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Singular-perturbative Reduction to Birkhoff
Normal Form and Instanton-Type Formal
Solutions of Hamiltonian Systems

To the memory of the late Professor Nobuhisa Iwasaki
By

Yoshitsugu TAKEr*

§1. Introduction

As is illustrated by the computation of monodromy groups of second-order
Fuchsian equations (cf. [AKT1]), the exact WKB analysis provides us with a
powerful tool for studying global behavior of solutions of linear ordinary
differential equations. To generalize such an analysis to nonlinear equations,
T. Kawai (RIMS, Kyoto Univ.), T. Aoki (Kinki Univ.) and the author have
developed the WKB theory for Painlevé equations with a large parameter in
our series of articles ((KT1], [AKT2], [KT2]). (See [T1], [T2] also.) In our
treatment 2-parameter formal solutions called instanton-type solutions, which
were constructed through the multiple-scale analysis in [AKT2], are playing
a central role. Although we have succeeded in analyzing their local structure
near simple turning points in [KT2], some of their important properties such
as the behavior near fixed singular points have not been clarified yet. In this
paper, to investigate their behavior near fixed regular-type singular points, we
propose a new construction of 2-parameter formal solutions of Painlevé
equations with a large parameter.

The new construction of formal solutions we propose here is based on
Takano’s work [Tkal] (see [Tka2] also), where he constructed a 2-parameter
family of analytic solutions at each regular-type singular point of (ordinary)
Painlevé equations. He made use of the well-known fact that Painlevé
equations can be written in the form of Hamiltonian systems (which we call
Painlevé Hamiltonian systems here) and established some reduction theorem for
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Hamiltonian systems to construct analytic solutions. His reduction theorem
is closely related to the following “Birkhoff normal form” of Hamiltonian
systems (cf. [B], [SM]).

Birkhoff normal form. Consider a Hamiltonian system

Q) dq/dt=0H/dp, dpdt=—0H/dq

with a Hamiltonian H=H(t,q,p). If we can find a canonical transformation
(g,p) = (G, p) which transforms the original system (1) to

2 dj/dt=0H/op, dp/dt=—0H/d§
with
@) H(t,3,p)= Y, h(0)(@p)*"

n>0

(i.e., H is a function of t and the product Gp only), then the new system (2) is
called Birkhoff normal form of (1).

Roughly speaking, to construct 2-parameter formal solutions, we will modify
Takano’s proof so that it may be adapted to Hamiltonian systems of singular
perturbations and prove the existence of a canonical transformation which
reduces the Painlevé Hamiltonian system to its Birkhoff normal form in
a singular-perturbative manner. The existence of singular-perturbative reduc-
tion will be shown in Section 2. Compared with the multiple-scale analysis
employed in [AKT2], the method discussed in this paper is more
singular-perturbative in the sense that a canonical transformation reducing to
Birkhoff normal form can be determined recursively in an algebraic manner,
i.e., solving differential equations degree by degree is not necessary. This
character of the method actually enables us to analyze the behavior of our
2-parameter formal solutions near fixed regular-type singular points of Painlevé
equations quite explicitly, which will be discussed in Section 3.

The contents of the paper have been already reported in [T3]. Although
we discuss only the Painlevé Hamiltonian systems in this paper, it can be
proved without any difficulty that singular-perturbative reduction to Birkhoff
normal form is possible for any Hamiltonian system. As is explained in [T3],
WKB solutions of second-order linear ordinary differential equations can be
constructed also through reduction of Hamiltonian systems to Birkhoff normal
form. Thus the construction of formal solutions proposed in this paper should
be regarded as a natural generalization of that of WKB solutions to Hamiltonian
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systems of singular perturbations.

The author would like to express his gratitude to Professors T. Kawai
and T. Aoki for the stimulating discussions with them. He also thanks to
Professor M. Yoshino for his valuable comment on Birkhoff normal form. This
work is supported by Grant-in-Aid for Scientific Research for Encouragement

of Young Scientists (No. 09740101), the Japanese Ministry of Education,
Science, Sports and Culture.

§2. Construction of Instanton-Type Formal Solutions
via Reduction to Birkhoff Normal Form

First of all, let us list up Painlevé equations (P;) (J=I,---, VI) with a large
parameter n in Table 1 below.

Table 1.

