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Singular Solutions with Asymptotic Expansion of Linear
Partial Differential Equations in the Complex Domain

By

Sunao Oucur *

Abstract

We consider a linear partial differential equation with holomorphic coefficients in a
neighbourhood of z=0 1n C¢*!,

Plz 0) ulz) =f(2),

where u(z) and f(z) admit singularities on the surface K= {2=0}. Our main result is the following:

For the operator P we define an exponent 7* called the minimal irregularity of K and show that
if u(z) grows at most exponentially with exponent 7¥* as z tends to 0 and if f(z) has a Gevrey type
expansion of exponent 7* with respect to zo, then u(z) also has the same one.

§1. Introduction

Let P(z 0) be a linear partial differential operator with holomorphic

coefficients in a neighbourhood of z=0 in C%*' and K={z=0}. Let us consider
Pz, 0)ulz) =f(2).

Suppose that f(z) is holomorphic except on K. Then one of the important
problems is the existence of solutions with singularities on K. We refer results
concerning it to Hamada, Leray and Wagschal [2], Kashiwara and Schapira [3],
Ouchi [7], Persson [11] and other papers cited in those papers.

Another problem is to study behaviours of singular solutions near K. The

asymptotic behaviours of some singular solutions were considered in Ouchi [4]
and [5] and we showed that they grow really exponentially as z tends to K in
some region and behave mildly as z tends to K in another region, which is
similar to Stokes phenomenon in the theory of ordinary differential equations.
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We discussed in Ouchi [8] and [9] solutions that grow at most exponential
order as z tends to K in some region. It is the main result in [9] that for some
class of operators if f(z) behaves asymptotically f(z) ~ 242 £, (2) 2 as z—0 in
a sector, where |f, ()| < AB*T'(w/7*+1) and 7* is determined by P(z, 8) and if
u(z) grows at most some exponential order near z, =0, that is, for any >0
lu(2)| < C. exp (elzo] ™) near z=0, then u(z) has also the asymptotic expansion
like f(2) as z tends to 0.

In order to show the results in [4], [5], [8] and [9] we used an integral
representation of solutions with sigularities on K.

This paper follows [9], where we imposed more strict conditions on P(z,
0) than Condition 1 in this paper. Our purposes are to improve the results in
[9], that is, to weaken conditions on P(z 8) as possible as we can and to show
them by another method, which is simpler than that in [9].

Now in order to state results let us give notations and definitions. The
coordinates of C?*' are denoted by z= (2o, z1, ***, 24) = (20, Z) EC X C?. |zl=max
{lz: 0<i<d} and |Z|=max{|z); 1<i<g}. Its dual variables are &= (&, &) =
(&, &, -+, £&). N=1{0,1,2,---}. The differentiation is denoted by 3,=8/0z, and
0= (8o, 01,"-*, 82) = (0o, @) . For a linear partial differential operator A(z, @) we
denote its principal symbol by P.S.A(z, £). Let 2= 8 X £ be a polydisk with
20=A{20€C" |2/ <R} and Z={7 €C*%|Z|<R} for some positive constant R. Put
20(6) ={20€2,—{0}; |arg 20| <& and 2(6) =0,(6) X L.

Let K be a nonsigular complex hypersurface through the origin z=0. We
choose a coordinate system so that K= {z =0}. So the coordinate z plays a
distinguished role. 0(2) (O(2), 0(2(6))) is the set of all holomorphic
functions on £ (resp. 2, 2(60)). 0(2(6)) contains multi-valued functions, if
0> .

In the following of this paper we consider an m-th order linear partial
differential operator P(z @) with coefficients in & (£2) in the form:

(1.1 Pz, 0): =, (2) 08 + Z aa (2) 0%,

a+(k*,0)

where aq(2)’s are holomorphic on £2 and ay* (0, 2/) 0. Let jo € N be the
valuation of aq (z) with respect to z, that is,

(1.2) e (2) = 2pba (2), be (0, 2) #O.
We put jo=020, if a,(2) =0.
We suppose that P(z, @) satisfies the following condition:

Condition 1. For all a with F*<|a|l<m the sum of the valuation jy of aq (2)
and &* is greater thawn the order @y of differentiation with vespect to z:
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(1.3) ja+k*>a0.
We understand that Condition 1 is satisfied when k*=m.

Note that if Condition 1 is satisfied, inequality (1.3) holds for every a#
(£*. 0,0, -+, 0), because (1.3) holds trivially for any a with |a| <k*. Condition
1 is obviously satisfied, if P(z, @) is normal with respect to 8o, that is, aa (z)
vanishes identically for every a with ao=k* with a# (k% 0, 0, -+-, 0). Examples
are given after Theorem 1.4 and Corollary 1.5. Now we define an exponent 7%,
which plays an important role in our results.

Definition 1.1. The minimal irregularity v* of the surface K= {z0="0} is
defined by

S *
T*= min {L‘Oj_] Lf 0_<_k*<m,
a |a| —i*
la|>k

r*=00 if k*=m.

