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Automorphic Forms on the
Expanded Symmetric Domain of Type IV

By

Hiroki Aoki™

Abstract

We introduce a lifting from a given Jacobi form of index 1 to an automorphic form on an
expanded domain of type IV, introduced by Saito [20, 22]. The method is a generalization of
Gritsenko [10, 11] for symmetric domain of type IV. We constract a lifting function satisfying a
certain translation formula on the expanded domain.

§0. Introduction

§1. Expanded symmetric domain of type IV
§2. Expanded Jacobi forms

§3. Lifting function of Jacobi forms

§84. Arithmetic lifting on the expanded domain

§0. Introduction

It is classically known as the Jacobi’s inversion problem to find a
description of the coordination of a Riemann surface in terms of integrals on the
Riemann surface. In case of an elliptic curve, this was solved by the use of
elliptic modular functions. In general for higher genus case, this was solved by
the use of theta functions (cf. Siegel [23]). One may consider similar problem
for the integrals on higher dimensional varieties. In this case, the main problem
is to construct automorphic forms on the domain of periods. The case for family
of polarized K3 surfaces was studied by Pyatetski-Shapiro [18], where the
domain of periods is the classical symmetric domain of type IV. Even in this
case, we do not have a full description of the ring of automorphic forms.
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Saito [19] introduced another theory of period integrals of primitive forms
for any universal unfolding of a singularity, where the period domain is no
more the classical domain. On the other hand, the inversion problem for this
case gets a precise structure, because of some particular generator system,
called the flat generator system on the theory of primitive forms. Except for a
few cases, called simple singularities and simply elliptic singularities (cf. Satake
[24]), there is almost no answer known on the flat inversion problem.

The next nontrivial case is the 14 exceptional unimodular singularities, that
is introduced by Arnold [2]. The unfolding theory of these singularities was
studied by several authors (cf. Brieskorn [5], Dolgacev-Nikulin [6], Looijenga
[13, 14] and Pinkham [17]), where there is 1-codimensional subspace of the
deformation space which is identified with the deformation space of certain
polarized K3 surfaces. Hence the period domain should be a 1-dimensional
expansion of the symmetric domain of type IV. Looijenga [13] suggested the
expansion in connection with the triangle singularity. In fact, both domains
studied by Saito and Looijenga coincide for these cases. Hence it is a natural
problem to find flat generator system on the ring of automorphic forms on the
expanded domain, where the weights of the generators are prescribed. The
present article is to contribute for the construction of nontrivial automorphic
forms on the expanded domain.

The construction of nontrivial automorphic forms on the classical domain of
type IV was studied by several authors (cf. Oda [15], Zagier [26], Sugano
[25], Borcherds [4] and Gritsenko [10, 11]). Following the idea of Gritsenko
[11], in present article, we construct automorphic forms on the expanded
domain by lifting a Jacobi form of index 1.

In section 1, we define the expanded domain and the group action on it,
according to Saito [19, 20].

In section 2, we define and survey a Jacobi form on the expanded domain.

In section 3, we construct a function f: € XH— C (m €N), which has the
translation formula

fm(t, T) =exp<—7r/—_16:.n_|c_td> m( (cr-id)z’ ?;ig)

a b
for any < J )ESLZ (Z). By multiplying fm, a Jacobi form of index m on the
c

classical domain is lifted to a Jacobi form of index m on the expanded domain.

In section 4, we construct a formal power series with an automorphic
property, from a Jacobi form of index 1 on the expanded domain. In case of a
lifted Jacobi form, the formal power series gives a holomorphic automorphic
form on the expanded domain.
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§1. Expanded Symmetric Domain of Type NV

Let L be an even integral lattice of rank [+4, with an inner product defined
by a quadratic form S of signature (2, 1+2), where IEN={1, 2, 3,-**}, and V:=
L®zR be a base vector space of L. We suppose the case L=L;®PIl,; and Li=L,
DI, 5, where I, is a hyperbolic plane. We fix one coordinate, such that

1 1

1 1

where S, is an even integral positive definite matrix. We denote A [B] :='BAB

and A {B}:='BAB for matrixes A, B. Let X* be one of the connected component
of X, where X is a topological space. If X is a topological group, we choose X*
with the identity element.

