partially elliptic systems have holomorphic
parameters.

Remark 4.7. Under the same conditions as in the above theorem, we can
also deduce an edge of the wedge theorem of Epstein type for hyperfunction
(real analytic) solutions by using the proof of Proposition 7.2 of [28].

Example 4.8. Let N = Dx/2.9xQ;,Q, €EDx G = 1,--*.d) be a coherent
Px-module such that:

(i) N is partially elliptic along V on NX,TX and T#X NChN CTEX
(i) T¥XNCy(ChN) =@ .

Then we have



146 KIyosH! TAKEUCHI

(4.10) HuxR#omg (N, By) =0 forj <d.

The condition (ii) implies that N is non-microcharacteristic for ¥ along V at
the zero-section of V. We think it is a very strong condition, because the
operators @,’'s are a priori assumed to have symbols of the form :

0@) 0= ) a7 =) ECXC =X, d= (o, @)

la’|=m,

in this case. Here we denote by 2’ (resp. {’) the first I = d variables (z1, ***, z;)
(resp. (&, +++,¢)) and Y={zy=++=2,=0} € X (This notation is different
from that in the proof of Theorem 3.3). Now thanks to Theorem 4.5 and 4.6,
we know that the elliptic factors in the characteristic variety of the system are
harmless when one wants to obtain edge of the wedge type theorems. For
example, take elliptic operators E; =1, -*,d) on X and set P,=E;Q,+ (lower
order terms). Then the system Jl=Dx/2{-1DxP, does not satisfy the condition
T$X N Cy (ChN) = @ but satisfies the condition (ii) and (iii) of Theorem 4.6.
Therefore if the system J{ is non-characteristic for Y in addition, every
hyperfunction (real analytic) solution of 4 on the open tuboid UC TyM along N
extends to its convex hull VCTyM as a solution :

(4.11) [ TV yyHomg, (M, By))——T (U ; vyHomg (M, Bu)).
F(V; VNWOWL@X (./%, .SZfM) )_:_"F(U ; DN%O’M% (./%, .QfM) )

Note that the lower order terms of the operators P;'s could not be taken
arbitrarily before we prove Theorem 4.6. See Example 5.2 of the previous
paper [23]. Moreover the conditions of [23] were not totally geometric. Our
conditions in Theorem 4.6 are characterized only by the geometry of the
characteristic variety of the %Px-modules. Notice that the Zx-modules
obtained in this way contain partially elliptic factors and elliptic ones at the
same time.

If we restrict ourselves to get the vanishing:
(4.12) HuyRHomg (N, By)e = 0 forj <d,

for a fixed covector £ € T?GM, we can further weaken the hypotheses on the
P-modules M. In fact, we have by Theorem 2.1 the following result. We shall
use the projections:

"M n‘N
(4.13) TEM——TFM X yTHEX—N X y THX.
Theorem 4.9. Let p € TEM X yTEX and suppose that M is micro-hyperbolic

(in the sense of [9]) in the direction my (p) € TEMC T*M at my (p) € THX. Then
we have :
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Ri#omg, (M, Exm) »=0.

Now assume that N is of codimension d = 2 in M and let £€ T?GM be a fixed
covector. If the system J is hyperbolic in this direction & € T*M, then we have
uxRHomg (M, Bu) ¢ =0 by a result of Kashiwara-Schapira [9]. On the other
hand, if A is non-characteristic for Y and elliptic, then it was shown by
Kashiwara-Kawai [7] that H' uvR#omg, (M, By) ¢ =0 for j <d. The following
theorem is a natural generalization of these well-known facts.

Theorem 4.10. Let Jl be a coherent D-module and ChAl = LkJV, be the
irreducible decomposition of the characteristic vaviety of M. We assume Jﬁblat each V,
satisfies the condition (i) or (ii) below.
(i) V,is non-characteristic for Y and elliptic i.e., V, NChM= 0.
(i) V, is hyperbolic in the direction & € THM.

Then we have

(4.14) HuvR#omg (M. Bu)e=0 forj <d.

Proof. 1t follows from Proposition 4.2 and Theorem 4.9 that
(4.15) RO RHomy (M, Gnx) ——puxRHKom, (M. By) ® ornm at EE THM.

It remains to apply the division theorem in %wx for micro-differential systems
of Kashiwara-Kawai [7].

Corollary 4.11 (local Bochner type extension theorvem). Let SEj'I’gM and M as
in the above theorem. Then there exists an open convex cone 20T M with the edge N
such that the polar set of Cy (§0) C TxM contains & in its intevior, and every
hyperfunction (real analytic) solution u € I'pHomgy (M. By) on 2:= M\ £
automatically extends to an open wneighborhood of N as a hyperfunction (real
analytic) solution to .

We used the micro-hyperbolicitv of # on TiX to show that the extensions of
real analytic solutions to 4 become also real analvtic. These results are slight
generalizations of Theorem 3.9 of [23] to the cases where the hyperbolic
factors of Al are not necessarily non-characteristic for Y. Thev can be of
codimension one in T*X. In Theorem 2 of Uchida [27] a result on the extension
of “real analytic” solutions is proved in the same situation. However he assumes
the smoothness of the characteristic variety on T#X. Moreover in his case,
every irreducible component of Ch.# has to be of codimension = 2.

