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Polynomial Weyl Representations

By

Paul L. ROBINSON *

Abstract

For the canonical commutation relations in infinite dimensions, we offer an explicit direct
construction of Weyl representations generated from the Fock representation by polynomial
transformations of arbitrary degree, solving a problem posed by Proksch, Reents and Summers. Our
solution employs new approaches to Hilbert-Schmidt polynomials and their Wick ordering.

Introduction

Representations of the canonical commutation relations (or CCR) provide a
standard mathematical framework in which to discuss bosonic systems. There
are two types of such representations associated to a real vector space V
equipped with a symplectic form 2. A Weyl representation of the CCR over (V,
) associates to each v €V a unitary (Weyl) operator W(v) on some complex
Hilbert space IH satisfying the V_Veyl relations

v1, V2E VW (vy) W (v,) =exp [Q_(z?_h@] W (v1+vs)
and having the property that each one-parameter unitary group (W (tv): t€R)
is strongly continuous. A Heisenberg representation of the CCR over (V, Q)
associates to each v € V a self-adjoint (field) operator @(v) in some complex
Hilbert space I satisfying the Heisenberg relations

v, 12EV=[0 W), O (02) ] iR (vy, v2) T

together with conditions that cope with the unboundedness of the field
operators. Passage from Weyl form to Heisenberg from assigns to (W (t/ % v): ¢
€ R) its self-adjoint infinitesimal generator @ () so that W/ »v) =

exp[i1® (v)]; passage from Heisenberg form to Weyl form is via exponentiation
when possible. See [2].
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The case most commonly considered is that in which V is the real vector
space underlying a complex Hilbert space and £ is the imaginary part of the
complex inner product. In this case, there are several thoroughly studied classes
of representations of the CCR over (V, £). Most familiar of these is the Fock
representation, which comes in a number of equivalent versions and is suitable
for describing a free boson field. Less familiar but also well studied are the
coherent representations and the quasifree representations; both classes arise
when Fock representations are subjected to certain standard operations.
Recently, a new class of representations of the CCR over (V, ) was introduced
and studied by Proksch, Reents and Summers [7]. These are called quadratic
representations of the CCR: as originally constructed, they arise when Fock field
operators are subjected to quadratic transformations; the resulting Heisenberg
representations actually exponentiate to yield Weyl representations. In [8] we
presented a direct construction of these quadratic Weyl representations,
entirely circumventing the Heisenberg representations and so obviating the need
to deal with unbounded operators.

Our primary aim in this paper is to present a uniform direct construction
of Weyl representations generated from the Fock representation by means of
polynomials of arbitrary degree; this solves a problem raised by Proksch,
Reents and Summers. We have two secondary aims related to the technical
machinery involved in our construction: the one is to offer a new approach to
Hilbert-Schmidt polynomials; the other is to offer a new approach to the
Wick-ordering of such polynomials. Our primary aim is likely to be of greatest
interest to quantum field theory; in particular, the nonlinearity inherent to
polynomial Weyl representations suggests that they might play a role in the
construction of interacting fields. Our secondary aims are likely to be of interest
more generally, for example in functional analysis and stochastic analysis.

The following brief outline of our construction may be helpful as
orientation. Considering first the finite-dimensional situation, let IR™ have the

standard inner product and let IR*” have the symplectic form given by
2 (0:Dys, :Dy2) = (w1lyz) — (ilwz)

where x1, %2, 31, y2 € R™ The Schrodinger representation is the Weyl

representation Wy of IR*” on the space ILZ(IR™) of all complex functions on R™
squareintegrable relative to Lebesgue measure, determined by the rule that if f

€ LZ(R™) and #, y, zER™ then
(Wot@y)A) () =exp[ L |1,y

Let A: R™— R be a polynomial (or more generally measurable) function: define
a unitary operator U on L2 (R™) by
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[l @) =exp[ A2 (o)

for f€IL?(R™) and zER™; write A*(z) =A (u+2z) —A(z) for u and z in R™. The
rule

%, yER" =W, (xBy) =UaW, (xBy) Uz*
plainly defines a Weyl representation, equivalently given by the rule
(%) %, yER"™S W4 (xBy) = W, (xDy) Uy».

For passage to infinite dimensions, the Schrédinger representation is
replaced by the version of the Fock representation called the renormalized
Schrodinger representation on @Q-space, in which the Lebesgue measure is
replaced by a consistent family of Gaussian probability measures on
finite-dimensional subspaces. In order for the polynomial function A to define
(as a strong limit) a unitary operator U, on Q-space, it should be of
Hilbert-Schmidt class (as a growth condition) and Wick-ordered (relative to
the Gaussian measures). Notice that if A is a degree d + 1 homogeneous
polynomial then A* is a polynomial of degree at most d for each vector u;
consequently, requiring that A be Hilbert-Schmidt is more stringent than
requiring that each A* be Hilbert-Schmidt. Accordingly, we assume of the
polynomial A that each A% is Hilbert-Schmidt and define a polynomial Weyl
representation Wy by the infinite-dimensional analogue of (%).

In Section I we offer an essentially self-contained account of Hilbert-
Schmidt polynomials. Our account differs from conventional ones: for example,
Hilbert-Schmidt polynomials and their norms are deliberately defined without
reference to orthonormal bases, thereby avoiding the need to check
independence of choices. The approach may be tailored to suit Hilbert-Schmidt
multilinear forms, Hilbert-Schmidt operators and so on. A more conventional
account (incorporating boundedness as a hypothesis) may be found in [6]. In
Section I we offer a largely self-contained account of Wick-ordering for
Hilbert-Schmidt polynomials. Our account here is also out of the ordinary: for
example, both the Wick transform and its inverse are defined without reference
to orthonormal bases. For accounts of @Q-space and the renormalized
Schrodinger representation, we refer to [2] [5] [9] [10] [12]. In Section II we
construct the polynomial Weyl representations of our title, illustrating the
construction by examples in which the polynomial has low degree. If the
polynomial A is (d +1) ~-homogeneous, then when d <2 the representation Wa
arises from the renormalized Schrédinger representation by an inhomogeneous
linear canonical transformation while when d = 2 the representation W, is
quadratic as in [7] and [8]; when d >2 the representation W, is new. Finally,
we discuss briefly certain issues stemming from our construction.
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The author is grateful to Martin Florig and Steve Summers for informative
conversations and would like to point out that Martin Florig has an independent
construction of polynomial representations of the canonical commutation
relations based on the infinitesimal approach developed by Proksch, Reents and
Summers.