The classical symmetric domain of type IV is defined by

Dy:={V' CV|dimgV’' =142, V'<0},

where V' <0 means S|y» <0. We define a left action of gE€G:=0%* (S, R) on Dy
by V*=gV’. We fix one orthogonal decomposition of V=V ,@V_ such that V,>
0 and V_<0, and let K:=S0 (V) X SO(V_) be subgroup of G. Then the group
G acts on Dy transitively and the group K is the stabilizer of V_. Hence Dy is
isomorphic to G/K as a real manifold, and Dy is a homogeneous domain.

We define a complex domain

H:={z€LQ®C|S{z} >0, S[z] =0},

and let PcH be the C-projective space of H. We remark that H and PcH have
two connected components. Then the domain Dy is isomorphic to (PCH)+ as a
real manifold. The induced action of G on (PcH)* is z—gz (g €G, z€ (PcH)™Y).
This action preserves the complex structure of (PcH)*. We define a complex
domain

Hs=w=" (w1, wa,** Wi+2) €L, QzC|S: [Im (w)] >0}

which has two connected components. The domain #§ is isomorphic to (PcH)*
as a complex manifold. For simplicity, we choose the connected component of
#% by Im (w1) >0. The induced action of g= (gi,) o< ;<1+3EG on %, induced by
the action on (PcH)* is

1 1+2
_'Z“gi,osl [w] +]§1gi,iwi+gi,l+3
wg w) = 7 (g, w)
1<i<1+2
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where the denominator

142

. 1
7 (g, w) = —‘2“g1+3,051 [w] +Zg 143,70 T 143,043

i=1
becomes an automorphic factor. This action preserves the complex structure of
#¢. For a holomorphic function F on #%, kE€Z, and g €G, we define Flp.g by
(Flig) w):=j (g, w) *F (g (w)). This gives a right action of G on the set of all
holomorphic functions on #3%. Let I" be a discrete subgroup of G. The action of
I' on #§ is properly discontinuous. A holomorphic function F' on #3¥ is called

an automorphic form of weight k on #¢ with respect to the group I" if F
satisfies the equation F|.I"=F. The set of all automorphic forms of weight & on

#HE with respect to I'is a C-vector space and written as Ml (#%, I).
The expanded domain introduced by Saito [20] is defined by
By:={¢p€Homg (V, C) |Ker (p) <0},

which G acts by ¢+ ¢ O g™ However, this action is not transitive on B¥. To
make the action transitive. we consider another action. We define a left action of

ori@ oo (705 )=(0 5) (i) mrea=(: )i

Hence we can consider the left action of G X GL} (R) on Bf by ¢—A0¢pog™
This action is transitive. Now, we fix one IR-isomorphism ¢: V,—C and define 7

E€B} by flv,=¢ and #y_=0. Let 450 (V,):={(g, ) |g €S0 (V,), §=c0go™},
ASO (V_):={(g, E»)|g€S0O (V_)}, and K:=AS0 (V,) X ASO (V_) be subgroups
of G XGL# (R). We can easily show that the group K is the stabilizer of 7€ B}.

Hence B is isomorphic to (G X GL} (R)) /K as a real manifold, and B is the
homogeneous domain.
The domain, considered by Looijenga [13], is

B:={z€LQ®3C|S{z} —|S[z]] >0},
and let PcB be the C-projective space of B. We remark that B and PcB have

two connected components. Saito [20] showed that By is isomorphic to B as a
complex manifold. The induced action of G X GL§ (R) on B* is given by z—gz

Re (z) a b\[Re(z) ) L » .
and — . Of course, this action is transitive, but it does
Im (2) ¢ d/\Im(z)

not preserve the complex structure of B*. The subgroup whose action preserve
the complex structure is G X C*, where we recognize C*—GL7 (IK) by a+by/—1

a b
H( b ) By the restriction to this subgroup, Saito [20] induced the action
—b a
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of G on (PeB)*. The induced action is [z] = [gz], which preserves the complex
structure of (PcB)*. This action is the expansion of the action of G on (PcH)*.

hence not transitive. But we remark that the value inv (z) :=I—§%:}Ll (0 <inv (2)

<1) is invariant with respect to the action of G.
Now, we realizer this expanded domain (P¢B) * as a subset of complex
Euclidean space. Let

Bs:= {Z= <; >e CPH (L.Qz0)

Si[Im (w)] >_|£|:__2R_e_@},

which has two connected components. The correspondence
t—S1[w]
¢ 2
=) =
%s w > w P(CB
1

gives the isomorphism %Bs = PcB as a complex manifolds. For simplicity, we

choose the connected component of 8% by Im (w;) >0, where w =" (wy, " Wit2).
We remark