Remavrk 4.12. In Corollary 4.11, if we assume in addition the conditions :

(A) The characteristic variety of J// is real and smooth on TEX
(B) At each point p € THX the system 4 can be transformed to a direct sum
of the partial de Rham system (as an 8x-module) by a real quantized
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contact transformation,
then the extensions of distribution solutions to J on 2= M\ 2, are again
distributions. That is, we have an isomorphism:

(4.16) ToHomg, (M, Do) lv——Homy (M,Dbu) |.

This can be proved by the fact that the tempered microfunction solutions #Hom,,
(M, €} to the partial de Rham system are constant along the real
bicharacteristic strips of the real part T#X N ChAl of Chl. Also notice the real
bicharacteristic strips are transversal to the hypersurface of M defined by Ee
T#M in this case.

Example 4.13. Let @ € £x be a hyperbolic differential operator in the
ddirection EE€ THM. We take elliptic operators E; (f =1,---.d) such that the set
N{o(E,) =0} T*X is non-characteristic for ¥ and set P,=E;Q+ (lower order
ltz}"ms). Then for the system M =D/ > %1DxP, we have

(4.17) HuyRHomg (N, By) = 0 forj <d.

and a local Bochner type extension theorem for hyperfunction (real analytic)
solutions holds. Note that Z?-modules . obtained in this way are not
non-characteristic for Y in general.

By adding hyperbolic factors to Theorem 4.5, we have the following theorem.

Theorem 4.14. We suppose that the system M satisfies the conditions:
(i) M is non-characteristic for Y. .
(ii) M is partially elliptic along V on N X TiX. _
(iii) M is non-microcharacteristic for Y along V on N X LTfX. }
(iv) M is micro-hyperbolic in a divection EE THM on NX yTHX —N X [TFX.
Then we have for every 7 <d:
(418) H]/,LNRJKOWLQ,X (./%, %M)EZO.

and a local Bochner type extension theovem for hyperfunction (real analytic) solutions
(like Corollary 4.11) holds.

Proof. Set 7ty : TSM X yTHX—THM. Then we have H'R#omg (M8 yu) =0 for
every j <d on 7miy'(§) by using the preceding results. Thus the conclusion
follows from the distinguished triangle in Proposition 4.2.

Remark 4.15. As is clear from the proof of Theorem 3.11 of [23], Theorem
4.14 is useful also to get an edge of the wedge theorem of Bogocliubov type for
hyperfunction (real analytic) solutions. The details are left to the reader.
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§ 5. Solvability of Systems with Multiple Characteristics

In this section, we will make use of the techniques of microlocal inverse
image to extend some results of [24] on the solvability of partial differential
operators. We employ the notations in the previous sections, but we assume that
the codimension d of N in M equals to one. We write N={x=0} C M. First
recall the following definition.

Definition 5.1 ([23]). We say that a system J is “microlocally
hyperbolic” in the direction € € T*M if the characteristic variety of /f satisfies
the condition:

i(m™(&)) NCrix (ChMl) = @,
where we have used the natural injection

(5.1) i TEX X yT*M—T* (THX) ~ Tz, (T*X)
induced by THX—M and the projection 7 : TEX X yT*M—T*M.

Example 5.2. Let us take an elliptic operator E (resp. a hyperbolic
operator @ in the directions =dx; € THM) on X and set P=EQ-+ (lower) . Then

the Dx-module M = Dx/DxP is not hyperbolic in the directions T dx; € TFM in
general but satisfies the condition of microlocal hyperbolicity.

We shall explain how to extend this definition to our relative setting f: M—
M”. According to a result of Laurent [14], the normal bundle Ty (T*X) = T*
(X/X") X xV is endowed with a relative canonical 2-form £27. When X=X X X"
=CL X C¥' and T* (X/X") XxV=T*X' X T*X" ={(2, 2" ; {'dz’ + {"d2")}, this
2-form is described by 2k=) dzx A d{i. Let 2 be the canonical 2-form on T*X
and take its restriction 2 |v=27t-1+1dzs Ad s to V. If we pull back Q|v by 7v:
Tv(T*X)—V and denote it by 7 (Qly). then Q7+ 75 (2ly) is a non-degenerated
2-form on Tv(T*X). Hence we have the Hamiltonian isomorphism :

(5.2) T(Ty (T*X))——T*(Tv(T*X))

which induces the isomorphism;

(5.3) Tre oyt [T* (X/X7) X xVI—==T*[T* (M/M”) X yA].
We also use the injection:

(5.4) ip :[T*(M/M") X Al Xy T*M——T* [ (T*(M/M") X 4]
and the projection:

(5.5) 7 [T*(M/M”) X yA] Xy T*M—T*M.
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Definition 5.3. Let ./ be a coherent £x-module. We say J/ is “microlocally
relative hyperbolic” (w.r.t. f) in the direction €€ T*M if M satisfies:

(5.6) i (77H(E)) N Cremasmry <t [Cv (ChM) ] = @ .