2

d*i
P ——=n}61%*+1).
(Py P n*( )

2

d*1
(Pw) ﬁ=n2(213 +th+c).

d?2 1{dI\?* 1di 8c A2 8c, l6c
P =) —— Y 16 A 0 0}.
(Pm) dr? A(dt) t dt ”[ ¢ t t A
d?*2 1 [(di\? 2 3 8¢
Py) —o=—| ) =S4 S+ 42> 4+ (22 +8 /1——9].
Pr) 2 2/1<dt> PR [2 @ +8e)i——

d*r (1 1 \/d\\?* 1di (/1—1)2( 1)
P —=—t— =) 2 ——
B (zx A—l)(dt) tdt 12 22,

22/1(/1—1)2[ Gy ot _cltz(/1+1)]
| Gt T T T

Pu) d2,1_1<1+ 1 )(d/l)z_(1+ P! >d,1
W g 2\4 o a—1 a—t)\ar t =1 Ai—t)dt
2&(1—1)(1—0[ 2220+t
1_
2(t—1)? 422(0—1)?

srflaree RGN
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As is well known, Painlevé equations can be represented in the form of
Painlevé Hamiltonian systems

) di/dt=noK,/dv, dv/dt=—niK,] oA

(cf.,e.g.,[O]). Oneexplicit choice of Hamiltonians K(¢, A, v, ) is the following:
Tabie 2.
1 2 3
1 2 4 2
K,,:-z- v —(AT+ 1A%+ 2c) |.

222 3v 12 cyt it
K1"=T[v2——11—1—-—(co +C e ) |

22 \ 113
v (e A+2t\?
K,V=21liv2—r, 1z—~<ﬁ+cl+<T> >]
)2
K, 0=
t
1 1 c cqt? c,t c
i ) VI [ Bt L R ”)]
X[V 1 <x A—l)v <AZ G—1* =17 (A—1)
A= 1)~ 1)
AT

x[v2~n_‘<1+—l—»>v—<f3+ S S B )]
2 A—1 A2 (=1 M=1) A—-0*/]

In this section we try to construct 2-parameter formal solutions of (P;) by
using reduction of this Hamiltonian system (4) to its Birkhoff normal form.

Let us first note that each Painlevé equation has the following structure
in common:

d*i da

5 —— =G, A—,t)+n*F, (A0,
) e 1<dt>*lj()
where F; and G, are rational functions. In view of (5) we easily find that
(P,) has the following formal power series solutions denoted by A{(?):

(6) AP =2o(O)+ 1722+ 17 Ag(O) + -+,
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where the top term Ay(¢) satisfies
Fy(Ao(1), 1)=0

and the other 4,;(#) (j> 1) are determined in a recursive manner. Corresponding
to these solutions (6), there exist formal power series solutions called 0-parameter
solutions of (4):

{i‘f’(t) =) +1 2 (O) + 1~ * (0 + -+
VOO =07 ()17 30 07 Pvs(0) + -

(cf. [KT1, Proposition 1.1]). Let us next consider the following localization
of (4) at this O-parameter solution:

™ A=20W0+n" 12U, v=vPO) -+ Y,

that is, we transform the unknown function of (4) from (4,v) to (U, V). Then
we readily verify that (U, V) must obey another Hamiltonian system

8) dU/dt=noA;/0V, dV/dt=—noA;/0U,
where A is given by the following:

O A=y ool 20K

K4 2000, O, MUV,
jtkz2 k! alyavk( 7 (@), v (0),n)

Now the main result of this paper is the following:

Theorem 1. There exists a formal canonical transformation (U, V)— (U, V)
of the form

(10) {U=uo(l7, P)+n~ 2uy (T, 7Y+ -,
V=UO((79 I7)+71_ 1/2’-)1([7’ I7)"' Tty

where u; and v; are homogeneous polynomials of degree (j+1) in (T, V) (whose
coefficients are formal power series of 1~ > with coefficients being functions of

1), so that the Hamiltonian system (8) may be taken into the following nornal form:

(11) dU/dt=noA,/0V, dV/dt=—ndA,/d0,
where
(12) A=Y 0O OV

=0

and each fO(t,n)=2;,on "2 f{}t) is a formal power series of n~''> with
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coefficients being functions of t.
Remark. The concrete form of the first few terms of /® in the case of

J=1I is the following:

2.52

2
SO=151220)"2+1723%-52-31(1240) " "+ -+
S P =—3-5-47(1240) 2 +---.

3
f(0)=(12;to)1/2_n—2 (12/10)~9/2+‘__

For the top degree part f{(f) we also have the following equalities for any
J (cf. (27) and (36) below):

oF,

(13) 820 = w1 (Zo(®), ).

Theorem 1 claims that the Hamiltonian system (8) can be transformed
into its Birkhoff normal form. Since the reduced Hamiltonian ., depends
only on the product UV, the following relation holds for the system (11):

d ~-
(14) E(UV)zO.

Taking this relation (14) into account, we can easily solve the system (11). As
a matter of fact,

U=uwexp <q ftz n 1), ) (- oc[i)’ds)
(15)
V=—Bexp < —1 fZ n !+ 1), Vs, m) (— rxﬁ)’ds>

gives a solution of (11). Subsituting (15) into (10) and then into (7), we obtain
2-parameter formal solutions of (4) and (P,). The formal solutions of (P,)
thus constructed are sometimes called instanton-type solutions and have the
same form with those constructed through the multiple-scale analysis in [AKT2].

