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Some Limit Transitions between BC Type
Orthogonal Polynomials Interpreted on
Quantum Complex Grassmannians

By

Mathijs S. DUUKHUIZEN * and Jasper V. STOKMAN **

Abstract

The quantum complex Grassmannian U, /K, of rank / is the quotient of the quantum unitary
group U,= U, (n) by the quantum subgroup K,=U,(n—1I) X U,(I). We show that (U,, K,) is a quantum
Gelfand pair and we express the zonal spherical functions, i.e. K,-biinvariant matrix coefficients of
finite-dimensional irreducible representations of U,, as multivariable little g-Jacobi polynomials
depending on one discrete parameter. Another type of biinvariant matrix coefficients is identified as
multivariable big g-Jacobi polynomials. The proof is based on earlier results by Noumi, Sugitani and the
first author relating Koornwinder polynomials to a one-parameter family of quantum complex
Grassmannians, and certain limit transitions from Koornwinder polynomials to multivariable big and
little g-Jacobi polynomials studied by Koornwinder and the second author.

§1. Introduction

The first connection between g-special functions and quantum groups was
revealed in the late 1980’s by the interpretation of little g-Jacobi polynomials as
matrix coefficients of irreducible representations of the quantum SU(2) group (cf.
[vS1], [Ms], [K1]). In the past decade, many other connections between re-
presentation theory of quantum groups and the theory of g-special functions have
been discovered.

For instance, Noumi and Mimachi [NM] showed that the zonal spherical
functions on Podles’s one-parameter family of quantum 2-spheres can be identified
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with big g-Jacobi polynomials. In [K2] and [K4], Koornwinder generalized these
results by replacing the notion of invariance under a quantum subgroup by the
notion of invariance under a twisted primitive element in the quantized universal
enveloping algebra. In particular, this infinitesimal approach allowed Koornwinder
to identify the zonal spherical functions on Podles spheres as a two-parameter
family of Askey-Wilson polynomials. Noumi’s and Mimachi’s results [NM] could
then be reobtained by sending one parameter to infinity. If both parameters are
sent to infinity, one obtains the interpretation of little g-Jacobi polynomials as zonal
spherical functions on the “standard” 2-sphere, i.e. the quantum 2-sphere which is
realized as the quotient of the quantum SU(2) group by the standard maximal
torus. On the level of g-special functions, these limits correspond to certain explicit
limit transitions from Askey-Wilson polynomials to big respectively little g-Jacobi
polynomials.

Analogous statements are valid for complex projective space, see Noumi,
Yamada and Mimachi [NYM] for the little g-Jacobi case, and Dijkhuizen and
Noumi [DNT1] for the general case. In this paper we generalize these results to the
higher rank setting by interpreting certain subfamilies of Koornwinder’s multi-
variable analogues of the Askey-Wilson polynomials and certain subfamilies of the
multivariable big and little g-Jacobi polynomials (cf. [S1]) as zonal spherical
functions on quantum analogues of the complex Grassmannian

U/K:=Un)/Un—-DXUD), U<[n/2D,

where U(n) is the group of n Xn unitary matrices.

Koornwinder’s infinitesimal approach to harmonic analysis on quantized
symmetric spaces was for the first time successfully generalized to higher rank cases
by Noumi [N]. The quantized symmetric spaces were now defined using in-
variance under certain two-sided coideals in the quantized universal enveloping
algebra. So far, this method has been successfully applied to all compact symmetric
spaces of classical type, e.g. [NS1], [NS2], [NDS], [Su], [DN1]. The related
zonal spherical functions can all be identified with Koornwinder polynomials or
Macdonald polynomials.

In particular, Noumi, Sugitani and the first author [NDS] introduced a one-
parameter family of quantum analogues of the complex Grassmannian. They
announced that the spherical functions associated with these quantized symmetric
spaces can be expressed as a two-parameter subfamily of the Koornwinder
polynomials.

In this paper we extend these results to the quantum subgroup case, i.e. we
determine the zonal spherical functions associated with the quantum analogue of
the complex Grassmannian (denoted by U, /K,) which is defined as the quotient of
the quantum unitary group U,(n) by the obvious quantum subgroup K, corre-
sponding to K=U(®n —1) XU({). We show that the quantum space U, /K, can be
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formally obtained from the one-parameter family of quantum Grassmannians
defined in [NDS] by sending the parameter to infinity. We also show that this limit
transition on quantum Grassmannians is compatible with the limit transitions from
Koornwinder polynomials to multivariable big and little g-Jacobi polynomials,
which were previously studied by Koornwinder and the second author [SK].

In order to give a rigorous meaning to the above-mentioned formal limit
between quantum Grassmannians we use the recent result of the second author
[S4] that the limits from Koornwinder polynomials to multivariable big and little
g-Jacobi polynomials can be taken on the level of the orthogonality measures (in a
suitable weak sense). Indeed, this result allows us to rigorously compute the limit
of the quantum Schur orthogonality relations for the zonal spherical functions.
This in turn leads to a complete description of the harmonic analysis on the
quantum Grassmannian U,/K,. In particular, we obtain an identification of the
zonal spherical functions on the quantum complex Grassmannian U,/K, with
multivariable big respectively little g-Jacobi polynomials.

We remark that in the rank one case, there are several alternative methods for
determining the zonal spherical functions in the quantum subgroup case (see e.g.
[NYM], [VS2]). However, the relatively indirect method using limit arguments
seems to be the only method which admits a direct generalization to the higher rank
cases of the complex Grassmannian.

There are strong indications that such limit arguments can also be applied for
other quantum compact symmetric spaces. Indeed, an important prerequisite for
applying such limit arguments is the existence of a suitable one-parameter family of
quantizations of the compact symmetric space under consideration. The occur-
rence of such a one-parameter phenomena on the quantum level is directly related
to the existence of a one-parameter family of covariant Poisson brackets on the
underlying symmetric space. The existence of such a one-parameter family of
covariant Poisson brackets in the case of a Hermitian symmetric space was
established by Khoroshkin & Radul & Rubtsov [KRR] and Donin & Gurevich
[DG] (see also [Dz] for more information and references).

The paper is organized as follows. In §2 we briefly recall some results on the
structure of the (classical) complex Grassmannian U/K and on the nature of its
zonal spherical functions. In §3 we recall the definition and the main properties of
the Koornwinder polynomials and the multivariable big and little g-Jacobi poly-
nomials. In §4 we collect some facts about the quantum unitary group that will be
heavily used in later sections. In §5 we determine the spherical dominant weights
for the quantum complex Grassmannian U, /K, . In §6 we recall the one-parameter
family of quantum Grassmannians and determine the corresponding spherical
weights. In §7 we express the zonal spherical functions on the one-parameter
family of quantum Grassmannians as a subfamily of the Koornwinder polynomials.
Many of the results in §6 and §7, previously announced in [NDS], are proved here
in full detail using so-called “principal term” type of arguments, cf. [NS2], [Su].
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Finally, in §8 we study the limit from the one-parameter family of quantum
Grassmannians to U,/K,, which in particular leads to the interpretation of
multivariable big and little g-Jacobi polynomials as zonal spherical functions on the
quantum Grassmannian U, /K,.

Throughout this paper we will use the convention that vector spaces are
defined over the complex numbers and that algebras have a unit element.

§2. The Classical Complex Grassmannian

Two general references for the contents of this section are Helgason [He], and
Heckman and Schlichtkrull [HS].

Throughout this paper, n>2 and 1</ < [%] are fixed integers. Let G:=GL (n,
©) denote the general linear group with Lie algebra g=gl(n, C), and U:=U(n)
the unitary group with Lie algebra u. Let TCU denote the maximal torus
consisting of diagonal matrices in U. Write hC g for the corresponding Cartan
subalgebra. Let e; (1<i, j<n) denote the standard matrix units. The matrices
h;:=e; (1<i<n) form a basis of ). Write & Eh* (1<i<n) for the corresponding
dual basis vectors, and define a non-degenerate symmetric bilinear form on §* by
(&, &) =0,;. The usual positive system R* in the root system R :=R (g, ) consists
of the vectors &—§ (1<i<j<n). Let P=P,:= @<, Z& denote the rational
character lattice of G (equivalently, the lattice of analytically integral weights of U).
Recall that the cone of dominant weights P *=P," is given by

P,,+:: {().1, ,R,,)EPM]ZZZZZ).,.} (21)
Denote by < the (partial) dominance ordering on P. One has ¢ <2 if and only if
Su<¥a (A<j<n—1) ad Y=Y A 22)

=1 i=1 =1 =1

We write K:=U(n—1) XU(]) and t:=gl(n—1I, C) ®gl(l, C) for the corre-
sponding complexified Lie algebra . K is regarded as a subgroup of U via the
embedding

U—D XU — Un), (A,B)l———><g g) 2.3)

The pair (U, K) is symmetric. Indeed, the involutive Lie group automorphism

6 : U— U defined by 6(g) :=JgJ with

J= Z Crk — Z €K'k s (k'2=n+1—k) (24)
1

1<k<n—I 1<k<

has fixed point group K. The differential of 8 at the unit element e €U, extended
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C-linearly to a Lie algebra involution of g, will also be denoted by 8. The +1
eigenspace of the involution 8 : g — g is exactly the Lie subalgebra f. Writing p for
the —1 eigenspace of 6 we have the eigenspace decomposition g=f®Dp.

For certain purposes, it is more convenient to consider the involution & : g —
g defined by §'(X) :=J'XJ’ with

J= 2 ew— 2. ew— 2 exk- (2.5)
I<k<I' 1<k<i 1<k<I

Since J' is conjugate to J, the involution 8" is conjugate to 8 by an inner auto-

morphism of g. Observe that both 6 and 8 leave uCg invariant.

Let g=1'@®p’ be the eigenspace decomposition of & into +1 and —1 eigen-
spaces. The intersection hN T’ is spanned by the elements h;+h; (1<i<I) and k;
<i<I"), whereas the intersection a:=hMNp’ is spanned by h;—h; (1<i<[) and is
maximal abelian in p’. The positive system of R taken with respect to the
lexicographic ordering of hr := 2.}=1 R A; relative to the ordered basis h;—hy, .
hy—hy, hy+hy, ..., hy+hr, hysq, ..., by coincides with R¥ .

Write g for the restriction of & to a (1<i<I). The root system RChH* is
mapped under the natural projection h* —> a* onto the restricted root system X’
=3>"(g, a). Choose the positive system in X." with respect to the lexicographic
ordering of ag :=Hhr MNa relative to the ordered basis A1 —hy, ..., h;—hy of ag. This
ordering is compatible with the lexicographic ordering of hr introduced above in
the sense that A Ehg is positive if its restriction to ag is strictly positive. The
positive root vectors in X" are

“ey

e (I<i<D), &=*g A<i<j<D, 2 (<i<D),

the roots & (1<i<I) occurring only if n#2l. X’ is isomorphic with BC; if n #2I
and isomorphic with C; if n =2I. The root multiplicities corresponding to the short,
medium, and long roots are

m1=2(n—21), m2=2 (I>1), m3=1. (26)

For later purposes, it is convenient to rescale the root system .’ by a factor 2. So
we see X :=2%.'Ca*, g:=2¢ (1<i<I). Then the corresponding weight lattice
Py Ca* is the Z-span of the g; (1<i<I), and the set Ps{ of dominant weights 2=
>0 1;€; (taken with respect to the lexicographic ordering on ag introduced above)
is characterized by the condition y;>--->y; >0. The dominance ordering < on
Py is explicitly given by

pSAE= S m<S A A<i<D. 2.7
1=1 =1

Let K'C U denote the connected subgroup corresponding to ¥'. The symmet-
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ric pairs (U, K) and (U, K") are Gelfand pairs, i.e. every finite-dimensional
irreducible representation of U has at most one K-fixed vector up to scalar
multiples. According to [He, Chapter V, Theorem 4.1], a highest weight AEP "
is K'-spherical, i.e. corresponds to a representation with a non-zero K’-fixed vector,
if and only if the restriction of 1 to hNT is zero and the restriction of A to a lies in
P5. Hence we get the following result.

