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Propagation of Singularities in the Ramified Cauchy
Problem for a Class of Operators with Non-involutive
Multiple Characteristics

By

Katsuju IGART™

Abstract

In the ramified Cauchy problem, analytic continuation of holomorphic solutions has been mainly
studied. In this paper, we prove the propagation of singularities for a class of linear partial
differential equations with non-involutive mulliple characteristics.

§1. Introduction

In this paper, we consider the Cauchy problem in a complex domain with
singular initial data and study the propagation of singularities of the solution.

It is one of the most fundamental problems in the theory of partial
differential equations, and its study goes back to J. Leray [10]. Since then,
many important articles have been published for this problem, especially Y.
Hamada, J. Leray and C. Wagschal [4] for operators with characteristics of
constant multiplicity, D. Schiltz, J. Vaillant and C. Wagschal [14] and C.
Wagschal [16] for operators with involutive multiple characteristics. There are
also several interesting papers for operators with non-involutive multiple
characteristics, e.g., J. Urabe [15]. C. Wagschal [17], J. Persson [13], S. Ouchi
[12] and S. Fujiie [2]. In those papers, the analytic continuation of the
holomorphic solution was mainly studied.

Consider the following Cauchy problem first.

o {P(”w: (DF =D} T, +chu=0

Diu (0, z') =u; (2, i=0, 1
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where 2= (21,"* zn) EC", 2’ = (25,"** 2n), n =2, D;=0/0z;, the coefficients are all
holomorphic in 2= {z:|zil <ri, Vi} with r= (r1,"** 1), 7:>0.

Denote S:={z;=0} and T:={z1=2,=0}, and suppose the initial data u;(z")
are both holomorphic at a point 22 =a’€ (S— T) N 2 and have a holomorphic
extension in the universal covering space R{(S—T) N £} each, that is, each
ui(z’) can be analytically continued along any path (continuous curve) in (S—
T) N Q issued from a’. Note Ki={z,+23/2=10} and K%={z, —22/2=10} are
characteristic surfaces of P issued from 7.

By the Cauchy-Kovalevskaya theorem, there is a unique holomorphic
solution % (z) to the Cauchy problem (1) in a neighborhood of a = (0, a’). Note
one may replace the starting point ¢ = (0, a’) with another one arbitrarily. Then
it follows from the result of C. Wagschal [17] that there exists 0= (01,"**,0n),
0:>0, such that the local holomorphic solution  (z) ata=(0,a") € (S—T) N2,
has a holomorphic extension in the universal covering space R (2,—K'UK?). (.
Persson [13] proved it with a different method. J. Urabe [15] gave an
expression of the solution in terms of hypergeometric functions when the initial
data are meromorphic and b, (0, 2’) is constant.)

Now, let us say ZEK' UK? is a weak singular point of # if there is a path
issued from a and traced in £, — K* U K? except the end point Z along which
# (z) can not be analytically continued up to 2. (See Definition 2.1.) Then one of
our aims in this article is to investigate the equality

w.sing.supp. [v] = K'UK?) N2,

where w.sing.supp. [#] denotes the weak singular support of u in the above

sense. This equality is a complex version of the branching of singularities of

solutions in real domains (cf. S. Alinhac [1], N. Hanges [5] and T. Oaku [11]).
Consider the following Cauchy problem as well.

@) {P(z’w: {z1D}—21D%+ 20160+ u =0

u (0, 2') =u,(2")

where the coefficients are all holomorphic in £, and the initial datum u,(2’) is
holomorphic at a point z2’=a’€ (S—7T) N 2 and has a holomorphic extension in
the universal covering space {(S—T) N 2}.

The operator P? is of Fuchs type in the sense of Baouendi-Goulaouic.
Kt={z,+2=0} and K*={z,—2z,=0} are characteristic surfaces issued from
T, and the initial surface S is also characteristic. If b, (0) #0, —1, —2,---, there
is a unique holomorphic solution #(z) to the Cauchy problem (2) in a
neighborhood of a= (0, a’) by the Cauchy-Kovalevskaya type theorem due to Y.
Hasegawa [6]. Moreover, it follows from S. Ouchi [12] that there exists p= (o,
«=+.0n), 0:>0, such that this local holomorphic solution u (z) at a= (0, a’) € (S—
T) N 2, has a holomorphic extension in the universal covering space R (2,—SU
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K' U K?). (Cf. S. Fujile [2], too.) It is also our aim to investigate how the
singularities of the initial datum propagate in this case.

By the way, the operators P¥ and P?® have a common property. Denote
A=z, 22=—21{n, a=1 for P, and ' =, A2=—{», a=2z for P?. Let P,

denote their principal part. Then P® and P® both satisfy the following
condition.

Condition N. There are A (2, ('), i=1, 2, holomorphic in a neighborhood of
(z, U)= (0, V') such that the following 1) ~3) hold:

1) Pz(Z, C) Za(z) {Cl_ll(& C')}{Cl_ﬂz(& C’)}
2) Q'(z, 0):=0P:/0lle;-2120n=0 on {z=0, {'=v"}
3) AN={L—2(z 0),a() (G—22(z, U)ot aer=oum F0

where a (z) is the coefficient of D, V'=(0,---,0, 1) €C** and {
Poisson bracket.

, ) stands for the

In this paper we generally study the operators satisfying this condition.

In Section 2, the main results will be stated. The main theorem (Theorem
2.2) is on removable singularities of solutions of Pu = 0, where P is an
arbitrary operator satisfying the above condition. The problems mentioned
above will be answered for more general operators by its corollaries
(Corollaries 2.3 and 2.4).

The main theorem will be proved in Sections 3 and 4. Hartogs’ method,
Cauchy-Kovalevskaya type theorem obtained in our preceding paper [8] and
Zerner's method [18] are essentially used there. It is remarkable that there are
three standard forms of the operators satisfying the above condition
(Proposition 4.2).

