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On the Hydrodynamic Limit of the Enskog Equation”

By

Mirostaw LacHOWICZ®

Abstract

The Enskog equation in the hydrodynamic limit is investigated. If the Knudsen number ¢ and
the scale of diameter a of the hard sphere particles are of the same order. the resulting system of
hydrodynamic equations (the Enskog-Euler system) is different from that for the Boltzmann
equation. The existence and uniqueness theorem, in this case for the Enskog equation, 1s proven on
the time interval independent of the small parameters. As ¢ | 0, the solution of the Enskog equation
tends to the Maxwellian whose fluid-dynamic parameters solve the Enskog-Euler system. As a
by-product — the existence theorem for the Enskog-Euler system is obtained.

Key word. Enskog equation, Euler system, singularly perturbed problem, hydrodynamic limit.
§ 1. Introduction

In the Boltzmann equation, which is a model of kinetic theory. the overall
dimensions of the particles are neglected (cf. [8] and [5]). In the case of dense
gases, however, one should replace this mass-point model by a model which can
take into account the overall dimensions of particles.

One such attempt leads to the Enskog equation — a quite successful model
of kinetic theory of moderately dense gases (cf. [8 4] and [1,2,7]), in which
each particle is assumed to be a hard sphere with a nonzero diameter.

The Enskog equation. in the dimensionless form (see [10]), reads

Df=LE.alfi 1), 1.1

where D is the free-streaming operator
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t, X and v are, respectively, the time, the position, and the velocity variables ;
f=f(t, %, v) is the one-particle distribution function; ¢ is the Knudsen number ;
a is the scale of diameter of the hard sphere; E¢; is the Enskog collision
operator

Eeolf; £, ) (%, v)= f f Yeu(f; t. % xtan)f(t, x+an, w) £, x, V)
RS §2
=Y. (fit,x, x—an) f¢t, x—an, Ww)f (¢ x, v)) (- (w—v) VO) dndw.
The standard notation is used—a particle with the center at X and the velocity
v collides with a particle with the center at X—an and the velocity W ;

S’=meR®: |n|=1};
v and W’ are functions of v and w as well as cn n€ S according to

v=v+ (n° (w—v))mn,
w=w—(n (w—v))n.

The collision kernel corresponds to the hard sphere model; a;V a; means the
maximum of the two numbers a; and . (whereas oy Aa=min (@, a3)).

%o represents the pair correlation function. The different ways in which
one models the pair correlation function give rise to the different kinetic Enskog
equations found in the literature (see [4]).

The present paper considers only the simplified case of ¥, =1, in the
literature referred to as the Boltzmann-Enskog equation. However, the analysis
is also valid for a general case, under a suitable assumption about the behaviour
of the factor ¥, (cf. [10]).

The mathematical theory for the Enskog equation can be found in [1, 2, 4,
7] (see also references therein).

It is very well-known (cf. [8, 10]) that the hydrodynamic limit of the
Enskog equation (1.1) in the regime a ~¢ | 0 should be different from that in
the regime a €& | 0 (e.g. for a ~¢? with g>1). In the latter case the Enskog
equation results in the classical system for compressible fluid (see [10]),
exactly like the Boltzmann equation, whereas in the former, "Enskog terms”
appear in the resulting hydrodynamic equations.

The present paper is a first step towards a rigorous description of the
hydrodynamic limit when the Enskog effects are not negligible.

Introduce a new dimensionless parameter b>0 such that

a=be. (1.2

In this paper the parameter b is assumed to be fixed in the (hydrodynamic)
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limit & | O, but not greater than some critical constant (independent of &) —cf.
(3.26a). Such a smallness assumption admits of a clear physical interpretation.