Let us now prove Theorem 1. The proof consists of the following two
steps; reduction of the linear part and that of the nonlinear part.
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§2.1. Reduction of the Linear Part

We first seek for a linear canonical transformation

16) {U=a(t, n U+ b(t,n)V
V=c(t,n)U+dtnV

which transforms the Hamiltonian system (8) into its Birkhoff normal form
up to quadratic terms. Here a(f,y) etc. are formal power series of 5~ !
To guarantee that (16) is canonical, we suppose

a(t’ ")d(t, ’7) - b(t7 J’[)C(t, ’7) = 1

The transformation (16) is obtained also by using the following generating
function WAt, U, V):

b c ~, 1~
17 Wi, U0, V)y=——V24+_02>—-0V,
{a” ( ) 2d 2d d
in other words, (16) is equivalent to
(18) U=—0ow/dV, V=—ow/dU.

By (16) the Hamiltonian J; is transformed into £, which is described in
terms of the generating function W as follows:

(19)

- ~ o~ N ow, ~ .
‘%Jz‘%/.-l(t) U(U: V)> V(Ua V))+’7_ ! '_670’ Ua V(U, V))

162K 02K 10°K
axz( aU+b V)2+f~ (aU+bV)(cU+dV)+~A— (cU+dV)?

b\ =~ - ¢\ ~ 1\~ ~ -
R =) (cU+dV)* +| — | U*—| - | UlcU+dV
o { <2d>(c : <2d> <d) ¢ )}
+(terms of degree greater than 2 in (U, 7)),

where ' denotes the differentiation with respect to z. (Here and in what follows
we often omit the suffix J for simplicity and abbreviate (02K,/dA%)(t, A°(%),
viO(f),n) to 0*K/0A? etc. if there is no fear of confusions.) Namely

~ - 0°K 0*K 0’°K
20 fl. of UV in A}))=——ab d+bc)+—cd
(20) (coeff. o in A;) FYE a +6/16v (a c) P c
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bY (1Y
()

(OERE
10°k , 0°K  13°K

21 ff. of % in #)=———a’*+ ac+-——c
(1) (coeft. of Umin A)) =0 =z a4 o, 2o

o 1K, PK, 18K bY
22 ff. of P2 in )=~ b?+——bd+-—d>— _1<_> i
(22) (ol ot Voin )= a2 a2 T T \aa

We are thus required to choose a, b, ¢ and d so that (21) and (22) may vanish.
It is really possible, that is, we can prove

Proposition 1. There exist a, b, ¢ and d which sastisfy

(23) ad—bc=1,
(24) (coeff. of U? in A#;)=0,
(25) (coeff. of V2 in A#;)=0

together with the additional requirement
(26) a= —b.

These conditions (23)~(26) determine a, b, ¢ and d (almost) uniquely. Furthermore
(23)(26) entail the following:

27 (coeff. of TV in A ))=n"1S 44

where Sy44 denotes the odd part (in the sense of [AKT2, Definition 2.1]) of
solutions of the Riccati equation associated with the Fréchet derivative (ie.,
linearized equation) of (4) along the 0-parameter solution (A, V).

Remark. It is obvious that (23)+(25) cannot determine the transformation
uniquely. To determine a, b, ¢ and d we make the additional requirement
(26) in Proposition 1. The meaning of (26) is to pick out the odd part of
solutions as the coefficient of UV (i.e., (27)) and the even part as the canonical
transformation a and b (cf. (42) below).
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Before proving Proposition 1, let us recall here the definition of the Riccati
equation associated with the Fréchet derivative of (4).

Substituting A=A+ and v=v{"+¢ into (4), we find that the Fréchet
derivative of (4) is given by the following:

2K K
. LAY
S"’ "(azav'/' P "’)

. (62K v ’K )
C="M a2 T anay

(28)

We consider WKB solutions of (28), which is of the form
t t
l/l=€pr Sdt, <p=expf Tdt.

Then S and T must satisfy

02K , 2K [t
29 S— Sdt—n— Tdt=0,
@) ( 1 azav> exp j 15 P J

62K t aZK t
(30) 1 o f Sdt+<T+na/wv> exp f Tdi=0.

Let us take the logarithmic derivative of (29).

d 9K d 7K
31 @ og(s— +5=%10g" 20 T
1) dt g( 6&6v> PR

Furthermore, since neither exp ['Sdt nor exp j‘T dt is equal to zero, (29) and
(30) imply

92K 2K\ KK
32 S— T+ +n? =
(32) ( "am)( "am) Tz v

A single equation which determines S can be easily obtained from (31) and
(32). In fact, putting
0*K 0’K

St=S— T=Tan’
Torov N ey
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we have
d K d 0%°K
Tt=St+—logSt+2 ——log——,
a2 TN ey dr B v
0%K 0*°K
ST 92— - —=0.
0A% ov?
Hence

S+2 —log—— ————( }
Y+ °8 T 877 ov

dst 2K d, K , 02K 0K
= (24 St+
Torov dt S av

or, in terms of the original S instead of ST,
2K 52 ZK 2K 2
(33) S2+g§—£1 9 +n2(—Ka———(a—> )
dt dt 6v 0A% ov? 0A0v
<62K d | 0’°K d 0*K )

N ozovar 2o dioaov

should be satisfied. This is the Riccati equation associated with the Fréchet
derivative of (4).