(1.4)

If B*<m, Condition 1 means that K is an irregular characteristic surface defined
in Ouchi [6]. If #* = m, K is noncharacteristic. 7* is named the minimal
irregularity of K in Ouchi [10].

Let us define some spaces of functions in order to give the main result.

Definition 1.2. We say thoi u(z) €0 (2 (0)) grows at most exponentially
with exponent k>0 if for any €>0 and 0<8 <8 theve exists a constant C=C (g,
&) such that

(1.5) lu (2) | <C exp (elzol™) for z2€2(6).

We denote by Ouy (82 (0)) the set of all u (z) € O(2(0)) which grow at most
exponentially with exponent k. If k=00, we put O (R2(0)) =0 (2(6)).

We note that if u(z) € Ouw (2(0)), then 0% (z) € Ouw (W(B)) for any
polydisk W& 2 with center z=0.

Definition 1.3. We say that u(z) €E0(2(0)) has a Gevrey type asymptotic
expansion 2-o ux (') 2k with exponent k, 0 <k <00 wheve uy (2) €0 ('), if for any
0< @ <0 there exist constants A=A (6) and B=B(6) such that

n—1

(1.6) lu(z) — ( Zuk (z')z§>| <AB'T(n/k+1) 2" for z€2(8)
k=0
holds for every n=0,1,2, . In this case we write u (2) ~ 25=0 ux (z') 2§. We denote

by Asyun (82(0)) the set of all u(z) €E0(R2(0)) which have Gevrey type asymptotic
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expansion exponent K.

It is obvious that #(z) € Asy (£2(6)) means that it is holomorphically
extensible to 2=0. Let u(2) € Asyu (£2(8)). Then from (1.6)

1.7) lu, (2) < AB"F(%+ 1) for 7€

and 0%u(z) € Asyu (W(6)) and
(1.8) jguta)| <apn((1+1)nt1) for ze w(e)

for any polydisk W& 2 with center z=0.
Now let us consider

(Eq) Pz, 0)ulz) =f(2),
where u(z), f(2) €E0(2(0)). We give our main results;

Theorem 1.4. Suppose that Condition 1 holds. Let u(z) € 0 (2(6)) be a
solution of (BEq). If u(2) €0 * (2(0)) and f(2) € Asy,» (2(0)), then u(z) has a
Gevrey type asymptotic expansion with exponent v* in W(0), where WC 0 is some

polydisk with center z=0 in C***.

From Theorem 1.4 we obtain that if f(z) is holomorphic near the origin
and 6 is sufficiently large, then u(z) is also holomorphic at the origin.

Corollary 1.5. Suppose that Condition 1 holds and 6> (7/27*) + 7. Let
u(z) € O(R2(0)) be a solution of (Eq). If u(z) € Oux (2(6)) and f(2) is

holomorphic in Q. Then u{z) is also holomorphic in a neighbourhood of z=0.

For another subspace % (£2(0)) of 0(R2(6)) we can also show the
following result, which is similar to Theorem 1.4 and Corollary 1.5:

[ M(Z) E@(y*) (Q(e))

Pz Duls) =fl)) €F (2(6)) u(z) €F (2(0)).

This topic will be discussed more generally in the forthcoming paper.
Let us give some simple examples satisfying Condition 1.

Examples.

(Ex.1) &+ 2 Am(z0. 7. 7).

where An (20, 2, 0) is an operator with order m(¥*<m) and P.S.4, (0, 2, &) #
0. We have 7¥= (j+F*)/ (m—F*).

(Ex.2) 08+ 2 Am, (20, 2, 0') Dot 20 Am, (20, 2, 0'),
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where A, (2, 2, 8)’s are operators with order m,, mo>2, m;>1, and P.S.Am,
(0, 2, &) #0. We have ¥=2 and r*=min{(7+1)/ (m—1), (jo+2)/(me—2)}.

(Ex.3) I+ 2500+ 2007,
which is not normal with respect to 8, and ¥*=0 and y*=1/2.

Remark. We give a comment concérning the condition that the solution
u(z) belongs to Oux (2(6)). Let us show the necessity of this condition by a

counter example. Put 2x=£— K and denote by Qg its universal covering space.

Let us return to (Ex.1). Put-P(z, 8) =0k + 20 Am (20, 2, @), where we assume P.
S.A,(0, 0, &) #0. Then 7v*= (j+F*)/ (m—F*) and let 0<O<z/27* We can

show that there exists #(z) €0 (@) in a polydisk £ such that

(1.9) P(z. 9)u(z) =0,
(1.10) lu(2)] < Ag exp (el 2™,
(1.11) [ (20, 0)| = Ay exp (er]ao]™™) for z2€2(6) N {Z=0},

where A; and ¢ are positive constants. It follows from (1.10) and (1.11) that
u(z) €0u% (2(6)) and do not have an asymptotic expansion in £2(6).

The results similar to Theorem 1.4 and Corollary 1.5 were obtained in
Ouchi [8] and [9] under more strict conditions than Condition 1. We showed
them by detailed analysis of an integral representation of solutions with
singularities on K. In order to do so, several conditions were imposed on the
operator P(z, 8), and the proofs were long and not easy. Operators such as
(Ex.1) for >0, (Ex.2) for j, 1>0 and (Ex.3) do not satisfy the conditions in
those papers.