In Section 5, an extension of the main theorem to higher order operators
will be given.

The following notations are employed in this article:

n=2, 2= (21, 2n),

2= (23", 2n), D;=0/ 0z,

D= (Dl,"',Dn), D'= (Dz,"',Dn>,
r=(ry, ), ;>0 R=0,={z|z:|<r;, Vi},
S={z;=0}, T={2,=2,=0},

R( - ): universal covering space of -
§2. Statement of the Main Results

2.1. Main Theorem

Let P=P (z, D) be a linear partial differential operator of 2nd order with
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holomorphic coefficients in £2=£2, and its principal symbol P;(z, {), (z, {) €Q
X ", satisfy the Condition N stated in Introduction.
Denote by @ (z) the solution of the Cauchy problem

D10—2 (z, D'®) =0, ®(0, 2’) =za.

(Since D’®@ (0) =V, the Cauchy Kovalevskaya theorem applies to this problem.)
By the implicit function theorem, taking » = (re, >+ 7m) appropiriately, one may
suppose that the equation @ (z) =0 is solved by z»= ¢’ (z1,"**,zn—1) in 2, with a
holomorphic function ¢’ in {|z;|<#;, Vj<n—1} satisfying ¢’ (0, z2,*** zn—1) =0
and l(Di (21,"',211—1) I <.

Denote K' = {zy = ¢’ (21,*** z»-1)} . They are characteristic surfaces of P
issued from 7. By replacing (r1,"**#s—1) with smaller ones if necessary, one may
also suppose K*NK2=T. (See Section 4, 4.7.)

Let A' be the constant appearing in 3) of Condition N and set A2= — A%
Besides, set B'=P®* (0). We call F (u):=A'u+ B’ the indicial polynomial of P
with respect to the characteristic surface K’, and its zero the characteristic
index. We assume the so-called indicial condition

(3) Fi(u) #0, Vue{0, 1, 2}, i=1, 2.

Definition 2.1. Let V be an open connected set in C*, OV stand for the
boundary of V, u(z) be holomorphic at a point z° € V and it have a holomorphic
extension n the universal covering space R (V). We say Z€E 0V is a point of strong
(weak) analytic continuation of u (2), if u(z) is analytically continued alomg any
path (some path respectively) z=z (t), 0<t<1, satisfying

(4) z(0)=z, z(1)=z 2z@)EV for t#1.

If not, we call it a weak (strong vespectively) singular point of u.

Theorem 2.2 (Main theorem). Suppose the Condition N and the indicial
condition (3). Let V=0—S UK UK? u(z) be a function holomorphic in a
neighborhood of a point z° €V, satisfy the equation Pu=0 and have a holomorphic
extension in the universal covering R(V). Then, if u(2) has a point of strong
analytic continuation 2€ (K*UK?) N Q and a point of weak one a €SN Q, it has a
unique holomorphic extension in 8. (Removable singularities)

This theorem will be proved in Sections 3 and 4.

2.2. Standard Forms of the Operators

Consider the following three operators.

n—1

Pt=q(z) [D?— {Za,- (2) Djt+z1a4 (2) Dn] 2] + ib; (z)Dj+c (2)

j=2 j=1
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PB:=q(2) {D%-—z% i ajx (2) DjDk} + ibi (z) Dj+c (2)

k=2 j=1
PC=z1(z) {Df - Z aj (2) DJ'Dk] + be (2) Dj+c(2)
i k=2 j=1

where all the coefficients are holomorphic, a (0) #0, a, (0) #0 and an, (0) #0 in
every case.

P® is a special case of P* and of P5, and P® is a special one of P€. It is
easy to see that these three operators satisfy Condition N. Conversely, we will
see that any operator satisfying Condition N can be reduced to one of these
three operators by a suitable change of variables (Proposition 4.2).

We will also see the indicial conditions of P*, P® and P¢ are respectively
written in terms of their coefficients as follows.

Ff==a(0)a,(0) {2u+1} +5,(0) #0 Vue{0, 1, 2,++},

FB:= _—'-(1 (O) v Qun (0; {2ﬂ+1} +bn (0) ¢O V‘L[E {0, 1, 2,"'},

F&E=74/0,,(0) {20 (0) u+5,(0)} +b,(0) #0 V<0, 1, 2,--}.
(See Section 4, 4.7.)

2.3. Propagation of Singularities
For P=P* or P2, consider the Cauchy problem
(5) Pu=0, Du(0,2)=u;{), i=0,1

where u; () are holomorphic at a point ¢’ € (S—T) N L and have a holomorphic
extension in the universal covering R{(S—T) N 2} each.

Under the corresponding indicial condition, the following corollary directly
follows from Theorem 2.2. It is a complex version of the branching of
singularities in real domains (Cf. [1], [5] and [11]) and gives an answer to the
first problem mentioned in Introduction.

Corollary 2.3. Let V=02—K'UK? u(2) be the local holomorphic solution of
(5) in a neighborhood of a= (0, a’) € (S—T) N2 and have a holomorphic extension
in the universal covering R(V). Then, if U j—o, singsupp. [u; (z")] # @, it holds
that

w.sing.supp. [u] = (K'UK?) N Q2

where w.sing.supp. [ul] denotes the set of weak singular points of u in the sense of
Definition 2.1.

Remark. When u; (') is holomorphic in 2{(S—7T) N 2}, a weak singular
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point £’ € T is a strong singular point (cf. Proposition 3.3), so we need not
distinguish these two types of singularities for initial data.
For P=P¢, consider the Cauchy problem

(6) Pu=0, u(0,2)=uo(z),

where uo(z") is holomorphic at a point ¢’ € (S—7T) N 2 and has a holomorphic
extension in the universal covering £{(S—T) N £}. Under the corresponding
indicial condition, we also have the following corollary. It gives an answer to
the second problem stated in Introduction.