. _ 11

M inv (2) = ge Fas,Tm @ -
By an easy calculation, we can write the induced action of G on %% as follows,

_t

I, 2)*
1 1+2
Sgio(t—S1lw]) + jglgz,fu)j +gii4s ’

I, Z)

Z—g(2)=

1<<i+2
where the denominator

142

I, 2) 2=%‘g1+3,o (t—Silw]) + Zgl+3,1wi+gl+3,l+3
j=1
becomes an automorphic factor. For a holomorphic function F on 8§, k€7, and
g EG, we define Flg by (Flg) (2):=J(g, Z) “*F (g (2)). This gives a right
action of G on the set of all holomorphic functions on $%. The action of I" on B¢
is properly discontinuous. A holomorphic function F on %% is called an automor-
phic form of weight k¥ on B% with respect to the group I' if F satisfies F|.]'=F.
The set of all automorphic forms of weight # on 8% with respect to I" is a
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C-vector space and written as M, (8%, I'). We remark t€M_,(B%, I') for any I
The following diagram means the relation of the spaces in this article.

classical domain expanded domain
Dy B‘*;
I I
(P(C H) + vee Bt
I | P¢
£=0
HE — Bs

Remark. The classical symmetric domain with respect to the quadratic
form S:=5@ (—2)

=)

is the double covering space of the expanded symmetric domain %% by

R WEL
t w

w w 3 . - .
Let o: (t )'—*( > be an involutive isomorphism of #%. Then we have the

SilIm (w)] —2(Im (t))2>0}

induced isomorphism
e Kt/ o> =BS.

We define a G-action on #¥ by e: G =0*(S, R)—0* (S, K). It follows that
and ¢ are equivariant with the group action of G. Hence for any finite index

subgroup I'CGL (145, Z) NO* (S, R), we have an injective map
= M, (#E, f')a‘__’Mk(%g» ),

where I''=¢" (I'Ne (0* (S, R))). The image of 7 is the finite dimensional
C-vector space. But indeed, Ml, (8%, I') is not finite dimensional. In this article,

we construct automorphic forms on B%, not via #?%. The relation between
automorphic forms in this article and the image of 7 has not been clear.

§2. Expanded Jacobi Forms

From now on, we fix the discrete subgroup I'=GNO(S, Z). For simplicity,

we write w = '(w, '€, 7), where @ =wy, &= "(wy, +** wis1) and T=wis To
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investigate automorphic forms and Jacobi forms, we define the following
matrixes as elements of G,

A*
[A]:= E
A
S )
c d/ ad=bc\—¢ 4 /J/
E;
[U]:= U >
E;

(U€SO (S, R)),

10 %S, 0 %So ]

01 %S, %So[x] %Sy
[z, 3]:=
00 E x ¥
00 0 1 0
00 O 0 1
(x, yERY),
100 — O
010 0 ¥
[#/]:=100E 0 0
000 1 O
000 0 1
(reR),

Using these symbols, we can write the parabolic groups and a Jacobi group as
follows,

Px=<[GLf (R)],[SO(So, R) ], [IR’, R, [IR],
P=<[SL;(R)1,[S0 (S, R) 1, [R’, R, [R]>,
Py=PaNI'={[SL.(Z)],[S0(S0.2)], [Z', Z'],[Z)>.

For any k, m €7, we can define an action of P§ on {¢:C X C' X HI—C} as
follows,

1D 5 - v o LS (e et
(@lemUD) ¢, & D=0 UE 1),

(@lamlz, ¥]) ¢ & ©) =e(m(‘xSoE+%So [x] r+'xSay))¢ (¢, E+arty, 7),
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(Plemlr]) ¢, & D =emr) @t & 7),
where e (z):=exp 27y —12).
A holomorphic function ¢ is called an expanded Jacobi form of weight &

and index m with respect to the group P if ¢ satisfies the equation (plk,mPi=go
and if ¢ has the Fourier expansion

ot &)= Z A () e(—uSoE+nt),

n€NU {0}, » €Ly
2nm =S, [u]

where Lg is the dual lattice with respect to Lo. The set of all expanded Jacobi
forms of weight £ and index m with respect to the group Pi is a C-vector space
and written as Jem (BE, P%). Of couse, restricting this definition within +=0, we
have the definition of Jxm (#3%, P%).