I. Hilbert-Schmidt Polynomials

Let L be a real Hilbert space having (+|*) as its inner product. By a
d-homogeneous (real) polynomial A:L— IR we mean the composite of a
symmetric multilinear d-form A:L X -+ X L =R with the diagonal map from L
into the product of d copies, so

2EL=A(2) =A(z, 0 2).

The principle of polarization serves to recover A from A: explicitly, if z1,**,24 €
L and summation extends over all 2¢ respective sign choices then

delé(ZI,"',Zd) == Z i"'iA(izl"'iz,D.

Eent

Let #(L) denote the set comprising all finite-dimensional subspaces of L
and note that this set is naturally directed by inclusion. To each MEF (L) we
associate the (orthogonal) projection Py:L— L of L onto M along the
orthocomplement M*. When M € # (L) and when A:L—R is a d-homogeneous
polynomial, the compression Ay =A0Py is again a d-homogeneous polynomial.
We say that the d-homogeneous polynomial A:L —R is tame when A=Ay for
some MEZ (L) on which A is said to be based. Denote by PL the vector space

comprising all tame d-homogeneous polynomials on L and by P%L its subspace
comprising all those elements that are based on MEZF (L).

To each u €L we associate the linear functional ¢,:L— IR defined by the
rule that if zEL then ¢, (z) = (ulz). Of course, if z1,** 24 €L then the product ¢,
-+@,, lies in P?L: in fact, P%L is the linear span of all such products; indeed, P‘L

is the linear span of {¢%: zEL} by polarization.

Theorem 1.1. P°L caries a canonical imner product (+|°) uniquely
determined by the rule that if x1,"** x4, y1,"* Ya €L then

(¢zl'"¢x,l¢y1'"¢yd> =Z H (xi’ym')

T j=1

where T runs over the group Sy comprising all permutations of {1,+-d}. O

In particular, note that the induced norm ||+|| on P?L has the property that if
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21,°"*, 24 €L then

Iz, doll < VaTllzall- - zall
Let N4 denote the set of all d-tuples D= (d1,***,dm) € N" having total
degree |D|=d;+ -+ +dn equal to d and write D!=d1!**d ..

Theorem 1.2. If ME F(L) has (u1,"** um) as an arthonormal basis then
PYL has (®P: DEN™?) us an orthonormal basis, where if DEN™ then

m@D: 12. am

Um*

Proof. That the vectors (®°: DEN™?) span P4L is at once clear; that they
are orthonormal follows upon direct calculation from the formula for the inner
product on P°L. d

With this notation, if AEP%L then Fourier decomposition yields

A=Y (0°14) 0°
D

and the Parseval equality yields

A=) (@°14)"

D

Now, let NCMEZ (L) and note that P4L CP4L since PyPy=Py. Extend an
orthonormal basis (uq,"**,u,) for N to an orthonormal basis (u1,***,u,) for M.

Embed N*¢ in N"¢ by appending zeros, so that N™¢ is identified with {D €N™*.
n<j<m=d;=0}. With this understanding, if D EN™¢ then

@ DN

@DOPN= {
0 De&EN™

Accordingly, orthogonal projection of P4L onto P§L is precisely the compression
map
PYL—PYL: A—AOPy.

Theorem 1.3. Let NCME FL). If A:L— R is a d-homogeneous
polynomial then

A= Al 4 MAx 1P = Aul.

Proof. Merely note that the orthogonal projection of Ay in PYL is AyOPy=
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Ay and apply the Pythagorean rule. OJ

Introducing the notion central to this, section, we declare the
d-homogeneous polynomial A:L —R to be Hilbert-Schmidt when the net (Au:
MEZ (L)) in P°L has bounded norms and define

lAll= supllAsl.
M

Theorem 1.3 tells us that the net ("AM” :ME% (L)) is increasing, whence also
lAll=1im[|A.
M

We remark that our notation is consistent, for let NEF (L) and let A=AyEPEL
be tame: if also MEZ (L) then Theorem 1.3 implies that [|Axl<|Ax+x]=]4x] so
that sup{lAxll: M € F(L)} = | Ax|. Denote by IP’L the set comprising all
Hilbert-Schmidt d-homogeneous polynomials on L. It is at once clear that IP°L is
a vector space on which | * || is a norm.

In fact, the norm | * || on IP’L is defined by an inner product: if A", A” €PL
and if MEZF (L) then

(A" +A") P+ (A= A7) ulE=2 ]

Au

2+[|A7%)
whence passage to the limit as M—L yields
A+ A" P+ |A— A" P=2 (A + A7)
Thus | - | satisfies the parallelogram law and so arises from an inner product
(+|) given by

A, NP WA =g (A + A=A~ 2.

1
4
As remarked above, the inner product space P?L is included isometrically in the
inner product space P4L.

As is almost obvious by construction, we claim that P’L is dense in IP’L. To
see this and more, note first that if A € P’L and N € % (L) then multiple
applications of Theorem 1.3 imply

IA—Ayl?= szp\l (A—Ay) ul?
= supll (A—Ay) ul?

MDN

= sup||Aul*—[lAN]?
MDN

=] AP~ Axl?

whence Theorem 1.3 extends to the assertion that

A= lA—AxlP+llAxlP.
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Theorem 1.4. If AEPL then the net (Ay: ME F (L)) converges to A in
PeL.

Proof Given £>0 choose M.€EF (L) so that [Au 2= |AP—&% Now, if M.CM
€ (L) then |Au.|<|Axl by Theorem 1.3 and therefore |A — Ay|<e by the
extended version just established. ll

It is convenient that the functional values of polynomials in IP’L may be
recovered by taking inner products.

Theorem 1.5. If AEP'L and zEL then
dIA(2) = (¢4]A).

Proof. If A € P?L then the asserted equality holds by linearity and the
formula for the inner product on PL. If A€ PL and if ME% (L) contains z
then

dIA(2) =d1Au (2) = (¢¢|An)

whence an application of Theorem 1.4 shows that passage to the limit as M—L
yields the asserted equality in general. O

The principle of polarization extends this to the result that if A €P?L and
21, 24 €L then

dlA (a1, 2a) = (Ga+ BualA).