On the other hand we assume in this paper the only one condition,
Condition 1. We can improve the results in the former papers and state the
main results very simply. The proof is different from those in [8] and [9], that
is, we do not use integral representations to show Theorem 1.4, but estimate the
derivatives of u(z) and apply the following Theorem 1.6, which is itself
interesting. You will find the proof less complicated.

Theorem 1.6. Let £ be a positive rational number. Suppose that v(z) €
O(R(0)) satisfies the following estimate. For any €>0 and 0 <@ <0 there exist
constants C=Cle, @) and B=B(8') such that

(1.12) i(aizo)"v(z) <Cexp(elza™) BT ((1+£ ) nt1) for 26 0(8)

holds for all n=0, 1, 2,-**. Then v(z2) € Asyw (W(0)) for some polydisk W with

center z=0 i C**1,
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In §2 first we estimate the derivatives du(z) for all n € N. Secondly, by
using the estimates and Theorem 1.6, we show Theorem 1.4. In §3 we give the
proof of Theorem 1.6. In §4 we show a proposition, which is assumed in the
proof of Theorem 1.6. The author thanks the referee who read the manuscript
carefully and gave him advice.

§2. Estimates of Derivatives of «(2) and Proof of Theorem 1.4

In this section first we obtain estimates of derivatives of a solution u(z) of (Eq)
and secondly show Theorem 1.4 by assuming Theorem 1.6, which we prove in
the next section. For this purpose the method of majorant functions is available.
Let A(x) = 2q4q2% and B(x) = 24B.x® be formal power series of N variables
= (z. 2, . xv) and @ ENY. A(x) >0 and A(x) B(z) mean A,=>0 and A4l
<B, for all a, respectively.

Lemma 2.1. Let 8() be a formal power sevies of ome variable t such that
0(t) >0 and (R —16() >0 for some R >0. Then for derivatives 6 (1) = (d/dt) 6
(t), 7=0, 1, -**, we have

2.1) (R—=0 09 >0 RO (>0
and for Ro with Ro> R’
(2.2) (Ro— 1) 7109 () € (Ry—R) 107 (1.

For the proof of Lemma 2.1 we refer to Wagshal [13].
Define for 0<R<1 and =0

T'(r+1)
2.3 Oy (1) =————"
(2.3) 2 (1) (R—p)7*
We see that
(2 4) @("_r)(f)<< R @(n—r+1)<<...<<__—Rr— (n)(t)
: R n—r+1 K (n—r+1)--nF :

We have from (2.4)

Lemma 2.2. Let 0<¢<1. Then there is a consiant C=C(c) such that

< f
(2.5) E (nﬁ'r),cr =7 (1) L COF™ (1),
r=0

Now let v(z) €0(2(6)). For a fixed 20€ 2o(6) let My, be supflv(z)|; 7€
2%, Then v(z) K M,, OF (z1+ 2+ +2z;), where € means the inequality holds
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as functions of Z. In the sequel for simplicity we put i=z1+z+--+2z,.

Lemma 2.3. Let v(z) €0(2(6)). Suppose that v(2) <<M(|zot) O (v for all

20E520(0), where M(s) is a positive nonincreasing function on (0, R]. Then for any
& with 0 <6 <0 there are positive constants C and 0<0<1/2 such that for 20 €
2:(6)

(2.6) z(’)aév(z)<§M((1——5)|20])(j@l§z+k>(t>
holds for all IEN.
Proof. Let 0(2) = Xavw (z) (£)% and O () = Swcw (Z)®. Then lva' () ]

<M (|20|> cor. Let us estimate O¢ve (z0)

; w (0
Obvar (20) = Znifv(ﬁg)lj

Let 0<20<min{6—@, 1}. Choose the path L={{=2zo+|zl (sind) ¢*; 0<p<27}.
Then we have

’Zn’fznﬁg)_lz(,l (sind) dpl

)14—1

gmj |'Va (20t €| zo|sind) | do < I |M( 1—0)lzl).

Hence

|Z‘lalv '(Z>|<N[(<1—5)|ZOD Ca’l!
0V0 V! 0/ | = Isin6|l .

Therefore for a fixed z, taking C=1/|sind|, we have

z(’)aov(z)<<M Q=0 |zl) 1COF (1 <<M((1 0)|zol) COFP (1).

Now we return to our equation
(Eq) Pz, 0)u(z) =/(2)
We need the following inequalities that Condition 1 implies to prove Proposition

2.5.

Lemma 2.4. Suppose that Condition 1 holds and put s=1+1/1*. Then we
have for a# (K*,0), ja—ao+ k21 and s(ja— o

Proof The first statement is obvious. It follows from the definition of 7*
that ja — a0 + K*= 7* (la|— F¥). The second inequality follows from this
inequality.