Corollary 2.4. Let V=2—SUK'UK? u(z) be a local holomorphic solution
of (6) in a neighborhood of a= (0, a’) € (S—T) N Q and it have a holomorphic
extension in the universal covering R (V). Then, if sing.supp.uo ()] # @, it holds
that

w.sing.supp. [u] 2 (K*UK?) N L.

Remark. The assumption that u (2) is holomorphic at a= 0,¢d)e—T)N
£ and has a holomorphic extension in the universal covering & (V) is equal to
say that u (z) is holomorphic at a point z2° € V, has a holomorphic extension in
the universal covering & (V) and has a point of weak analytic continuation a =
0,a)€(S—T)NLQ.

§3. Hartog’s Method

In this section, we prepare several propositions on the analytic continuation
of holomorphic functions to prove the Main theorem.

Let 0<a’;<a,(i=1,--n) and denote G:={z:|zi| <ai, Vi} and H:={|z|<a;V
i<n—1, |zx) <an} U {lzil<a: Vi<n—1, a, <|zx|<an}. The following theorem is
due to Hartogs and fundamental in the theory of several complex variables.

Theorem 3.1[Hartogs. Cf.[3]]. Every holomorphic function u (z) in H has a
unique holomorphic extension in G.

Let = (£,"**,Z,) and denote Gz:={z; z—Z€ G} and Hizwi={z; z—Z€H},
where a= (a1,"**,.an) and @’ = (a{,*-,a5). Theorem 3.1 holds for {Gz,, Hz.}, too.
The pair {Gz.,Hzan) is called a (euclidian) Hartogs figure.

Next, let 0;>0(=1,-x) and denote U:={z;|z:| <p:, Vi}. Let ¢ (z1,"** ,2n-1)
be a holomorphic function defined in {|z:| <ps, i <n—1} with |@ (21, -+, 2n-1) | <0n
and denote K:={z,=¢ (21, 2n-1) }.

Proposition 3.2 [Cf. [3, Chap. I, Th.1.5.]]. Let w be a neighborhood of a
point 2 € K. Every holomorphic function u(z) in (U—K) U w has a holomorphic
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extension i U.

Proof. Let z* be an arbitrary point on K and 7: 2=2(t), 0<¢t<1, be a path
on K with z(0) =% and z(1) =z*. Then one can easily see by using Theorem 3.1
finite times that u (z) is continued analytically along 7 up to z*. (QED.)

The following proposition is a simple modification of the above one.

Proposition 3.3. Suppose u (z) is holomorphic at a point z°€ (U—K) and
has a holomorphic extension in the universal covering space R(U—K). Then, ifu (2)
has a point of weak analytic continuation ZEK, it has a holomorphic extension in U.

Proof. u (z) is holomorphic in a neighborhood w of ZEK and it is easy to see
that any closed path in U—K is homotope with a path in @ — K. Hence u (2)
must be single valued and one can apply Proposition 3.2. (Q.ED.)

Let = {zlz|<7, Vi}, >0 and ¢ (z1,"** 24-1), i=1, 2, be holomorphic
functions in {(zy,** zn-1) ;l2:| <r1, i <n—1} satisfying |@* (21, zn-1) | <1, @'=0
on z;=0, and @*# @? for z;#0. Denote K'={z,= ¢ (z1,"** 2s-1) .

Proposition 3.4. Let V=2-—SUK'UK? and suppose u (z) is holomorphic at
a point 2° €V and has a holmorphic extension in the universal covering R(V). Then
the following (a), (b) and (¢) are equivalent:
(a) There is a point of strong analytic continuation 7€ (K>—T) N Q2 of u (2).
(b) Every z¥€ (K*—T) N is a point of strong analytic continuation of u (z).
(¢) u(z) has a holomorphic extension in the universal covering R(2—SUK?).

Proof. We first prove (a)=>(b). Let z* be an arbitrary point in K*— T and
let us prove that u (z) can be analytically continued up to z* along any path 7:
z=z(t) (0<t<1) satisfying z(0) =z°, 2(1) =z* and z(t) EV for t#1.

Since K2—T is connected, there exists a path d: z={(t) (0<t<1) such that
£0)=z Q) =2z*and L) € (K*—T) for all ¢.

Let 0<e<1and set &)= +{z; Q—¢e) — & @)}t for i <m, o=
o (Lf,++.C5 ) with o=¢% and &) =T () + {2, 1 —e) — & (1)} 1. Define a
path 8% by z={*(t) (0<t<1). Clearly, £¢(0) =%, {*(1) =z(1—¢), and if we
take ¢ sufficiently small, {*(t) €V except for t=0.

Prolong u (z) along 7 up to z(1 —¢) firstly. Since Z is a point of strong
analytic continuation of u, one can successively prolong it up to z along — d%: z
=¢*(1—t), (0<¢<1). The function element of % at Z does not depend on e.

By the way, there exist p;>0 (1 <i<#u) such that for any ¢, Us= {z:|z: —
LM <pd € (Q—SUKY and | (21, 2n-1) — & (8) [ <pa for {loi— & @) [<ps;
1<i<n—1}. Besides, there is a sequence 0=t,<t;<--<ty=1 such that {(t) €
Uy, for t € [t;,tie1]. Moreover, if € is sufficiently small, we have {*(t) € U,, for
t€ [t;, tisal, too.
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By Proposition 3.3, #(z) has a holomorphic extension in Uy, which is at

the same time a direct extension of # at {°(¢;). Recurrently we see u (z) at {(t;)
has a holomorphic extension in U, which is a direct extension of u(z) at

C®(tiv1). Therefore u(z) at C°(ty) =2z(1 —e) has a holomorphic extension in
Uty Since 2¥€ Uy, and z (t) EUsy., for tE€ [1—¢, 1] if € is sufficiently small, it
means » (z) is analytically continued along 7 up to z*. Thus we have proved
(b).

Next we prove (b)= (c). Let 71 z=2z(t) (0<t<1) be an arbitrary path
satisfying z(0) =2° and z(t) € (2 —S U K'). We show » can be analytically
continued up to z(1) along 7.