From this, it follows at once that the symmetric d-form A is bounded: in fact,
A
A, 2| <L)

Not only does PL contain P?L as a dense subspace: [P’L is actually the
completion of P%L.

Theorem 1.6. IPL is a Hilbert space.

Proof. Let (A" n €N) be a Cauchy sequence in P?L. The inequality
established after Theorem 1.5 shows that if z, ' ,z2; € L then the sequence
(A" (21,"+, 2): nE€N) is Cauchy, so we may put

Az, zg) =limA" (21, 24)

and thereby define a symmetric d-form A on L. Let €¢>0 and choose #n. €N so
that if p, = ne then |A? — A <e. If MEZF (L) then the discussion of Theorem
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1.2 enables us to infer from

45&1 (21,"’, Zd) =/_1j (PMZL"', PMZd)_’/_l (PMZI,"'y PMZd) =/_1M (21,"', Zd)
that

K= (001 9= ) (0714, = Ay
D

D

whence if n 2# then
(A= A") pl =lim[ A} — ARl <e.
j
From this, it follows both that A EP’L and that A”—A in [P°L. O

We may exhibit an orthonormal basis for the Hilbert space IP’L as follows.
For 4 any set, let N¥ denote the set comprising all maps D : & —N with total

degree
Z D) =d
aEA
and write
[Tows=n
=¥

where the sum and product are finite of course.

Theorem 1.7. If L has (us: a €A) as an orthonormal basis then PL has
(@P DeN*?) as an orthonormal basis, where if DEN** then

/D_I@D= H ga(a)'
oCd
Proof. Orthonormality of the displayed vectors in P°L follows by direct
calculation as for Theorem 1.2. To verify completeness of the system, let A€
PL and assume that if D €EN? then (@P|A) =0. From this assumption, the
equality after Theorem 1.5 implies that /_1(z1,"', z4) =0 when z1,-**, 24 lie in the
linear span of (us: a € 4) and then the inequality after Theorem 1.5 implies
that A (z1,"*, 22) =0 when z1,"*, 22 €L are arbitrary. ]

In particular, each A€IPL has a generalized Fourier decomposition

A=Y (@"/1) 0°
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for which the Parseval equality reads

A=) (@142

Incidentally, we are now able to show that our notion of Hilbert-Schmidt
polynomial agrees with the standard one. Too each A = (a1, " aq) € 4% we
associate D, €EN#? by requiring that each a €4 appears D4 (a) times in the list
(a1,*,aq). The resulting map #?—N?¢ is surjective, the preimage of D € N#¢
having d!/D! as its cardinality.

Theorem 1.8. If AEPL and if (us: a €EA) is an orthomormal basis for L
then

lAl=a1) JA (e, aa) .
A

Proof. If A= (ay,"**, as) E4? then Theorem 1.5 yields

A (g, ua,) = +/Dal (OP4]A)

whence it follows that

d’ZL/l(ua,,' tay) JZ—ZDA CZNESYS) <¢D4{A>2—Z(¢DIA>2

D DA—D

by summation over the fibres of #*—N¥¢ as an intermediate step. O

Thus far, we have considered only polynomials possessing a fixed
homogeneous degree. More generally, by a polynomial on L we mean a finite sum
of homogeneous polynomials on L. When A:L—1R is a polynomial we shall
denote by A its degree d homogeneous component, whence A decomposes as the

finite sum
A=)YeA,

d=0

If A: L—Ris a polynomial and if MEZ (L) then the compression Ay=AO0Py is
again a polynomial, said to be tame and based on M. The space PL of tame polynomials
on L is thus the algebraic direct sum

PL=@ P

a20

which we equip with the inner product that renders the decomposition
orthogonal and restricts to the original on each summand. We say that the
polynomial A:L — R is Hilbert-Schmidt when the net (A)y MEF (L)) in PL
has bounded norms and write
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lAll= supllAsdl=1im[|Axll.
M M

The space IPL of all Hilbert-Schmidt polynomials on L is the algebraic direct
sum

PL=@PL

a=>0

which we provide with the inner product that renders the decomposition
orthogonal and restricts to the original on each summand.

We close this section by discussing briefly the effect of translations on
polynomials. Thus, to each # € L and each polynomial A:L — R we associate
polynomials T#A and A* on L defined by

T“A: L—R: 2~ Au+z)
and
A=T*A—A.
We remark that if A is (d+1)-homogeneous then

d

Au:z i

j=0

where if 0<j <d then ‘A* is the j-homogeneous polynomial given by the rule
that if z1,°**, 2;€L then

) da+1
TN (21,0, 25) =< , >4(u,'“,u, 21,0, 25)
]

with d +1—7 terms u on the right. We also remark that in this case, if A% is
Hilbert-Schmidt then ‘A% is Hilbert-Schmidt whenever 0<j <d.

Theorem 1.9. Let A be a(d+1) -homogeneous polynomial on L with d>0. If
A*EPL whenever wEL then A is bounded.

Proof. We claim that the linear map
L— P yep

is continuous, by application of the closed graph theorem. Thus, let (u,: n €N)

be a null sequence in L and let A —A’ in IP’L. If z;,"**, zs €L then the equality
after Theorem 1.5 yields

(¢z1"'¢za‘dAu") =d!d{1_“”(zly---, 24)
= (d+].) !4 (’M,n, z21,"°°, Zd)
= (¢21"'¢2a¢unl/1>
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whence the inequality after Theorem 1.5 yields

| (@ay @2 A) | <V @F DTN Allall-+-leallual

and passage to the limit as n—o° yields
dIA_’ (zli...1 Zd) = (¢21“'¢Z,1|A’) =0'

Now, let K0 be such that [[*A*|<K|u| whenever w€L. If zo, 21,**, 24 €L then

A e 1, 20) | =gy e, 20) | <Gy el

so that A is bounded as claimed. O

By way of definition, we shall say that the polynomial A:L— IR is
differentially Hilbert-Schmidt when the difference A* = T“A — A is Hilbert-
Schmidt for every u €L.