Lemma 2.1. Let

ot &)= Z A (£) e (—uSeE+nt) EJpm (BE, PE).

nENU{0}uEL;
2mm 2 So[u]

The function A mu only depends on the values w mod mLo and 2nm—So[u].
Proof. It is obvious from the action of [z, 0], where x EZ. OJ

The first important matter is to show that any Fourier coefficient of an

automorphic form on B% with respect to w is a Jacobi form.

Lemma 2.2. Let p €EN and F be a holomorphic function on BE. If F is
L)', 7' -invariant, we have a Fourier expansion

F(2)= Z om(t, & 0 emw)

m=0

and @o (1, €, 7) does not depend on &.

Proof. This proof is similar to the one of the book of Eichler-Zagier [8,
Theorem 1.2]. I

Corollary 2.3. If m<O0, then Jsm (B, P3) =0.

Proof. 1t is obvious from Lemma 2.2. O

Proposition 2.4. If F(Z) EML (B, I, we have the Fourier expansion
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F(Z)=) onlt. & Demw)

Il

Y elasw),

A=t u,myen

where A:={A="'(n, 'u, m) EL1n =0, m >0, S;[1] =0}. Hence @m<Jrm (BE, P3).

Proof. Let F (Z) = ey () e ({ASw). By Lemma 2.2 and (w < 7)-
invariance of F, it is enough to show that ¢, (t) =0 if $;:[A] <0 and #, m >0. We
assume that there exists a triple A’= (a, 8, 7) such that ¢, (t) #0, @, >0 and
S1[A7] <0. To show the contradiction, we put

1 0 0

100
p:= v E: 0 and P.={0 P 0 €aG,
FSolo] wSo 1 001
where v:= —g. The function

F(z):=Fl,P*(2) =F< t )
P
is PI'P'~invariant. By a direct calculation of P! [z, y] P, we have [(a?Z)',
(a?7)'] CPIP-' Hence F is [(a?Z)', (a?7Z) '] ~invariant. By a similar calcu-
lation, we know that F has some integer period for any component of w.
Therefore we have the Fourier expansion

~ ¢ t Ly
F<w>— Z(/J;(t)e(lSlP )

aelLf

=Y g0 (PD)Sw)

AeLf

= Y grueisw).
A€PL]
Therefore, by the assumption, ¢, (t), the Fourier coefficient of the term
e (PA'Sw) of F, is not zero. However, F is {[x, y]|x, yE (a*Z)"} ~invariant. Hence

from the Lemma 2.2 the Fourier coefficient of the term e (PA'Sww) is zero. This
completes the proof. il

Fact 2.5. Let 9 EJwm (BE, P3) and A, uEQ'. Then there exists some group
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I'', which is a finite index subgroup of SLz(Z), such that

<p(r):=e<1—g—so (] r)go 0, Az+u, )

is @ modular form of weight k with respect to I''. This I'" depends only on A and p.
Hence have the following vesults.
(1) If m=0 and £<O0, then ¢li=o=0 for any ¢ EJr,o (BE, PE). -
(2) If m=0 and k=0, then @li—o is a constant function for any @ EJoo(BE, P3).
(3) If m>0 and k<0, then @li=o is a constant function for any @ EJem (BE, PE).

1t is easily induced by Eichler-Zagier [8, Theorem 1.3].

Corollary 2.6. We have the following results.
(1) If k<0 and FEML (B¢, I), then Fli—o=0. Hence t 'F EMlz+2 (BE, I). .
(2) If k=0 and FEM, (B, I, then Fl,—o is a constant function. Hence there
exists some ¢ EC such that ™ (F—c¢) EM, (B, ).
(3) If k<0, then M, (#%, I) =0. If k=0, then Ml (#3, I') =C.

Proof. It is obvious from previous propositions. O

Proposition 2.7. If | is even and k is odd, then M, (B%, I) = {0}, and
M, (%, I) = {0}.

Proof. If 1 is even, then —E;;4 €I Hence F= (—1)*F for any F €M, (%%,
I) and FEML, (#E, 1. |

Let

A3, 1= D s, D =D s, )

k=—o0

and

4@, D)i=EDh @5, D

k=—c0

be graded rings.

Theorem 2.8. Automorphic froms of positive weight and t generate A (B, I)
over C. If 1 is even, automorphic forms of positive even weight and t generate A (B,

I) over C.