We can solve (33) in a singular-perturbative manner to obtain two formal
power series solutions

(34) S+=j'_"IS—1(’)+Si,o(t)+’7_lsi,1(t)+"'

= iSodd"'Seven .

Note that comparison of the odd part (in the sense of [AKT2, Definition 2.1])
of (33) entails the following:

1d 3’K
(35) Seven=_ <1 a A2

— —logsS
2di og odd)

Furthermore, since the degree 0 part (in #) of (8°K/dAdv) vanishes, by
straightforward computations we can show the following:

1/2
(36) S_1(0)= (aF s (zo,t))

(cf. (1.11) in [KT1], (1.35) and (1.41) in [KT2]).
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Proof of Proposition 1. Let us note that
0’K 0’°Kd 0*K[(d\? bY 2
37 25) = 2420 24O 2T "1<—><—> =0
47 @) = 2 2 o (b) T \a)\b
PK _°Kd K(d\* _, [(dY
< —+2—+—\-) +tn7 |- =0
012 0Advh  Ovi\b b
¢>< 62Kd>2+( 02Kd>’
Torn) T\"a b

0’K d. 0°K 62Kd ) 0’K 0*K
2n ——lo g [ ror e
0Aov dt ~ov? E?v 0% Ov

ZKd 2
Hence 1———+1n
v b 9oy

since (23) implies (b/d) =(a/c) —(1/cd), we have

2K . K K
24 2420 0 e O 2
@) = S +2 5,00t e

ot (e (@)l )0

K , K 0K <a>
TR 24298 et 22 1% 20
= o EYE TR R

62K+282Kc+621<<c)2+ _1<c’ 0
<& — —_ -—— - - =
a2 “aava o \a) 7T \a
< 62Kc> +< 62Kc>
n@v a ﬂav a
< 0K d 62K) PKe  ,0°KPK
2n log— =
646v dt - ov?

FEPALIETER N

0’K 0%
That is, n— E+11

ov? 0A0v
be the same solutions. Thus we may assume

is a solution of the Riccati equation (33).

611

Similarly,

is also a solution of (33). In view of (23) they cannot
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62Kc 0’K
—=S Seven =5
av a+na/{av odd+ even +
(38)
0’Kd  9°K
—_+ ArA _So +Seven=S—’
QP YRR PyYPS ad
and
%K 1 ’K(d ¢
39 — =\ -—= |=—28,44"
(39) Toviab o (b a) o

These relations (38) and (39) together with the additional requirement (26)
determine a, b, ¢ and d almost uniquely (i.c., up to the choice of the branch of
S_,).- In particular,

2 1/2
(40) a=—b=C1§—ti——) ,
ov: 207 1S 44

Furthermore, it follows from (37), ad—bc=1 and the identity

’ ’ 2
G-
d d b) d d

that the coefficient of UV becomes

@y Ky 0K (d+bc)+l<cd " ((g)'m(‘li)'d)

FYERFTYP™
_TK b+a2 (ad+b )+a d+ “((d) b+b’>
— ) +——¢ —lab+—
02 2w V2 b

P?Kd °K/[d 92K 2K %
=—{2 e b+—~ d+bc)+——cd+n~ -
( 9idvh | V2 <b> > pagy AF AT S ed



INSTANTON-TYPE FORMAL SOLUTIONS 613

92K K[ ad? b
d+be ol Tt cd |+n7"—
= gy 4 TA) ( b ) T

0*K  9’Kd

Since (35) and (40) imply

@2) “logh=

dt 2

d 1<le 9K
dt B dr

d
1. log Sodd) = Seven ]

we consequently have

(COCff. of 0[7) =—n - 1( - Sodd + Seven) + n N 1Sevcn
=1""Soaa
QED.

Summing up, as reduction of the linear part we have obtained a linear
canonical transformation (16) with the following coefficients:

0’k 1 172
0v 217 " S,aa
92K\ ™12 92K
44 ={2n71'S 1S, - ,
(44) c= ( Ui oddav2> <’1 + 6/16\1)
0*K\ 12 0’K
45 d=—{2n"1S 4 s - .
43) ( 1 Pesagy2 ) (" a,wv)
By this linear transformation the Hamiltonian is reduced to
~ ~ 1 oYK,

46) Ay=n"'S . OV+ mUrk-22__ L(aU+bVY(cO+dV)-
(46) =N dd j+§,23’7 1kl 9290y L (a Y( )

§2.2. Reduction of the Nonlinear Part

By the reduction of the linear part explained in Subsection 2.1 we have
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obtained the following reduced Hamiltonian:

4n  A=rOUvs ¥ 2L oK
jtk>3 j'k' (')Wav"

L Rl
=f(0)UV+ Z it ‘_2::1—: _a_h__‘___li abizckigke itk Vj2+k2’
|f+7€|_>_3 j'k' 8&“'6v""