The Paper is organized in the following way. In 8§ 2 the formal expansion
procedure is described, and the (Enskog-Euler) system of hydrodynamic
equations is defined. § 3 presents mathematical preliminaries and establishes the
existence and uniqueness of classical solutions (for initial data close to a global
equlibrium) for the Enskog equation, on the time interval [0, t,], where to does
not depend on € (i.e. the time interval has a “macroscopic” character). In § 4 the
main convergence result is stated and proved — the solutions of the Enskog
equation tend to the Maxwellian whose fluid-dynamic parameters solve the
Enskog-Euler system of hydrodynamic equations. As a by-product, the
existence (however without uniqueness) of a classical solution for the Enskog-
Euler system is obtained. The present result is the first (according to the
author’s knowledge) existence result for it (cf. Remark 4.1).

Throughout the paper, the small letter ¢ is reserved for a positive constant,
independent of all the relevant variables and parameters. Appearing of the
letter ¢, with or without subscripts, in a formula, is understood that the formula
is valid for some constant ¢>0.

§ 2. Formal Expansion Procedure

Consider the following singularly perturbed problem for the Boltzmann-
Enskog equation

Dr=L1.(.. (2.1a)
flizo=F, (2.1b)

where €>0 is a small parameter ;

Je (f1, f2) =%(f;' (1 f2) TTE (2, f1) —frve (f2) —fove (fl))»
JEGuf) (6 x,v) = f f filt, x+ben, w)fe (£ %, ¥v) (0 + (W—v) V0) dndw,
mf." sl

ve (f) (& x, v) =fff(t. x—ben, w) (n « (w—v) V0)dndw
R §°

and the scale of the diameter a is related to the parameter b by (1.2).

The parameter b is assumed to be a fixed positive number.

According to the theory of perturbed problems, the behaviour of the
solutions of Problem (2.1), in the hydrodynamic limit € | 0, can be studied by
comparing a solution of (2.1) with a solution of the corresponding degenerate
problem, which is obtained by formally putting in (2.1a) the small parameter &
equal to 0. This leads to
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Jo(f, ) =0, (2.2)
where Jo=Je|e=o is the classical Boltzmann collision operator.
A unique class of solutions of Eq. (2.2) is that of Maxwellians

Mo, w, 11 (%, W) =p(t 2) (2T, 1) % exp (— L7 BEDL),

where p (local density), u (macroscopic velocity vector), and T (macroscopic
temperature) are the fluid-dynamic parameters of the Maxwellian M =M [p, u,
1.

One can expect that in the limit & | O the solution of Eq. (2.1a) should tend
to the Maxwellian M [p, u, T], whose fluid-dynamic parameters solve a system
of equations of continuum theory.

Assume that p, u, T are known, smooth, and that o together with T are
positive. For fixed t and x consider the space L:{M} equipped with the norm
If: LM =1/ v2; Ly, (R%) ||, and with the inner product (fi. f2)un= (M
f2) Lwy, where [|*; Ly (R%) || and (¢,°) ;, gy are the norm and the inner product,
respectively, in the space L, (R%).

Define the “hydrodynamic” and “nonhydrodynamic” subsets in L,{M}

N=lin{M¢, : 1=0,...4},
and
R=N*+={fELAM} : (f, M) ,un=0; 1=0,...4},
where ¢y,..., ¢4 are the collision invariants
Go=1, g (v) =v, (1=1,2,3), s (v) =|v], (2.3)

and v, is the [-th component of the vector v.

Define in L;{M} the orthogonal projection operators ¥ and #*=1—2% onto
N and R, respectively.

In the Hilbert procedure, although Problem (2.1) is singularly perturbed in
the limit € | 0, the solution is searched in the regular form

f=) e, (2.4
i=0
where f?=g?+n? for 21 and
gPER and P EN.
This leads to the following set of equations

Jo (s, f¥) =0; (2.5)
2]0 (f(O), g(l)) -_—@J.Df(o) .._.b@J.j(()l) (ﬂO), f(o)) : (2 . 6)
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PDFO—pPIP (fO, fO) =0 ; (2.7

where

JO(fr, fo) = D (]“H (fu f2) HIPH (fo, f1) — 108" (f2) —f218” (1) >.

