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Singularities in Fuchsian Cauchy Problems
with Holomorphic Data

By

Hideshi YamANE ™

Abstract

It has been proved by Baouend: and Goulaouic that the holomorphic Cauchy problem for a
Fuchsian partial differential operator of weight m —m’ has a unique solution if its characteristic
exponents avoid integers =m —m’. In the present paper we consider the singularity of the solution
which appears if some of the characteristic exponents take integral values =m—m’

§1. Introduction

Let us consider a local Cauchy problem in a neighborhood of the origin
(0,0)€C,xC2% x=(x1,..., %), of the following form.

Let Q be an open neighborhood of 0€C% and P=P(t, x, D, D) be a partial
differential operator of order m with holomorphic coefficients; here D, = 0/dt
and Dy = (Dy,....D,) = (0/0x,...., 0/0x,). We assume that P is a Fuchsian
operator of weight m —m’, that is, it has the form

P (t, %, Dy, Dx) :tm,D?z +am-1 (X) lm’_lD:"—lJ'_ ot amem (x)D;n—m’
m—1
+ 2 X t*Ya,(t, x) D} DS,

1=0 |8l=m—;
where 0 <m’ <m, a(j) =max{0,j — m —m’) + 1}, DE=DF--- D& and |B|=
Bt s+ B, Here am—,(x) (G=1,....m") and ap(t, x) G=0,....m—1, LBI
<m—j) are holomorphic functions in € and {¢:]1|<T} X Q, T>0, respectively.
We call the operator

P (t. x, Dy, 131) :tm,D;”+am—1 (x)tm,_lD?l_l+ +am—m’ (X)D’In_m’
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the Fuchsian principal part of P.
The characteristic polynomial associated with P is

C(A, x) =t *m—mp, 1A
=1(1—1) - A=m+1) +ap @AA—1) - A—m+2)
+ oo e WY AA—1) - A—m+m’ +1)

and its roots, called the characteristic exponents, are denoted by
21 (x) yr e ey /lm’ (x) , Rm’+1=0, /.im’.;.z:l go ey 2,,,=m—m'—l.

The study of this kind of operators was pioneered by Baouendi and
Goulaouic ([2]). They proved the following

Theorem. [Baouendi-Goulaouic] Let x* be a point in Q. If C (4, *) #0 for
any integer A=m—m’, then for any function f(t, x) holomorphic near (¢, x) = (0, x*)
and for any functions fo(x) .. .., fm-m—1 (&) holomorphic near x=x%, there exists a
unique holomorphic function u (¢, x) near (t. x) = (0, 2*) such that

Pu=f,

(IVP)
D0, x) = f, (x) 0<A<m—m'—1)

holds.

In the present paper we consider (IVP) under the following conditions:

o C(4, 0) =0 for some integer A=m —m and C(A, ) 0 for any fixed
integer A=m—m’,

o f£(t x) is holomorphic near (¢ x) = (0, 0),

o fo(®) ..., fm-mr—1 (&) are holomorphic near x=0.

The set V defined by
V=4&EQ: C(4, x) =0 for some integer A=>m—m’}
is an analytic set of codimension 1 of Q. More precisely, if we define V;= xEQ;
C(a, x) =0} for a fixed A=m —m’, then {V;} 1om-m is a locally finite family of
analytic sets of Q and we naturally have V=U ;5 mem' V2

For any x*€Q\V, the assumption of the above theorem is satisfied and V
is an obstruction to the analytic continuation of the solution #. A natural
question is how far it can be extended near V.

Let d(x) be the distance from *€Q to the boundary of Q\V. If x is in a
sufficiently small neighborhood of *=0&C?% then d(x) is nothing but the
distance from x to V.

We have

Proposition 1. The solution u(x) to (IVP) is holomorphic in a domain of
the form
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(¢t 2); 1t < Cdlw)™, x€Q},

where Q is an open neighborhood of *=0 and Cisa positive constant independent of
tand x.

In fact we can prove a much more precise result. It shall be stated in a
formulation involving a quantity I(P), O0<I(P)<m, which describes the
difference between the operator P and its Fuchsian principal part Pn. It is
defined by using something like a Newton polygon.