Theorem 2.1. The set P&’ CP ™ of K-spherical dominant weights consists of all
dominant weights of the form

A= (Al, ey 11, O, ery 0, _11, ceey _kl)

Write 1*:= (44, ..., A;) for a dominant weight A &Pg". The assignment A —>
A" defines a bijection of P onto Pst. Let @, &P be the spherical weight for which
@!=(1"). Then P =®<,</Z.®w,. We will call {&,}!—; the fundamental domi-
nant spherical weights.

Let A denote the algebra of polynomial functions on U, A(T) the algebra of
polynomial functions on the maximal torus T. 4 (T) may be naturally identified
with the algebra C[z*']=CI[z{"}, ..., z;'] in n variables z; (1<i<n) in the
following way. Observe that T ~ihg /27iP via the exponential mapping, where
P=o 1<j<n Zh;. Then the coordinate functions z; can be defined by z;:=e%, where
e5([X]) :=e5® for [X] ET with XEibg a representative of [X]. More explicitly,
z; is given by

z;: diag(e”1, €2, ..., €%) €%, (6:E[0, 27))
where diag (ay, ..., a,) is the diagonal matrix with a, ..., a, on the diagonal.

Let # CA denote the subalgebra of K’-biinvariant functions. One has the
decomposition

H=0 #Q), Q) =x#NWQA), 2.8)

AEPY
W (1) CA denoting the subspace spanned by the matrix coefficients of the irre-
ducible representation of highest weight 1. Each of the subspaces # (1) (A€Px")
is one-dimensional, since (U, K”) is a Gelfand pair. Any non-zero element ¢ (1) of

# (A) is called a zonal spherical function.
Set

T :=exp(ar)/(expliag ) NK") ~iag /27iQ%., (2.9

with Q¥ Cag the coroot lattice of 2.. More explicitly, the coroot lattice Q. is the
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Z-span of the elements %(h,-—h,w) (1<i<D), exp(iag) are the diagonal matrices

diag(e®, ...e%, 1, ..., 1, e, ...,e ) ([0, 271)),

and exp(iag ) NK’ are the matrices in exp(iag) of order 2.

Write log : T, — iagr for the multi-valued inverse of the exponential map exp :
iag — T;. Similarly as for 4 (T), the algebra of polynomial functions on T; may
be identified with the algebra C[x™'] of Laurent polynomials in the [ variables x;
(1<j<I), where the identification is given by x;(z) :=e%%¢®’ | In other words, the
map x; is given by

x;: diag(e?, ...e, 1, ..., 1,e7, ..., e ™) &%,

If follows that the algebra C[x*'] of polynomial functions on T, can be
naturally embedded in the algebra C[z*!] of polynomial functions on the maximal
torus T by the assignment

— —1 — -1 — -1
X\ =21z, ', X2=23z, %1, ..., xi=ziZ,}ii-. (2.10)

Let S:= &, denote the permutation group on ! letters, W := %", =7} X &, the Weyl
group of >.. The natural action of #” on ag descends to T,. Hence # acts nat-
urally on the algebra C[x=']. Write C[x*']” for the subalgebra of # -invariant
Laurent polynomials. By Chevalley’s restriction theorem and the above-mentioned
natural embedding of C[x*'] into C[z*'], we have the following theorem.

Theorem 2.2. Restriction to T induces an isomorphism of # onto the algebra
C[x*'1" of W -invariant Laurent polynomials in the variables x; (1<i<I).

By Theorem 2.2 the direct sum decomposition (2.8) of # gives rise to a
unique (up to rescaling) linear basis of C[x*']*. This linear basis can be
expressed in terms of BC type Heckman-Opdam polynomials, which we will now
define.

Let Vyo denote the set of triples k:= (ki, k1, k3) of real numbers such that k;
+ky> —% , ky >0, k3 > —%. Define an inner product <, - Ypo=¢<-,- Y50 on
Cx*” by

P, Qo= [, POQE uo(t; k) @2.11)

Here dt denotes the normalized Haar measure on the torus T;. The continuous
positive weight function t —— Auo (¢ ; k) on T, is defined by
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AHO(t ; k) = H (e —;—-i(a, log(t)>_e——;-i<a, 1og(t)>)ka . (212)

2EY

The multiplicity parameters k, are by definition equal to k; (=1, 2, 3), depending
on whether ¢ = X is a short, medium, or long root. It /=1 there is no dependence
onk,.

Recall that the usual orbit sums

m(x) = 2 x* (AEP) (2.13)
LEWA
form a linear basis for the algebra C[x*']”. The Heckman-Opdam hyper-
geometric orthogonal polynomials associated with the root system > =BC; (cf.
[HS, Part I]) are the uniquely determined family {P/°|1EPs} such that

(i) P”"—m;—l—z ey, (i) PO, m,)uo=0 for u<A. (2.14)

It is proved in [HS, p. 18] that, for any kEVxo, the P#%(x ; k) are mutually
orthogonal with respect to the inner product (2.11).

In the following theorem the zonal spherical functions on the symmetric space
U/K are expressed as BC type Heckman-Opdam polynomials (cf. [HS, p. 76]).

Theorem 2.3. Under restriction to the maximal torus T, the zonal K’'-spherical
function ¢ (1) (AEPY) is mapped onto (a scalar multiple of) the Heckman-Opdam
hypergeometric polynomial P, R0(x ; k) with k;= 2 m; (i=1,2,3).

Of course, the zonal K-spherical functions can be described in the same way,
since the subgroups K and K’ are conjugate.

For later purposes, it is convenient to rewrite the zonal spherical functions in
terms of generalized Jacobi polynomials, which are defined as follows. Write
C[x]® for the algebra of symmetric polynomials in the variables x; (1<i<I). A
linear basis of this algebra is formed by the monomial symmetric polynomials
my(x) =X, ee1x”* (AEPS). Let V; denote the set of triples (a, 8, t) of real
numbers such that @, 3> —1 and >0. For any (a, 8, 7) EV;, we define an inner
product -, - »,;=<{-,- >¢% 7 on C[x]® by

®@u=[, [ PEOG) 4,6x; 0,85 D, (2.15)
with dx=dx, ... dx, and

4G, B30 = 1T (1—x)fxe| 4G |, 2.16)
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where 4 (x):=ILi;(x;—x;) is the Vandermonde determinant. The generalized
Jacobi polynomials {P{(x ;a, 8;7) |AEPs} (cf. Vretare [Vr]) can now be defined
by the same conditions (2.14) with 1, replaced by m; and {-, - Ygo replaced by
<oy

As shown in [SK, §3], the simple change of variables x; —> — % Geit+x7t—
2) transforms the symmetric polynomials P{ into (a scalar multiple of) the # -
invariant Laurent polynomials P#°. The parameter correspondence is

a=k1+k3—i, B:kg—i, T:kz.
2 2

Under this change of variables, the orthogonality relations of the Heckman-Opdam
polynomials with respect to <-,- )go become the orthogonality relations of the
generalized Jacobi polynomials P{ with respect to -, - ;. The integral of the
weight function 4,(x ; a, B; ) was first evaluated by Selberg in his well-known
paper [Sb] :

fl =0 f:lc =0 H ‘xi—xj|zr ].’—[x:'l(l_xi)ﬁdx:
" e - (2.17)
1 Lt G=DDr@+1+(G-Dor (et

Ta+p+2+U+j—2)0I(z+1)

By the above-described relation between BC type Heckman-Opdam polynomials
and generalized Jacobi polynomials, the zonal spherical functions in Theorem 2.3
can be rewritten as generalized Jacobi polynomials with parameter values @ =n—
21, 3=0 and z=1.

Observe that the zonal spherical functions, being matrix coefficients of
irreducible representations, are mutually orthogonal with respect to the L* inner
product on A CL*(U, dg), where dg is the normalized Haar measure on U (Schur
orthogonality). The restriction of the L? inner product to the algebra # of bi-K'-
invariant matrix coefficients coincides under the isomorphism of Theorem 2.2 with
the inner product { -, - Yo on C[x*']* up to a non-zero positive constant. This

constant can be explicitly determined using the evaluation of the Selberg integral
2.17).

§3. BC Type g-Hypergeometric Orthogonal Polynomials

In this section we recall three families of multivariable (BC type) basic
hypergeometric orthogonal polynomials. Later on, certain subfamilies of these
multivariable orthogonal polynomials will be interpreted as zonal spherical
functions on quantizations of the classical complex Grassmannian. These families
are g-analogues of the generalized Jacobi polynomials (or, equivalently, g-
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analogues of the BC type Heckman-Opdam polynomials) and multivariable
analogues of well-known families of basic hypergeometric orthogonal polynomials
occurring in the Askey tableau [AW].

We start with introducing some notations and conventions. We fix 0<g<1 in
the remainder of this paper. The g-shifted factorial is given by

—1 oo
(@; =11 OA—¢a) GEZL), (@;9==1II (1—¢a.
j=0 J=0
We use the shorthand notation
@iy ooy @m; @)= I—[1 (@j;9); GEZ+ U{o})
et

for products of g-shifted factorials. Fix NEZ and a, BEC. The Jackson g-integral
truncated at N is defined by

fif(x)dq,zvx5=fjf(x)dq,yx—f:f(x)dq,wx,
fif(x)dq,wx = kzif(ﬂq") (Bg*—Bg*™) if N>0,
f ﬁ fG)dy, yx:=0 if N<O.
The (non-truncated) Jackson g-integral is defined by
Jos@dexi=fim [ Gdux,

provided the limit exists. The three families of multivariable orthogonal polyno-
mials we recall in this section are the Koornwinder polynomials (cf. [K3], [S3],
[S4]), and the multivariable big and little g-Jacobi polynomials (cf. [S1], [S4]).
The Koornwinder polynomials are multivariable analogues of the well-known
Askey-Wilson polynomials. In the multivariable setting, these families depend on
one additional deformation parameter t< (0, 1). Since we only need the case t=
g* with k> 1 integer in this paper, we restrict ourselves to recalling the definitions
and results for this special case. We first specify the parameter domain Vx and the
orthogonality inner product < - , - )y for each family (X=K, B, L), where K stands
for Koornwinder polynomials, and B resp. L stands for big resp. little g-Jacobi
polynomials.
For the case X =K we refer to [K3], [S3], [S4]. Take Vx to be the set of

quadruples t:= (¢, t, ¢, t3) such that

(1) 1o, t1, t2, t; are teal, or appear in complex conjugate pairs,

(2) t;it; ¢R21 for 0£l<]£3
Fix tEVk. Fore&< {to, t1, t2, t3} with |e| >1, let N,EZ be the largest integer such
that |eg™| >1. Take N.:= —1if |e| <1. Letft, dx, - dx, denote k-fold contour
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integration along the complex unit circle in counterclockwise direction. For 0<m
<1 define a sesquilinear form ¢ -, - )%, , on the space C[x*']" by

<P, Q>m;:_zl<_'1")_ h;em x11=o ”.f:":=0f."f(x

Qm)t—m . b XDET
— dg, Ne, X1 Ay, NepXm dxmei  dx
P(x x) Am(x) ! m m+l |,
G) 0( A=@xi  A=@)xm Xmt: x;

Here the sum is taken over all ;€ {t,, t1, 12, t3}, and the partial weight function
d.(x; t; q,q ) is defined by

m 1
An) =TT w5 ers frs g s @ 11 walxss 2590 11 x5 @)s,
’ o s.sl'EJ{i'l)
with w, the continuous weight function of the one-variable Askey-Wilson polyno-
mials,
2 =
(tox, to/X, 11X, 11/, 12X, 12/%, 13X, 13/X ; @)

(x?, x~

wy(x; t;9) =
and
wileg';e; f,8,h;q) 1=resx=eqz(w‘(x;—£"q)),
where the f, g, h are such that (e, f, g, h) is a permutation of (o, t1, t2, t3). Then
P, Qx=3 P, Qn (P, QECK™]) €RY
defines a positive definite inner product < -, - )x=<- ,- Yk ..., which is symmetric

in the parameters to, t1, 2, t3.