T f) @ x,v) =% f f <(n '_aa;>’f1) . x, W)t x v)@- (W—v) VO0)dndw,
R §°

v (f) (t, x, V)—l’ff(( ) )(t x, w) (n - (w—v) V0)dndw.

R §°

Equation (2.5) yields

fo=Mlp, u, T], (2.8)

for some parameters p, @, T.
Hence, System (2.7) assumes the form (cf. [8])

3

0 0 o

X +EE (our) =0; (2.9a)
=1

gi““"”ia%(‘mmf) aa <pT<1+§rcbp>) 0, 7=1,2,3; (2.9pv)
=1

2o+ b))+ Y2 (o (B4 L) i (14 2se)) =0, (2.9

System (2.9) is referred to, in the present paper, as the Enskog-Euler
system. Note that if one set b =0 it becomes the classical system of Euler
equations for compressible fluid.

The justification of the Hilbert procedure for the Enskog equation, in the
case of b~const as € { 0, still remains an open problem. In fact, the convergence
rate which can be found by the methods of the present paper (as well as those
of [14] for the Boltzmann equation) is not sufficiently strong for such a
justification. On the other hand. the justification was proved for =0 (&%) (4> qo,
for some ¢go>1)-see [10].

Remark 2.1. Let b S?XR°—R! be continuous function such that

b(mw—v)=b@mv—w=bm w-—v)=b{mvV—w)=b (—n, w—v)
vneg? Vv, weR® (2.10)
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Moreover, let b (n, w—v) =y (n- (w—v) =0) b (n, w—v) satisfy Grad's cutoff
hard potential assumption ([9] — (55)). Consider Eq. (2.1) with the general
collision kernel b (m, w—v) instead of the hard sphere kernel (m - (w—v)V
0)). Under Assumption (1.2), such an equation results in the following system

3
0 0 .
EP”FZ%(WI) =0; (2.11a)
3 a 3 a
P’M) +Z§x_; pu,u,)+ ,OT) +b ZT (0%pi; (1))=0, j=1,23;
I=1 1=1
(2.11pb)
3 3
“%(p(%T‘l‘%lulZ)) Zg_( ( T+__IMI)+W'T) bZ%(ﬂzumu(T))——-O;
=1 Li=1
(2.11¢)
where
Pl; (T) =
V2T e B e
970 { { ,S[ nm; (- (w—v) V0)b(n, v2T (w—v))exp (—|v[*—|w|*) dndwdv.

Remark 2.2. The Enskog equation with the symmetrized kernel
In * (w—v)| instead of m* (w—v) VO (or more generaly with the one b as in
(2.10)), results in a different type of hydrodynamic equations. In fact, for b~¢

(i.e. a~ce) it results in the classical Euler system ([10]), whereas for b~%

(ie. @ ~ ¢ /&) — in the Navier-Stokes-type system at the O-th order
approximation (see [11]). The viscosity and heat conduction terms, in the latter
system, are not 0(1) as el 0.

§ 3. IExistence of Solutions

The existence and uniqueness of solutions as well as the convergence for
¢ 1 0 is proved by applying the concept of Ukai and Asano [14].
Throughout the paper w is a global Maxwellian, i.e.

® (V) =M [0y, Uy, Tyl (v),

for some constants oy >0, Uy € R®, Ty >0.
The initial datum is assumed in the form

1
F=w+w?G. (3.1a)

where G is independent of ¢, and the solution to (2.1) is looked for in the form
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f=w+a)%g. (3.1b)

In terms of ¢ Problem (2.1) reads

1
%g;-z—v ° %{""‘;Lg"""i’@eg-}'%rs (gq g). (3.23)