Set i=1{t: z(t) EK*—T}. If J= @, there are nothing to prove. So, we
suppose J# @ . Clearly there are 0;>0(1<i<n) such that for any t€]J, Us={z;
lzi—2: (1) | <pi} € (Q—SUKY) and | (21, 2n-1) =2 (t) | <pn for {lzi—zi ()| <p;;
1<i<n—1}. Besides there exists a positive constant 0 such that |z; () —z; (7)
|<p; for every i, every T€J and every tE€ [7—4, 7+46] N [0, 1].

Let oo=min{r € J}. Since z(ry) € (K2 —T) is a point of strong analytic
continuation of » and z(t) touches K? firstly at t=1o, u (z) can be analytically
continued up to z(7p) along 7. By Proposition 3.3, u (z) at z(7,) has a unique
holomorphic extension in Ug. It means that # can be continued along 7 up to
z(#) with t=min{l, 7o+ 08}. If o+0=>1, the proof is complete. But, if 7o+ <1,
we need to prolong # beyond z(7,+9).

Denote 71 =max {0, 7o— 0} and 7,=17,+ 8. Since U, —K? is connected and
z (1) € (U,—K?), there is a path z=z*(¢) in the interval [7y, 72] such that

() =z(ry), i=1,2,
Z*(t)E(Uro—KZ), T1£t<T2,

even if z(7;) € K% Let 7 denote the modified path of 7 with z=2% (¢) in the
interval [71, Ta].

The analytic continuation along 7 and that along 7 give same function
element at z(72). Set J'={t; (t) EK,}. If J#+ @, denote To:=min{tEJ}. Because
7 (7o) =z (%) is a point of strong analytic continuation of u and Z(¢) touches K?
firstly at ¢t = T, it is possible to prolong » along 7 (consequently along 7 as
well) up to z(%). Note To—170=>0 and 6 is independent of 7E€]. Then we see, by
repreating the above reasoning finite times, » can be analytically continued
along 7 up to z(1). Thus (c) has been proved. (Q.ED.)

One can prove the following proposition exactly in the same way.
Proposition 3.5. Let V=02—K'UK? and suppose u (2) is holomorphic at z°

€V and has a holomorphic extension in R(V). Then, if u (2) has a point of strong
analytic continuation 2€ (K2—T) U 8, it has a holomorphic extension in R(Q—K").
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The following proposition seems similar to the above one, but there is an
essential difference between them.

Proposition 3.6. Let V=02—SUK, u(z) be holomorphic at z° €V and have
a holomorphic extension in the universal covering space R(V). Then, if u(z) has a
point of weak analytic continuation 2€ (S—T) N Q, it has a unique holomorphic
extension in R(Q—K).

Proof. Since Z is a point of weak analytic continuation, there is a path 7: z=
C(t), 0<¢<1, satisfying

(7 )=z, (1) =% C(t) EV for t#1

along which u (2) is analytically continued up to z

Let 7: z=C(¢), 0<¢ <1, be another arbitrary path satisfying (7) and set
0:=—7+7 One can write 0: z=2z (), 0<¢t<1, by defining z (t) ={(1—2¢) for 0

<t<1/2 and z (t) =C(2t—1) for 1/2<t<1. It satisfies
(8) z(0)=2(1)=z 2zt €V for t#0, 1.

One can easily see there is a 1-parameter group of paths 7 z2=2"(t), 0<¢
<1, being continuous in {0<p<10<t<1} such that 2 (t) =z (), 2*(¢) satisfies
(8) for v>0and 2°(t) € (S—T) N R for all t.

By the same way as the proof of Proposition 3.2, one can see that u(z) is
analytically continued from % to itself along 7°C (S — T) N 2. The obtained
function element is holomorphic in a neighborhood w of Z.

From the assumption, u (z) is also analytically continued along 7” for all v
except the end point 2. Since 2*(¢) is continuous in {0 <y <1, 0 <t <1}, the
analytic continuation along 7” agrees with that along 7° in w\{z}. Hence we see
u(z) is continued analytically up to the end point Z along any 7* and therefore
along 7.

It means # (z) can be continued analytically along 7 up to Z, namely Z is a
point of strong analytic continuation. By the same way as the proof of
Proposition 3.4, one can prove u (z) has a holomorphic extension in R (2—K).

(QED.)

Remark 3.7. There is a topological difference between Propositions 3.5 and
3.6. We give an example to explain the necessity of assuming strong analytic
continuation in Proposition 3.5. Let k€ {1, 2,++}, 2:={lz:|<1, i=1,n}, K:=
{2,=0} and K%={z,=2%}. If k=2, the function log (z; —z4’*) is holomorphic in
the universal covering space & (2—K'UK?). It can be analytically continued up
to € (K?—T) along some path but can not along some other path. When k=1,
however, there are no such functions, because Proposition 3.6 applies with S=
K' and K=K? by exchanging z; with z,.
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Proposition 3.8. Denote V=02—SUK*UK? Let u(z) be holomorphic at a
point 2° €V and have a holomorphic extension in R(V). Then, if u(z) has a point of
weak analytic continuation Z on T, it has a unique holomorphic extension in L.

Proof. u(z) is holomorphic in a neighborhood w of ZE T and it is easy to see
that any closed path in V is homotope with a closed path in w N V. Hence u (z)
must be single valued and one can prove this proposition in the same way as
the proof of Proposition 3.2. (QED.)

§4. Proof of Main Theorem

In this section we prove the Main theorem. Hence Condition N and the
indicial condition (3) are supposed.
4.1. Proposition 4.1

Let K be one of K”s. Then the following proposition holds.

Proposition 4.1. Suppose the Condition N and the indicial condition (3).
Let u(z) be holomorphic in a neighborhood of z° € (2—K), satisfy the equation Pu=
0 there and have a holomorphic extension in the universal covering R(2—K). Then
the origin z=0€K is a point of weak analytic continuation of u (2).
4.2. Change of Variables

From now on we will prove Proposition 4.1. For that purpose we will make
change of variables of the following form several times.