The integral of the weight function % 4,.:=<1, 1)k, . is a g-analogue of
Selberg’s integral (2.17):

S =] @, 9 0otitat3; @
K,q,t— . - T ._ - - T P .
" =, g, ot tota VT tots T, T, 183, 13T @) w

(3.2)

For the case |to|, |t:1], |22], |£:] <1 this was first proved by Gustafson [G]. The
general case was proved in [S4].
For the multivariable big and little g-Jacobi polynomials (X=B, L) we refer to

[S1] and [S4]. Take V3 to be the set of quadruples (a, b, c, d) such that ¢, d >0
and
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a=(—c/dg, 1/q9), b=(—d/cq, 1/q), (3.3)

ora=cz, b= —dz withz&C\R. Fix (a, b, ¢, d) EV; and define a positive definite
inner product {-,->z=<-,- )3%%¢ on C[x]® by

®on=[_, [ [ L P®O® H@dx.dx, (G4
with weight function 45(x ; a, b, ¢, d ; q, ¢) given by
1
45(x)=4x) I:I1 ws (x;) I:I x?*Ng X /%5 Qe (3.5)

Here 4 (x) = 11<i<j<1(xi—x;) is the Vandermonde determinant and

) . (gx/c, —gx/d ; @)
walxia by i g e, —gba/d )

is the weight function of the one-variable big g-Jacobi polynomials. The evaluation
of the integral £%%%5%:=<1, 1)§%% was first conjectured by Askey [A] and
subsequently proved by Evans [E]:

L Fla+ 1+ G— DB +14 G — 1Dk, k)
i r,(a+B+2+A+i—2)k)I,(k)

gyoad—1PE-G G
: (3.6)

11 (—d/e, —c/d ; q)w(cd)' 07Dk
Pt (_qa+l+(i—1)kd/c, _qﬁ+1+(i_1)kc/d;q>oo<c+d) ’

where t=¢* (k>1 integer), a=¢", b=q¢” and with
@ =-gi L= (g g
@ ; 9w
the g-Gamma function. Note that (3.6) is another g-analogue of Selberg’s integral
(2.17).
Finally, take Vi to be the set of pairs (g, b) such that a= (0, 1/q) and bE

(—o0,1/q). Fix (a, b) €V} and define a positive definite inner product { -, - Y=
-, )%, on Clx]® by

@ =]

1 R
o[ PE 06 4.y .. dyi, (.7
XI—
with weight function 4.(x ; a, b ; g, ¢*) given by
1
4.(x)=40) T we € 1:[ x* NG X /x5 Qe (3.8)

and



POLYNOMIALS ON QUANTUM GRASSMANNIANS 463

s N

wex:a,b;q)=

the weight function of the one-variable little g-Jacobi polynomials. The evaluation
of the integral #%% ,:=(1, 1)%% . was conjectured by Askey [A] and proved
independently by Habsiecger [Ha] and Kadell [Ka] :

j%,l;’t:l!qk(a+l) (£)+2"2 (Z{)

1T (a+1+G— D, (B+1+ G — Dk, (k)
T,(a+B+2+UA+i—Dk) (k) ’

3.9

where t =¢* (k>1 integer), a=q%, b=q”®. This integral is yet another g-analogue
of Selberg’s integral (2.17).

We now define the corresponding families of orthogonal polynomials.

It will be convenient to write m¥ (AEPst) for rii; (X=K) or my X=B, L).
Fix t=q¢* (k>1 integer) and fix parameters in Vx. The Koornwinder, multi-
variable big resp. little g-Jacobi polynomials {Pf|AEPst} (X=K, B resp. L) are
uniquely determined by the following two conditions :

(1) PEf=mi+ 2 chmy, (i) <P¥ mi)x=0 for u<Aa. (3.10)
u<i

After suitable rescaling of the parameters, the Koornwinder polynomials tend
to the Heckman-Opdam hypergeometric polynomials associated with BC; in the
limit ¢ — 1 (cf. [Djl, §4]), and the multivariable big resp. little g-Jacobi poly-
nomials tend to the generalized Jacobi polynomials in the limit ¢ — 1 (cf. [SK,
Thm. 5.17).

The Pf are joint eigenfunctions of a certain second-order g-difference operator
Dy which is self-adjoint with respect to -, - Dx:

Dyi= 33 67,00 (T,,,—1d) +65,00) (T,1,~ 1) (X=K,B,L), (.11

where T,=1; is the (multiplicative) g*'-shift in the variable x;. In the case X=K
one has explicitly
¢1? (x) - (1 —~tox,-) (1 -—tlx,-) (1 _tzxj) (1 _I3Xj> H (1 —tx,-xj) (1 —tx,-_lxj)
J (1—x) (1—gx}) A (=xx) (I—x"x)

b (x) = (to—x)) (t1—x;) (ta—x;) (t:—x;) (—xx) G—x7'%)
K, () (1—x}) (@—=x}) s (1—xx) (1—x %)

The eigenvalues in this case are given by
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I - .
Ef(t;9, D=2 (@ ' totitatst* 7N (gh— D)+ (g4 —1)).
=1

For the g-difference operators Dy and their eigenvalues in the cases X=B, L see
[S1].

As shown in [S3] (X=K) and [S1] (X=B, L), the self-adjointness of Dy with
respect to -, - )x may be used to prove full orthogonality :

P, POx=0 (A, kEPS, A#1). (3.12)

We remark that for t& Vi with |t0], |t1], |t2], |t3] <1, the orthogonality measure
for the Koornwinder polynomials reduces to the completely continuous orthogo-
nality measure which was considered for the first time by Koornwinder [K3].

For certain values of the parameters, for instance tot,£,¢:& [—¢, 1), one has
Ef#EXif 1 <u (cf. [SK, Prop. 4.6]). The Koornwinder polynomials may then be
characterized by the conditions

(1) PA :ﬁ"lz‘i' ;:C;ﬂm#, (]_1) DKP,1 E Pa (313)
©

Using this characterization, we can read off certain elementary symmetry proper-
ties of the Koornwinder polynomials from the corresponding symmetry properties
of Koornwinder’s second-order g-difference operator and its eigenvalues. In the
following lemma we formulate two of them.

Lemma 3.1. Let tEVx such that tot1t:ts [ —q, 1). Then the Koornwinder
polynomial P,(. ; t; q, t) is symmetric in the four parameters to, t,, t, and t;, and
satisfies

Pix; —t;¢4,0=(—DHP(~x;1;q,0),
where —x = (—x1, ..., —x;) and, similarly, —t=(—to, —t1, —t;, —t3).
Write |A] =27, A; for AEPs', and cx = (ex, ..., cx;) for cEC. We have
the following limit transitions from Koornwinder polynomials to multivariable

big resp. little g-Jacobi polynomials (cf. [SK], [S2]). Fix AEPsf and k>1. For
(a, b, ¢, d) EV3 we have the limit transition

€0

lim <E(Cd> >W X (d)_l_ ;18(€) 54, q >—Pf(x a,b,c,d;q,q°), (3.14)

where
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ta(e) = (e (ge/d)+, —& ' (qd/c)7, ea(gd/c) T, —eb(ge/d)™).  (3.15)

For (a, b) €V, we have the limit transition

(€ N\ qg'x ) s K\ pL(y . Lk
!{?(q%)APIK< £ ,lL(S),q,q>_P1(X,a,b,q’q)’ <3'16)
where
t.(e)i= (s“q%, —aq%, sbq%, —q%). (3.17)

To understand how # -invariant Laurent polynomials can tend to symmetric
polynomials observe that lim, ,o&'* 171, (x/8) =m; (x) (AEP).

Let us write m¥ (1<i<I) for the orbit sum in C[x*']* corresponding to the
i-th fundamental weight (X=K) resp. for the i-th elementary symmetric polyno-
mial in C[x]® (X=B, L). Itis known (see [B, Ch. VI, §4, Thm. 1]) that the m¥
(1=£i<]) are algebraically independent and generate the algebra C[x*'1" resp.
C[x]®. It therefore makes sense to introduce the notation

Bfm¥(x), ..., mf&x))=Pf(x) QeEP). (3.18)

The P¥ are (non-symmetric) polynomials in / variables. We may reformulate the
above limit transitions in terms of these polynomials in the following way.

lim e DM PE Gsepry ooy styrs t5(E) 5 4, ) =P (y1, ..., iz a,b,¢,d 5 g, 49

(3.19)
with s, :=q7/e (cd)+, and

lim DM PE(seyiy oons sty 22(8) 59,40 =P;(yy, ..., y1;a,b; 4, 45

(3.20)
with s, 1=q%/£.

Important for our applications of the multivariable orthogonal polynomial
theory to the study of zonal spherical functions on quantum Grassmannians is the
fact that the limit transitions (3.14) and (3.16) extend to rigorous limits on the
level of the orthogonality measure. This means that the orthogonality measure of
the Koornwinder polynomials tends (in a suitable weak sense) to a non-zero
multiple of the orthogonality measure of the multivariable big respectively little g-
Jacobi polynomials in the limit (3.14) resp. (3.16) (see [S4]). In particular, the
quadratic norms of the multivariable big and little g-Jacobi polynomials can be
derived by computing the limits (3.14) and (3.16) in the quadratic norm
expressions of the Koornwinder polynomials (cf. [S4]).
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We reformulate this observation as follows. For parameters t=Vk, (a, b, c, d)
EV;3 and (a, b) EV;, let the renormalized quadratic norms Nx(1) :=Nx(1; ¢ q,
t), Ny(A):=Nz(A;a,b,c,d;q,t) and NN(A):=N.(1;a,b;q,t) for \=EP be
defined by

Pf, PIOx
<1y 1>X ’

By the positive-definiteness of { -, - Dy, it follows that Nx{A) is strictly positive for
all A=P5.

NxQ) = (X=K,B,L). (3.21)

Proposition 3.2. ([S4]) For (a, b, c, d) EV5, we have
lim (e (cd/q) )" Ne(5 1(e) 5 ¢, D=NsQ 0, b,¢,d34,1), AEP5).
For (a, b)) EV., we have
lim (eg™ D™ NeQl 1.6 19, 0=Ne(Asa, b3 g, 1), (AEPE),

Remark 3.3. For the explicit evaluations of the quadratic norms of the
Koornwinder polynomials and the multivariable big and little g-Jacobi polynomials
in terms of products and quotients of g-Gamma functions, we refer the reader to
[S4]. The quadratic norm evaluations for the Koornwinder polynomials were
derived earlier in the paper [Dj2].

§4. Preliminaries on the Quantum Unitary Group

Various aspects of the quantum unitary group have been studied in many
different papers. Our main references will be [NYM] and [N, §1], which are
based on the R-matrix approach described in [RTF].

The quantized coordinate ring 4,(Mat(n, C)) of the space of nXn complex
matrices is defined as the algebra with generators #; (1<i, j<n) and relations

tatiy=qtkt, tate=qtxtax G<j),

tity=tits,  titu—tuty;=(Q@—q Dtaty <k, j<D).

In more compact notation, these relations may be written RT, T,=T,T;R. Here
T,'=TQI, T,:=IQ®T({ unit matrix, ® the Kronecker product of matrices), and

R:= Z qdife,-,-®ejj+ (q_q_l) Z e,-j®e,-,-, (41)
y 1>
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with the e; (1<i, j<n) denoting the standard matrix units. The matrix R is
invertible and satisfies the Quantum Yang-Baxter Equation.

The quantized coordinate ring 4,(G) of the general linear group G=GL (n, C)
is defined by adjoining to 4,(Mat(n, C)) the inverse det;' of the quantum
determinant

det, = > (—q)l(a) tioc() --- tna(n)EAq(Mag(n, ©)
0ES,
(I denoting the length function on &), which is central. It follows from [NYM,
Lemma 1.5] that 4,(Mat(n ; C)) has no zero divisors.
There is a unique Hopf algebra structure on 4,(G) such that (¢;) becomes a
matrix corepresentation. The antipode S : 4,(G) — 4,(G) is given on the gener-
ators by

St =(—¢g)7 Ef: det,!

with i:= {1, ..., n}\ {i}, and with the quantum minor &/ for subsets I = {i; <---<
i}, J={ji<--<j}CA{1, ..., n} defined by

EJI::HEZS’ (=) Pty e by
A,(G) becomes a Hopf *-algebra by requiring (¢;) to be a unitary matrix co-
representation. In particular, this means that the =-structure is given by ¢ ‘=S (tji).
We write 4,(U)=4,(U(n)) for 4,(G) endowed with this #-operation. The
mapping 7:=# O S is a conjugate-linear involution on 4,(U) such that 7(t;) =¢;.
The quantized Borel subgroups 4,(B*) of upper resp. lower triangular
matrices are defined as the Hopf quotients of 4,(G) by the relations

t;=0 (@>j) resp. 1;=0 (<j).