9li=0=G, (3.2b)

where
1 1
Lg=2w 2, (w, w?),
1 1
Q. =20 ?J. (w, w?g) —Lyg,

_1 1 1
(91, 92) =0 2 (w29, 0%9s),

(note that Je (w, @) =0).
Throughout the paper, for simplicity of notation, we continue not to
indicate the e-dependence of the functions, where no confusion can arise.
Consider the following integral version of Problem (3.2)

g (t) =G +%Lt€(hm8£ Qe (1) +1.(g, 9) (t))dt, (3.3)

where ¢® denotes the semigroup (see [6] and [13, 14]) generated by the linear
operator

——y. 0 1
Be=-—v 6x+5L'

In the present paper, Problem (3.3) is considered for t>0, x € R’ and
v ER®. However, the proofs are applicable to the case t>0, X€T° and VER’,
where T® is the three-dimensional torus (this case corresponds to the
rectangular domain with the specular reflection boundary condition), with the
modifications given in [15] and [13].

The operator L can be split into “regular” and “singular” parts ([9])

Lg=Kg—vyg, (3.4a)
where
v (1) =ve(@) o= [ [0 (W) (n+ (w=v) V0) dndw
R® §*
is such that

e (A+v]) <) <c, Q). (3.4b)



198 MiroseAw LacHOWICZ

The Banach spaces used in [14] (see also [13]) are needed. Let IB* be the
space equipped with the norm

lgl@ = sup| (1+]v]) 2 (v)],
veER®

where a€R".
Let 3=%g denote the Fourier transform of a function 4 €4’ (R®X R®) with
respect to the position variable X,

7k V) =F0 (e, ) = [o ™Y (x V)dx, kER i=/~T.

1
(27) 32 -
Let X§ denote the space equipped with the norm

lglss = sup | (1+]vl)* Q+Ik]) #exp (ylk|) gk, v)I,

kyER’
where @, 8, TERS.

The space X is the closed subspace of X§ such that
seXfy © gexfy & |77 ((kl+M>OFk v —0, as £—eo,
where x ([k|+]v]>&) is the characteristic function of the domain

{(k, v) ER*XR?: [k|+[v|>8}.
Then let
g2 ={g=9(t) : HECU; X)) &t x v) =F exp(—nilk)7(t, k, v)}

be the space equipped with the norm

(a)

lglgs,= S,‘El?“ 9 () I8%5-ns.

for 720 and an interval ICR', where C%(I; X) denotes the space of X-valued
continuous bounded functions on I.
Finally the Banach space of e-dependent functions is introduced

Zg7w=C% (0, 11; Y57 ([0, ta])),
with the norm

lglgran= sup lg(®) I55-n.
0<e<1
0<t<ty

For simplicity of notation, the parameters &, B, 7, 7, to, are assumed to be
properly chosen (cf. (3.25-26)) and fixed, and the spaces as well as the norms
are denoted
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Xm=X; |- lIx=l-17;
X=X
YO=v570: |- lvo=l-15:
and
z=28%h: |- lz=l - 57
Define

B.(k)7(k, v) =FB. g (k, v) E(-—ik-v+%L) 7k v).

For each fixed >0 the semigroup ¢®™ is such that ([6, 13, 14])

4
B0 = (k<) ) WS (1) + U, K, 3.5)

=0
where x (elk|<k) is the characteristic function of the domain {k€R’: elk|<«};
k is a positive constant; A € C* ([— «, k]) (for j =0,..,4) are such that
RA5 (k) <0 and have the asymptotic expansion

(k) =iaP|k| —e?|k2+0 (3k)?), |kl—0, (3.6)

with coefficients A" €ER! and 12 >0;

P19 =P (i) +elilpp (i) + kPR G0, Il — 0, k0, (3.7)

For each fixed k the operators P (k) are orthogonal projections on Ls (IR?) ;

po= Zp;m(ﬁg[) 3.9

given by (2.3); P9 is independent of ]%[; For each fixed «, the operator P{’
satisfies (for 1=0, 1, 2 and =0,...4)

lepgl@< g, var>3; (3.9)