(9) wi=z, wi=fi(2), j=2,n

with f; (0, 2') =z;. Correspondingly { is transformed as

Cl=7]1+2(61ﬂk/621)77k, Cj=Z(6wk/6zj)nk fOI‘]'ZZ

k

It is clear that {z;=0}, {z1=2,=0} and {z;=0, {’=v"} correspond {w;=0},
{w1=w,=0} and {w;=0, '=V"} respectively.
Set pi=— 22} (Owy/0z1) i+ A*. Then we easily see
P2=a,{C1—/11} {Cf“p} =a{771—‘u1} {771_#2}
0P, __ 0P,

5771 7l1=u1_5a C=2*
{nm—t, alp— B} ={G—2, o {G— 2%}

Condition N is thus invariant, and hence so are A’ and B’ and the indicial
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polynomials F* (g).

4.3. Reduction to Three Standard Forms

Now, write the operators P in the form

, , o ,
P=a(z) {<D1+Za1jD,-> —Za;kD,-Dk} +b1D1+Zb,~D,~+c
i ik i

where 22 and 2} denote the sum for j =2 and for §, k=2 respectively. It easily
follows from 1) of Condition N that all the coefficients are holomorphic in a

neighborhood of the origin. (Note & (0) #0 is not assumed.)
Define f; (z) by

D1f+za1j D;f=0, f(0,2) =z
j

1=2,+-m, and change the variables by
w1=2z1, wWi=f; (Z), 1=2,m

Denote w by z again. Then the transformed operator, denoted by P again, has
the following form.

’

(10) P=a (Z) {D?—Za,-kD,-Dk} +b1D1+Zb,-D,-+c
ik i
where a, ajg, b1, b; and ¢ are all holomorphic in a neighborhood of the origin.

Besides, Condition N, the phase functions ¢’ and the indicial polynomials F* (x)
are all invariant under this change of variables.

Taking a branch of ¥  appropriately, we have

=45, A’=-§, o= /ZajkCiCkr
ik

which are, by the assumption, holomorphic in a neighborhood of (z, {’') = (0, V).
It follows from 2) of Condition N that

Q*=2a(2)0(z, {)=0 on {z=0, I'=v"}
Since a and § are holomorphic, we have
a(0,2)=0 or 4(0,27,)=0.
Next, note that
{G—0@ 0).a G+ OB
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={{—4, a} ({—08) +2{¢, ad} —210, a}o.
Then we have

0(ad)

021 (2,£7)=(0,Y")

Ar=2

Hence the following two cases are possibe.

1st case: a (0, 2) =0, D (0) #0, (0, v)#0
2nd case: a (0) #0, (0, 2, V) =0, (06/0z) (0, V) #0

In the 1st case, one can write a =zd, @ (0) #0, and, by omitting™, P is
written as

(11) P=zla{Df—Za1ijDk}+b1D1+Zb,~D,~+c
ik j
where a (0) #0, am (0) #0.

In the 2nd case, one can Write any=23anm, ann (0) 0. Omit ~ and set
Az, ©):=amad G+ 2) @nlilut ) anlil
] ik

where 2.7 and 2}, denote the sum for 2<j <un —1 and for 2<j, k<un —1
respectively.

By Condition N. yA(z, ) is holomorphic in a conic neighborhood of (z,
) =0, v), say Vei=A{(z, O):lz:il<e Vi<n,|Ci/Cl<eVi<n—1}. Therefore A
can not have simple zeros there.

Suppose a;, (0, 2°) #0 for some 2<j<n—1. Fix 2’ near the origin and let z
=0, {4=0 for k¥#j4. Then

A=24;, (0, 2) (ilata;i (0, 2) CF,

which vanishes on {;=0 with degree 1. It is a contradiction, and hence we see
ain (0, 2) =0 for all 2<;<p—1.
Denote aj»=2z1aj,, omit™ and write
4Gz, ©) =amAli+221) anllut ) anlile
i ik
=ann{ (ZICn+a (Z, C”) ) 2_13 (Zy C”>}
where a(z, () =27 @jn/anm) § and Bz, &) =— 27k (aje/am) GGt a? (2, 7).
Put 2=3", (,=1, {"=7L", tEC, then

A=aum{(z1+ 70z, 27, E”))Z_Tzﬁ (21, 27, Z”) 3
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It vanishes on

21+T{a<21, 2’, E”) :t‘\/,B(Zl, E’, f”> }=O

Suppose a (0, z', {") #0. Suppose also B(z1, 2/, {") 0. Since a, B are

holomorphic, there are (z’, £”) such that a(0, ', £”) #0 and B(z, 2, ") #0
as a function of z;. Therefore there is a z;=2; with 0<|z|<e such that A has at
least one simple zero T with |7|<1. Therefore, if a(0, 2, {”) #0, then B8 (z, 2,
¢”) must vanish identically and so the operator P can be written in the form

”

(12) p=a{Di— {0, + 20,04 | 001 +Zb,-D,-+c
j j

J
where the coefficients are all holomorphic in a neighborhood of z=0, a (0) #0
and a, (0) #0.
Next, suppose (0, 2/, £") =0. If B(0, 2/, £") #0, by the same reason as

above, 4 has simple zeros in Ve. Else if 8(0, 2/, {") =0 and (8B/dz1) 0, 2, {")
#0, then

A= (8B/0z1) (0, 2, ") 21+ 0 (2D),

which vanishes on z1=0 with degree 1 at some (2, {”). Thus we see, if a(z, 2/,
{")=01(z1), then Bz, 2", {") =0 (2}). It follows from this that

a;n=0 (z1) for 2<7<n—1, a;4=0(2}) for 255, k<nu—1

as z;—0. Denoting a;, =21, ajz =233;¢, and omitting ~, one can write
(13) P—_‘G{D%_Z%ZajijDk] +b1D1+ bij+6‘
ik i

where the coefficients are all holomorphic in a neighborhood of z=0, a (0) #0
and ans (0) #O0.