Proof. It is obvious from Corollary 2.6 and Proposition 2.7. |
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Theorem 2.9. There exists a subring R of A (K%, I, such that
A(BE, ) /1A (B, I) =R.

Proof. It is obvious from the homomorphism

p: A (BE, ) DFF|,0€A (#E, 1.

§3. Lifting Function of Jacobi Forms

In this section, we construct a function f,,, which gives the map

Tem (K%, PZ z) "_"cUkm(fst, Pz)

The following fact is called Cauchy’s estimate.

Fact 3.1. Let f(2) be a holomorphic function on {|z—a|<7} and |f (z) | <M.
Then we have

If™ (@) | <Mmr™

The proof is, for example, in the book of Ahlfors [1, p.122].

For any m €7, let

2Gny=1)! |
foms (2):= i <—1°g77<f>> (jEN)
! (7=0)
and
@ fnt, 7)5:me,j ()¢,

where 1 (7) is the Dedekind’s eta function

n(r):=e(2—1> f[ (1—emr)) (c€M).

We remark

3 Sm.i+1 (T> _mgg m:( 7)

for any jEN.
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Proposition 3.2. The function fu is holomorphic on C X HL

Proof. Let a €HH, 0<7 <Im2(a) and M:=maxlr—aiSZr“Og n (z) |. By Fact 3.1,

we have

l—~log 7 (1) ’ <Mjir (|z—al<7).

Hence the series (2) converges absolutely and locally uniformly on C X IH, by
Hadamard’s formula for the radius of convergence.

Proposition 3.3. We have the Fourier expansion

@ fal =12 Y (YR ) e,

n=1 j=1

where o) =g a*.

Proof. 1t is obvious {from the following g-expansion

) L1ogn (0 ~£——zw“zol org

where g:=e (7). O

Lemma 3.4. We have the translation formula

I

_ T/—1)"™ +b
(6) fm:(f _X 7:; C’L'+d>1+"fmn(?f+d>

n=0

a b
for any < )E SL,(Z).
c d

Proof. The case j =0, the equation (6) is obvious. The case j =1, we have

. .0 a0 <a1'+b) _ ¢
the equation (6) from the equation p () = (ct+d)~ cr¥d) " 2GrTa)
The case j= 2, we use the induction on j. We have the equation (6) by the
assumption of the induction and the equation (3). |

Theorem 3.5. Let ¢ €Jpm (#E, P3) be a Jacobi form on #H§ and @, &,
)= (& T fm(t, ©) be a holomorphic function on BE. Then @EIpm (BS, PE) and
¢|t=o=(0.
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Proof. By Proposition 3.2 and Proposition 3.3, it is enough to show the
translation formula

_ —mct ¢ af+b)
S b, ) _e<2(cr+d) >fm< (ct+d)? cttd
a b : . . .
for any < i > € SL,(Z). By a direct calculation, we have this translation
¢

formula from Lemma 3.4. O
§4. Arithmetic Lifting on the Expanded Domain

In this section, we construct an automorphic form from an expanded Jacobi
form of index 1. About the case of the classical domain of type IV, see Gritsenko
[11].

Let Pg:= P& N GL144 (Q). We define an action of the Hecke ring H(Pz, Pg)
on the set of all Pg-invariant functions on 8¢ by

FliPEePy=). (Fleg)

1

(PaePi=) Prest (P3, PY)),
i

and we define an embedding of H(SL2(Z), M7 (Z) into H (P, P§) by

a 0 Bt 0 )]
. —PZ +
b SL, (Z) < 0 ‘B )SLZ (Z) PZ [( 0 o Pz,
where Mj (Z):={A €M, (Z)|det A>0}. Let

a 0
T_(m):=p< Z SLz(Z)(O B)su(z))

a,feN
aB=m.alp

for any m €N. Easily we have

(7) T_(m) = Z d_lPin; m—_llb )]

(See Gritsenko [10].)