Recall that

m—1 )
P—P,=2 2 ta(’)aj,g (t, %) D) DE,
7=0 |g|<m—)
a(f) =max{0, j— (m—m") +1}.
By expanding a,z into a power series in £, it can be written in the form
m—1 o X
P—Py=2 2 2tais(x)DiDi
1=0 |B|<m~j 1=0

asx)= 0 if 1<j—(m—w').

For each j=0, 1,....m—1, we define a subset N, (P) of {1, 2, ...} X {m—}
by

(b, m—7) EN; (P) & Gps—im-mr8 (x) Z0 for some B with j+ |8 =m.

Obviously N;(P) is determined by the principal part of P. Let N(P) be the

union of No(P), N1(P) ,..., and Nu-1(P). Then we see that N(P) is a subset of
{1,2,...}x(Q,..., m}.
We set

I1(P) =max{l/k (k, 1) EN(P)}.

If N(P) =@, then we set I (P)=0. It is obvious that 0<I(P) <m.
Let k,>1 be the smallest k such that (¢, m —j) €N, (P). We set k, =0 if
N;{P) =@ by convention. We have
I(P) =maxm—k_~]-.
i
Now we can state

Main Theorem. The solution u(t, x) to (IVP) is holomorphic in a domain
of the form

{(t,x); |t] < Caw)'®, x€0},

where Q is an open neighborhood of *=0 and Cisa positive constant independent of
t and x. If I(P) =0, this domain is understood to be
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{(t )t < C, »r=Q\V}).

Some authors have studied Fuchsian Cauchy problems with singular data
or with a characteristic exponent which takes a non-generic value: see [4] and
[5]. for example. In these papers the singularity of the initial data or the set V
(in the present author's notation) are assumed to be a nonsingular hypersur-
face. Moreover thev study the cases where the principal symbol of the operators
admit some particular types of factorization, which enables the construction of
nice phase functions.

On the other hand, in the present paper the set V' can be an arbitrary
analytic set of codimension 1 and no condition is imposed on the factorization of
the principal symbol.

§2. Integral Operators

In this section we follow [2].

Let Q(t, x, D:, D;) be a Fuchsian operator of order m and of weight 0.
Denote by p-(x) r=1, 2... .,m) its characteristic exponents and assume that
Re #,(0) <0 for all ». Then in a sufficiently small neighborhood of the origin we
have Rep, (x) <O for all 7.

If g (t, x) is holomorphic near (t,x) = (0, 0), then

v(t,x)=Hlg] (t x)

“mto—l

011" st g (510 st x)dsy o dsm

gives the unique holomorphic solution to @mv = g. where @ is the Fuchsian
principal part of Q.
We have another representation of H[g]:

1 _ _ ~ _

—_—_ i) =1 110 1 cos oo

H[g] = sz Salm' g(sl Smt. x)dsl dsm,
m! [0.17"

‘TESM N

where S, is the group of permutations of {1, 2,....m}. Its holomorphy is
verified by applying the following lemma to 2 resmSam = Saim.

Lemma 1. Let F(2) be an entive function on CP, 2= (z1,. ... zm), which is
symmetric:
Flzi,o...z2m) =F Ga oo oo, 2zom)  for any TE Sy

Define p1(z) .. ... pm(2) by

(X_Zl) (X_ZZ) (X_Zm>
= X p X p X e (= 1) Y X (— 1)

wheve X is an indeterminate. Then theve exists a unique entive function G (py.. ... bm)
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om CF, p= p1,....pm). such that F(z) =G (p1(2) ,....pm(2)).

Proof. There exists a sequence of symmetric polynomials {F.(z)} with
degF,=Fk such that F, converges to F locally uniformly. We can find a
polynomial G, (p) in p of degree k such that Fy, (2) =G, (p1(2) ..., pm(z)) holds.

On the other hand, for any R>0 there exists N>0 such that |p (2)|<R
implies |z|<N.

Therefore {G, (p)} is a Cauchy sequence on |p| <R, hence it converges to an
entire function G (p). O

We see that if x is sufficiently close to the origin there exists a positive
constant C independent of g and (¢, x) such that
|H[g] (t. x)| < C suplg(z, x)|.
| <it]
In the proof of Main Theorem, we will need other estimates on H[g]. Set,
for k=0,1,...,m,

Hk[g] (t, x) :_/‘[0 " Si—um)*l sk‘ﬂm)ﬂg (31 e sut x)dsl e dsp.