@U+bVY(cU+dV)-

(cf. (46)) where j=(j, ,j,) and 7c’=(k1 ,k,). Here and throughout this subsection
n~ 12 is denoted by € and €S, is abbreviated by f®. (We have omitted
tildes (7)) in (46) for the sake of simplicity.) The Hamiltonian (47) is written
also in the following form:

(48) H=fOUV+ Y eI, (1,eUrttyet!
pta=1
pg=—1

where

1 btk

Y, e ———a

jitki=p+ 1]'k' 6/1“‘8v"‘|
Jatka=g+1

(49) qu(l‘, 6= Jipizckigke,

In this subsection we consider reduction of the nonlinear part, that is, we try
to find a canonical transformation with the trivial linear terms

(50) {U= U+eut,U, V,e)+eu,(t, U, V,e)+ -
V= I7-|_€v1(ts (7’ IZ&)+62U2(t, (75 I7a€)+ Yy
where
(51) u(t, O,V,0= Y u,lt,e0r+ipitt
ptq=j-1
pg=—1
(52) v(t, O, V, 0= Y 0, (o0 e+t
ptq=j—1
pq=—1

with u,, and v,, being formal power series of ¢, which transforms the Hamiltonian
H; into its Birkhoff normal form.

For that purpose we again make use of a generating function of the
following form:
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(53) w=w, U, V)
7 + Frp+ 1 1
=—UV+ ) €%, ,e0r 'yt

In what follows we try to determine {a,,} so that the associated canonical
transformation

ow ~
U=——=U— Z €P+‘1(q+1)aqup+1Vq
5V p+q21
pgz—1
(54)
~ ow ~
Ve—e—e=V— Y & Yp+1)a, 0rVi+!
ou 1,1+11211
paz—

reduces the Hamiltonian (48) into its Birkhoff normal form. If we successfully
find such {a,}, then u;(t, U,V,e) and v;(t, U, V,¢) are explicitly given in the
following way: First let us substitute V=¥ +ev; +€%v,+--- into the second
equation of (54) and compare the coefficients of like powers of ¢, then we find

(55) Uj= 2 (p+ l)anUpvul Uﬂk*l

pragtpgttpery=j

ptg>1.pg>—1.m>0
(=1,2,3,---) where v, denotes /. Next let us substitute the same expansion for
V into the first equation of (54), then we obtain

(56) Uj=— z (q+1)aqup+lvM1”'v
prgtpt tue=j
pta=1,pg>—-1,1=0

22
(j=1,2,3,---). (We conventionally define u,=U.) The relations (55) and (56)
recursively determine {u;} and {v;} from {a,,}. For example,

v, =3a,_,0%+2a,,0V+ay,V?,

uy = —(a,oU%+2ay, UV +3a_,,V?).

In general, we can prove the following by an induction.
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Lemma 1.
v;= (p+ 1)a,, UPV1* 1 + R,
ptg=j
pg=—1
(57)
uj= (@+1)a, 0771+ R,
;;qj{

where R; and R; are some polynomials of {@,,},4q<j-1-

Now let us show how {a,} should be determined. Substituting the
expansion (50), we find that (50) transforms the Hamiltonian %", into

~ ow
(58) Hy=H +e—

+€2 Z €p+qaanUp+1 Z it
Y .

Here {u;} and {v;} are expressed in terms of {a,,} through the relations (55)
and (56). In particular, the degree / part (in (U, ¥)) of # , has the following form:

(59) =72 ¥ up,

jtk=1-2
1-2
+e Z quum U, Uy Uygis
P+q+ﬂ1+ ctpup+rtvitetvgr =l-2
ptqz1,p.g>~1,m.vi20
da
1 Erafrp+1y, L.
+e Y gr*te, o, ..

ptqtvi+tvge1=1—-2 at
ptq=1.pg>—-1,v;>0

Let 4D (resp., X' @, A4 ®) denote the first (resp., second, third) term of the
right-hand side of (59). Then it follows from Lemma 1 that



INSTANTON-TYPE FORMAL SOLUTIONS 617
(coeff. of T/ 'P** 1 in A V)=f O ~2(j—k)a, + R,

where j+k=[—2 and £ is a polynomial of {a,},+,<;—3. Similarly, we
can show

(coeff. of T/ ¥+ in 4 P)=5?),

,0aj,

(coeff. of TIT1P7¥+1 in s M)=¢ o

+%(3),

where 2 and £ are also polynomials of {a,.},.,<;—3 (and of their first
derivatives with respect to #). Hence we have

Lemma 2.
o ~ oa;
(60)  (coeff. of J/*1P**1! in ,%G)zf‘o’e'"z(j—k)ajk+6'~;;l+6’—2e@jk
where j+k=I1—2 and R is a polynomial of {a,.},+4<i-3 and of their first
derivatives with respect to t.