The operator U, can be decomposed

Uet, K) =% +7. (1 k), (3.10)
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where A, (k) = — (ik . v+%v (v)), and for each fixed a>% the operator U

satisfies
1. . Wl <c exp( oL )lglle, (3.1)

for some 0>0.
Put P9*=1—P and note that
P(O)J.PJ(O)=O7 P(O)J'P}DP(O)‘L=O, ]-20’_"'4 ; (3. 12)
POL=LP9=(0, L=pOiL=LP?+ (3.13)

The following elementary inequalities are needed throughout the paper (the
proofs are straightforward)

Lemma 3.1.
(i) Forany z€R'—{0} and 6€ [0, 1]

et-l'_

! Zcslxl®1;

(ii) For any x€R'—{0} and d€ [0, 1]

ir__
g—i‘;—l‘— ll <cslz|?;

(iii) For any B1>3 and any B2>3

1
{ (1K) ? 1+ ]k —ki])

[4
A+

dl, <

(iv) For & 7.n>0

t

fexp (—&(t—t) — (r—nt) |k]) dn <

0

sTlnm?l exp (= (r—m) k). @

One has

Lemma 3.2 ([14]). Let a>% and GEX. Then

(i) *Gezg;
(i) [e®Clz< el Glx.

Define the operators . and B, by
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t

2[5 g(t) — fe(t—h)B;P(O)J.g (tl> dt

0

and
t

B.g(t)= feu—:,w.g (ty) dty.

0

The nonlinear operator I can be decomposed as follows

I (91, 92) =T (94, 92) +Ac (91, g92), (3-14)

where

(91, 92) (£ %, ) =—%{:£(91(t, X, W)g:(t %, V) +g:(, x, ¥V)g,(t, x, W) —

g1t x, w)g,(t, x, v) =9, (t, X, v) g, (¢, X, W))w%(w) (n* (w—v) V0)dndw
and

A (91, 92) (£ %, 9) =%ff((91 (t, x+ben, w) —g,(t, X, W) )gz(t, x, v)+

R §°
9.1(t, x, V) (gz(t, x+ben, W) —g,(t, X, W’))*

<g1 (t, x—ben, w) —g, (¢, x, W) )gz(t, X V) —
91t x,v) (gz (t, x—bem, w) —g,(t, X, W))w% (w) (m* (w—v) V0)dndw.
The operator Iy satisfies ([5, 9])

POT5 (g1, 92) =0, (3.15)
for g, and g, such that the integrals make sense.
Ukai and Asano proved
Lemma 3.3 ([14]). Let a>%, 8>3 and g1, 9. €. Then
N 1
(i) ;?/‘sr()(gl, 92) €L

(ii) ” %?I;_Fo(.‘h, g2)

(<o Jlorkloods

On the other hand, the operator A: lacks the property like (3.15), but is
such that
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Lemma 3.4. Let 0(>%, B>4 and 91, 9 €Z. Then

o) f&m(.ql, 0,) €T

) | Beaeton 0|, <e(1+0+ 2ol sl

Proof. First we prove (ii). One has

FA(91,92) t, k v)=
"(Zgif f f <(exp (ibem - ki) —1) (31 (¢, ke, W) 32 (t, k—ky, v) +

m3 m& SZ

71t k—ki, v)7:2 (¢ ky, W’))‘ (exp (—iben ° ky) —1) (!71 (¢ ki, w72 (t, k—ki, v) +
71 k—ks, W70, ks, W) ) () (2 (w—v) VO) dndwdk,
Hence, using Grad’s estimates ([9]) and Lemma 3.1(),

|Loatonon 1] "<

5% .l 92z |ky’exp (= (7—nt) (k—ki|+kil)) dk,, (3.16)
ﬁf 1+l * 1+~ )

for =1, 6€ [0, 1], t€ [0, t0), kER®.
Then, by Lemma 3.1 (iii),

cb’e?

(1 +1Kl) #? exp ((r—n0) |K|) loddlgallz, (3.17)

[oa.(0.00 0.1 | "<

provided that 8>3+4.