It is trivial that Hn,lg]l =H[g]. For k<m the function Hilg] is not
necessarily holomorphic in x, but we do have the estimate

|HeLg] (&, )| < Ch supleg(z, 0.

l7 <t

where Cy is a positive constant independent of g and (¢, x).
By the repeated application of the formula

tD:Hy Lg] =p (x) He[g] +Hii [g],

we see that, if x is sufficiently close to the origin, we have

|(tD)’H[g] t.x)| < C'suplg(r,x)] (G=0,1.....m).
lz1< 1]
where C’ is a positive constant independent of g and (t, x). Remark that (tD;)’H
is a bounded (integral) operator, while (tD;)’ itself is not.
Since (Di)’ is a linear combination of 1, tD;...., (tD;)’, we obtain the
following

Proposition 2. If x is sufficiently close to the ovigin, there exists a positive
constant A independent of g and (t, x) such that
[(D#)'Hg] (t.x)] < Asuplg(r.x)] (G=0,1.....m).
| <]t|
Remark. We prefer Dyt to tD; because the former is a topological auto-

morphism on the Fréchet space of holomorphic functions while the latter is
neither surjective nor injective.
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We introduce another integral operator which will be useful later. Set

G:[g](t) f g(sl ~sit)dsy -+ ds;  for g=g(t).

Then it is easy to see that G;(D.)' = identity and that (Dg)’ = Gu—;j (Dit)™
Moreover we have

Lemma 2. If |g ()| <|t]? then we have

i
Proof. 16Le) 1< [ -+ [asilst - st 0

§3. Proof of the Weight 0 Case

In this section we prove Main Theorem in the case m=m"; that is, the
operator P is assumed to be of weight 0. In this case the initial condition in
(IVP) is null.

First, by writing f(t, x) = 220fi () &, u (t. x) = 2Z50us1(x)t*, we have the
following recurrence relation:

C(0, x)uo (x) =fo (x)
C(A. x)u; (x) =f (x) +X§P§ (. DR uy(x). 2=1,2 ...,
v=0

for some differential operator P;(x, Dz). The function C (4, x) may vanish on an
analytic set containing the origin, but it is assumed not to vanish identically.
Hence each ui(x) is uniquely determinded as a meromorphic function whose
singular set is included in U,;VL,CV.

Next assume that Red,(0) <AEN for »r=1,..., m. Obviously Q=t""Pt" is
an m-th order Fuchsian operator of weight 0. We denote its characteristic
exponents by g, (x). Then we have g, (x) =2, () —h and Rey, (0) <0 for all 7.
Moreover we can prove that N(P) =N (Q).

Put u(t, x) = 2 220u; (x) #+t" (¢, x). Then we have
h=1
P(t"v) =f—P< 2oua(x) t1>,
2=0
which is equivalent to the equation
h—1
Qu=Hr—p( T )],
=0

The right hand side, which we denote by g(t x), is holomorphic in ¢ but
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singular in x along V.
We have only to solve Qu=g under the following conditions:
o Reyt,(x) <0 in a neighborhood of =0 for =1, 2,...,m,
* there exist a positive constant C; and a positive integer mg such that
|g (¢, #)| £Cq/d(x)™ in a neighborhood of (¢, x) = (0, 0).

Here the estimate on g is a consequence of the following lemma, which is proved
in a more precise form in Appendix of [1].

Lemma 3. Let F(x) be a holomorphic Sfunction in a neighborhood of the

origin of Ct. Assume that F (0) =0, F#0. Denote by d(x) the distance from a point
x to {x; F(x) =0}. Then in a sufficiently small neighborhood of the origin, lhere
exists a positive constant C and a positive integer M such that

|FG)| = cdx)™.

Put

m—1 L .
Q—Qm=2 2 2 trbpijjslx) (¥D})DE
=0 |Bl<m—; k=0
Then (g, m—j) €N,(Q) =N, (P) if and only if bpy,,sx) Z0 for some 8 with
[B|=m—j. Recall that ;=1 is the smallest # such that (k, m—j) €N,(Q) =N;(P).
Then Q,,— @ has the following expression:

Qm—Q:mZ_l {tk’RJ (t, X, Dz‘) +tS] (t. X, Dx)} (Dtt) J.
1=0

where ord R, =m—7 if N;(Q) # @ and R,=0 if N,(Q) =@ . Moreover we have
ord Sjgm_]'_‘l and [Rj, f:l = [Sj, t] =0.