In order that £, is of Birkhoff normal form, we have to require
(61) (coeff. of T/*17**1 in A;)=0

for any j, k satisfying j#k. Note that, when j#k, this relation (61) can be
solved for {a;} (j#k) in a singular-perturbative manner thanks to Lemma 2.
Thus {a;} except {a;} are uniquely determined by the relations (61) in a
recursive way and they actually transform £ into its Birkhoff normal form.

At this stage {a;;} are not still fixed. To determine them we introduce,
in addition to (26), more additional requirements in the following way: The
canonical transformation obtained so far produces 2-parameter instanton-type
formal solutions of (P,) of the form

0’K 1

1/2
(62) /1(10)+11- 112 (5‘)7 W) Z 11—,/2 (”j(t, U, V"I)-Uj(t, U, V,n)
odd. j=0

where U and ¥ are given by (15). In particular, we look at the degree (2/+1)
part (in (U, 7)) of (62), which is represented as

B aZK 1 1/2
n- @b (5;2“ S dd) (21— v3)
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_ 0’°K 1 1/2 .
=y @2 (_7 ) Z 2t, NIZARSZas!

2 5 —1
ov? 207 'S 4a jtk=21-1
jk=—1

B 02K 1 1/2 .
= (21+1)/2< __) Y gt )l ¥ (= Byt

Wzn_lsodd j+k=21-1
k=1
t
X exp ((1' —k)n jZﬂ_’(l +1) /O~ aﬂ)’ds).

Among these terms the following two terms

—@l+1)/2 ’K 1 1z '
n ( / (W W) g1+1.t°"+2(“.3)1+1€xl)<'7f ---ds>
odd

_ ’K 1 12 '
p- e <ﬁ EniTS*_) gt.1+1°‘1+1(‘.3)l+ze7(p<“"7f -~-ds>
odd

and

(“(£ 1)-instanton terms”) are important in the sense that WKB solutions of
the Fréchet derivative of (P,) contribute only to them. Taking this fact into
account, we make the following additional requirement

(63) g1+10= —&L1+1

for any [ with />1 as a generalization of (26). Since Lemma 1 entails

(64) {gl+1.l=_(l+ Day—(+2)a1411-1+8&1+1.

griv1=—U+Day—U+2)a_ 1141 +&1141-

where g,,,, and g, are polynomials of {@;,};+x<2 -1, the requirement (63)
becomes

142 s iz
(@4 11-1 +al-1z+1)+M

(63) =) 2+1)

and uniquely determines {a;} from {a;} (j#k) in a recursive manner. This
completes the proof of Theorem 1.
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§3. Local Behavior of Instanton-Type Formal Solutions
of (P;) near Regular-Type Singular Points

We have seen in the preceding section that singular-perturbative reduction
of (4) (more precisely, its localization at the O-parameter solution) to Birkhoff
normal form produces 2-parameter formal solutions of (P;). Looking at this
construction of 2-parameter solutions more carefully, we try to analyze their
local behavior at fixed regular-type singular points in this section. As a typical
example of fixed regular-type singular points of Painlevé equations we pick up
the origin t=0 of the sixth Painlevé equation (Py;) and discuss the problem
only for this typical example in this paper.

As is shown in Theorem 2 below, the regular-type singularness of fixed
singular points of (P;) (t=0 of (Py;) here) should entail the simpleness of poles
which the coefficients f®(z,7) of the Birkhoff normal form may possess
there. Furthermore, in the global study of (P,) the residues of f¥t,%) at
regular-type singular points would play an important role. Hence it is desirable
to be able to compute such residues explicitly. However, our choice of
Hamiltonians K(t, 4, v,#) which is listed up in Table 2 is not convenient for
that purpose; if we work with K;, we can show the simpleness of poles, but
the computation of the residues becomes quite difficult. To overcome this
difficulty we use the following “polynomial Hamiltonian Hv,”

(66) d)Jdt=ndHy,/0u,  dujdt= —noHy,/0)

where

(67) Hy =t(t—1—1) [/1(/1 —DA—p? =1~ Hro(A— A=)+ 1, A(A—1)

+(r,— DA(A— 1)}u+%11_2{(1€0 + 1y +x,—1)? —Kfo}(l—t)}

which is first discovered by Okamoto ([O]), instead of Ky, in this paper. (Roughly
speaking, by using Hy; we can “triangularize” the problem of computing the
residues in a sense (cf. (90) and (91) below).) The relations between Hy;, u,
k, and Ky, v, ¢, are given by the following:

1
Z(Ki— )=cn* where x=0,1,¢,

1
2,22 .2 2
(Ko —Ko—K1— K —1)=c 1%,

4
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+1 _1<1—K0+1—K1+1—Kt
1 .
prat 1 a1 -1

1 1—-x, 1—«k 1
Hy+-n"%(1—x, 0y 14 =Kv;.
VI 2’1 ( )( p —1 i1—1 VI

Note that every k, (¥*=0,1,¢,00) is a quantity of degree 1 in #.
Let us now state our result. The top degree part 1,(f) of our formal
solutions is characterized by the equation Fy(Ao(2).)=0, i.e.,