298 SOLUTIONS WITH ASYMPTOTIC EXPANSION
Let us estimate the derivatives of u(z) in (Eq).

Proposition 2.5. Suppose m> k¥ and ax*o (2) #0 in Q. Let u(z) € Oux
(2(0)) be a solution of (Eq) and assume f(z) € Asyys (2(6)). Let W be a
polydisk with center O such that WE Q. Then for any €20 and 0< G <@ there exist
constants A=A(G, W), B=B(§', W) and C=C(e, &, W) such that

2.7 408+ u(2) € C exp (elzo|™™™) A2 B O+ (1) for z€ W(H)

holds for all I, nEN, where s=1+1/7*.

Proof. Since m>Fk*, y*# o0 and s>1. Put No=[(m—F*)/(s—1)] +1 and
¢ <6,<0, where [a] means the integral part of a € R. For 0 <n<max {No, ¥*}
we may assume

02u(2) < Cexp (elzl™) B*OF™ (1) for z2€ W(6y).

By Lemma 2.3, the inequality (2.7) holds for 0 <n<max{MN, ¥*} and for all /€
N. Now we assume (2.7) holds for 0<u#n<N—1 and all IEN, where N> max
{No, ¥*}. We have, by differentiating (Eq) # times, n= I+ N— F*, with respect to

20

(2.8) 204 ul(z) =20+ u(2)
=z{,agf(— > arba(2)07u2) +f(z)>

a#(k*,0)

=- Z 2 (Z )J'a(ja—l) oo (jg—n+1)

a#(k*,0 7'=0

n—n’ (ED (E2)
n—u' \ ., o
X ( Z ( )Z(’)“—n ”66 ba (Z) aa ag—n —r+aou (Z))
r=0 4
(I
an
+ 208 f(2) .

To estimate (1) we divide it into two cases: (E1) < (E2) and (E1) > (E2). If
(E1) < (E2). we have

(E2)-(E1) =ntay—ju—r— I=N—F+a,—j,—r<N—1.

Therefore we can apply the inductive hypothesis to () and obtain

(E3)

(1)<C exp (s|z0|"r*) B{+l1,!Aia—n’+l+s(N——k*+ao—ja—r)
2
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(E4) (E5)

X BN-K*+ao~ja—r @I(?ja—n’+l+|a’l+s(N—k*+ao—ja—r)) ()

where B; is a constant depending only on bg (2). From Lemma 2.4 we see that
(E3) < (E5) <1+s(N—7) —n'<1+sN—r—n' and (E4) SN—1—7. Hence

(29) ( I ) £C exp (eizoi—r*) B{+17!Al+sN—r-n’BN—~1—7@1(el+sN—r—n’) (f) )
Suppose that (E1) > (E2). Then

(E6) (E7)
——— ——

(1) KC exp (elzo ) Byl An—~7 a0 x @fp=n"+lal=) (1)
Z/

We have (E6) < (E7) =1+ N—k*+|al—n —r. It follows from the assumption
that la| —k*< (s—1)No< (s—1)N and (E7) <i+sN—r—n". So

(2.10) (1) <C exp (elzo| ™) Byl Al +sN=r=n" QU+sN=r=n" ()

Thus in both cases

(2.11) (1) <§C exp (elzo|™7") BI iyl A+ sN-7 BN -1-r @UtsN=7=n"s (1)

We proceed to estimate (II). We have
iy p—
- 1 ’ 4
(H) &C exp <E|20|—r*) E ( >Bf+11’!A'+SN'” BN—1—r@1gtz+sN-r-n ) (t)
2 Y
r=0

by choosing B with B;/B<1/2 and by Lemma 2.2,

n—n’
—n) ! 14 ,
<C exp (e|zo|’7*)BlA’”N'”'BN'l( > m(n(in,” _L},(%) O rsN=n = (t))
z =0 ’

<LC exp (8iz<>|"r*) ByA SN BN=1Q{+sN-n" (;)
2

Therefore, we have for A >2 and large B

2508Mu (z) € C exp (elzo]™™") B,AtVBN-1
>

Z {Z(M’ ) (].a(]‘a"'l) <ja_n/+1)A—n'@él+SN_n’) (t)}
n

ax(k*,0 7'=0

<6 exp el (X5 (25 (3) o)
=0

LC exp (eiZO‘-—T*)AI+3NBN@I(QI+sN) (t) .
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It follows from Lemma 2.3 that 235*¥*"f(2) K CA'BY"'@¢*™ (§) and we obtain
>

the desired estimate for 204+t u(z).
We have immediately from Proposition 2.5

Corollary 2.6. Suppose that the same conditions as in Proposition 2.5 hold.
Then there exists a polydisk U={z|z| <} such that for any €>0 and any 0< <0

(2.12) |02u(2) | < C exp(elz|l™) B'C((14+1/7%) n+1)
holds for zE U() and all nEN, where B=B(#') and C=Cle, ).

Now let us proceed to the proofs of Theorem 1.4 and Corollary 1.5,
assuming Theorem 1.6. .