The corresponding projections will be denoted by 7 : 4,(G) — 4,(B*). Note
that the z;:=7+(t;) (1<i<n) in 4,(B*) are invertible. Corresponding to the
diagonal subgroup TC U(n) we have a natural surjective Hopf *-algebra mor-
phism |1 of 4,(U) onto the Laurent polynomial algebra A (T) :=C [z}, ..., z7'].

Next, we briefly recall the “global” description of finite-dimensional corep-
resentations of 4,(U). For every A&P (cf. §2), we may define a linear character
(i.e. one-dimensional corepresentation) z*:=z1 -+- z2» of 4,(B*) or A(T). Using
these linear characters it is completely straightforward to define (highest) weight
vectors in left or right 4,(U)-comodules. We take highest weight vectors of right
resp. left 4,(U)-comodules with respect to A,(B*) and A,(B~) respectively. For
instance, a highest weight vector of weight A&€P " in a right 4,(U)-comodule M is
a non-zero vector v&EM such that
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(d®zxy) opu(y) =v®2*,

Ou: M —> M®A4,(U) denoting the comodule mapping. Finite-dimensional 4,(U)-
comodules are then completely reducible and unitarizable (see, for instance,
[NYM], [DK2]). Recall that a right 4,(U)-comodule M endowed with a positive
definite inner product (taken to be conjugate linear in the second variable) is called
unitary if

(;) <V(1) , W(1)>Wa)V(z)=<v, wyl (v, WEM),

where the symbolic notation X, v ®v@y =0k () is used. The irreducible finite-
dimensional 4,(U)-comodules are parametrized by dominant weights A€EP * as in
the classical case (cf. [NYM, Th. 2.12]). The irreducible right 4,(U)-comodule
with highest weight &P * is denoted by Vx(1). The vector space ¥, (1) := Hom
(Vr (1), C©) has a natural left 4,(U)-comodule structure, which is also irreducible
of highest weight 1. If no confusion is possible, we will write V(1) for the left
comodule ¥ (1) respectively for the right comodule Vz(1).

Remark 4.1. Let M be a finite-dimensional right 4,(U)-comodule with
comodule mapping oy : M — M®A4,(U). Write M° for the vector space complex
conjugate to M and 0 : M®A4,(U) — 4,(U) ®M for the flip. Then the mapping

pi: M° —>A,(U)RM°, p,:=(t®id) 000 oy, (4.2)

where == 0§, defines a left 4,(U)-comodule structure on M°. In (4.2) py is
considered as a conjugate linear map from M° to M®A4,(U), and 7®id as a
conjugate linear map from 4,(U) ®M to 4,(U) ®M°.

The assignment M —— M° is a 1-1 correspondence between right and left
A,(U)-comodules preserving weights and highest weights. Hence M ° is isomorphic
to the left 4,(U)-comodule Hom (M, C). A right A,(U)-comodule intertwiner ¥ :
M — N also intertwines the left 4,(U)-comodule structures of M° and N° (i.e.
when ¥ is considered as a map from M° to N°).

Recall that the comultiplication 4 : 4,(U) — 4,(U) ®4,(U) defines a bico-
module structure on 4,(U). Let W(1)CA4,(U) (AEP™) denote the subspace
spanned by the matrix coefficients of either Vzx(1) or V. (1). The irreducible
decomposition of the bicomodule 4,(U) reads

4,@)=@ W), WD=V,D)8VxQ). 4.3)

Let & be the normalized Haar functional on 4,(U). It can be characterized as the
unique linear functional on 4,(U) which is zero on W () for 0#AEP " and which
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sends 1€4,(U) to 1&C. The subspaces W(A) are mutually orthogonal with
respect to the inner product ¢, ¢):=h(¢*p).

We consider now in some more detail the vector corepresentation, its dual
representation, and their exterior powers. Let ¥V denote the vector space C* with

canonical basis (v;). ¥V becomes a right 4,(U)-comodule (called vector corepre-
sentation) with

pr: V=V ®A,M), oy =2 w8t (1<j<n). (4.4)

V is irreducible with highest weight &, and highest weight vector v;. Note that the
vectors v; have weight . The corepresentation V is unitary with respect to the
inner product <v;, v;) =6;.

Let V* denote the linear dual of ¥ with dual basis (v*). ¥* becomes a right
A,(U)-comodule (contragredient of V) with

ovx s VE — V@4, (U), pyx(F) =2 vF@r (1<j<n). (4.5)
=1

V* is irreducible with highest weight —&, and highest weight vector v,*. Note that
the vectors v;* have weight —&;. The corepresentation V* is unitary with respect to
the inner product (v*, v*):=q ?* % §,;, where p:= X}_,(n—k)&. This follows
from the well-known fact that S?(t;) =¢® 5 &t; (1<i, j<n).

Let A,(V) resp. A,(V*) denote the associative algebra generated by vy, ..., v,
resp. vi, ..., vJf with relations

vwAv=0 (1<i<n), vwAv=—q 'vAv; (<)) (4.6)

respectively
vEAYVE=0 (1<i<n), vfAv*=—g v *Ay* (<)). @.n
Then A, (V) resp. A,(V*) inherits a natural right 4,(U)-comodule structure from
V resp. ¥* by extending the comodule mapping oy resp. oy* as a unital algebra

homomorphism. A,(V) resp. A,(V*) also has a natural grading such that the
generators v; resp. v;* have degree 1 :

A= @o A, (W), A,(V*)= 63) Ay(V*).
Write v, :=v; A+ Av; tesp. v i=vIA - AvFif I= {ii<-<i {1, ...,n}. Write
|I| for the cardinality of I. Then the v; resp. v/ (|I|=r) form a basis of A;(¥)
resp. A;(V*). One has the multiplicative property (I, JC {1, ..., n})

viANv;=sgn, I ; Dvius, v Avii=sgn,J ; Dviys
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where
@D 0 if INJ#4,
sgn,(I;J):=
! (—@)'@D if INJ=g,

and I(I; J):=|{G, H)EIXJ|i>j}|. The comodules A;(¥) and A;(V*) are
irreducible subcomodules of A,(¥), and the coactions satisfy

ov(vs) = mZ:r v®&, o) = MZQ vi@ED* (|J]=n. (4.8)
From this it follows immediately that
4€h=3 aeer (1), 17i= (4.9)
and hence

> E&SEHD =0, (I, [J]=n. (4.10)

IK|=r

We furthermore recall (cf. [NYM, (3.2)]) that the quantum minors satisfy

sgn, ;79

., 1o B et (II=11=n), @.11)

EH*=8E)=

where I¢:={1, ..., n}\I.

The 4,(U)-comodule Ay (V) resp. A;(V*) has highest weight A,:=& + -+
& resp. Ap—,—ANy=—E,—r+1— - —E, with highest weight vector v;/\--- Av, resp.
vE A Avik 1. The inner product on A;(¥) such that <{v;, v;) =06y, is 4,(U)-
invariant. On the space A;(V*) we have the invariant inner product <vf, v;) =
01, 7q~ % e, where &= 2c/&;.

Let U,(g) =U,(gl(n, C)) denote the quantized universal enveloping algebra
(cf. Drinfel’d [Dr], Jimbo [J]) associated with the Lie algebra g=gl(n, C). In
our notation we essentially adhere to Noumi [N, §1]. We refer to this last paper
for any details not treated here. The algebra U,(g) is generated by elements g"
(hEP) and ¢, f; (1<i<n—1) subject to the quantized Weyl-Serre relations.

More useful for the purposes of this paper are the L-operators L;}, L; €U,(g)
(1<i, j<n). They generate U,(g) subject to certain commutation relations that
may be conveniently expressed by means of the matrix R defined in (4.1) (cf.
[RTF]). The matrices L™= (L;;) are upper resp. lower triangular, and L; =g~ &
(1<i<n). The Hopf =-algebra structure on U,(g) is uniquely determined by

A(L,-j-f)sz,%@L,;—*j, e(Li)=6y, WH*=S&i) U<i,j<n) (4.12)

The involution t=# 0 S : U,(g) — U,(g) acts on the generators as
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(L) =LF 1<i,j<n). (4.13)

There is a natural Hopf *-algebra duality { -, - ) between U,(g) and 4,(U).
This means in particular that we have

W, *)=CGW), ), w*, o=, 1(p)) WeEU,(9), 9€4,(1)). (4.14)

We write U,(h) for the subalgebra generated by the ¢" (h&P). It is Laurent
polynomial in the elements g% (1<i<n). There is an induced Hopf *-algebra
duality between U,(h) and 4 (T) such that

G, z")=q%?, F=z--z (b, AEP).

For a right 4,(U)-comodule (M, pu), the 4,(U)-coaction py can be “differ-
entiated” using the Hopf algebra pairing -, - ). This yields a left U,(g)-module
structure on M (cf. [NYM]). To be precise, the left U,(g)-action on M is defined
by

X vi= g: X, V(2)>V(1), (XEUq(g), VEM), (4.15)

where oy (v) =: 2y va) ®vo) EM ®A,(U) for vEM. For example, differentiating
the vector corepresentation (4.4), the corresponding left U, (g)-action gives rise to

an algebra homomorphism py : U,(g) — End(¥), which is uniquely determined by
the formulas

Ri:Z eij®pV(Lijt')3 RH'= .Z: eij®DV<S(Li;"'r))- (4.16)

Here R™:=R~!, R*=PRP, and P=13, e;;®e;; is the permutation operator. By
differentiation of right 4,(U)-coactions, a 1-1 correspondence is obtained between
right 4, (U)-comodule structures on a finite-dimensional vector space M and P-
weighted left U,(g)-module structures on M. Recall that M is P-weighted if it is
spanned by vectors that transform under U, () according to ¢" - v=g®* v (AEP).
A highest weight vector v of highest weight 2 in a left U,(q)-module M is then
characterized by the conditions L;; - v=0 (>j) (or, equivalently, X;" - v=0 for
i€[1, n—1]) and ¢" - v=q®*v. There is a similar relationship between left
A,(U)-comodules and right U, (g)-modules. For a right U,(g)-module M, a weight
vector 0#vEM is a highest weight vector if v + L; =0 (i<j) (or, equivalently,
veXi=0foric[l,n—1]).

Remark 4.2. For a right 4,(U)-comodule (M, py) and for an element vEM,
we write v° when considering v as an element in the left 4,(U)-comodule (M°, o)
(cf. Remark 4.1). Then the differentiated right U,(g)-module structure on M° is
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related to the differentiated left U, (g)-module structure on M by v° -X=(X"*-v)°,
where vEM and XEU,(g).

The coalgebra structure of A,(U) naturally induces a A4,(U)-bicomodule
structure on 4,(U). By differentiating this 4,(U)-bicomodule structure, 4,(U)
becomes a U, (g)-bimodule with U, (g)-symmetry. The action of the L-operators is
then given by

LIL ° T2=T2Ri—, Tz ‘LF:RiTz. (4.17)

Obviously, the irreducible decomposition of the U, (g)-bimodule 4,(U) is given by
(4.3). This decomposition may also be characterized as the simultaneous eigen-
space decomposition of 4,(U) under the action of the center Z C U,(g).

It can be shown that the pairing -, - ) is doubly non-degenerate (cf. [KS,
Cor. 23, 54]). In particular, 4,(U) can be embedded as Hopf #-algebra into the
Hopf #-algebra dual of U,(g). The image under this embedding is the Hopf
subalgebra spanned by matrix elements of finite-dimensional P-weighted U,(g)-
modules.

§5. Spherical Corepresentations

We call4,(K) :=A4,(U(n—1)) ®4,(U(])) the quantized coordinate ring of K.
Corresponding to the embedding (2.3) there is an obvious surjective Hopf #-
algebra morphism 7 : 4,(U(n)) — 4,(K). Write A,(U/K) for the right 4,(K)-
fixed elements in 4,(U), i.e.