II. Wick-Ordered Polynomials

In principle, the Wick ordering of Hilbert-Schmidt polynomials amounts to
their orthogonalization relative to a Gaussian distribution on Hilbert space. To
explain this in detail, we begin by recalling basic facts pertaining to Hermite
polynomials and presenting a very brief account of @-space.

Fix a positive number ¢ and let g denote the Gaussian probability measure
on IR having density function

R—R: t—

e[ ]
a2 Pl 942

relative to normalized Lebesgue measure, so that g is the law of a normal
random variable having variance ¢? and mean zero. The Hermite polynomials
H"(s) are the monic polynomials that arise when the powers s" are
orthogonalized relative to the weight g Explicitly, if » € N then the Hermite
polynomial H” : IR—IR has value at s€ R given by

= (— Z”Esc%d—” _2+;
H'(s)=(—0%)" dt”{e Hizs.

For our purposes, the following equivalent definition and fundamental prop-
erties will be particularly important.

Theorem 2.1. IfnEN and s€ Rithen

1(s) = [_(s+it) an ()

and
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-I;m H'H'dp=n!c""
while if p, gE N are distinct then

DI =
AHHd,u 0.

O

We should mention that the literature contains different conventions
regarding Hermite polynomials. Thus, Hermite polynomials are sometimes
normalized so as to have unit norm rather than to be monic. Also, the variance
o? of the Gaussian is usually assigned a specific value: typically, either 6?=1 or

o =§.

To construct @-space, we proceed as follows. Each finite-dimensional
subspace MEF (L) of L is equipped with the Gaussian probability measure g
having density function

1 el
M—R: z— (2ro?) 29mMexp ——]
20*
relative to normalized Lebesgue measure. Let H (M) stand for the set comprising
all functions f: M — C based on M in the sense that f = f) O Py for some
continuous function fy : M —C square-integrable relative to g Elements of the
complex vector space

HL)=U{HM: MeFL)}

will be called tame functions on L. The Gaussian probability measures on the
elements of # (L) being consistent, an inner product (- |*) on H(L) is well
defined by the rule that if f and g lie in H(L) then

Ser = Teas

for any M € F(L) on which both f and g are based. The resulting complex
Hilbert space completion of H(L) is precisely Q-space HI(L) over L.

Plainly, if MEZF (L) then H(M) contains each function f=fuOPy for which
fu:M— C is a polynomial. Accordingly, the vector space PL of all tame
polynomials on L is contained in H(L) and thereby contained in HI(L).

Note that each real polynomial A:L —IR naturally extends to a complex
polynomial A:LC— C on the complexification L® of L:in case A is
d-homogeneous, the associated complex symmetric d-form A : LCX -+ X[C—Cis
determined by complex multilinearity.

Now, if A€ PL is a tame polynomial on L then we define I'(A): L —=C by
the rule that if z&L then



PoLyNOMIAL WEYL REPRESENTATIONS 207

I'A) () =A+i)

so that if integration extends over ME% (L) on which A is based then

I @)= [ Ale+im)apw).

Theorem 2.2. If nENand if u €L is a unit vector then
I(¢p) =H"0@,
which has norm in HL(L) given by
Ir(g2) [F=nio®"

Proof. Direct calculation. If ME % (L) is the real line spanned by u and if z
€L then

() @) = [ gule+in)auw)

= [ (o) +it) a0

=H" (u|2)
=H"0¢,(2).

The expression for the norm of I'(¢}) in HI(L) comes straight from Theorem

2.1 O

We remark that as H" is a degree »n monic real polynomial, so the difference

I'(¢?) — ¢ is a (real) polynomial based on the line spanned by # and has
degree strictly less than #.

Theorem 2.3. If AEPLL for some MEF (L) then I'{A) €PL is based on M
and I'(A) — A has degree strictly less than d.

Proof. By linearity, it is enough to let M have (u1,***,um) as orthonormal
basis, to let D= (dy1,"** dm) EN"™¢ and to consider A=®” where

VDI @P= it piim.

For this, Theorem 2.2 and orthogonality of the lines spanned by ui, ***, um
together imply that

VDIT(@P) =T (¢f) - (gim)
= (H*0¢,,) -+ (H*m0 ).

Expansion on the remark after Theorem 2.2 concludes the proof. O
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Further to the proof, notice that Theorem 2.2 and orthogonality of the lines
spanned by u1,***, um also imply that the norm of I'(@®) in HI (L) is given by

Ir (@) |=0".

Theorem 2.4. The map I PL— PL is a linear automorphism, its imverse
being given by the rule that if A€PL is based on MEF (L) and if zEL then

(P=) ) = [ AG+u)dp ).

Proof. Let I'’ temporarily denote the putative inverse for I” defined by the
displayed formula. Let €N, let u €L be a unit vector spanning the line M, and
let z€L. From

rgD) @)= J, guletu)ipw
= [ (Gl +0%au®

it is plain that I'’(¢%) is a degree # polynomial based on M,. From the readily
verified formula

sERﬁj;RH" (s+t)dut) =s"
it is evident that

gD @) = [ () +9ap )
=i (2).

Now, if M € #(L) has orthonormal basis (u1,***,um) and if D € N”™¢ then
factorization shows that I'’ (@) is a degree d polynomial based on M and that
I''T'(®”) = @P. By linearity, it follows that I”* maps PL to itself and has the
property that 7’0l is the identity. Finally, we claim that I"'oI'=ToI'": if A€
PL is based on MEZ (L) and if zEL then

(A @)= [ A6+
_ fM fMA (ex+iy) du(y) dp )
=foM/1 (z+iy+x)dp(x)du(y)

= [ I'AG+in)aub)
=(IT"A) ).
O

We are more interested in I" as a linear map from PL to IHI(L). As such, its
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role is to orthogonalize relative to the Gaussian distribution g.

Theorem 2.5. The linear map I': PL —THI(L) has the following properties.
(i) If A", A" EP°L then

r)

rA”))=a2(A|A").
(i) If NEPYL and A" €EPY'L where d’ and d” are distinct then
(r)|run)) =o.

Proof. If A’, A” €EPL are based on M’, M’ €F (L) then both A’ and A” are

based on M=M +M". Let M have (u1,***um) as orthonormal basis. If D € N™¢
then

(r(@”)|r(@?)) =o*(0°|07)

as noticed after Theorem 2.3. It follows similarly from Theorem 2.1 and

orthogonality of the lines spanned by ui,***um that if D’ €N™% and D” e N™4”
are distinct then

(r(@™)|r(@”))=0

whether or not d” and d” are distinct. All that remains is to invoke bilinearity.