One can now proceed analogously to the proof of Lemma 3.3 (cf.
Proposition 2.6 in [14]).

Combining (3.7), (3.9), (3.4b), (3.16) (with §=1) and Lemma 3.1 (iv)
(with £=0) yields

¢ 4
[ [ x ei<m) ) r im0 9. (01,02 . K, et
0 j=0

ch (1+%)
(1+kl)# exp ((r—nt) [KkI)

Similarly, by (3.11), (3.4b), (3.16) (with d=0) and Lemma 3.1 (iv) (with
-0
&=2).

l91llzll 92llz. (3.18)
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1m0 NCY Lol osle
“EOer(t b, k) FA: (93, 92) ¢ K, )dtIH _(1+lk|)ﬁexp((r—nt)|k|)'(3'19)

Finally, by Lemma 3.1 (iv) (with §=—:—),

(a)g C“Ql" |92nZ . (320)
(14K exp ((r—nt) [Kkl)

"%f ARG, (g, 02) (6, K, *) b
0

Hence (ii) is obtained.
We will have established the lemma if we prove (i). But this follows in
much the same way as Lemma 3.3 (i). =

A similar consideration can be applied in order to prove

Lemma 3.5. Let a>% B=0 and g EZ. Then
(i) %&QEQEZ
L 1
(ii) ” S%Eng “zécb<1+ n)“gnz.
Proof. One has
FQ.9(t k, v) =ff((exp (ibem - k) —1)g(t, k, w’)w%(v’) -
R §°
(exp (—iben - k) —1)7(t. k, w) w? (v))w% (w) (n° (w—v) V0)dndw.
The same estimation (with respect to the v-variable), as that for the operator K

defined in (3.4a) — cf. [9], works for the linear operator Q. Therefore, by
Lemma 3.1(i) (with 6=1), one obtains

chelk|
(1+k[)? exp ((r—nt) [K])

Thus, by (3.5) and Lemma 3.1 (iv) (with £=0), (ii) follows. Then (i) is
standard. B’

19Qeg (1, k, )| @< l9lz. (3.21)

By (3.14) and (3.15), Problem (3.3) can be rewritten in the form
0 () =G+ 8,Q,00) 1 ULo(0.0) () +1Beu(0,0) 0). (3.22)

For fixed G, let N (g) (t) be defined by the right-hand side of Eq. (3.22).
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Combining Lemmas 3.1-3.5 yields

1 LAY
19 (el Glotcp 1+ Jlolectes 10+ ol

as well as

(3.23)

19 (9) =R (0= (6 (14 ) +es(140+ L) lostae)lor—oale, .20

where the constants ¢;, ¢; and ¢3 are independent of b, » and ¢,.
Let now &, B and 7 be such that

a>% B>4 >0,

moreover let b,  and £, be fixed such that

0<b<t,
[
Czb
>—>
" 1_Czb 0
and
to:l.
n
Assuming that
2
(-ei+2)
IGle< 8= 5
4C1C3(1+b+_)
N
one has
9EZ, & N.(g) €L,
and
” N (91) —N:(9,) ”Z—<—191”91‘92”Z vy, gZEZO,
where
Zo={9€Z: |glz<9s},
with

1
2

191=1—<<1—c2b(1 +%)>2—4c1c3(1+b+%)”Gllx)

€ ]01[

(3.25)

(3.26a)

(3.26b)

(3.26¢)

(3.27)

(3.28)

(3.29)
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and

191-c2b(1+l>
9= N>
2c3(1+b+%>

Hence . is a contracting operator on 7Z, and therefore it has a unique fixed
point inZ,. This is the unique solution of the integral equation (3.3). Actually
this solution is a unique classical solution of Problem (3.2) as the arguments of
Ukai and Asano [14] show. Moreover, it follows, by these arguments, that the

solution is continuously differentiable in Y§=37 ([0, t,] ). Summarizing, one has