A,(U/K) = {p€4,() | (i[d®mx) 0 4(p) =9®1}. (5.1

Observe that 4,(U/K) is a left 4,(U)-comodule #-subalgebra of 4,(U). The
algebra 4,(U/K) can be interpreted as a quantized algebra of functions on the
complex Grassmannian U/K.

For the study of 4,(U/K) it is important to obtain explicit information about
A,(K)-spherical corepresentations of 4,(U), i.e. finite-dimensional right 4,(U)-
comodules with non-zero 4, (K)-fixed vectors. Recall that a vector v in a right
A,(U)-comodule M with comodule mapping oy : M — M®A4,(U) is 4,(K)-fixed if

(id®mx) cou(y) =v®1. (5.2)
One defines 4,(K)-fixed vectors in left A,(U)-comodules in a similar way. In this

section we discuss the proof of the following theorem, which states in particular
that the pair (4,(U), 4,(K)) is a quantum Gelfand pair :
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Theorem 5.1. Every finite-dimensional irreducible corepresentation of A,(U)
has at most one A,(K)-fixed vector (up to scalar multiples). The finite-dimensional
corepresentations with non-zero A,(K)-fixed vectors are parametrized by the classical
sublattice P¢ of spherical dominant weights (cf. §2).

Remark 5.2. Let M be a finite-dimensional right 4,(U)-comodule. It follows
from Remark 4.1 that a vector vEM is 4,(K)-fixed if and only if vEM° is 4,(K)-
fixed. Hence, any statement about 4,(K)-fixed vectors in right 4,(U)-comodules

immediately translates to a corresponding statement for left 4,(U)-comodules and
vice-versa.

For the proof of Theorem 5.1 it suffices to show that the irreducible decom-
position of Vx(1) as a right 4,(K)-comodule is the same as the decomposition of
the irreducible finite-dimensional representation of U(n) with highest weight A
when restricted to the subgroup K. One way of establishing this result is by
differentiating the coaction of 4,(U) on Vz(1) using the doubly non-degenerate
Hopf algebra pairing between 4,(U) and U,(g). Then the desired result follows
from well-known results on the representation theory of quantized universal
enveloping algebras. This approach is quite general, and is treated in more detail in
[SD].

In this section we discuss another proof of Theorem 5.1 which does not rely on
the quantized universal enveloping algebra technique. The strategy will be to relate
the decomposition of the restriction to 4,(K) of the right 4,(U)-comodule Vz (1)
(AEP™) to characters on the maximal torus T. The following general result about
corepresentation theory of semisimple coalgebras is needed (a coalgebra is said to
be semisimple if every finite-dimensional A-comodule is completely reducible).

Proposition 5.3. Let A and B be semisimple coalgebras. Then every finite-
dimensional A ® B-comodule is completely reducible. Write {V,|a A} and (V5 8E
B} for a complete set of mutually inequivalent, irreducible, finite-dimensional right
A- and B-comodules, respectively. Then

{(V.XVslacd, BEB} (5.3)

is a complete set of mutually inequivalent irreducible finite-dimensional right A ® B-
comodules. Here V,XV;=V,®V; as a vector space and it has right comodule
structure given by 0,X05:= 05 © (0,®05), where 0 is the flip of the second and
third tensor component and where p, and pg are the right comodule mappings of V,
and Vyg, respectively.

The proof of the proposition is similar to the analogous, well-known result for
tensor products of semisimple algebras and will therefore be omitted here.
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For AEP " with 1, >0, define the Schur polynomial s; (z) €4 (T) by

51@)=47"@) L (— D)W@),
wES,

with 4 (z) := I1;<;(zi—z;) the Vandermonde determinant. For arbitrary AEP * with
A= —m (mEZ) define s (z) =z "ns53:ma, (2) EA(T). Then thes; (AEP ™) are
well-defined and form a basis of the subalgebra 4 (T)®» of symmetric Laurent
polynomials. Recall that the character of a finite-dimensional 4,(U)-comodule M
is defined by yxu:= X, 7:EA4,(U), where the 7;;EA4,(U) are the matrix coefficients
of M with respect to a basis of M. The character x is independent of the particular
choice of basis for M. Asshownin [NYM, (3.22) ], the character x,E4,(U) of the
irreducible comodule Vz (1) satisfies

ir=n@ QEP), (5.4)

as in the classical case (g=1).

Proposition 5.4. Let A&P *. The restriction of the A,(U)-comodule V() to
A,(K) decomposes as

Ve@)= @ (Va @) ® Va(W))®eis, (5.5)

the sum ranging over L &P,",;, vEP,". Here the c}, , are the non-negative integers
characterized by

$:@1, sz =2 ch sz, ooy Za DS Cariy el Z0), (5.6)
i,
the sum ranging over LEP,",, vVEP," .

Proof. There exists a decomposition (5.5) for certain uniquely determined
non-negative integers c;. , by the previous proposition. It follows from (5.4) that
the c},, satisfy (5.6), since xuxn=xu®xyEA4,(K) for a finite-dimensional right
A,(U(n—1))-comodule M and a finite-dimensional right 4,(U(I))-comodule N.

O

We conclude from Proposition 5.4 that the abstract decomposition of an arbitrary
finite-dimensional right 4,(U)-comodule M into irreducible 4,(K)-comodules is
the same as in the classical (g=1) case. Hence, at this point we see that Theorem
5.1 is a consequence of Theorem 2.1.

Remark 5.5. The proof of Theorem 5.1 can also be derived from Proposition
5.4 using the Littlewood-Richardson rule (cf. Macdonald [M2]), which is a
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combinatorial rule for computing the coefficients ¢ , in (5.6).

§6. A One-Parameter Family of Quantum Grassmannians

In this section we define a family of quantum Grassmannians depending on
one real parameter — o <g<oo (cf. [NDS, §2]). The key ingredient in the
definition will be the n Xn complex matrix J¢ defined by

Jo= 2 (1—gew+ 20 ew— 22 qeir— 22 q°exx, (6.1)
1<k<1 I<k<LI 1<k<I 1<k<I

where k’:=n—k+1 (1<k<n). Observe that lim, . «J°=J, where J~ is defined

by

n—l
JT = kz=]: €kk - (62)
The subspace I° CU,(g) is by definition spanned by the coefficients of the matrix
L*J°—J°L-€End(V)®U,(g). (6.3)

It follows from (4.12) that % is a two-sided coideal in U,(g), i.e. 4(?) CU,(g) ®
1°+1°®U,(g) and &(f?) =0. This remains true when J is replaced by any n Xn
matrix J in the definition of °. Moreover, since J° is a symmetric matrix, it follows
from (4.13) that £° is z-invariant.

Define the subalgebra 4,(1° \U) CA4,(U) as the subspace of all left I°-invariant
elements in 4,(U), i.e. all a©A4,(U) such that I° - a=0. As is well-known (cf. for
instance [DK1, Prop. 1.9]), the fact that I° is a z-invariant two-sided coideal
implies the 4,(°\U) is a =-subalgebra which is invariant under the right U,(g)-
action on 4,(U) (or, equivalently, the left coaction of 4,(U) on itself). Important
for the study of 4,(f?\U) is the fact that X=J° is a solution of the reflection
equation

RuXiR5'X,=X,R%'X Ry, (6.4)

where Ri;:=R, R,;:=PRP(=R™"), X,=X®idy and X,:=id,®X. This fact can be
verified by direct computations.

Remark 6.1. The algebra 4,(f°\U) can be considered as a quantized coor-
dinate ring on the complex Grassmannian U(n)/(U(n—I) X U(I)) in the following
way (see [NDS] for more details). The quantum space of nXn Hermitean
matrices is defined as the algebra generated by X = (x;;);; with relations given by the
reflection equation (6.4). It can be endowed with a *-structure and a left 4,(U)-
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coaction (the quantum analogue of the adjoint action). Since J? is a solution of
(6.4) it gives rise to a (*-invariant) character of the quantized algebra of functions
on the space of Hermitean matrices. In other words, J° corresponds to a classical
point in the quantum space of Hermitean matrices. Then 4,(°\U) may be con-
sidered as the quantized algebra of functions on the adjoint orbit of the classical
point corresponding to J° (see [NDS, Prop. 2.4]). Since J° has two different
eigenvalues 1 and —q¢?° with multiplicity n—/ and [ respectively, this quantum
adjoint orbit is isomorphic with the complex Grassmannian U(n)/ (U —I) X

ud)).

The quantized function algebra 4,(U/K) (5.1) can formally be interpreted as
the algebra 4,(£?\U) with g — oo. To make this a little bit more explicit, we write

11L+ 12L+ 13L+ llL— 0 0
L+= 0 22L+ 23L+ L—z ZIL— 22L— 0
0 0 33L4- 31L— 32L— 33L—
where "L" is an I X[ matrix, 2L" an (n—2[) X (n—2I) matrix etc. Let D be the
I X1 matrix with 1’s on the antidiagonal and 0’s everywhere else. The coefficients
of the matrix L*J°—J°L~ coincide with the coefficients of the following six
matrices up to a sign :
(1) qa(D°31L__13L+ _D)+(1_q20)(11L+_11L—>
(11) 12L++an,32L—’
(111) 23L+ 'an+21L_,

(6.5)
(IV) 22L+_22L—,
(V) 11L+,an_an°33L—,
(V.[) 33L1-.an_an,11L—.
Obviously, the coefficients of the following matrix are also contained in £7:
(vi) ¢°D-BL*—3L™ -D)+(1—¢*)(*L*—3L"). (6.6)

For later use, observe that the following elements of the “Cartan subalgebra” U, (h)
belong to 7:

Lif—-L; (I<i<l), Li—Lyz (<i<D), L;i—L# (<i<D). 6.7

It is clear from (6.5) and (6.6) that, in the limit 0 — <o, the matrices in ( i )—
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(vii) tend either to zero or to the following matrices
np+_uy- p+  2p- 2p+ 27 - Bp+_ 3y - 6.8)
’ ’ H ) . .

Again, the subspace I C U,(g) spanned by the coefficients of the matrices in (6.8)
is a T-invariant two-sided coideal. Now, on the one hand, f*-invariance in a left or
right U, (g)-module M is obviously the same as invariance with respect to the Hopf
*-subalgebra

U,(®:=U,(gl(n—1, ©) ®U,(glU, ©)) = U,(gl(n, C)),

where invariance of v&EM with respect to u = U,(g) should be interpreted as u - v
=eg(u) - v (if M is a left U,(g)-module). Using the Hopf algebra duality between
A,(U) and U,(g) it can be easily shown that invariance of vEM with respect to
U, (D) is the same as invariance with respect to 4,(K) (cf. [DK1, Prop. 1.12]). It
follows that A4,(K)-invariance is equivalent to I*-invariance, hence 4,(I"\U) =
4,(U/K).

Remark 6.2. 1t should be observed that the matrix J also satisfies the
reflection equation (6.4), but the subspace spanned by the coefficients of the matrix
L*J”—J” L~ is strictly smaller than f* and of little use for the purposes of this
paper.

The following lemma is now a direct consequence of the arguments given
above.

Lemma 6.3. Let M be a finite-dimensional right A,(U)-comodule with linear
basis {v;};. Consider M as left U,(g)-module using the differentiated action (4.15).
Suppose that v,:= 2;c;(0)v; (c;(0) EC) is a t-fixed vector for all =R and that
¢i'=lim, »c;(0) exists for all i. Then X;c;v; is an A,(K)-fixed vector in M.

Remark 6.4. In some suitable algebraic sense (cf. [CP, Prop. 9.2.3]) the

algebra U,(g) “tends” to U,(g) when g tends to 1. The corresponding limits of the
L-operators are given by

Liji'/(q ‘q—l) g ieji (l§]), (qai—q_fi)/(q—q_‘) —> €
(cf. [N, (1.10), (1.11)]). Hence, by (6.8) respectively (6.5), the subspace I C
U,(g) (6=oc respectively 0=0) tends to the Lie subalgebra I=gl(n—1, C)®
gl(l, C) Cg respectively f'Cg (cf. §2) in the limit ¢ — 1.