Proof of Theorem 1.4. Suppose axxo (2) #0 in Q. If m= k¥, then 7*=0c0 and
Theorem 1.4 follows from Cauchy Kowalevskja's Theorem with precise
estimates of the radius of convergence (see Zerner [14]). If m> F* by
combining Corollary 2.6 and Theorem 1.6, we have Theorem 1.4. Otherwise let
ar*p (0, 2) #0. Then there are positive constants 7 s(1<i<d) such that a0 (0,
Z)#0 on M={z" |z|=n, 1<i<d}. Suppose that m>k* Then for each point Z
€ M there exists a neighbourhood Vi= {z]z| <RZ, |7 —Z|<R:} of (0, ) such
that (2.12) holds on V& (¢'). By maximal principle of holomorphic functions
estimate (2.12) holds on V(#), where V=1{z |z|<n, 0<i<d} for some 7.
Hence it follows from Theorem 1.6 that u(z) € Asy,= (W(6)) for some polydisk
W. If m=Fk* ulz) €0(2(0)) is also holomorphic in a neighbourhood of {z€
C**Y 2o=0, 2 € M} by Cauchy Kowalevskaja's Theorem. So it follows from
Hartogs extension Theorem that #(z) is holomorphic at z=0.

Proof of Corollary 1.5. u(z) € Asy,+ (W(6)) by Theorem 1.4. Put §,=0—r.
Then by the assumption we have 6,>/27%*. Define w(z) =u (z¢™, 2’) —u (ze ™.
Z) for {z; |argz| <6p}. Then we have w(z) € Asy,+ (W(6)) and w(z) ~0, that
is, there are some constants B and C such that for z€ W{6,) with n/27* <6,
< 00

(2.13) lw(z)| < CBzo|"T"(n/7*+1) for z& W(6,)

for all nEN. This implies that there is ¢>0 such that |w(2) | < Cexp (— 20|~
(see [9]). Since 6,>m/27*. we have w(z) =0, namely u(ze™, ) =u(ze ™, 7).
Therefore u(z) is single valued and holomorphic at {z=0}.

§3. Proof of Thecrem 1.6

In this section we prove Theorem 1.6. Only the variable z is essential in
Theorem 1.6. So by replacing z, with £, we write v(f) instead of v(z, 2’) and
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regard it as a function of one variable t and other variables 2= (21, 22, ***, 2zn)
may be considered as parameters. To clarify the situation we restate the
assumptions on v(8). v(t) €6 (2,(0)) with 2,(0) ={t, 0<|f <R, |arg{ <& and
for any €>0 and any 0<@ <@ there exist constants C=C(e, &) and B=B(#)
such that

(3.1) !(%)nv(t)ls Cexp (el BT ((1+£71) n1)

holds for t€£2,(¢) and n=0, 1, 2, ---.
Now put £=g¢/p, where p, ¢€N and they are relatively prime. Define

£

_ nip+q’ (d/dt) nq,l) t
8.2) v 0= 2t

n=0

We can easily see the following properities on V(t, {).

Lemma 3.1.  (i). There is a constant v >0 such that V(t, {) is holomophic
in {(t, Q) t€2(6), |{|<m}.
(i1). V(t, ©) satisfies

(3.3) (2Y'viro- (a%)mv(t, 2) =o.

We omit the proof.
Define a modified Laplace transform of V(¢ C) by

—~ R
(3.4) V(£ Q) =f:) exp (=& ) V(¢ () at

and put C (¢) ={6#0; |argf| <g¢}. Let us investigate the properties of V(& 0),
in particular, its behaviour near £=0.

Lemma 3.2. (i). V(£ Q) €0(C (k@ +m/2) x | <n}).
(id). V(& {) satisfies an equation of Fuchsian type

q

3.5 (=00 ] g2 1) V(6 0 — 00" V(& O =F(& O,

where F(€,0) €0(Cx{|t]|<n}).

Proof. Since V(t, {) is holomorphic in {(t, §); t€ Qo (&), |{I<w}, by
deformating the integration path, we have (i). We proceed to show (ii). It
follows from integration by parts that

(kE2:—1) V(£ ©) =LRexp(—$t'”) 10:V(t, Q) dt+exp(—R™E) L(€, Q),
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where (&, §) =—RV(R, {). By repeting integration by parts, we have
H (kEBe—h) V(E O) = j; ReXp(—Et"‘) #of v (t, Q) dit+exp(—R™E) 1 (&, ©),

where I,_; (§, ) is a polynomial in & whose coefficients are determined by {55’17
(€, ) |e=g; 0<nu=<g—1}. Hence we have by Lemma 3.1

q

(=00* [ | (c60e=m 76, O = [ "exp (=& 00V (1 Q. F (& O

h=1

- j; “exp(—Er) 00V (5 O di+F(E ©)

= [exp (=gt 00V (L Yttt FE O
=91 V(g Q+F(E O,
where F(€, {) is holomorphic in C X {{ |{ <#).

Since ¥ (§,0) satisfies an equation of Fuchsian type, we have a

representation of 17(5, {) near £=0 from Proposition 4.1 given in the next
section.