Theorem 3.1. Let a. B, 7, b, 1 and to be such that (3.25-26) hold. If the

wmitial datum G € XY satisfies the smallness condition (3.27), then there exists a
unique classical solution g of Problem (3.2) om the time interval [0, to] such that

geZgrt, lglgri<9,, (3.30)
—g}gew (10, 1]; Y2=22 ([0, 1])). (3.31)

§ 4. Hydrodynamic limit

Still following [14], consider the subspace W = W§2L of the space
Z=Zgm}, defined as

W={g9€Z: 39,€Y10, 1)), V&>0, Hg*goﬂma,,o])—*o as el 0}

(the numbers @, B, 7. b, n and ¢, are chosen such that (3.25-26) are satisfied).
The following two lemmas were proved by Ukai and Asano

Lemma 4.1 ([14]). Let GEX. Then ¢*G EW with the limit E (t) G, where
E(t) is given by

4

FE@) = Zexp 2Kl PO (%I)' €10, 1,].

=0

Lemma 4.2 ([14]). Let 9 €W with the limit go. Then U.T, (g, g) EW
with the limit %ol (go, go), where

FUol (g0, 90) (L K, *) =



206 MIROSEAW LACHOWICZ

i ft eXD<M(iD|k| (t—tl))lklpf('l)<lkl)gﬂl(go go) (t1) dts—LFI(ge, 90) (1),

for t€]0, tol. B3

It remains to prove

Lemma 4.3. Let g €W with the limit go. Then %&Ae (9,9) EW with the

limit Bolo (9o, 9o) , where

@of(t) = fE (t—t1)f (t1) dty

and

g/lo(go 90 (t, Kk, v) 275) 1bfffn kl(go (t, ki, w)o(t, k—k, v)+
R’ R® §2
Golt, s, W)Fo (¢, k=Lt v)) ? (W) (m + (w—v) V0) dndwal,,

for t€]0, tl.
Proof. Repeating the argument of the proof of Lemma 4.1 (cf. [14] —

Proposition 3.1) and applying (3.17) with 6 =1, as well as Lemma 3.1 (iv)
with £=0 yield

I (|k|< ) f Z( 3900 (=) pe (o) — o780 4= :.)Pm)(T%z_[))

FAul, g>dnuwm<cbez(1+ Dol (4.1

By (3.10), (3.11), (3.16) with 6=1 and Lemma 3.1 (iv), one has

(1<) f Uelt =t 1) FAe (9, 9) dtibyinny Scbet <lglp.  (4.2)

Let 610, to[ be fixed. Proceeding analogously to the proof of Lemma 3.4,
and applying the argument of Lemma 3.2 in [14] give

b (1 <53 (880 4.6, 0) b <
g4

e+l (< E b +o(1+) 52 .3)
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for each 6:€]0, [.

Since § €W, both terms in the right-hand side of (4.3) may be made arbitrarily
small by choosing 0; and € to be small enough. Therefore, (4.1), (4.2) and
(4.3) yield

“%(&_go)/le(gyg)u —0 as elD, (4.4)

Y {[6.6])

for each 6€]0, tol.

Similarly, applying Lemma 3.1 (ii) with =1 (for|k{£%) and with d=0
84
1 .
(for k| —>—T)’ one obtains
54
~ (1 .
"%0<?As @,9) =4 ©.9) v —0 as el (4.5)

for each 0 €10, to[.
Finally, as in the proof of Lemma 4.2 (cf. [14]), one has

1Bo (Ao (g, 9) — Ao (g0, 90 yitary — 0 as el (4.6)

for each €10, to[.
Combining (4.4), (4.5), (4.6) completes the proof.

In the same manner one can prove

Lemma 4.4. Let 9 €W with the limit 9. Then "16—235@&!} EW with the limit
BoQo 9o, where

géogo(t, k v)=
ibffn-k(w% )Gt k W) +a? @5, k, W))w% (w) (n* (w—v) VO0) dndw,

R’ s’

for tE]O, to].