O

In particular, each restriction I': PL —IHI (L) is isometric up to a scalar
factor:

AepL=|r(A)|=ol4l

where the norms on right and left are calculated in P!L © PL and HI(L)
respectively. It is perhaps worth remarking that the scalar factor ¢ may be
absorbed by rescaling the inner product on P%L.

Of course, extension by continuity yields a linear map I': IPL— (L)
having properties analogous to those of the original: if A’, A”E€IPL then

(r)|rn))y =o%(A'A")
while if A’€IPYL and A”€P?’L where d’ and d” are distinct then
r)ran) =o.

Indeed, if A €PL then the net (Aw: MEF (L)) in PL converges to A in PL
thanks to Theorem 1.4 applied to homogeneous components; accordingly,
Theorem 2.5 then implies that net (I'(Ay): MEZF (L)) in PLCH(L) is Cauchy
and hence converges, its limit in H (L) being I'(A) by definition. Thus, if AEPL
has homogeneous decomposition
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A=YA

d>0

then I"(A) €HI(L) has orthogonal decomposition

r=Y.ren

a20

and

Ir =Y oeafe

a20

Let (ug: a €4) be an orthonormal basis for L and let (@P: DEN?4 4 eN)
be the resulting orthonormal basis for IPL as before. For each d €N and each D
€N9? let us define FPEPLCHI(L) by

yorwr= ] e

a€d

where if ¢ €4 then

gbg;a) =HD(a)o¢ua .

In terms of this notation, we have the following expression for I

Theorem 2.6. If AEIPL has the genevalized Fourier decomposition

A=) Y 2,0°

d>0 |D|=d

then I'(A) €EHL(L) has the orthogonal decomposition

rw=y, ¥ ww

d>0 |D|=d

Proof. Theorem 2.2 and orthogonality of the lines spanned by the vectors
(ua: a €E4) imply that if d €N and D EN¥? then I'(®°) = ¥P. From this, the
asserted equality follows at once by linearity and continuity of 1. O

In the literature, I'(A) is traditionally written as: A: and is obtained from
A by the process of Wick ordering. Accordingly, we refer to I" as the Wick
transform; the symbol I'is for Gauss, after whom the transform is also named.

We now show how the Wick transform leads to a Hildert-Schmidt-strong
continuous representation on Q-space (L) of the additive group underlying
PL.

First, if A€PL is a tame polynomial on L then of course the unitary scalar
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function exp{l'(A) /26?} on L is tame, whence an isometric linear map Up:
H{L)—H(L) is defined by prescribing that if fEH (L) then UsfE€H (L) is the
pointwise product

ru }f_

UAf—exp{ %0

We shall continue to use the same symbol to denote the unique extension of Uy
to an isometric linear map from I (L) to itself.

Next, let A €IPL be a Hilbert-Schmidt polynomial on L. For convenience,
when MEF (L) let us agree temporarily to write Uy in place of Uy,. Now, let f
€H(L) be a bounded tame function on L and put sup|f|=K. The elementary
estimate

t’, f’lzmﬁleﬁ’_eﬁﬂ <

t/__trll
implies that if M', M"€% (L) and M=M'+M" then

030 = Unefle <25 f I (Ar) =T (Ane)

zdﬂ

or

NTser— Umﬂl< IIF<AMf—AM'> |
From this, we infer by Theorem 1.4 and Theorem 2.5 that the net (Uyf ME
F (L)) is Cauchy; let us write Uy f for its limit it IJHI(L). Observe not only that
lUaf =171 but also that if MEF (L) then

"UAf"UAuf||< “FA Al

It is a familiar fact that if M € ¥ (L) then H(M) has its subset Ho (M) of
bounded elements as a dense subspace; consequently, the union

@w=UHW): MeF (L)}

is a dense subspace of H(L). It follows that the linear isometry U, : Ho(L)—
HI(L) constructed above extends uniquely to a linear isometry Uy, :IHI(L)—
[H(L). Observe that if fE (L) then the net (Us,f: ME F (L)) converges to
Uaf: indeed, if e>0 is given and if f€Hy(L) is chosen so that || f—fo|<e then

U4 f=Us A
<NUsf = Unfol U4 fo—= Unye fol H1Uny fo—= Uy £l
<2e+|Unfo—Uayfol

and we need only recall that the net (Uy, fo MEF (L)) converges to Uy fo.
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Theorem 2.7. The assignment
U:PL—AutH@): AUy

is a group homomorphism velative to addition in IPL and composition in AutH(L).

Proof. Let A, A” € PL and let f€ H(L). On the one hand, Usr, Usr, f—
UaUa»f because composition of isometries is continuous relative to the strong
operator topology: explicitly, if 6>0 is given and if M. €EZ (L) is chosen so that
M:CM€E€F (L) implies both || (Usr, —Ua) fll<e and |(Usr,,— Usr) Uarfl<e then
it follows that

|Un s Unryg f = UnrUnrfl
<NUary Unryy = Uar) Al Unryy— Unr) Usr Al < 26

On the other hand, Us;,Uag f — Uar+a~f: indeed,

UnryUngf=exp {M%} f
I'((A+A") w) }f
2io?
=Uwr+amyf.
The equality UyUs» = Uypr4a~ holds thus on H(L) and so on H(L). It follows
that if A€ PL then U, : H(L)—TH(L) is unitary with U_4 as inverse, since Uy=
L O

e

The unitary representation U of IPL on HI(L) is continuous in the following
sense.

Theorem 2.8. Equipping PL with its Hilbert-Schmidt topology and
AutlHI(L) with its strong operator topology, the map U: PL— AutlHl(L) is continuous

d
on DPL for each d EN.

i=0

Proof. As usual, we need only check continuity at zero. For this, let A€ IPL
and let fo€Ho(L) with Ko= suplfol. In the inequality

1Us fo— Uy f01|<5%urm—AM> I
we let MEZF (L) be the zero subspace, yielding
Ko
"UAfo'fo"<2—02||F(A) I.