Thus the following proposition has been proved.

Proposition 4.2. Every operator satisfying Condition N is veduced to one of
the following three operators.

”

Pr=a{Di—{Y 0D, zanDa) | +0:01+ zbjp,-ﬂ
j j

7

’

P3=a[D%-z%Za,-ijDk}+b1D1+ bij‘l"C

ik Y
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,

PC=zqa {D%—ZajijDk} +b1D1+2b,-D,-+c

ik J
where the coefficients are all holomorphic in a neighborhood of the origin, X.; denotes
the sum for 2<j<n—1, a (0) #0, a,(0) #0 and a., (0) #O.
4.4. Cauchy-Kovalevskaya Type Theorem
Recall the Cauchy Kovalevskaya type theorem obtained in our preceding

paper [8].

Definition 4.3. Let m be integers with 0 <y <m and 0 be a real number
with 0S0<1. ™" denotes the set of operators with the form

Li=zas (2) (z1D1) "SDZ""—FZ Z ba (2) 249 D™
s=0

s=0 a€A(m—s)

where Am —s) ={alal=m—s, an<m—7r, a# (r—s, 0,--0, m —7)}, the
coefficents are all holomorphic in a neighborhood 2 of the origin 2=0 and each ()
1S a non-negative imteger satisfying

olla)+1—0)ar=r—s.

Setting

(14) L= ) a0 4,

we call it the indicial polynomial of L with respect to z,=0.

Note the hyperplane z,=h, h €C, is characteristic for L with multiplicity at
least 7. Let U= {z;|z;| <} © £ and consider the characteristic Cauchy problem

(15) Lv=0, v—w=0{(z,—h)™ "} as z,—h

Theorem 4.4 [8, Th.1]. Suppose ao(0) #0 and I: (1) #0, VA€{0, 1, 2,---}.
Then there are two positive constants k, o (<p) such that for any h € C with
|| <k and any w holomorphic in U theve exists a unique holomorphic solution v (z)
to the Cauchy problem (15) in Up={zlz;| <0’ for j <n|za—n|<0}.

4.5. Proof of Proposition 4.1

To apply the above theorem to the operators satisfying Condition N, we
need to change the variables. We will consider only the case K=K .
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First, consider the case P=P*. Define f;(z) by
Dif—A(z, D) =0, 7(0, 2') =2;

7=2,m, where A*(z, {') = 27a;{i+z1anCn.
Change the variables by

w1=21, Wi =f; (2), F=2,m.

Denote w by z again and the transformed operator by P4 As we have remarked
before, the Condition N, phase functions ¢’ and the indicial polynomials F* (x)
are invariant under this change of variables.

Besides, P* has the following form.
PA=q(z) {Dﬁ‘Zai (z)D;+zlanDn}D1+b1D1+Zb,-Dj+c
i j

where @ (0) #0 and a, (0) #0. It is easy to see that the transformed operator
belongs to £%%? with 0=0.

Since ¢! is the solution of D1¢=0, ¢ (0, 2’) =z,, we have ¢'=z, and K*'=
{2,=0}. Besides,

A={{, a(2) {C1+Zaz‘ (2) G+2180Ca Y t=0,2,00 =00 =a (0) a (0)

and B'=P*2z,=b,(0). So we have I () =F (1) . Therefore, if we take p>0 so
small, Theorem 4.4 applies to P4 in U,={z;|z]| <o}.

Let 0<h<min{k, 0} and put 2= (0,*+,0, h). Continue « (z) along a path in
Q — K' up to z*. Its function element at z* determines a single valued
holomorphic function in U, N {Re 2, >0}.

Consider the characteristic Cauchy problem

PAy=0,v—w=0 (z,—h) as z:—h

with w=wu (z1,"** zn-1, h). By the Theorem 4.4, there exists a unique holomorphic
solution v (z) in Uy ={zlzj|<0" Vj<n—1,l|z, —h|<p?}. Since v=u in a
neighborhood of z* and 0 € Uj, v is a holomorphic extension of u to a
neighborhood of the origin. Thus Proposition 4.1 has heen proved in the case of
P=P4,

Next, consider the case P=P?. Set 0(z, ()= 2jilClk, Ai=20 and
A%=—z0 in a neighborhood of (z, )= (0, V).

Recall ¢ is the solution of

D1p—2A'(z, D'p) =0, ¢ (0, 2') =2z,
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and change the variables by
w;=2zj, ]-=1,...,,n—1, W= ng (Z)
The Condition N, phase functions ¢’ and the indicial polynomials F*(u) are

invariant under this change of variables.

Denote w by z again and the transformed operator by P8 Then the
principal symbol is decomposed as

PE(z, Q) =alli—z &, OHG—22 (2, €))

where p (z, ') are holomorphic near (0, V') and g*(z, v) =0.
Note ¢'=z, and K'={z,=0}. It is easy to see that P? has the following
form.

ﬁ3=a{D§+21a1nD1Dn +zf2ajijDk} +b1D1 +ijDj+C
ik i
where the coefficients are all holomorphic, a1,(0) #0 and an, (z) =0. Therefore
P53 belongs to ¥4 with 0=1/2.
By the way, one can see

A'={l—z' (2, 1), a (2) (G—2u (2, 0)) }eyman e, =000
=a(0) {0, v') —2(0, V') }
Since (0, V') =0, we have A'=a (0)a,(0). Clearly, B*=P?z,=b,(0). Hence we
have Iz () =F*(1). Therefore Theorem 4.4 applies to the operator P?, and one
can prove Proposition 4.1 in the same way as in the case P=P4,
Lastly, consider the case P=P€. Set A (z, {') :=+/ 2 waixGC, and A= —2!

in a neighborhood of (z, {’) = (0, V).
Recall ¢' is the solution of

Di¢p—A'(z,D'p) =0, ¢(0,2) =z,
and change the variables by
wi=z;, j=1,n—1, w,=¢'(2)

The Condition N, phase functions ¢’ and the indicial polynomials F’ () are
invariant under this change of variables.