1—1 f(t—1)
e, _
(lo—1% " (Ao—1)?

t
(coteytetey)—co5+¢
45
This algebraic equation has six solutions, one of which shows the following
behavior at t=0:

(68) lo()=at +bt*+ --. with a= \/:0

Jeot e

We restrict ourselves to this special choice of Ay(f) in this paper. (The
other cases will be discussed elsewhere) Then, for 2-parameter formal
solutions with the above top degree part Ay(z), we can verify the following:

Theorem 2. Let f(t,n) be the coefficients of the Birkhoff normal
form obtained in Theorem 1 from the localization of (66) at the O-parameter
solution with the top degree part 1, satisfying (68). Then each f®(t,n)
has a simple pole at t=0 and

(69) Res fOt,m)=n""(0 + k),
t=0

(70 ResfM(t,n)=1,

(71) Res/(t,n)=0 (I>2).
t=0

Proof. During the proof we often omit the suffix VI. Let us first inves-
tigate the local behavior of the O-parameter solution (A9, u@)=(Zn~74;(s),
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Zn~u; (1) at 1=0. (Note that 1;(7) identically vanishes for every odd integer
J. Similarly v;(#) vanishes for every even integer j, but this is not true for
©;(#).) In view of (68) and the explicit form of (Py,) (cf. Table 1) we find

0'F )
'aﬁ(/lo,t)=60(t_(’+”) for any j>1,

dA
2'=Co(t):GVl(i’mat>=(9(t_l)
dt
(where (@ denotes Landau’s symbol). Making use of these properties,
we can verify the following by an induction:
(72) A{)=0(t) for any j>O0.
Then the first equation of the Hamiltonian system (66), i.e.,

dA(O)
dt

77 DA — 1) — 1) 4 16, 2O — 1)+ (i, — DA — 1),

2200© _ 1)(1©@ — Hu@ =y~ 1t —1)

entails
(73) pi()=0@"")  for any j>0.

Furthermore, we can compute the coefficients of the top degree part in
t of (A9, u®), which is denoted by (4,B) in what follows, explicitly. (Of
course, A and B are formal power series of #n~ ') As a matter of fact,
comparing the top degree part in ¢ of the Hamiltonian system (66), we
obtain

(74) {A=211A(A—1)B—(K0+K,—1)A+K0,

B=n(24 —1)B*— (ko +K,— 1)B.

This algebraic equation (74) for 4 and B has the following two solutions:

(A,B)=< Fo ,0> or ( fo ,n-‘(xo—x,)).
Ko+ K, Ko—K,

Comparison of the top degree part of 4 in ! with (68) tells us that the first
one gives a true answer in our case. We have thus verified
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Lemma 3. The O-parameter solution (A0, %) with the top degree part
Lo satisfying (68) has the following expansion at t=0:

B
(75) /1(0)=At+"', #(0)=7+...
with
(76) 4=—"°_ B=o
Ko+ K,

Lemma 3 and a straightforward computation also show

Lemma 4. We abbreviate (6’ *Hy,/0270p%)(t, 2O, u @, n) to 0" *H/d\op*.
Then we have

24(A— 1)t + - for j=0
drIH 2A—1)+--- for j=1
o | 4

: ;+ for j=2
1

-—t%+~-' for j=3
6“"H_{60(1) for j=0 and k=0,1
oMok oY) for j=1,2,3 and k=0,1.

Furthermore

Res 02H/0Adu= —n~ (g +1,—1).

t=0

Let us next consider the linear canonical transformation, which reduces the
linear part of (66) to Birkhoff normal form, obtained in Section 2.1. Note
that all formulas in Section 2 are valid even for the polynomial Hamiltonian
Hy,, if we replace Ky, and v by Hy,; and u respectively. For example, the Riccati
equation associated with the Fréchet derivative of (66) is given by the following:
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as d. o*H
77 S24+2 _Log?
77) i di ot o
{62H62H <82H>2+’ aszan 3 1araZH}_
012 op?  \aidu oloudt Cor | dtéion

It follows from Lemma 4 that

——1 =——+4--

dt ga/ﬁ t

O2H*H d °H , i
= -1 =—1n ((kp+K)2—1D—+---
PYERFTE " gaie 1 etE)l =D

Hence, by a similar argument as in the proof of [AKT1, Proposition 3.1], we
can verify

Proposition 2. The formal power series solutions S, of (17) have a simple
pole at t=0 and their residues are given by

(78) Res S, =1+4(kg+k,).

t=0

The relation (69) is an immediate consequence of (27) and (78). The following
local behavior at =0 of the coefficients of the linear canonical transformation
also follows from Proposition 2 and (43)-(45):

_ 1/2
(79) a:—b:(__:Lta> t+...,
n- (ko +K,)
-1 3\ 1/2
(80) c:(ﬂ__(’&fft)__) L
— KoK, t
1
(81) d=0';+---=@(1).