Reflection equations play an important role in the quantization of symmetric
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spaces (cf. [N, §2], [NS1]). For the purposes of this chapter, the importance of
this equation lies in the following fact. Recall that a vector w in a left U, (g)-module
M is called f°-fixed if ° -+ w=0 (a similar definition can be given for right U,(g)-
modules).

Proposition 6.5. ([NS2, Prop. 3.1], [NDS]) Let J be any nXn complex
matrix. Write ¥/ CU,(g) for the two-sided coideal spanned by the coefficients of L™ J
—JL~. The element

WJ:: Z Jijvi®v,~* SLS V*
L

in the left U,(g)-module VQV™ is a 1'-fixed vector if and only if J satisfies the
reflection equation (6.4).

Proof. In the proof the same notational conventions as in [N, Proof of
Proposition 2.3] will be used. Recall that the U,(g)-module structure on V*
corresponding to the dual 4,(U)-comodule V* is given by

u-v*@)=v*ESw v) weU,(g),vEV* vV

Set v:i= (v, ..., v,), then it follows from (4.16) that

Lf *w=v:* Rz, L - v¥=v{ - R, Li -vi=vf+ RN (69
Here ‘2 denotes transposition with respect to the second tensor factor. An equation
like L{ * v;=v, * R{; should be interpreted as L} - vi= 27— (R{;)%v; for all 1<i,j,
k<n, where R,=12,; ; x 1(R1;)ife;;®ewn. Using the identities (6.9) one computes in
shorthand notation,

L*J - w/=L{ + nJ,®@ *)DJ1=L{ * v IL®L{ - (v*)3J;
=V,R5J2R1 T ® (v*)5,

since by (6.9) one has L{ + (v*)4=R3 + (v%)}. On the other hand,

JL™ «w!=J\L7 + (m,® (v¥)9) =J1v;RpJ,®Ly » (v%)%
=vJiRJL,RH® (v*)5,
since by (6.9) one has Li - (v*)4=R;(v*)4. It follows from the two preceding

computations that w” is f’-fixed if and only if R$3J,R5J1=J;RJoR5. Multi-
plying this last equation from the left and from the right by the permutation
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operator P gives (6.4), which proves the proposition. a

By Proposition 6.5 and the fact that the matrix J7 satisfies the reflection equation
(6.4), it follows that

wi= Z Ji?Vi®Vj*EV® V* (610)

is a f°-fixed vector in the left U,(g)-module ¥® V*. Observe that lim,— » w’=w",
with w™ the right 4,(U/K)-fixed vector defined by

W= 3 Iy, @t ="2: VOV (6.11)
m =
Since V®V*=V (@) ®V(0) as left U,(g)-modules (where ¥ (0) is the trivial
module) and since w’ has a non-zero weight component of weight @, it follows
that V(®,) has a non-zero f°-fixed vector.

Next we construct a right I°-fixed vector in V°® (F*)°. Observe that a
vector w= Z.-,jj.-jvi®vj* EV°® (V*)° for a real matrix J = > Jijey is right To-fixed
if and only if W is left S (f?)-fixed as element in ¥ ® V* by the z-invariance of £ and
by Remark 4.2. Reasoning as in the proof of Proposition 6.5, it follows that w is left
S(1?)-fixed if J is a solution of the linear equation

Tt R (R =R LRIy (6.12)
where J? is given by (6.1). A solution J=J° of (6.12) is given by

ja:: Z (l_qz(n—zl)qZG)ekk+ 2 erk

1<k<l! 1<k<I

—q°7" 2 % Pew—q°" 2 ¢ e (6.13)

1<k<l! 1<k<!

We write w°=Y_;; JZv;®v;* for the corresponding right f’-fixed vector in V°®
(F*)°. In the same way as in the case of left °-fixed vectors it follows that
V(@,)° has a non-zero right ¥’-fixed vector. Observe that lim,—. - W°=w", with
w* the 4,(K)-fixed vector given by (6.11).

Recall from the previous section that V(1) has at most one I*-fixed vector up
to scalar multiples, and that V(1) has non-zero I™-fixed vectors if and only if A&
P¢" (cf. Theorem 5.1). We have the following analogous statement for f’-fixed
vectors (— oo <g< ),

Theorem 6.6. ([NDS, Thm. 2.6]) Let A&EP ™ and fix —oo<g<co, The
irreducible left U,(g)-module V(1) with highest weight A has at most one t°-fixed
vector (up to scalar multiples). There exist non-zero ¥°-vectors in V(1) if and only if
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AEPL. The same statement holds for right T°-fixed vectors in V(1) °.

In the remainder of this section a proof of Theorem 6.6 will be given. Fix a
parameter — o0 <g< oo. First of all, we have the following crucial lemma.

Lemma 6.7. Let ASP" and fix —oo<g<oo. Then any non-zero ¥°-fixed
vector in the left U,(g)-module V(1) has a non-zero weight component of highest
weight . The same statement holds for the right U,(g)-module V(1) °.

The proof of the lemma follows by analyzing the particular form of the two-
sided coideal £°. The details are omitted here, since the proof is analogous to the
proof of [N, Lemma 3.2] and [DNI1, Prop. 3.2].

Since the vector subspace of V(1) (respectively V(1) °) consisting of weight
vectors of weight A is one-dimensional, it follows from Lemma 6.7 that every
irreducible finite-dimensional P-weighted U,(g)-module has at most one ’-fixed
vector up to scalar multiples.

Set Px= @ <,<; Z®@,, where @, are the fundamental spherical weights (cf. §2).
Observe that the assignment 1 ——> 1" as defined in §2 extends to a bijection from
Pk onto Px.. For uEPs, we write ” EPx for the inverse of ¢ under the bijection
i. For later use let us record the following elementary facts. Recall that ¥ =%~
; denotes the Weyl group of the root system > (cf. §2).

Lemma 6.8. The bijection 2 —> A" preserves the dominance ordering on P
and Psx. If y=Px then the image under A —> A" of (S, ° v) NPy is equal to the W -
orbit W - v'in Px.

The following lemma is immediate from the fact that the Cartan type elements
listed in (6.7) belong to f°.

Lemma 6.9. Let AEPg, — o0 <g< = and assume that vEV (1) is a non-zero
left ¥°-fixed vector. Let v=72,<;v, be the decomposition of v in weight vectors, where
v. has weight fEP. Then v,=0 unless tEPx. The same statement is valid for the
right U,(g)-module V(1) °.

It follows from Lemma 6.7 and Lemma 6.9 that if ¥ (1) (respectively ¥ (1) °)
has a non-zero I’-fixed vector, then A =Py .

To finish the proof of Theorem 6.6 we have to show that all modules ¥(1) and
V(A)° (AEPE) have non-zero f°-fixed vectors. The existence of non-trivial f’-
fixed vectors in V(@) and in V(@,)° is already proved. Explicit intertwining
operators

T, (OVH)T > A,V ®A;(V*), (1<r<])
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will be constructed to prove the existence of ¥’-fixed vectors in higher fundamental
spherical representations. The proof of Theorem 6.6 is then completed by
computing the so-called principal term of T.((w°)®r), with wEV (@) the f°-fixed
vector given by (6.10).

Before giving the construction of &,, we first introduce the notion of principal
term of a vector vEA, (V) ®A;(¥*) (cf. [NS2], [Sul). For the present setting it
is convenient to use a slightly modified definition of Noumi’s and Sugitani’s notion
of principal term (cf. [NS2], [Su]). The definition is based on certain specific
properties of the comodule A; (V) ®A;(¥*). The comodule A;(V) ®A;(V*) has
a multiplicity-free decomposition.

(V) ®A,’,(V*)Eé§o Vie) (1<r<I) (6.14)

as right 4,(U)-comodules, where @,'=0&Px". The decomposition (6.14) can be
proved by computing the restriction of the character of the module A;(V)®
A;(V*) to the torus and using the classical Pieri formula for Schur functions
(M2, I, (5.17)] (cf. Proposition 5.4). Due to the multiplicity-free decomposition
(6.14), the module A; (V) ®A;(V*) is very useful for the study of £’-fixed vectors
in V(@,), as will be shown in the remainder of this chapter as well as in the next
chapter. It follows from (6.14) that all the weights ¢ &P of the module A;(V) ®
AR(V*) are <w,, where < denotes the dominance order. The vector v, 1 ®
v, EAL(V)®AL(V*) is the highest weight vector of the unique copy of
V(®,) within A;(V) ®A;(V*). Suppose now that v=3, <a,V, is the weight space
decomposition of a vector vEA,(V) ®A;(V*), where v, is the weight component
of weight #EP. Then the principal term of v is defined by

bi= 2 v (6.15)

(cf. [NS2], [Su]), where # acts on (1") =P+ C Py, =7 by permutations and sign
changes (cf. §2). It follows from Lemma 6.8 that the principal term of a vector v
eA; (V) ®AZ(V*) lies in the unique copy of V(@,) within A, (V) ®A,(V*). By
Lemma 6.9 and Lemma 6.8 one has :

Lemma 6.10. Let v be a non-zero 1°fixed vector in Aj(V) @A;(V*). Ifv—
[v] has a non-zero weight component of weight v then v=Pg and V' &C (@,), where

Cw ={rePslwy'<uvwe¥w} @EPH) (6.16)
is the strict integral convex hull of 1.

In the next proposition, the principal term of a f’-fixed vector in A;(V)®
Ay (V*) (respectively in A, (V) ° ®A;(V*)°) is compared with the elements u,, i,



482 MATHUS S. DIJKHUIZEN AND JASPER V. STOKMAN

(1<r<]) defined by

o, &

- * LA — T %

Up-— Z V1®V1', U,.— Z q v Qv (617)
IC[, Ul ] IC[1,1Ull, n]
I =r, INI'=§ [I|=r,INI'=g

where I':= {i’|i€I}. The element u, lies in the unique copy of ¥ (w,) within
Ay (V) ®AL(V*), whereas 4, lies in the unique copy of ¥ (@,) ° within A;(¥)°®
Ay(F*)°. Observe that by the explicit form of the f’-fixed vectors w’ respectively
w?, we have

wol=—q°u;, W] =—¢q""'¢*""Pa,. (6.18)

For the construction of the intertwiner ¥,, consider now the linear bijection B8 : V*
®V — VRV* determined by

B ®v) =q %v,@v*+ (g ' —¢)d; kZ<1 Ve V. (6.19)
Write V;:=V, V¥:=V* (1<i<r). Define a linear bijection
¥, NV e W,0r) = (e V)@ (Ve v
by
Y, =B1,,0B2,0 " 0f,—1,,0 - 0130 230 B3, (6.20)

where 3;; acts by definition as the identity on all factors of the tensor product except
for V;*®V;, on which it is equal to 8. Write

pr,: V= A;(P), prf: (W) —A;(V*)
for the canonical projections. We now have the following generalization of (6.18).
Proposition 6.11. Let 1<r<I The operator
. (VQVH)® > A,(N)®A,(V*)
defined by ¥,'= (pr,®@pr;*) o ¥, is a surjective intertwiner, and

[T, (W) )] =c,(0)u,, c(0):=

o—1 2(1 n

[P, (W) *)] =&, &(0) —(l——) @3-
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Before giving a proof of Proposition 6.11, we first show it implies Theorem 6.6.
Since 1° is a two-sided coideal and ¥, an intertwining operator, Proposition 6.11
shows that &, ((w°) ®") is a non-zero [°-fixed vector. Proposition 6.11 implies that
the principal term of ¥, ((w?)®") is non-zero, hence it follows that ¥V (@,) (1<r<I)
has a non-zero °-fixed vector. Since any AEPx" can be written as a positive
integral linear combination of the fundamental spherical weights {@,}<,<, it
follows by an easy argument using tensor products and Lemma 6.7 that any A EPx"
is actually spherical. For right f’-fixed vectors the same argument holds, since ¥,
is also an intertwiner as map from the module (F°®(F*)°)® to A;(¥)°®
A (V*)° (cf. Remark 4.1).

So it remains to prove Proposition 6.11. The proof of this proposition, which
proceeds by induction on r, is broken up into a couple of lemmas.