The passage from the !Di-formulation to the (D4)’-formulation poses no
problem, because

PDi= (D)’ + 2 Cn(Did)*, ChEZ.

0<k<j-1

Our equation Quv=g is equivalent to the following integral equation:

m—1

v=H | g+ 2 (t*R,+tS;) (Dg)"v
=0

Here H is the integral operator introduced in §2. We are going to solve it by
successive approximation. Define a sequence of functions {v, (¢, x) }, by

’l)o=0,

m—1
Vp+1 — H [g-l— Z (l'k’R]+tS}) (Dgt)’l’p] for ;bZO
=0
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The solution v shall be obtained as v=1imv,. In order to prove convergence, we
set wy= (Dt) ™ (vp41—v,), which satisfies

m—1
wps1= D)"H | 2 (t*R,+1S,) Gm—ywp | for p=0.
7=0

The limit v=limpv, exists if 2w, is convergent because (D:)™ is a topological
automorphism.

Since |g (t, )| <Cg/d(x)™, a similar estimate holds true for v; = H[g]. So
there exist constants C'>0 and a>0 such that |wo (t, x) | <C'/d{x)* holds in a
sufficiently small neighborhood of (¢, x) = (0, 0).

We are going to show that there exists a constant C>0 independent of p
and (¢, x) such that

[¢]?

(1) pr (tx)l < ¢t d(x)mp+a

for lr[<f, r€Q, p=0. Here Tisa sufficiently small positive constant and Qis
a sufficiently small neighborhood of x=0.

The case p =0 has already been proved. Assume that (1) is true for p.
Then by Lemma 2 we have

CP+1 It]p
2 Gm—ywp (8, < :
(2) |Gy ( x)l ({J‘i‘l)m—J d(x) e

Now we need the following

Lemma 4. Let F(x) be a holomorphic function in a domain U of C% Denote
by d{x) the distance from x €U to the boundary of U. Assume that |F (x)|<1/d(x)’

for x€U. Then we have |D,F(x)|<e(1+1)/dx) ™, x€U,j=1,2,...,n.
Proof. Assume j=1. Then

__L F(v.xz,...,x,,) .
DiF (x) = o2miJr (_V_‘JC1>2 ay,

where Iis a circle defined by I'={y: [y—xul=d(x)/ (1 +1)}.
Then for y &1, we have

Ay, x2,....00) = d(x)—l_l*_ld(x)=ij[gd(x).

The remaining part of the proof, in which the inequality {(1+1)/1}'<e is used,
1S routine. O

We come back to the proof of (1). Since t*R; + S, € tD(m — ), where
D (m—j) is the set of differential operators of order <m—j, Lemma 4 and (2)
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imply that

| (2R, +1S,) Gyl
mp+a+1),, |2+
(P+1)m—; d(x)mp+m+a'

< CiHrlc;

where C; is a positive constant independent of p. Here we have used the
Pochhammer symbol:

A)p=AQA+1) - A+n—1).

It is easy to see that (mp+a +1) »_,/ (p +1) ™7 is bounded by a positive
constant independent of p. Therefore induction proceeds because of Proposition
2, if C is sufficiently large. The proof of (1) is now complete.

Next we will give a more precise estimate than (1). In its proof, the
following lemma will be necessary:

Lemma 5. Let M be a positive constant. Assume that

lef*
lw(, )| < 2

holds for |t|<f, x€Q, k>0, 1>0. Moreover suppose that 0 <I/k <M. Then there

exist positive constants C;V =C" (a, M) and C? =C? (a. M) independent of (k. 1)
and (t, x) such that

[t*R,Gpyw (£, x)| < C‘l’—ltlk,— —-lt—li——,
T dx)m dlx) e

O L
118, Gmyw (. 0] < Py ale)m L g x) e

for l{|<T. x€Q.
Proof. There exists a positive constant C(R,) such that

I+a+1),, ¢
(k+1) m—j d(x) I+a+m—j°

IR, Gy (t, x)| < C(R,) (

If 0<i/k<M, then I+a+1),-,/(k+1)™ is bounded by a positive constant
independent of (&, 1).