Now, let fEHI (L) be arbitrary and let e>0: if /oEHo(L) satisfies !|f—fo||<s and
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2
if A€PL satisfies |I'(A) |l<—2kq0—5 then

VU f=f I1<WUs f=Ua fll + U fo—Foll 1 fo—11<3e;

the continuity of I' as expressed in the discussion following Theorem 2.5
concludes the proof. O

Here, restriction to subspaces of bounded degree is occasioned by the fact

that if d €N then only o7¢I"; PL—THI(L) is isometric. If for each d €N the
factor 0% is absorbed in the inner product on P?L by rescaling, then the
corresponding map I': PL —HI(L) is isometric and the resulting map U : PL —
AutBHI(L) is Hilbert-Schmidt-strong continuous under no restriction. In any
case, it is certainly true for instance that if A € IPL is fixed then the
one-parameter unitary group (Uis: t€R) onH (L) is strongly continuous.

We close this section by showing that on tame polynomials, the Wick
transform commutes with translations.

Theorem 2.9. If AEPL and if uEL then
T“I'(A) =I'T*(A).

Proof. Direct calculation. Choose M €% (L) so that A is based on M and M
contains u. If zEL then

T“I'(A) (2) =T (A) (u+2)
=fMA (u+z+iw)dy w)
= [ 1A (e +iw) dpe )
=IT*(A) (z).
O
Of course, it follows as a direct consequence that if AEPL and if # €L then

rA)“=rA»).

III. Polynomial Weyl Representations

Once again, L is a real Hilbert space with (+|*) as its inner product. We
equip the direct sum V=L&L with the real symplectic form £ defined by the
rule that if xy, x3, y1, ¥2 €L then

Q (m@yx, xz@yz) = (xlb’z) - @11’62)

and with the compatible complex structure
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J:V=V:ixDyr (—y)Dx

so that V becomes a complex Hilbert space whose complex inner product
(-|*) has R as its imaginary part: thus, if vi, v2E V then

Wilvy) =Q W1, Jvz) +iR2 vy, va).

Note that each complex Hilbert space may be regarded as arising in this way: if
V is a complex Hilbert space, then the points fixed by a conjugation constitute
an appropriate real subspace L from which it may be recovered.

By a (regular) Weyl representation of the real symplectic vector space (V,
Q) we mean a unitary projective representation W: V —AutlHl of the additive
group underlying V on a complex Hilbert space I having (Weyl) cocycle given
by the rule that if v1,02 €V then

-Q(vl, vz)

W (vy) W () =exp{ %% }W(111+1)2)

and having the (regularity) property that if v € V then the one-parameter
unitary group (W(tv) : t €R) is strongly continuous. Here, % = /27 is a
positive real number to be interpreted as the Planck constant. Regularity
ensures a corresponding Heisenberg representation: to each v € V is associated
the self-adjoint infinitesimal generator @ (v) of (W{(ty/7 v): tER) so that if tE
R then W (ty/ % v) =explit® (v)}; these field operators {@ (v): v €V} satisfy the
canonical commutation relations in Heisenberg form, so that if v1, v2 €V then

(@ (v1), @s)] Ci (w1, v2) 1.

The complex structure J distinguishes a canonical irreducible Weyl
representation of (V, £): its Fock representation, which has several equivalent
versions. We find it convenient to work with the version known as the
renormalized Schrodinger (or real wave) representation, of which we offer a
brief account. Henceforth, the variance of the Gaussian distribution component

of @-space will have the specific value 0'2=%h.

The renormalized Schrodinger representation of V is carried by @-space
over L and will be denoted by Wy: V— AutlHl(L). Explicitly, if ¥, y €L then
Wo(x@®y) is defined as follows. If fEH (L) is a tame function on L then W, (&
y)fEH(L) is defined by the rule that if 2EL then

[Wo (xDy)f] (z) =exp [MS%Z:L)-FM%%L)]f (z—y).

Note that W, (x@y)f is indeed tame: if f is based on MEF (L) then W, xDy)f is
based on M+Rz+Ry €EF (L). The resulting map Wox@y): HL)—H L) is
isometric; the term in the exponent compensates for the fact that the Gaussian
measures are only quasi-invariant under translation. A routine algebraic
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calculation shows that Wo:V— EndH(L) so defined has the Weyl cocycle,
whence each Wo(x@y): H(L)—H (L) is actually an isometric isomorphism which
therefore extends to a unitary operator Wo(x@®y): HI(L)— H(L). Finally, the
resulting map Wo: V— AutlBI(L) continues to have the Weyl cocycle and is
readily verified to be regular.

Starting from the renormalized Schrédinger representation, we fashion a
new Weyl representation of V on Q-space as follows. First, let A: L—Rbe a
differentially Hilbert-Schmidt polynomial: a polynomial on L such that if u €L
then A* € IPL is Hilbert-Schmidt; recall that A% L — R is the polynomial with
value A*(z) =Aw+2) —A(z) at zE€ L. Let Uy« € AutlBI(L) be the unitary
operator constructed for Theorem 2.7; in particular, if A* is tame then Us* acts
on f€H(L) according to

— 4% ]
U,wf——exp[ i f.
Now, to each x, y &L let us associate the unitary operator W4 (x®Dy) € AutHI (L)
defined by the formula

Wi (xBy) = Wy xDBy) Ugs.

Theorem 3.1. W,4: V—AutlHI(L) is a Weyl representation.

Proof. We must confirm that W, is regular and has the Weyl cocycle.
Regularity is straightforward: on the one hand, the renormalized Schrodinger
representation W,y itself regular; on the other, representation if u € L then the
map R—AutH(L): t— Usw is strongly continuous on account of Theorem 2.8
and the fact that R —IPL : t—A™ is continuous. Before checking that W, has the

correct cocycle, it is convenient to note that if u EMEF (L) then (A*) = (An)*
and that in discussing net convergence we may confine our attention to such M
as contain u. Thus, if x, yEL then the unitary Wa, (*@y) converges strongly to
W4 (xDy) as M runs over the directed set {IMEF (L): yEM}. Similarly, if x1, %2,
y1, ¥2 €L then

Way, (0:1By1) Wa,, (x2By2) = W,y (1Dy1) Wy (x2By2)

in the strong operator topology as M runs over (M € (L): y1, y» € M}. Now,
direct calculation from the definitions shows that if yi, 2 E M E F (L) then on
H(L) there holds the equality

W, 2:1Dy1) Wa,, (x2Dy2) =exp [Q (xl@g;hn@”) +_1-‘;'2_] Wy, ((21By1) + (x2Bys2))

where 4: L —IR is given by
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4= T‘lh['(A%}) -+ T"yl"llzr(/lg;) — T"lll"'llzr(l"lll?+y2)
= (T MAG+T b2l — T b2 ftitvz) =)

thanks to Theorem 2.9; by continuity, the same equality holds on M (L).
Passage to the limit as M runs over {IME% (L): y1, y2 €M} now yields the fact
that W, has the Weyl cocyecle. ]

We shall refer to W, as a polynomial Weyl representation: specifically, as
the polynomial Weyl representation generated by A. Observe that our notation
is consistent: if A = 0 then W, is simply the renormalized Schrédinger
representation.