Lemma 6.12. For 2<r<n+1 the linear mapping
D, AT V)RV —>VRA (V™)
defined on the basis vectors vi ®v; (|I| =r—1, 1<j<n) by

v, ®v} if jEI,
cz’;r(vl* ®vj) = (I\ . )
J;m

Sgn
q"w@v;*—(q—q") 3 ghg

m Vi Hum If JEI
na sgng(I\j;j) YYD nJ

is an intertwining operator of right A,(U)-comodules.

Proof. LetP: V@V — V®V denote the flip. Define a linear bijection 7: V'
®V — VRV by 7:=PR, with R as in (4.1). The action of 7 on the basis vectors
v:®v; (1<i,j<n) is given by

7 ®v,) =q%v; Qv+ (g—q )6, ;v: Qv (6.21)
with 8, ;:=1ifi<j and 6, ; :=0 otherwise. The fact that the commutation relations
between the t;EA4,(U) can be written as RT; T,=T,T R (cf. §3) implies that 7 is

an intertwining operator. Since R is a solution of the Quantum Yang-Baxter
Equation, 7 satisfies

7197120N=7207072, (6.22)

with 7,&End (V®%) acting as 7 on the ith and (i+1)th tensor factors and as the
identity on the remaining factor. Note furthermore that the exterior algebra A,(V)
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is isomorphic as a right 4,(U)-comodule algebra with T'(V)/I, where T(V) is the
tensor algebra of ¥ and IC T (V) the two-sided ideal generated by ker (id—q~'y) C
V8 CT (V). Consider now the intertwiner I : V2* D@V — VA~ (V) 2<k
<n+1) defined by

I'i=(d®prc-1) 0710720 O 7%y

Application of [HH, Lemma 4.9(1)] to the Yang-Baxter operator ¢ 'y shows that
there exists a unique bijective intertwiner

[ AT (D QV —VRAW(W)
such that I, =17 o (pr,—,®id). By a straightforward computation one verifies that
ﬁk(v1®vj) qumj! v Qv+

+ (1_‘12)(‘11) _k+ISgnq(I ,J) § sgnq(i > I\i>vi®v(1\i)Uj

1<j

for IC [1, n] with |I|=k—1 and 1<j<n.

Next, the linear mapping &; : A¥(V*) — A2 *(V)®C det, ' (1<k<n) de-
fined on the basis elements v;* (|I|=k) by 6, (v/*) :==sgn,(I ; I)v,®det, " is a
bijective intertwiner by (4.11). With the canonical identification V¥ ®C det,'=
C det;'®V we have an intertwining operator @, : A;"'(F*) @V — VA, '(¥*)
defined by

éEr:q—l(ld(gar_—ll) o (ﬁn—r+2®id) o (6r—1®1d)

Starting from the explicit expressions for I, ,,, and &, ;, a straightforward
calculation shows that @, acts on the basis vectors v;* ®v; as required. O

Corollary 6.13. The linear mappings 8, ¥,, and ¥, are right A,(U)~comodule
homomorphisms.

Proof. The assertion follows from the previous lemma, since B=a, and the
natural projections pr, and pr;* intertwine the right 4,(U)-comodule actions. [

Lemma 6.14. Let 1<r<I The bijective intertwining operator
D, (VR RV, )RV, = V1 ®(V{®---®V,~)

defined by @,:=[1208530 *** O 8,3 ,—1 O B,-1, Satisfies
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(id®pr* ) o &,=&, 0 (pr}¥,®id).

Proof. For I={iy <--<i}C[l, n], set # :==v)®--QvJQ®v}. It is clear
from the definitions that

(1d®pr,*_1) o ¢r<ﬁ1* ®Vj) ZVj®V1* if _]%I
If jEI, then
(d®pr*,) 0 &, Qv) =¢ 'v;@v} —(g—q ) Z< c(m, Dyvm @& pum,
m<;

where ¢(m, j) := (—¢) ¥€Im<iH if mZI, and c¢(m, j) :=0 otherwise. Using the
definition of the g-signum sgn,, it follows that ¢ (m, j) =sgn,(I\j; m)sgn,(I\j;
7)1 if m<j, which concludes the proof of the lemma. O
Observe that the multiplication maps

1 AN ®AW) — A, u*: A,V ®A,*) — A,(V*)

are intertwiners of the A,(U)-coactions, since A,(V) and A,(V*) are 4,(U)-
comodule algebras.

Lemma 6.15. The intertwining operator
6,: A7 (M RATI (V) QVRV* — A,(V) @A, (V*)

defined by 6,'= (u®u*) o (ids ;—l(v)®@,®idy*) satisfies

[é (u ®W0)] g l—qu )

r\4r—1 q l—q2 ,

" 1—g?
[6, @, 1 ®W)] = —q°1q*"~D 1:;2 i

for 2<r<I.

Proof. Ifv is a vector of weight ¢ in the domain of &,, then 6,(v) is again a
weight vector of weight u, since O, intertwines the right 4,(U)-coaction. Hence,
for a fixed IC[1, [JU [/, n] with INI’= and |I|=r—1, we have that [6,(»;®
v ®@v,®v)] =0unless s, tIUI’ and s#¢. By the explicit formulas for the action
of &, (cf. Lemma 6.12), it follows that
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[6,(u,-1®W)]=—¢° 2 v An®vF AvE=—gq° 3 ;v @
Lk J

where the first sum is taken over pairs (I, k) with IC [1, [JU [/, n], kE[1, 11U
(,n], [I|=r—1,INI'= and k&I UI’, and the second sum is taken over subsets
JCI[1, JUI, n] with JNJ'=@ and |J|=r. The corresponding constant c; is
given by

’ Y ’ = 1 —q*
cJ=k§ sgn,(J\k ; k)sgn, (k" ; J'\k") =k§ (sgn,(J\k ; k))*= ;} == 1_22 .
The proof for the leading term of 6, (@, ®W°) is similar. O

Proposition 6.11 can now be proved by induction to r, using the previous lemma for
the induction step.

Proof of Proposition 6.11. Define an intertwiner
e,: V@(r—l) ® (V*)@:(r—l) RVRV* — V&R (V*>®r
by
6, =idpe¢-DQ @, ®idy*.
It follows from Lemma 6.14 that
(pr,®pr) © ©,=6, 0 (pr,—; Rpr} | ®id, Ridy*). (6.23)
From the definitions of ¥, and @, it follows that
¥,=06,0 (¥,_.;®id)
and hence by (6.23)
¥,=6,0 (¥,_,®id). (6.24)

This allows us to prove the proposition by induction to ». The proposition is trivial
for r=1. Suppose that »>2. By the induction hypotheses and Lemma 6.10 we have

zp;_l((wa) ®r—1) =Cr—l(0)ur—1+ Z vuby

vec(™" )

where v+ is some weight vector of weight v’ and C(u) is defined by (6.16). For
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veC (') we have [6,(»,»®w®)] =0, hence the induction step for computation
of [¥,((w")®")] follows by combining Lemma 6.15 with (6.24). The leading term
[@,(w?)®)] can be computed in a similar way. O

Remark 6.16. It should be observed that the proof of Theorem 6.6 differs in
important details from the proof of Theorem 5.1. Observe for instance that Lemma
6.7 does not hold with °-fixed replaced by I”-fixed, since any ¥”-fixed vector lies
automatically in the zero weight space of the module.

§7. Zonal (o, t)-Spherical Functions

In this section the I™-invariant (—oo <7< ) functions are studied in the
quantized coordinate ring 4,(°\U) (—o0<g< ). The results of this section
were announced in [NDS, §3]. The rank 1 case of these results were earlier derived
by Koornwinder [K1] for n=2 and for arbitrary complex projective space by
Noumi and Dijkhuizen [DN1].

Let —o0<g, <o and denote # ** for the *-subalgebra of left f’-invariant
and right f™-invariant function in 4,(U). From Theorem 5.1, Theorem 6.6 and
(4.3) we obtain the decomposition

Jf‘”=lg* H0°(Q), A7) =wQ)NHk°", (7.1)
the subspaces #%"(1) (AEPK) being one-dimensional. A non-zero element
@2 (A)E#>°(A) is called a zonal (g, 7)-spherical function. Since the
decomposition (4.3) is orthogonal with respect to the inner product <@, ¢)=
h(¢*@), the zonal spherical functions ¢ *(1) (A&Pg") are mutually orthogonal
with respect to (-, - ).

Let M denote a right 4,(U)-comodule with comodule mapping 0y and an

invariant inner product -, - ). With any two elements v, wEM we associate the
matrix coefficient

O (v, w) = (Z) way, WweEA,(U), poxw) = g W @we). (7.2)
The map 6y induces a linear map (denoted by the same symbol)
Ou: M° M — A,(1),

which is surjective onto the subspace spanned by the matrix coefficients of M. If
no confusion can arise we sometimes write @:=6y,. The following lemma is a direct
consequence of these definitions (cf. [N, Lemma 4.8]).
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Lemma 7.1. Let M be a unitary right A,(U)-comodule. The map 6y : M° ®
M — A,(U) satisfies the following properties :
(i) Owis a A,(U)-bicomodule homomorphism, i.e.

4 00y=(0y®id) o (i[d®py), 4 00y=>{dR®by) o (pxRid), (7.3)

where py is defined as in Remark 4.1.

(i) O, w)=7O@nw,v)) v, wEM).

(iii) If M is irreducible of highest weight A\EP ™ , then Oy : M° QM — W(Q) is
an isomorphism of A,(U)-bicomodules.

Lemma 7.1 can be used to construct zonal (g, 7)-spherical functions as
follows. Let v,(1)EV (L) respectively #.(A)EV(A1)° be a non-zero I’-fixed
respectively I*-fixed vector (A&Ps ). Let {-,-) be a positive definite inner
product on ¥(1), and write 6; for the map 6 in Lemma 7.1 with respect to the
unitary comodule (F (1), {-,->). Then

97 Q) =67, voQ)) EH (1) (7.4)

is a zonal (o, 7)-spherical function by Lemma 7.1. This leads to the following
lemma.

Lemma 7.2. Let —0<g, < and AEPK. The image of > (1) under the
restriction map |t : A,(U) — A(T) is of the form

0> (D)1 =ctmyt(x) + Z: ox’, ¢,€C, (7.5)
vec@t)
with ¢t #0 and C(v) given by (6.16). Here the notation x*:=x%1x42---x}l for y=
(i, ..., V) EPx is used, with the x; (1<i<I) being defined by (2.10).

Proof. Since any A EPg" can be written as a positive integral linear combina-
tion of the fundamental spherical weights {@,} :<,<, it follows by an easy argument
using tensor products and Lemma 6.7 that (7.5) for arbitrary A EPx" follows from
(7.5) for the fundamental spherical weights {@,}'-;.

So fix a fundamental weight @, (1<r<I). Consider the 4,(U)-invariant inner
product

®vf, v ®vi) =q‘<2"' & Or,x0s,L (7.6)
on A;(M)@A;(V*) (cf. §3) and write 6 for the map (7.2) associated with the

unitary comodule (A;(V) ®A;(¥V*), {-,-)). By (6.14), the comodule V(@)
may be considered as an irreducible component of A} (V) ® A, (¥*) with invariant
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inner product given by the restriction of {-,-) to ¥(@,). Then, by Proposition
6.11 and the fact that u,EA,(V) ®A;(V*) (respectively &, EA;(V)° @A, (V*)°)
lies in the unique irreducible component V(@,) (respectively V(w@,)°), the

principal terms of the £°-fixed vector v,(@,) and the I*-fixed vector #,(@,) are given
by

bo(@)]=cu,, [F(@)]=¢ 14, (1.7
for non-zero constants ¢,, &, EC. For u,EA; (V) ®A;(V*) of weight ¢ and ¥,&
A (V) °RAL(V*)° of weight v we have (F,, v,) \r =0 if © #v, and 0G,,, v,) |t is
a multiple of z*. Using Lemma 6.9 and the fact that C[x*'] is the subalgebra of
A(T) spanned by the monomials z"(=x"n) (uEPk), we obtain from (7.7) that

¢a, T(;{) T :g(ﬁr(wr), va(wr>) |T

:H(B"r(wr)], [va(wr):l)lT+ 2 d,x”

ve (")

=dirymay &)+ 2 dx

vec((™)

with dry=c,é, #0, since §(d,, u,) ;T =my(x). This completes the proof of (7.5)
for the fundamental spherical weights. O

Lemma 7.2 has the following important consequence.