Combining these lemmas, one concludes, that 9, maps W into itself and
therefore M. is a contraction in W N Z, (provided Conditions (3.25-27) are
satisfied). Hence the solution ¢ of Theorem 3.1 is in W and ¢—go as € | 0, in
the space Y ([0, to]), for any 6€]0, to]. The limit g, satisfies

90(t) =E (t)G+§oéo 90(t) + 9ol (9o, 90) ®) +8B, Ay (g0 g0 (t), (4.7

on ]0, ). One can apply the contracting mapping principle in Y ([0, t0]) to
(4.7) in order to see that (4.7) is satisfied on [0, to] and 9,€Y ([0, to]).
From (3.12) one has
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POLE (£) G =P *+BoQo g0 (t) =P*Bodo (go, go) (t) =0 (4.8)
and from (3.12), (3.15) it follows that
POl (go. go) =—POL™' T (go, 9o). 4.9)
Hence, the limit g, satisfies
POgy=—PO1L 1Ty (go, 90), © (4.10)

and by (3.13)
Lgo+To(ge, 90) =0. (4.11)

1
Therefore fy=w+w? g, satisfies Eq. (2.2) and thus is a Maxwellian
fo=Mlp, w, T, (4.12)

for some fluid-dynamic parameters g, u, T.
On the other hand, by (4.7), one has

P9, (0) =PYG. (4.13)

The solution f of Problem (2.1), given by (3.1b), satisfies

(@4 DN =+ Gn Je o)) =S N =00 (4.14)

where the notation of Section 2 has been used.
Passing to the limit £ | 0, one obtains

(@5, fo(8)) owy — (@5, F) @y =

t

f <_(¢jv A %fo(tl) )Lzum*)"‘b((ﬁ;, ® (fo. fo) (tl))Lz(m"))dtly (4.15)

0

and hence concludes that the parameters p, u, T of fo are a classical solution of
the initial-value problem for the Enskog-Euler system (2.9).
Summarizing, one has

Theorem 4.1. Let the hypotheses of Theorem 3.1 be satisfied. Then
(i) gt)—g0(t), as el 0, strongly in Y&7 ([, to]) for any 6€19, tol ;

1
() folt) =w+w?9,(t) is a Maxwellian (4.12) such that (o, w, T) is a classical
solution of the Enskog-Euler system (2.9) with the initial datum

P‘t=o= (¢o, F) L, (4.16a)
wil=o= (¢, .y, 7=1.2,3, (4.16b)
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Tli=o= (¢s, F) L, ®,- (4.16¢)
[ |

Remark 4.1. Theorem 4.1 delivers an existence result for the
Enskog-Euler system (2.9). For the Euler system (i.e. for b=0), which is a
symmetric hyperbolic system provided that o> 0, the (local) existence and
uniqueness theorem is available for the Cauchy problem with analytical initial
data (o, u, T)|s=0 such that

oli=0>0. (4.17)

This assumption was essential in the proof by Nishida [12] of the convergence
of solution of the Boltzmann equation to the Maxwellian, which fluid-dynamic
parameters solve the Euler system. This type of assumption was also essential
in the methods reviewed in the lecture [10]. On the other hand, Assumption
(4.17) was removed in methods by Ukai and Asano [14]. Certainly it is
necessary neither in this paper. The existence result, which follows from
Theorem 4.1, seems to be the first for the Enskog-Euler system.

Remark 4.2. Similarly as for the Boltzmann equation ([14]), when the
initial layer vanish, i.e. for

go=P9g,, (4.18)

Theorem 4.1 hold with d=0. On the other hand the structure of the initial layer
can be studied as in paper [3].

Remark 4.3. The reasoning of this paper applies to both cases given in
Remarks 2.1 and 2.2, when b ~c¢. On the other hand, it breaks down for the
symmetrized equation, when it results in the Navier-Stokes-type system at the
0-th order approximation (i.e. for b~cye, c.f. Remark 2.2).
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