Lemma 3.3. V(£ Q) is represented around E=0 in the following form:

(3.6  V(ED=U(E D+ D & T(E O +E10gtT, €. D),

h=1

where U, (. {) (h=0, 1, 2, -+, q) are holomorphic in {(€, ©); |8|<n, |&I<n} with
some positive constants 1o and n and in particular for 1<h<q ¥, (&, O is a power
series m &7

(3.7) TiE 0= D s (0.

s=0

Next proposition concerns functions defined by integral of Laplace type and
their asymptotic expansion.

Proposition 3.4. Let k=gq/p be a positive rational number, where p, gEN
and are velatively prime. Let ¢ (§) = 230 asE?S be a power series in E® which

satisfies lasl S ART?S for all SEN with some Ri>0. Let 0<r <Ry and hEN with 1
<h<qand

(3.8) vy (B =t’1"‘j;mexp(—rt"‘) 2% (v) dr.
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Then vy (D) € Asyp (C(1/2)).
Proof. Define

o

N
(3.9) GO = D0k VO = Dt

§=0 $=N+1

We have for some constants A and C independent of N

510 [l#1@1Sac o dan

|GV (E) | S AC-N+D2|EpW+D for |€] s,
Put

()= [ exp (=) PG () ar
(3.11) | hwd=r=f Texp (=) Mgl () a,

| (0 =17 [ Cexp (=) P2 () i
Then
(3.12) v () =Iv(8) = Jow () + T (1),
We have
v N

(3.13) ()= e, [ Texp (=) ey

s=0

N
= D (ke ps+1).

§=0

Let us proceed to estimating Jin(£) and Jon (). Suppose larg # <& <x/2k. Then
we have from (3.10)

| v (B[ <ACY| d‘l‘“f,+°°exp (= r(Re™)) PN gy

SAC“”NM‘I"‘exp(—ro(ERt“")/Z)L+wexp(—r(mt‘”) [2) PN gy
SACTY| 1 exp (— 1 (RE*) /2) T (W/ K+ pN+1)

and

|fz,N(t)}SAC_”(N“)!ti“I”‘j;roexp(——7(§}{t—x)),h/x+p(1v+1)d7
SAGHP W =1V (/e p(N+1) +1).
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Hence

low () — Iv (D11 uw () |H+ 1w (D]
< ABh—1+q(N+l)|t'h—l+q(N+1)I"( (h'—1+q(N+ 1) ) //c+1)

for some positive constant B=B(#), which implies v (f) € Asyy (C (n/2)).
Now we have prepared to prove Theorem 1.6.

Proof of Theorem 1.6. We have the inversion formula

(3.14) V0= [ ep @) 76 0t a0

2mi
Let us deform the integration path. Take a constant ¢ so that 7/2 <¢y <min
{r/2+ k@, 7} and define contours A4,, v==%0, £1, £2 by
Ap={=p Py <y<+ 0} A,,={E=r"" p,<y<+ o0}
Aa={E=n % —n<p<—¢o} An={E=ne? ¢go<Pp<+m}
A_o={E=re™ 0<v<pp} Apo=1E=r""" 0<7v<1p}.
Put

t—l—%
2mi

(3.15) vt O =" [ exp(er) V(& Q) at,

where y==12, =1, £0, and

VE(L O =— Vit Q)+ Vie(t, 0
(316) z=§l,

VOt O =—Voo(t, D+ Vio(t, Q).
It follows from Lemma 3.3 that 1/ (£, {) is integrable at £ = 0 and

holomorphically extensible around & = 0. Therefore we can deform the
integration path in (3.14) to —A_,—A_1— A_o+Aso— 411+ Asr and we have

(3.17) VL O =v*t O+ 1 Q.
V*(t, {) decays exponentially as t tends to 0. More precisely let 0<8" < (¢o—

7/2) k" and |argt| <&". Then there are positive constants A=A (§”) and d=d

(0") such that |V* (:.0) |<Aexp (— d|t|™) for t€ 2o (6"). As for (¢t {) we
have by Lemma 3.3

(3.18)
W O=E (e T D ag
= KZ:L-M,JXD ) (B(E, O+ D8 W (6 O +E log €0, (8 0) d&

h=1



Sunao OucHt 305
We have

(3.19) f_ﬁ_oﬂwexp (E7) Wy (&, ) d&=0.
On the other hand it holds that for A=1, 2, -=.q—1

(3.20)
1

27t’i —~A-g+A+0

exp (617%) €4 (8, ) ab =L [Tory (— ) 2, (=1, Oy

and

(3.21)
1

2701 ~a gt A

exp (6t7) & (logé) ¥, (§, {) af=— f; “exp (=) (=)W, (—7, O) ar.

It follows from Proposition 3.4 that the integrals (3.20) and (3.21) have
Gevrey type expansion. Hence we see that V°(t, {) has the desired asymptotic
expansion as ¢ tends to 0 in {f]argt|<m/2k} and v () = V°(t, 0) + V* (¢, 0) €
Asyu (820 (87)). By applying the same method to v, (1) = v (te'®), we have v(f) €
Asyn (£26(0)).