It is natural to ask for the extent to which the Weyl representation Wy
varies as the polynomial A itself is varied. An almost immediate consequence of
our construction is that up to unitary equivalence, W, is unaffected by
Hilbert-Schmidt perturbations of A.

Theorem 3.2. If A:L—IR is a differentially Hilbert-Schmidt polynomial
and if AEPL then the Weyl vepresentations Wy and Wya ave unitarily equivalent:
ndeed, if x, yEL then

Wa+a (x@y) =U,Wa(xPy) Uzt

Proof. Of course, the polynomial A+4 is differentially Hilbert-Schmidt and
the unitary operator Uy is defined according to Theorem 2.7. If yEM EF (L)
then direct calculation using Theorem 2.9 shows that

UsyWo (6Dy) Unr,Usp=Wo (xBy) Uin+ary,

on H(L) and therefore on HI (L). Thanks to the strong operator continuity on
unitaries of multiplication and inversion, passage to the limit as M— L
concludes the proof. O

Otherwise said, let A" and A” be differentially Hilbert-Schmidt polynomials
on L: if the difference A” — A’ is Hilbert-Schmidt, then the representations Wy
and Wy~ are unitarily equivalent. We conjecture the truth of the converse: that
if Wa and Wy~ are unitarily equivalent then A” — A’ is Hilbert-Schmidt. In
particular, let A:L— IR be a differentially Hilbert-Schmidt polynomial. We
conjecture that if W, is unitarily equivalent to the renormalized Schrédinger
representation W, then A€ PL.

Evidence for CI:his conjecture is provided by the following argument. First, if
v € V then let W, (v) denote the skew-adjoint infinitesimal generator of the
strongly continuous one-parameter unitary group (W,(tv): t €R) so that
W4 (w) =expW, (v). By definition, a Fock vacuum for Wy is a nonzero vector in
the domain of and annihilated by the operator W, (v) +iW, (Jv) whenever vEV.
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In particular, the Fock vacua for the renormalized Schrédinger representation
Wy itself are precisely the nonzero constant functions L — C. Now, let U €
AutH (L) intertwine Wy and Wy so that

vEV=W, () =UW, w) U™

Application of U to a Fock vacuum for W, yields a Fock vacuum f €H (L) for
W . Informal solution of the differential equations

VEVE Wi ) +HiWa (o) 1f=0

shows that f is a scalar multiple of the function exp [I"(A) /i% ] and places A in
IPL. Unfortunately, the technical details involved in promoting this to a formal
argument are less than straightforward.

It is instructive to examine some low degree polynomial Weyl
representations. For simplicity, we shall let A:L— IR be a differentially
Hilbert-Schmidt (d +1)-homogeneous polynomial and consider the cases d € {0,
1, 2} explicitly.

Example ¢ =0. In this case, A: L =R is an arbitrary linear functional and
the differentially Hilbert-Schmidt condition is redundant. f u EMEF (L) and if

2€L then A% (z) =Au W) =A®W) so that I'(A%) (z) =A(s) and therefore

A(;;t) ]f‘

1

FEH(L)=Up f=exp [
Accordingly, if ¥, yEL then

Wa 6By) = W, (xPBy) exp [Aﬁﬁ]

ih
so that the Weyl representation W, belongs to the familiar class of coherent

Weyl representations. It is known that W, is unitarily equivalent to W, if and
only if A is bounded if and only if AEP'L. See [3]. O

Example d =1. In this case, Theorem 1.9 tells us that A is bounded and so
corresponds to a symmetric bounded linear operator Z: L —L according to the
rule

—1.
5, 9EL=A(x, y) =75 (1|2y).
When MEF (L) we shall write Zy for the compression PyZPy so that

5,y L= Au (5, 9) =5 (6l Zu0) .

HuEMEF (L) and if zEL then
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I'(Aty) (2) =A% (2) = (2| Zy) + (ulzu)
so that if also fEH (L) then

[Uax ] (2) “exp[ (ZIZhMu) gLZhu) ]f(z).

Now, let #, yEL and stipulate that MEZ (L) contain both y and Zy whence Zyy
=Zy. If f€EH (L) and zEL then

W@y Ung 1) 2) mexp [ W22 1 Bl2emy) | Gl2) Gz ],

from which it is plain upon passage to the limit as M—L that
Wa (xBy) =W, ((x+2y) By) .

It is readily confirmed that the map
g: V=V xBy— x+2y) By

is an automorphism of (V, £) as a real symplectic vector space. Accordingly,
W4 = WyOg is again one of a familiar class of Weyl representations: it arises
from the Fock representation W, via precomposition by a symplectic
automorphism. In fact, Wy = W,0g is just a version of the Fock representation

of (V, £) distinguished by the complex structure gjg™". A celebrated result of
Shale implies that W, © g is unitarily equivalent to W, if and only if Z is
Hilbert-Schmidt, so that W, is unitarily equivalent to Wy if and only if AE€P?L.
See [11]. O

In the next example, Wick-ordering makes its presence felt for the first
time; by way of preparation, we insert the following basic formula.