Example 5.4. We assume locally X=X’ X X"=CL X C¥! and N=N" X M".
Take an elliptic operator E (resp. a hyperbolic operator @ in the directions *
dxy € THM') on X and set P=EQ++ (lower) by taking arbitrary lower order
terms from Px. Then the Dx-module Ml = Dx/DxP is microlocally relative
hyperbolic (w.r.t.f) in the directions *dx; E THM.

Although these oparators are not partially elliptic nor micro-hyperbolic. we
could prove in Theorem 5.2 of [24] the solvability in the sheaf By (and in the
sheaf @y of microfunctions) with the aid of the theorem of bimicrolocalization.
Note that there exists a complicated intersection of two factors {¢ (E) =0} and
{o(Q) =0} on the regular involutive submanifold A=M X ;TfX C THX. At that
time, we treated the differential operators whose symbols contain only the
derivations in z'-variables. We can generalize this result as follows.

Theorem 5.5. Let M be a coherent Dx-module and pEAN =N X, TEX. We
suppose the following conditions:
(i) M is non-characteristic for Y.
(ii) There exists an open conic neighborhood U of p in T*X such that the cut-off
UNChM at p of the characteristic variety of M satisfies:

(5.7) ir (271 (6)) NCroniprs vt [Cy (UNChM) ] = 0
for every EETEM.
(iii) M is non-microcharacteristic for Y along V at pE/'lN‘
Then we have the vanishing of cohomologies :
(5.8) HRHomy (M, €u) =0 for j>proj.dim My.
at pEAN.
Proof. Set 7 : TEL X 1 TFX—A and consider the sheaf €. =puu (Ox) ® ory

[n] on THL X [ T¥X introduced by Kataoka-Tose [13] and [19]. Then we have
the distinguished triangle on A :

(5 . 9) R%fomgx (‘/ﬂgﬁ) IA_’R%O’WL@X (J% gM) [A"’RYZL JR.J#O’}’I’L(_)‘r (-/ungL) —+1,

where €0 = p; (Ox) ® orr [n — 1] denotes the sheaf of microfunctions with
holomorphic parameters. We also consider the sheaf €0'=puy (Oy) ® orgln—1]
on T#Y and identify Ay and N X gTHY via the projection N X yT#X— THY. By
Schapira’'s Cauchy-Kowalevski type theorem in [18] and the assumption (),
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there is an isomorphism
(5.10) R omg, (M, 60)——RHoms, (MY, €0")

on Ay for a sufficiently small conic open neighborhood U of p in T*X, where ¥
stands for the induced system of /|y to Y in the category of 8x-modules.

Therefore the first term of (5.9) is a direct summand of the complex R¥om,,
(My, 80" and

(5.11) HRHomg, (M, 60),=0 forj > proj.dim My
holds. Next we shall use the natural embedings:

b
(5.12) TEL X TEX———(NX yTHL) X [ TEX——THL X TEX

and the projection 7y : THL X (TfX—— Ay. Then it follows from the proof of
Theorem 5.1 of [24] and the assumption (ii) that the canonical morphism:

(5 . 13) 5*CD"1Rfl’onz% (Jﬂ, (gML) ZR%OWL% (./%. (gNL) [1]

is an isomorphism on 7x' (p) N (N X y THL) X (TFX. Hence the third term of
(5.9) is a direct summand of the complex RaxR#om,, (M, €xr) [1] for : THL
X [ TFX——Ay. Now recall the chain of isomorphisms in (3.22) obtained by the
microlocal inverse image h™'Fo (h: Y—X) and set g : THH X wTEY——Ax. Then
we have the isomorphism :

(5.14) Ro R#omg (M, Enr) (1] =png (B Fo) ® ory[n—1]

on 75" (p) and the complex RmR#om, (M, Gni)5[1] is also a direct summand
of Rma,R#Homg, (My, Exn) 5. Finally use the biconically flabbiness of the sheaf
%wu proved by [13] to show the vanishing:

(5.15) H’R#H,Rffom@, (My, Gyr) =0 forj > proj.dim My.
It completes the proof of the theorem. B

Our arguments in the proof above is also useful to prove the solvability in the
sheaf By of hyperfunctions. In the course of the proof of the following corollary
(example) , we use Theorem 3.1 of Kataoka-Tose [12] as well as the proof of
Theorem 5.2 and Theorem 5.5 of [24]. We assume locally X=X' X X”.

Corollary 5.6. Let EEDy (resp. EoEDx) be an elliptic operator on X' (vesp.
om X) and Q E Dy (resp. Qo€ Dx) a hyperbolic operator in =+ dx~directions on X
(resp. on X). We set P=EEQQo~+ (lower) by taking arbitrary lower order terms from
Dx. We also assume the separation condition:
MX . TEXN{o(Qo) =0}=0.
Then
(i) P:Bu——Buy is surjective.
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(ii) P:€u——%Cu is surjective at any point of TEX.

Remark 5.7. Corollary 5.6 extends Theorem 5.2 and Theorem 5.5 of [24].
Note that Theorem 5.2 of [24] was a natural generalization of the
%u-solvability for partially elliptic operators due to Bony-Schapira [2].
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