Denote w by z again and the transformed operator by P ¢ Then the
principal symbol is decomposed as

P§(z, Q) =azi{li—¢ (&, O)HG—12 (2 O)}

where p' (z, {’) are holomorphic near (0, v') and g (z, V') =0.
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Note @' =z, and K'={z,=0}. It is easy to see that P has the following
form.

ﬁc=az1 {D%+a1nD1Dn+ ZajijDk} +b1D1 +ijDj+C
ik i
where the coefficients are all holomorphic, a1, (0) #0 and au, (z) =0. Therefore

PC belongs to £*% with o=1.
By the way, one can see

A= {Cl—.ul (z, C'), a (2>21{C1_ﬂ2 (2, C')}}z;l=u‘(z,c'),(z,<'>=(o,u')
=a (0) {* (0, v') —£2(0, V') }.

Since ¢ (0, v) =0, we have A'=a (0)a1,(0). Clearly, B'=PCz,=b, (0). Hence we
have I () =F* (1) . Therefore Theorem 4.4 applies to the operator P¢, and one

can prove Proposition 4.1 in the same way as in the case P=P4.
We have thus finished the proof of Proposition 4.1.

4.6. End of the Proof

By the assumption, # (z) is holomorphic at z°€V=02—SUK'U K?, satisfies
the equation Pu = 0, has a holomorphic extension in the universal covering
R(V), and has a point of strong analytic continuation Z on K* U K? and a point
of weak one a € (S—T) L.

If ZET, u (z) has a holomorphic extension in £ by Proposition 3.8. If z&
(K2—1T) (or € (K* —T)), it follows from Proposition 3.4 that #(z) has a
holomorphic extension in the universal covering R (2—SUK?) (or in R(2—S U
K?) respectively).

By Proposition 3.6, « (z) has a holomorphic extension in 2—K. (K is one
of K*’s.) Next, by Proposition 4.1, z=0 is a point of weak analytic continuation.
Lastly by Proposition 3.3, u (2) has a holomorphic extension in £. Thus we
have finished the proof of the Main theorem.

4.7. Remarks

A. Concrete expression of the indicial equation. We give a concrete
expression of the indicial equation in terms of the coefficients of P4, P and PC.
In the case P=P4, set A*==* (Xja;{;+210,(,). Let ¢F be the solution of

D1p—2%(z,D'p) =0, ¢ (0, 2) =z,

where the sign 4+ and — should be taken in its order. K*:= {z,¢0* (z) =0} are
characteristic surfaces issued from 7.
By the definition
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At= {Cl =1t a {C1 _‘Z_}}cl=a“,<z,§')=(o,u'>
={—2", 282} gmat =0 =22 (0) a, (0)

B*=Pg*(0) =a (0) Di¢* (0) +b1(0) D1¢™ (0) +b,(0) Dug* (0)
=a(0)ax(0) +b4(0)

In the same way
A~=—2a(0)a»(0), B-=—a(0)a.(0) +5,(0)

Hence the indicial polynomial of P4 corresponding to K* is respectively
(16) Fi () = £a (0)a, (0) {2u+1} +5, (0)

In the case P=P5, set 6:=+/ 2 @) Glx in a neighborhood of (z, {) =

0, v) and A*==%20(z, {). Define ¢* and K* in the same way as in the case P
=p4,

By the definition

AY={li—210, a{lli+210}} =21, 2.0 = 0
={li—210, 20210} t,-2,5, 0.2 =0 =20 (0) /82 (0)
B*=P¢*(0) =a (0) Di¢* (0) +b1(0) D1¢* (0) +b, (0) Dngp* (0)
=0.(0) v/ann(0) +b,(0)

In the same way

A™==24(0) V2 (0), B~=—a(0) van (0) +b,(0)
Hence the indicial polynomial of P? corresponding to K* is respectively
1) F5 (1) = £ (0) Vann (0) {211} +04 (0)

In the case P=PF, set 0:=4/ 2, 2 CCr in a neighborhood of (z, {) =

(0. V) and A*==%0(z, {). Define ¢* and K* in the same way as in the case P
=p4,

By the definition

AT={{—0, az{li+ 0 gcsen=0u

= {Cl_ 5, 20215}c1=6,(z,;'>=<o,v') =2a (0) ~ Gnn (05
B*=P¢*(0) =b1(0) D1¢* (0) +b(0) Dnp* (0)
=01(0) Vam (0) +5,(0)

In the same way

A~=—2a(0) vam ), B-=—b1(0) Vans (0) +b,(0)

Hence the indicial polynomial of P¢ corresponding to K* is respectively

(18) FE (1) = % /ann 0) {2a (0) 451 (0) } +5,(0)
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B. On K*NK?=T. It is mentioned in §2 that one may suppose K*NK*=T
by taking » appropriately. One can verify it by Proposition 4.2 easily, however
it should be proved directly without using change of variables.

It follows from 2) of Condition N that

a(2){At(z, ) —2%(z, £)}=0on {z:=0, =V}

Since a and A”s are holomorphic, we have two cases.

Case A:  a=0 on z=0

Case B: A*—A*=0 on z,=0, {'=V

In the case A, we have
(G2 a (G—AD)}g-n=Dwa * (A*—2%) on z,=0.
Hence, by 3) of Condition N,
Dya (0) #0, 2*(0, ') #22(0, V).
Therefore
D10 (0) —D,@%(0) =21 (0, v') —4%(0, V') #0.