Remark. The author conjectured that the conclusion of Theorem 1.6 would
hold for all real £> 0. Prof. Honda (Hokkaido Univ.) indicated him that the
conjecture was valid by using regularizers in Gevrey class.

§4. Solutions of Some Fuchsian Equations

In this section we consider a special Fuchsian equation which appeared in
Lemma 3.2,

q
.1 (=00 ] t0e—n) wE O — @ wE O =FE O,

=1
where F(E, £) €0 (Cx {|{|<¥}) and k=¢/p with relatively prime integers p, ¢.
The structure of solution of Fuchsian equations was investigated in Tahara
[12], where he imposed a condition on zeros of the indicial polynomial. The
operator (4.1) is simple but does not satisfy his condition. So we give the
structure of solutions of (4.1) in a neighbourhood of £=0. We can apply our
method employed to show Proposition 4.1 to general Fuchsian operators.

Proposition 4.1. Let T(€, {) €0 ({0<|&|<r; |argf| <@ x {{{|<¥}) be a
solution of (4.1). Then W(E, ) is represented around E=0 in the following form:

q—1

4.2)  TE D= O+ D E" T, (& O+E(0gd T, (E ),

h=1
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where k=q/p. T (€ ©)’s (h=0, 1, 2, -+, q) are holomorphic i {(& O); |&|<r, |C]
<10} for some positive constants 1o and 5. In particular for 1<h<gq

(4.3) (6 0= 6D,

s=0
where G5 (£)'s are holomorhic wm {|{| <7y}

The operator ((—a¢)?I1§-1(k€B¢—h)) — (8;)?** is Fuchsian in the sense of
Baouendi-Goulaouic [1]. Its indicial polynomial is H{(2) = (—1)?2(21—1)--- (A—
p+1) [14-1(kA—h) and its indicial exponents are {0,1.2, -+, p—1,p/q,2p/q,"*",
(q—1)p/q.p}.

Lemma 4.2. Let H, () =A[1%H(A+ip) forn=1, 2, -
() All the zeros of Hy (1) m=1) are in the interval I,= [—pm, O] on the veal axis.
(i1) Let % be the set of zevos of Hy(A—mnp). Then £=U4-o%s, where £,=10, 1, ---,
p=1.p, . mp—1, up} and %y="{n/k, p+n/k, -, n—1)p+n/k} for 1<h<q.
We have Z,=1{p. 2p, -, np} C%y and the zeros in %, ave double and other zeros are
simple.
(i3i) Define for complex numbers c#0 and wo,, j=0, 1, >+, p+g—1,

(4‘4> w(§ C) Zm €1+p —12(51;+i;§p+4—1w01>

dA,

where the path L is a Jordan curve surrounding the interval I1. Then for 0Sh<p—+
g—1

(4.5)

(890 " (&, o) poe=-"1"

)ch YOh 4 linear combinations of two,; 0557<h)}.

(1v) Let w(A) =g (1) /H, () be a rational function in A. where g(A) is a polynomial
in A with degree p+q and |g ()| <My (1+|21)?*9. Then

(4.6) w(A —np)

-1 n-1 n—1
Wo,1 Wh,y Wa,
(/1—1) +Z Zz—tp—h//c+ ; (A—1p—p)?

and there ave constants A and B such that

M AB"
4.7) ol S TG =1 T

Proof. It is easy to show (i). So we omit the proof. Since
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(4.8)

Hy(A—np) = (A—np) H H{A—1p)

=(—1)”’m”’ﬁ<l—l)ﬁ (A—ip— p)Hﬁ (A—ip—n/k),

we have (ii). Let us show (iii). We have by calculating residue at 1=

(Atp) " (521 AP* )

@.9) (@00 (E =g [ TS a4
___Ep__f (A+p) F (Zhoat*e JWOJ)
T 2mi AH (A+p)

— )08
=(~i);£ﬂ+linear combinations of {wo,; 05 <h}.
K
Finally we show (iv). The identity (4.6) is the representation of w, (A—np) by
the partial fractions. We only show (4.7) for wo,us. As for other cases we can
show more easily. Put

q—1 n-1
GQ)= —])’”’fc"ﬂH (A—1) H A—1p) H H A—1p—n/k).
0<1<np 1<i1<n h=1 I=0
15 10p 1#1,
Then
wor o= im & (A= lep)?g(A—np) _ & (lop=np)GUop) —8Uop=np) G’ (lop)
0.lop = a1gp G A H, (A—np) G(lop)?
and
o |<Ig (o p=np) G (lop)| +lg Uop—np) G" (1o p) |
IG Uop) |2
Since

lg (1o p—np) | <MgA (1+n) 279, |g" (I p—np) | SMpA (14n) 24071,
G (1op) | <AB Y (n(p+q) —2) !,
A'B " (n (p+q) — 1 !<[GUop) | SAB™  n (p+4q) —1)!