Proposition 4.1. If §€J,: (B, Py), then PlaT- (m) Edim (BE, P7), where
(@laT-(m)) (¢, & 0):={(@( & v)elw))|:T-(m)te(—imaw).
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Proof. Because T- (m) sends the term e (i w) to e Emw), @ xT- (m)
satisfies the translation formulas of Jim (8%, P3). Let

ot &= Z A &) e (—uSeE+nr).

nENU {0} uEL;
2mai 2 So [u)

Then we have the Fourier expansion

® T-(m) = E E a*7mA (mnuy (a%) e (—'uSe+n7)

nENU {0} u €L; a€Nal(mm)
2nmim =Solu) aweL)

by a direct calculation. 1
Now, let

PULED= ) Auw®e(—uSiE+nr) EDui (B, PY),

nENU {0} uEL;
2n2So[u]

and A, (t) = 2Zi-obat". We consider the formal power series

= (Tao @+ Variaon (@) e (n))+ Z%(th ) (. & 7 e mow)

n=1zEN
aln

where
Let

(25)e (3EN\SL.(Z)

If the series A oo (t) is a holomorphic function on some domain D and if £>4,
E(Aqe) (¢ 7) is a holomorphic function on D XL

Lemma 4.2. If kis odd, we have A (t) =0, hence the first part of F(Z) is
zero. If b is even and k=4, A oo () + Z;;o=12aEINa'k_lA 0o (@) e (1) =E (A o0)

(t, 7). Hence F(Z) is Pg-invariant, formally.

Proof. From the action of [—E3], we have @ (¢, € 1) = (—1)*@ (¢, — €&, 7).
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Hence if  is odd, we have @ (¢, 0, 7) =0 and A 0 (t) =0. If £ is even,

o

E t
E tT) =Aow Z t+d "A,(—————).
( (00))( ) 0,0) ) C ) (0,0) (CT+d)2
c=1 EZ
(d,c)=1
We calculate the Fourier coefficient of it. We have
1 - ~ t
T+d) *FA (-———)e —m7)d Re(r
S0 ) ot en(r)e(-moa Re(@
=1 dEZ
(d,c)=1
_ \ 1 md\\ [ 7 ¢ _mT
R GOITH I ”Am-w(;z)e( "0)aRe (2)
=l 4modc
@,0=1
_\1 md
=Y ) (%)
c=1 dmodc¢
(@,0=1
\ (kt+2n—1)1L (k+2n) m{f‘” —(kt2m) (_ﬂl> }]
X{;bn a1 T e - dRe (7)
_ - . - P, md
= Yrtteran ), 755 ), o)
n=0 c=1 dmodc
(dye)=
= antno-k+2n—1 (m)
zz k—lg(o,m (a’t).
aa\EmZ
This completes the proof. O

Lemma 4.3. The formal power sevies F(Z) is invariant with vespect to
exchange variables w and T.

Proof. By the equation (8), we have
)
F(2) =400 )+ Z Z Z abF A (%) (a%) e (—'uSE+nt+mw).

um€NU{0) u€L; aENallmn)
(m) #(00) 2am2S[u] g uer;

[
Let
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100
Fg:={l0 T 0 |ET |(T—Ew2) LiCLiy.
00 1

Lemma 4.4. Formally, F(Z) is Fj -imvariant.
Proof. By Lemma 2.1, the equation (9) is Fj-invariant. 4

Fact 4.5. The group, genevated by the group P, }?i and the exchange
variables w and T, includes the group

I'={gel|(g—En)L' CL}.

It is easily induced by Sugano [25, Proposition 6.3].
Remark. If the lattice L is unimodular i.e. L’=L, then I'=T"

Proposition 4.6. Formally, F(Z) is T-imvariant.

Proof. 1t is obvious from previous lemmas. ]

From now on, we suppose that @ can be written as @fi for some ¢ €J; (#3,
P#). From Proposition 3.3, we have b,=0 for any #»=>2. Hence we have
Ay (== ICW | GHDICEH2),
' @mr/—1)* 2m/—1)**

and E (A«,0) (t, 7) is holomorphic on € XL

Lemma 4.7. If k=4 or Aww () =0, the series F(Z) is a holomorphic

Sfunction on the domain
~ ¢
w

Proof. It is enough to show that

S;[Im (w)] >|t|}.