It means K*NK?=T near the origin.
In the case B, we have

{Cl_‘xl, a -* (CI—ZZ)}¢1=11=(L{C1—Z{ Cl_ﬂz}cﬁgl on 21=0.
Hence, by 3) of Condition N,

a(0) #0, {Li— 2", LG— A= een=0n #0.
It is easy to see that
D, @' —D;@*= 2 (z, D'®*) —A%(z, D'D?) =0 on z;=0,
and that

D3P —Di@?=D,A* (z, D' D) —D1A% (2, D' D?)
=~ 24+ ) ALDiD,0! — ) A DD, 0"

j j
=4, = 2+ ) A=) A

i j

={C1_Ill, cl—lz}Q:ll on 21=O, C'Zu/.

Here we used D;D;®* (0, 2’) =0 for j, k=2 and 2},(0, 2, V') =2%(0, 2, V') forj=>
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2. We thus see K!NK2=T near the origin in the case B, too.
§5. Extension to Higher Order Equations

5.1. Generalization of Main Theorem

Let P be a partial differential operator of second order satisfying Condition
N and put

(19) L:=Pr+Qle_1+'"+Qr

where Qr = Qu(z, D) are partial differential operators of order k with
holomorphic coefficients.
Let A, K* and F'(u) be those introduced in §2 for the operator P and set

(20) G ={F (W} +Ci{F (W} *+--+Ci
where Ci=Q; (z, {) lC;=l’(z,€’),(z,€’)=(o,y’) and Qj stands for the homogenuous part of

order k of Q.

Theorem 5.1. Assume
21) G () #0 Vuel{0,1,2,+},i=1, 2

Then the Main theorem holds also for the equation Lu=0.

5.2. Algebra of Operators in £

Proposition 5.2.  The following (a) and (b) hold.
(a) IFO0<s<y, LEL™ and L'EL™ "5 then

L+L'€L™ 0 Iy (A) =1.(A) +1- (2).
(b) IF LEL™"° and L'EL™ """, then
L egmim e () =1, () I (2).
Proof. (a) is trivial. So we prove (b). Consider the following four terms.

Al=as(2) (21D1) "D "y (2) (z21D1) "5 D ="
A2=as(2) (21D1) "D} b (2) 21®’D*

A3=bq (2) 2{'“ DGy (2) (21D1) " D3~
Ad=bq (2) 24D, (2) 2i® DA

where €A (m—s) and BEA m' —5").
First, remark
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k
(z2iD) * (au) = ZC}‘{ (z:D1)7a} (z1D1) *~Tu
7‘0

(z1Dy) = chjZ{D{

j=1

where C¥ denote the binomial coefficients and cg; is the sequence deﬁned by
Cirri=ickiteri—1 with cpi=cp=1 for all £=1.
It is then easy to see that A1 can be written as

Al= Za,o (2) (z1Dy) "'S""D’""""—FZ Z aqi(2) 2IDIDE 7" —I

;=130
where m”=m~+m’, v¥"=r+7, s"=s+5s’, aco=asds, aio=0 (z1) as z;—0 for i =>1.
Moreover, since order (DIDZ"~7"~7) =m” —s"—t with t=7"—s"+j—q and og
+ (A—0)g=q>qg—j=+"—s"—t, we see Al belongs to the class £ ~s"""~s"0
and Iy =as(0)dy (0) A7,
It is also easy to verify that A2 can be written as

A2= Za‘M r S— q+t(B)Dr-—s—qu r— pDB

Since order (DI ™5™Dy~""?DF) =m" —s" —t with t=p~+q and
olr—s—q+1(B)}+ (1—0) r—s—qg+B) =r"—s"—t,

we see A2 belongs to £™ ~S"""=5"7 1t is clear that I43=0.
A3 can be written as

—_ — r_ ol 4 r
A3= Zaﬂﬁq s/ —p— q+l(a)Da aDr s po -7

apq
with ¢<@&. Since order (D* 2D~ ~DW'~"") =y” —s" —t with t=|a]+p and
o —s'—p—q+i(a)) +(1—0) (ey—@+7r—s—p) =1"—s"—t,

the term A3 also belongs to ™" ~s"»"=s"¢

A3 may contain some terms with form a (z) (z1D1) 2DZ+™ 7" Let a €A (m
—s) with a= (o, @”, m—7). Since o’ #0, we have a; <r—s. When 0=0, there
‘are no such @, because ol (@) + 1 —0) ey =a1=r—s. When ¢>0, we have
o(l (@) —a1) Zr—s—a;>0 and consequently ! (@) >ay. Therefore, even if there
are such terms, it holds that a (2) =0 (z1) as z1—0. Hence I43=0.
A4 can be written as

A 4=Za"ﬁ (2) A@+1®-apa+s-a
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Since order (D*#~%) =" —s"—t with t=|a and
0'<l (a) +1 (B) ‘&1) + (1"‘0'> (a1+/31'_671) >y —s"—t,

A4 belongs to L7 —s=5"7"=5=5" and I4,=0.
Now that LL’ is the sum of such terms as A1, A2, A3 and A4, by using (a)
one can see (b) immediately. (QED.)

When 7= 0, the class £™%? is free from 0, and so one may simply write

™0 Every operator Q(z, D) of order m with holomorphic coefficients belongs
to $™0.

Corollary 5.3. Let PE€ L% and Q; € £°. Then the operator L defined by
(19) belongs to L¥"° and

I (2) =13(2) +Q5 (0, ) 371 (A) +---+Q3 (0, v)
where v=(0,---0, 1) €C".

5.3. Proof of Theorem 5.1

As we have observed in the preceding section, by appropriate change of
variables reducing one of K* to z,=0, the operator P belongs to £**’ with =0,
1/2 or 1. Besides, the operator L conserves its form. Therefore L belongs to
£*7% by Corollary 5.3.

Since {1 =24 (z, {) corresponds to 71 =p' (w, n°) and ¢ (0, w’, V') =0, we
see C§ are invariant. It means I; (1) =G* ().

Noting the above, one can prove this theorem in the same way as the proof
of Main theorem. (QED.)
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