for some constants A, A" and B, we have (4.7) for Wo.1ep-

Proof of Proposition 4.1. Let Fo({) =F (0, {) and Fx(§ ) =F(& ) —F.({).
Since H(A) #0 for A=p+1, p+2, -+ and F«(0, £) =0, it follows from the theory
of partial differential equations of Fuchsian type that there exists Wi (& ()
which is holomorphic in a neighbourhood of £=0 such that
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q

@.10) (=39 [ | (c60e—m) Wil © = 0)**Wale O =Fx(&. O

h=1

(see [1] or [12]). Therefore we may assume that ¥ (&, () satisfies

@.11)  (—09* [ [ (etde—r)) (& O — @) * W& O =Fo(0).

h=1
Now let ¢>0 be a small constant and wo,; ({, ¢) s (0 <;<p+qg—1) be
functions determined by Lemma 4.2 so that

_ 1 [ AR TIA T g, (L )
welb G =50, A a4

satisfies for all n=0, 1, ---, p+g—1
(Saé) hw* (fy C, C) lE-—-c: (EGE) k w(é- C) L’=c-
Define wo({, A, ¢) = 228287122+ 7y, , ({, ¢) and

(g 4 o) =2elb R0

(4.12)

b+a
wa(C A, ¢)= agH?jiig) A.c) for n=>2.

Then we have for n=>1

(4.13) wel(C A ¢) = ac(n—n(pw;{iu&()c, Ac) +F (L)

which is a rational function in A whose denominator is Hy(1). Let L, be a
Jordan curve surrounding the interval I,= [—pn, 0]. Define for n =1
(4.14)

1

Wa(& C c) =5 LnS“"’c"wn(C, A c)dd
pn

=§CEE Lmslc-*w,xc. A—np, ¢)dA

_ 2 [OTR O (SR (A—np) P, (€, ) +Fo (D)

_Zﬂij;,ﬂm e l{ H,(A —np) }d/1
and put
(4.15) WE L= D Wal§ Co.

n=1

Let us calculate W, (&, ¢, ¢) and show the convergence of the series W(E { ¢).
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We have for some A=A (¢) and 0<7<¢

wo(C, A, C) +F0(C) <C<A (1+l2|)’+“ (r— C) -

and

A(=1) (+g) 10 +a) e

(7,._ C) (-1 (p+g)+1

PV E*0 (1 (€, A, ¢) +Fo(0)) €
4

Let || <#/2. Then there are constants A=A (c¢) and B which is independent of ¢
such that

(4.16) [0 (wo (L, 4, ¢) +Fo(D))[SAB*((n—1) (p+q)) ! (1+[A])?*2.
We have by partial fractions of w,({, A—np, ¢)
4.17) Wn, C A—np, c)

_ an,o,l o) Z Z ;vn_hl;)(ChC/)K > &ni:lj(f_gz

where by Lemma 4.2 and (4.16) there are constants A=A (¢) and B such that
lwnni (€ ¢)|<AB* We have from (4.17) and calculation of the residues

(4.18) Wal& C o)

=" (Wno(€ C )+ Z (E/e) " * W (€ € c) + (E/c)?log (&/c) Wag (8. L, €)).
where
pn
(4.19) Waa(€, € e)= D, (8/0)wnnu (<),

=0
n—1

Wan (& C )= D (6/c) Punns (L, <) for 1<h<q

1=0

Note that Wy, (€, { ¢)’s (0 <h <gq) are polynomials of & Let us show the
convergence of W(E, €, ¢). Let {§<2¢. Then

20""1%,0(& Col< ic’”(i|5/cl’|wn,o,r €l
<A zcﬁn3n<i‘g/cll) <A icﬁanzni)H'

So if ¢ is small, 22_1c™® W, (€, { ¢) converges on {& || <2¢c}. We can show by
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the same method convergence of 21 Wy, (&, (, ¢) for 1 <h<gq. Hence W(§,
€, ¢) converges and holomorphic in {& 0<|&<2¢} and from (4.12)

(—00? [ | toe—m)) Wi ¢ o)

= (=00 [ | 660e=1) (D5 [ €% (€. 4, )ad)
h=1 n=1

=2‘3{{ L EeTH (Atp n+1))wner (T 4, €)d2
n=0
=] + .
:——Z}U, Lm151+pnc—zag+awn(g A, c)d,z+~2_71gj; Sac_xwo(C,R,c; Fo(Q) 7
n=1

=opw (&, 4. )+ [, e DBl ar=apw e € o) +R0(0).

2 e}

We also have

(800" W (&, L, o) = sz S Gty et (2, an

It follows from the definition of wq, ({. ¢) that for 0SA<p+g—1

(E0:)"W (&, C, 6)15“:2%112]; " (A+pn) 'w, (€, A, ¢)dA

mf (A+p) w1 (€, A, cm——f u+p)ma(¢2?[(;$ﬂ@

? A
= [ e Al ir— (600 s 6 € ) e (8006 Ol
Both W (& (. ¢) and ¥(& () satisfies (4.1) and the same initial conditions on &
=¢. Hence W(E, £ ¢) =¥(& { ¢) and it follows from (4.19) that T(€, { ¢) is
represented in the form (4.2) with (4.3).
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