Next, since ord S; <m —j — 1, there exists a positive constant C(S,) such
that
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) (l+a+1)m_i_1 |t!k
(k+ 1) m—j d (x) I+a+m—j—-1

) (l+a+1)m—]—1 1 Itlk
(k+1)mi-1 r+1 d(x)ratm—i-1’

1SiGm_sw (t, )| < C(S;

< C(S;
If 0<i/k<M, then (+a+1)my-r/ (E+ 1) ™7 is bounded by a positive
constant independent of (&, I). O
Fix a positive integer ¢=1 and put
C;=A max{C{";i=1,2, j=0,1,...,m—1},
where A is as in Proposition 2.

Proposition 3. If p=q. we have

, ky p—q Ith
L < Cﬂ—q( ____Itl -+ m !tl > . C*
]wi’ ( x) l 3 4? d(x) m—j q 4d (x) m—1 d(x) mg+a

for |t|<T, xEQ. Here 2" is a sum with respect to the j's such that N;(Q) # @ .
J
Proof. The case p=gq is included in (1).

Assume that the estimate holds for p. It can be written in the following
form:

lwp(t,x)IS > oc® |tlk

wner, 1 d(x)e

where I, is a finite subset of {(k, [); k>¢q, [=mgq, 0 <i/k <m} and C¥ is a
positive constant. By using Lemma 5 and Proposition 2, we obtain

lwp+1(f. x)|

< 3 AC“”(Z'C“) i +mz_lc<z>l |¢] ) [e]*
(rDelp RS dlx)™7 =0 4 dlx)™ Y q(x)t+e

Z C(ﬁ) _Lt_lk__

A(Z' C(l) It,kl + mz-lc(_z) _];___ |tl )
7oA 7 4 dl) ™Y ger, H o d(x)ite

ol m |t |¢]*
o (At m el ) L
N a@m g a0 ™ wher, Foalk)e

IN

AN

Hence induction proceeds. O

For ¢=1,2,..., set
Q,=1{@t x): |t]|<Cdx)'@, {tl<—q—3 dx)™ 1 x€Q}, C>0.
’mCs

Then we have
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Proposition 4. There exists a positive constant c independent of q such that
the series 2.p»0wWp 1S convergent in Qq.

Proof. We have only to prove the convergence of 25> wp.

First note that 1(Q) =max{(m—j)/k;; N,(Q) # @}. Hence kI (Q) =m—j and
d(x)® 'Q <d(x) ™. Here Q is assumed to be so small that d(x) <1 for any
x€Q.

Choose C>0 so that C*<1/3mC;s holds for all j € {j: N;(Q) # @}. Then if
[t]| <Cd(x)"?, we have

S 11 KOS N 11 N U 1
—— < < < S
Zi: d(x)m—'} Z;(d(x)“g)) ZJ c 303

Next, if |t|<qd(x)™'/3mC;, then

mo 1

_‘q— d(x)m—l 3C3

By using these two estimates and Proposition 3, we obtain

p—-a q
fw,| < (%) C"”ﬂl—— p=2q,

d(x) ma+a’
for |tl<f, xEQ. The convergence of 2.p»q1wp follows. O

Since ¢ is arbitrary and C and Cs are independent of ¢, we conclude that
2 p>owp IS convergent in

Ug1Q,={(t, x): [t|<Cdx)"@, x€Q}.

The convergence of limyvp follows and the proof of Main Theorem in the weight
0 case is now complete, because I (P) =I1(Q).

§4. End of the Proof

Let us prove Main Theorem in the general case. We look for u in the form

m—-m’—1

wlt,x)= X2 %f; (k) 247"y (8, x).

A=0
The initial condition is trivially satisfied. The equation Pu =f is equivalent to

Py = f—P[ >

A=0

1
7l!_fx (x) * J,

of which the right hand side is a known holomorphic function. It is easy to see
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that P#”™ is a Fuchsian operator of weight 0 and we have N (Pt" ™) =N (P),
which implies that I (P#*~™) =I(P). Moreover we can show that

V=A{x C(A, x) =0 for some integer A=>m—m’}
={x C' (X, x) =0 for some integer A =0},

where C is the characteristic polynomial of Pt™ ™. We have reduced the
problem to the weight 0 case, which was dealt with in §3.
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