Theorem 3.3. Let A€ PL and let Z: L—L be the symmetric linear operator
of finite rank satisfying

2, yEL=A(x, y) = (x| Zy).
If zEL then

I) (&)= (lza) —5 0 15z,

Proof. Direct calculation from the difinitions. The tame polynomial A is
based on the range ME% (L) of Z and

ru) @)= fMA (eFiw) dp w) = fM{ (2lZ2) +2i () Z) — (| Zw) Y ()
= (z|Z2) — fM (w|Zw)dp (w) .
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This last integral may be evaluated by diagonalization, for example: if Z on M
has eigenvalues Ai,**,An repeated by multiplicity, then

m
[, wlzwantw) =Y 2 [ Fan®
j=1
_1
=3 nTrZ
since u¢ is the law of a random variable with N <0, %h) distribution. ]

Example d = 2. In this case, Theorem 1.9 again informs us that A is
bounded. Thus, the rule

x,9, 2EL=A(x, v, 2) ="13‘(x|Zzy)
defines a bounded linear map Z associating to each z € L a symmetric
Hilbert-Schmidt operator Z% L— L and having the property that Z% = Z¥%
whenever x, y&L. Note that if MEZ (L) and «, y, zEL then

Als, 3, 2) =75 (dZ5e)

Consequently, if » €L and if MEZF (L) is chosen to contain both » and Z*« then
for each z€L

A4 () = 3 (u‘Z"u) + Glz*u) + (2|1 72%z)
and therefore
T(A%) (2) =t () =5 h Te 24

according to Theorem 3.3. It follows from this that if also f€H (L) then

(U, 1] (2) =exp[ (u3|12;2u) + ZLZ;M) + (z| Mz) +54 TrZ“M] ).

For obvious reasons, we shall not insist on exhibiting a similarly explicit
formula for the resulting Weyl representation W,. As a matter of fact, this W,
belongs to an unfamiliar class of Weyl representations. In fact W, is precisely a
quadratic Weyl representation as presented in [8]. It is known that the
quadratic Weyl representation W, is unitarily equivalent to the renormalized
Schrodinger representation W, if and only if A € P°L is Hilbert-Schmidt. See
[71. O
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A remark is in order here. In [8] we constructed a quadratic Weyl
representation in terms of the metaplectic representation engendered by the
renormalized Schrodinger representation. There, each quadratic Weyl operator
was expressed as the product of three unitaries: a renormalized Schrodinger
Weyl operator precomposed with a symplectic automorphism; the square of an
element of the metaplectic group implementing the same symplectic auto-
morphism; and a scalar factor (the exponential of a imaginary cubic) which had
to be inserted by hand in order to satisfy the Weyl cocycle. An important
aspect of the approach taken in the present paper is that the somewhat
mysterious unitary scalar factor is automatically incorporated in the
construction.

Discussion

Our account of polynomial Weyl representations raises a number of
questions, some of which we discuss briefly in this final section.

First of all, it is reasonable to ask for a simplification of the technical
details involved in establishing our conjecture that if the representations Wy-
and Wy~ are unitarily equivalent then the difference between A" and A” is
actually Hilbert-Schmidt. A possible approach is to base polynomial Weyl
representations not on the real wave representation but rather on the complex
wave representation due to Segal. This alternative version of the Fock
representation acts on a space of antiholomorphic functions square-integrable
relative to a Gaussian distribution and has the technical advantage that each
bounded linear operator on the carrier space is an integral operator, integration
being in the functional sense. This circumstance suggests the possiblity of
making intertwining operators between the complex wave representation and
derived polynomial Weyl representations very explicit in terms of integral
kernels. For the complex wave representation and its relation to the real wave
representation via the (renormalized) Bargmann transform, we refer to [2].

It is natural to ask for an abstract characterization of polynomial Weyl
representations, perhaps along the lines of known characterizations for Weyl
representations in other classes. For example, the Fock representation
associated to a complex structure may be characterized by the fact that its
carrier space contains the vacuum as a cyclic vector in the kernel of each
corresponding annihilator; it may also be characterized in terms of the number
operator N or the strongly continuous one-parameter unitary group (¢'¥: t€ER).
The coherent representations and quasifree representations also have familiar
characterizations: the former in terms of the vacuum as a common eigenvector
for annihilators; the latter in terms of the vanishing of higher order truncated
vacuum expectation values. For a variety of reasons, it would be helpful to have
a characterization (in similar terms or otherwise) of polynomial Weyl
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representations by which to recognize them abstractly.

As noted earlier, if g is a symplectic automorphism of (V, ) then Wy0g is
a version of the Fock representation corresponding to the complex structure
glg % A celebrated theorem of Shale [11] implies that W, © g is unitarily
equivalent to W, if and only if the commutator g/ —Jg is a Hilbert-Schmidt
operator. This leads directly to the construction of the metaplectic group and its
metaplectic representation, of importance in numerous contexts. A natural
project is to consider the effect of symplectic automorphisms on polynomial
Weyl representations and in particular to determine precise necessary and
sufficient conditions on the symplectic automorphism g and the differentially
Hilbert-Schmidt polynomial A in order that the Weyl representations W,©g and
W, be unitarily equivalent. Of course, an abstract characterization of
polynomial Weyl representations is likely to be beneficial here.

The Weyl representations constructed in the present paper were generated
by differentially Hilbert-Schmidt polynomials. We could consider extending the
construction, replacing real polynomials by real analytic functions. For this
purpose, it is probably convenient to absorb the variance ¢ = %h by
appropriately rescaling the inner products between tame homogeneous
polynomials, so that the Wick transform I': PL—THI(L) becomes an isometry

and extends to an isometry on the Hilbert space completion PL each of whose
elements may be regarded as a Hilbert-Schmidt analytic function on L. We may
then consider the process of generating Weyl representations from Wy by means
of differentially Hilbert-Schmidt analytic functions: needless to say, we can
expect that those generated by Hilbert-Schmidt analytic functions will be
unitarily equivalent to Wy, the others should again be new.

Another direction in which to extend the present paper is to vary the basic
representation. The Fock representation Wy was chosen primarily on account of
its technical convenience, it being relatively straightforward to handle rather
explicitly. We may consider replacing the Fock representation by another Weyl
representation and performing the same type of operation to generate further
Weyl representations. For convenience, a quasifree representation might be
chosen as basic: quasifree representations admit a standard description in terms
of Fock representations by means of a doubling procedure; see [1] and [4].
When comparing Weyl representations in such a case, it would be sensible to
replace the notion of unitary equivalence by the more general notion of quasi-
equivalence.
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