Let us now discuss the nonlinear part of the canonical transformation, which
reduces
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(82) H=fOUV+ Y 0 CTOH (U Y
niee
with
1 al1+le
J Jz ki gk
(83) H(t,m)= thpm,k, s b
J;+kz qg+1

to its Birkhoff normal form, obtained in Section 2.2. By Lemma 4 and
(79)-(81) we readily find

(84) H,,=0@"")
for any p, ¢ and further
(85 only Hy_, H,,, Hyy, H,_; and H,, have a simple pole at =0.

Let us recall that the coefficients {a,,} of the generating function (53) of
transformation are uniquely determined by the requirements (61) and
(65). Hence, in view of (84), we can prove the following by an induction.

Proposition 3. (i) The coefficients {a,,} of the generating function are
holomorphic (more precisely, formal power series of n~*'? with holomorphic
coefficients) at t=0 for any p, q with p,q>—1 and p+q=>1.

(ii) The coefficients f“(t,n) of the Birkhoff normal form shows the following

behavior at t=0:

(86) fO=0t""Y)  for any I>1.

We finally compute the residues of f¥(¢,#). A key idea is to use the
relation between the two Hamiltonians

ow

87 H=H+n" 1 —,
(87) o,
or,

(. oW ow ow, .
88 0,0, -2 =1, ——— 12, 0,
(88) ( au) ( 6V> ot V)

Our determination of {a,} entails that (88) identically holds for any (T, 1)
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(Otherwise stated, (88) is an equality as formal power series of (U, V).) Note
that both sides of (88) has an at most simple pole at =0 thanks to Proposition
3. In particular, the second term of the right-hand side is holomorphic
there. Therefore, comparing the residues at 1 =0 of both sides of (88), we obtain

(89) f(O) Z "—(p+q)/2(p_q)épq(7p+lyq+l

ptq=1
pgz—1
I+1
=Z,,—lf(l)U1+1<V_ Z n_(”+q)/2(p+1)dpq(7”Vq+l)
>1 ptg=>1
rpg=-—1

n+1

— Z n—(u+v)/2ﬁuv(U_ Z 11"("+‘1)/2(q+ 1)51qu"+ 1 Vll> V“H,
utv>1 ptgq=1

pvz—1 pg=—1

where fO, ﬁ\pq and d, respectively denote Res,_of", Res,_,H,, and
@uli=o. For example, comparison of cubic terms (with respect to (T, V) of
both sides of (89) deduces

3]’(\(0)‘?2—1 = —92—1 P f(o)d10= ";}10’
_f(o)dm:_ﬁ\on _3]?(0)5—12:_?1\—12-

Since ﬁo,zf{\_u:O by (85), we consequently have d,,=d_,;,=0. More
generally,

Lemma 5.

(90) a,=0  for p<q.

Pq

Lemma 5 can be proved by an induction in the following way: We compare
the coefficients of U?*'V4*! (p<gq) of both sides of (89). Then from the
left-hand side

f(o)n —(p+q)/2(p _ q)dpq

appears, while there is no contribution from the right-hand side because of
the induction hypothesis and the following relation

©1) H,=0 for p<g

(which immediately follows from (85)). Thus we have (90).
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To compute the residues of (¢, ), we compare the coefficients of T/ 1 p7+1
(j=1) of both sides of (89). The coefficient of the left-hand side is trivially
equal to 0. On the other hand, taking Lemma 5 into account, we find that
for the right-hand side the contributions come only from

1+1
Zn"f"’(f/V)’“(l- Yy n‘”(p+1)dm,l7"V”)

1>1 p>1

u+1
- Z ﬂ_”mu(UV)““Li(l— Z ﬂ_”(P+1)dpp(7pr) .

n=>1 p=>1

Hence the coefficient of the right-hand side is

r'_j Z (_1)l+1(f(,)—ﬁ;l) Z (p1+1)"'(pl+1+1)dp1p1.“delPHl

l+tm=j prt-tprer=m
121,m>0
(where we define dyo= —1 for the sake of convention). Since all 1/-1\,, vanishes

except for /=1 (cf. (85)), we obtain

(92) Z (_'1)1+1f(l) Z (p1+1)“'(pl+1+1)dplpl'“dpx+1m+1

I+m=j pit-tpryi=m
121,m>0

=H, Y (p+1Xg+1)d,d,.

ptg=j-1
For j=1 the relation (92) becomes

f(1)=ﬁ11

and for j>2 (92) implies the following:

f(j)z z (—1)’+1f“) Z (p1+1)'“(pl+l+l)dp1pl"'dp1+1p;+1'

I+m=j pit--tpi+1=m
1=22,m>1

Here it follows from (79), (80), (83) and Lemma 4 that

P 1 ‘H
H,,=ResH,,=-Res i——azc2 =1.
t=0 4t=0 6/‘[26,12

Thus we have verified
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f®M=1 and f9O=0 (j>2).

This completes the proof of Theorem 2. Q.E.D.
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