Z%(@lﬂ_ m) ¢ & Delmw)

DIEDDHTCES-D e

m=1 ad€EN b=0
ad=m
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is holomorphic on QB~§' . To use Hadamard's formula for the radius of convergence
with respect to e (w), we estimate

oo 2552 e 2o 2559

oot ) s

First, we estimate

C:=sup{1(0(5, T)!‘Im (&) >0, Im (2) 21/2_3_}

az‘+b>

where Im (&) >0 means that any component of Im (§) is positive. If Im< 7

at+b

i >>O Then we have

@, we can choose ¥ €Z' such that Im(aE-i-x

oo 252
st 35l 2525, 255

—ern{=n(#5 e G SR oo e 257

<Cexp (E%So[lm ®] )

/ a
If Im atth <—3—, we can choose s € SLy(Z) and p € Z such that
2 y 0

d
ar+b+‘8
Im ?‘%T.— 2@ and Im <——Q§+11;L*>> 0. We remark that Im (lEﬁ)
aTTh 45 AR, d
d d
<§ induces r#0. Then we have
att+b
o(ag, 220) <oty 5o —aSslatol || ety ey 18
" d " d 2( a,7:+b+5> attb o' attb s
; d 7 d ; d 0
Because
ar+b+5}>1 ar+b)_>_1m(z')
d m
and
Sole+2 3
- —— S e
e<_,_L___Lf£_[ﬁ§+ ] )—exp mmIm|-— [ 3]5 SeXp<7fmS°I[IInm(£))] )
2y +o) r+b440
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We have

lo(ae b)]“(xmm@ ) exo (e solm (©)1).

Second, we estimate lfl(azt, M+b>l. Let

d
i(;zlnlm (2) = T}.

M(T):=max{ )

If Im () >T>0, we have
‘;i{—;logn (0 | <M(T) G—1)1(m (©) = T) .

Hence we have

£, T)IS1+22M].§T) = (7;')”_7“)"=1+2M(T) (T —1).

By the equation (5), we have
(T) _12+2 Z’ﬂ n+1) ( —ZnT)n
n=1

<or) O 0FD) (o),

n=0
_ 27
(1 _e—27rT) 3"

Let T = ~d— m (7) for 0 <e <1. Because T=> milm(f), we have M(T) <

M (—;L—Im (T)). Hence we have

f1< aﬁ-b)iSl—FZM(iIm(f))(eﬁ’—”‘]‘%_l)
(St —1)

<1+
1-

Znelm(r)

BT
and
(10)

L@ m) . & 0| <ommax(1, )| exn (2R Solm (8)1)

41

X {(1—2_716_———1_@—@.) (eT—'ﬁZIIJéL(T)_l)]
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for any 0<e<1. Therefore we have

L Solm(®] ,
Sexp{TIIELL 4]

L@l m) ¢, & 9

lim sup

m—oo

for any 0<e<1, that is,

(mTW)ﬁﬁ‘Q{(Mm@HW]

Im (7)

lim sup|—

m—o0

Because the right hand of (10) is monotone decreasing with respect to Im (7)
and monotone increasing with respect to So[Im(€)] and |¢|, the series F(Z)

converges absolutely and locally uniformly on BE. Ol

Corollary 4.8. If k=4 or Ao (t) =0, F(Z) is a holomorphic I'-invariant

Sfunction on B3 .

Proof. It is obvious from Proposition 4.6 and Lemma 4.7. O

Lemma 4.9. The domain B contains the fundamental domain of BE with
respect to the group Py,. Hence we have an open covering

= r#.

rerlr’

Proof. By the equation (1), the condition of &% is

(m >|t|>Re(t)<=>m @ —2>cos(arg t).

a b t
Let A= € SL,(Z), th A Fto———;. Let ZEBE. B
e (C d) 2(Z), then [A] maps t to Ceta)? e ¢, Because
Im (7) #0, we can choose A such that
1 2>cos<arg——>
inv(Z) (ct+d)?
Hence [A]Z=%%. This completes the proof. |

By Corollary 4.8 and Lemma 4.9, we can define F(2):=] (g, Z)*F(Z) for any Z
€ B¢, where Z=g§, g€T and ZE B% . This definition does not depend on the

choice of g and Z, because F(Z) is I-invariant on %% .
Now, we have our main theorem.



282

HIROKI AOKI

Theorem 4.10. If k=>4 or if Awo () =0, F(2) is a holomorphic I~invariant

function on BE. Moveover, if the lattice L is unimodular, then F (Z) €EML, (B¢, I).

Proof. It is obvious from the definition of F(Z) on B%. O
Remark. Now we have the following commutative diagram.
+ H 5 (= +
ﬂUk,l <%S ’ PZ) ¢ Gritsenko [10,11] * Mk (%S ’ f)

xfi | @) =01

Je1 (BE, PH) 2= Xf1 F(Z) EM, (B¢, D)

Theorem 4.10
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