Corollary 7.3. The restriction of the map 1 : A,(U) — A(T) to #*" defines
an injection from #°° into C[x™'] for —co<g, t<co, In particular, #°° is a
commutative algebra for — oo <g, T<< o0,

Recall from [RTF] and [NDS, §3] the Casimir operator

C:=2 " ILISL)EU,(g).
y

Since C is central, it acts on W(1) (AP ™) as a scalar x; (C), which is given by

= Z O
k=1

Also, C maps %" into itself. Therefore, if — o0 <g, 7< o0, the restricted Casimir
operator C : # % *— # > induces an operator

L:#% r— #%"p CC[x*],
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which is called the radial part of C. Explicitly, L is the map satisfying
L(pir)=(Cp)|r, Vo&H".

Crucial for the identification of the zonal (o, 7)-spherical functions is the
identification of the radial part L of the Casimir element C with the restriction to
H# %71 of an explicit second-order g*-difference operator on C[x*']. Without
proof we will state here the result (see [NDS, §31).

Theorem 7.4. ([NDS]) Let —o0<g, 1< and AEPx". The operator L—
x2(C)id coincides on #°*\r CC[x*'] with a constant multiple of Koornwinder’s
second-order q*-difference operator D—E;*id in the variables x= (x,, ..., x;) with
base q* and parameters (t,t)=(t"", ¢*), given by

0, T— __p0+7+1 Oy T— __
y ' =—¢q , r'=—¢q

—o—7+1
b

(7.8)

g—t+1

tg,r:q tsa,z:q—a+t+z(n—2l)+l
R .

For a proof of the theorem for rank 1, see [DN1]. In [NS1] a proof can be
found for the special case n =2/ and c=7=0.

Observe that for — o0 < g, 7< © we have t” *EVx (cf. §3) and t§ &{ t5 t5 '
(0, 1). In particular, the eigenvalues E;! are mutually different for compatible
weights when — o0 <g, < o0 (see §3).

We write D,, , for Koornwinder’s second-order g>-difference operator in base
g* with parameters (¢, t)= (1", ¢*), and we write EZ° (uEPs}) for the corre-
sponding eigenvalues. We furthermore write P “(x) '=Pf(x ; t*7; ¢*, ¢*) (UE
P3) for the corresponding monic Koornwinder polynomials. By Theorem 7.4,
¢>"(2)|TEC[x*] is an eigenfunction of D,, . with eigenvalue E;* for AEP¢". By
[NS1, Lemma 6.2], any eigenfunction ¢(x) EC[x~'] of D,,. with eigenvalue
EZ* (uePs) and which is of the particular form

o) :Cumu(x)+ > ox’
vec)

is a constant multiple of the Koornwinder polynomial P *(x). Combined with
Lemma 7.2, the following main result of the paper [NDS] is obtained.

Theorem 7.5. ([NDS]) Let —oo<g, t< 0. The restriction 9 (1)1 of the
zonal spherical function ¢®*(Q)E#%"(A) (AEPK") is equal to the Koornwinder
polynomial P};*(x), up to a non-zero scalar multiple. In particular, v defines an
algebra isomorphism from # > onto C[x=']" .

Remark 7.6. It should be observed here that the assumption — o0 <g, < o
in the preceding arguments is absolutely essential. In fact, the map |r: 4,(U)—
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A(T) factors through the projection zx : 4,(U) — A4,(K). This implies that the
image of # " under |t is one-dimensional as soon as either o or 7 is infinite.

§8. Limit Transitions on Quantum Grassmannians

In this section we study the right I*-invariant (—co <7< ) functions in the
quantized coordinate ring 4,(U/K) =4,(*\U). Our method will be to regard this
case as a limit of the case — o0 <g, t< o0 by sending o to infinity. This limit can
be made rigorous by using explicit information about the limit transitions from
Koornwinder polynomials to multivariable big and little g-Jacobi polynomials. In
the rank 1 case these results were derived earlier by Koornwinder [K1] for 2-
spheres and for arbitrary complex projective space by Noumi and Dijkhuizen
[DN1].

For the proper interpretation of the limit transitions of the zonal spherical
functions, a careful study is needed of the pre-images of the # -invariant functions
e,(x) :=mus(x) (1<s<I) under the isomorphism |r: #%°— C[x*']”. For
—o0< g, t< oo, write e/ © for the unique element in # ** such that its restriction
to the torus is equal to e,(x) (1<r<I). It is convenient to put e; (x):=1 and
e§ “:=1. Recall that the # -invariant functions {e,}.-; are algebraically independ-
ent generators of C[x*']” (cf. §3). In other words, by setting

Pl (x), ..., ei(x)) =P(k), PEC[x™']" (8.1

we get an algebra isomorphism P ——> P of C[x*']* onto C[ y], where y=(y;,
.., y1) is an I-tuple of independent variables. It follows from Theorem 7.5 that the
elements {e”7}!_, are algebraically independent generators of the algebra # % *.
Using Theorem 7.5 it is now easy to derive an explicit form of the restriction
of the normalized Haar functional 4 to #**. Recall that the parameters ¢ * lie in
the parameter domain Vx for —o0<g, t< oo (see §3 for the definition of Vx).
Write {@)o, .:= {0, 1>§:’;2’ 2 for the constant term of ¢ =C[x*']”, with (-, )k
defined by (3.1). Observe that {1), , is non-zero by the positive definiteness of
(-, k. Explictly, (1), . can be given explicitly as product and quotient of g-
Gamma functions by Gustafson’s evaluation of the multidimensional Askey-Wilson
integral (3.2).

Corollary 8.1. Let —oo<g, t< 0. The restricted Haar functional h : #°*—
C is explicitly given by

h(B(er™, g, ... o)) = %— (PECx*'T*).

Proof. The left- and the right-hand side are both equal to zero for P=P;°
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with 0#uEPs, and both equal to 1 for P=1. The corollary follows now by
linearity, since the Koornwinder polynomials P> *(x) (uEPs) form a linear basis
of C[x*']". O

Recall the intertwiner
. (VOV*)® = A,(V)®A;(V*)

defined in Proposition 6.11. Introduce left t’-fixed vectors weEA; (V) @A;(V*)
and right f*-fixed vectors wicA;(¥) ° ®A;(V*)° by

wl=T,(W)®), wi=T(W)®) A<rD).

Here we have used the notation w”:=w® (6.11) when =0, which is consistent
with the definition of w* for — co <7< o0 since lim, . - W*=w". Consider now the
(o, 7)-spherical elements

0o =00, w)ED #° (@) (1<r<D) (8.2)
s=0

(cf. (6.14)), where 6 is the map (7.2) associated with the unitary comodule A;(V)
®A;(V*) endowed with the inner product < -, - ) (see (7.6) for the definition of
{+,->). Itis convenient to put ¢§ *:=1. By Theorem 7.5 and (8.2), ¢ |7 is a
linear combination of the # -invariant functions e;(x) EC[x*]" (0<s<r).

Lemma 8.2. Let —o0<g, t<o0, 1<r<I In the expansion
02 r=a;(q’, ge,+ - +ab(g’, g)eo,

each coefficient af is a polynomial in q° and q° which is the sum of monomials of
partial degree =i in each of the variables. Moreover, a.(q°, q°) =cq™ "™ with ¢ #0
independent of q° and q°.

Proof. 1t is obvious from the definitions that the coefficients are polynomial
in ¢ and g°. To prove the estimates on the partial degrees, we study the action of
the intertwiner ¥, on the vectors (w*)®" and (W")® in detail. We proceed in a
number of steps.

(1) Let 1<i1<--<i,<n and 1<j;<---<j,<n be integers. We use the short-
hand notation i:= (i, ..., i), j'=(, ..., j.). Call a tensor ¢ in some tensor
product space made up of factors ¥ or ¥* (the total number of factors ¥ being
equal to the total number of factors ¥'*) a basic tensor of type (i, j) if  is the
tensor product in any given order of the vectors v, , ..., v; and v, ..., v*. Letn,(i)
denote the cardinality of the set {pE[1, r]|i,=k}. For a basic tensor t of type
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(i, j) define
n (@)= 33 min(m (1), m( ).

From an informal point of view, n (¢) is the number of factors v; in ¢ that “cancel”
against a factor v;*. Recall the intertwiner ¥, : (WQV*)® — V® ® (V*)®" defined
in (6.20). Let ¢t be a basic tensor in (V®V*)®" . Since ¥, is a composition of
intertwiners 3;; (see (6.20)) it follows by inspection of (6.19) that %,(¢) is a linear
combination of basic tensors ¢’ in V®'® (V*)® with n(t") =n(2).

(2) A basic tensor t& (V®V*)®" is called typical if it is a product of tensors in
VRV* of type v;i®v* (1<i<n—10), »®v¥, v+®v* (1<i<l). We call a typical
tensor t& (V®V*)®" k-typical if the number of factors of type v;®v* (& [1, 11U
[I',n]) is equal to k. If¢ is a k-typical tensor then ¥,(z) is a linear combination of
elements v;®v} where I, JC [1, n] are such that |I|=|J|=r and |INJ|>r—k.
In fact, this follows from (1) and the definition of ¥,, since n(t) >r—k.

(3) TItis an immediate consequence of the definition of the coactions on A, (V)
and A;(V*) and of (4.11) that

Oi®vS, vk ®vi) |1 =q 048y k 0y, 21 4,

for I, JC (1, n] with |I|=|J|=r.

(4) Lett be a k-typical tensor and t’ an m-typical tensor. Let u&#% (1') CPx
(i1, r]) be any weight, and suppose that the coefficient of 2" in the expansion
of 8(T,(t), ¥,(t")) r with respect to the basis {z*};cp of 4 (T), is non-zero. Then
k>i and m>i. This is a straightforward consequence of (2) and (3).

(5) There is a unique expansion (w?)®"=3i—o X, ¢, tx Where #; runs over all
k-typical tensors in (V®V*)® . The non-zero ¢, are linear combinations of
monomials (¢°)' with i>k. Similarly, there is a unique expansion (W")® =>}_,
2y de, t. where t, runs over all k-typical tensors in (¥®V*)® . The non-zero dv,
are linear combinations of monomials (g°)° with i >k. Hence,

02 7r= 3 3 0, 0, U6 n
withe¢, ¢ =c, dy, alinear combination of monomials (¢°)'(¢")’ withi>k and j>m.
Combined with (4) this yields the desired lower bounds on the partial degrees of
the monomials (¢°)'(¢")’ occurring in a/(g°, ¢%). An explicit expression for a;(g°,
q") can be given using Proposition 6.11. The last statement of the proposition
follows then immediately. OJ

As a corollary we obtain the following crucial lemma.

Lemma 8.3. Let — o <t< oo, The limits
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lim g”e? ", hm g¥e’° (1<r<i)

00—

exist in A,(U). In other words, the coefficients of q°e;” * respectively q*°e;/° in the
expansion with respect to the monomial basis of A,(U) tend to finite values in the limit

g —> o0,

Proof. Fix 1<r<] and let —o0<g, <. From Lemma 8.2 it is readily
deduced that

g7 e =g, 98 ix b, 495 I,

with b7 (0<i<r) some polynomial in two variables and b} a non-zero constant
polynomial (the important fact here is that b7 is a polynomial and not a Laurent
polynomial). Hence

e =q " (br(q%, gI T+ +bb(g°, )PSO, (8.3)
Since ¢~ — ¢ " and ¢” 7 — ¢;” * when g —> o0, the lemma follows. O
In view of Lemma 8.3 we may set for 1<r</ and —oo <7< o0,

&= lim ¢t (—1)eT, &= lim ¢® V(—1)e?". (8.4)
It is clear from the definitions that &> "€#> " (1<r<], —co <7< ). Observe
that the elements (—1)"e® " are mapped onto e,(—x) EC[x*!]” under the re-
striction mapping |t.
Recall that the elements &, (1<r<1[) are algebraically independent generators
of the algebra C[x1® (cf. §3). Again, we obtain an algebra isomorphism P — P of
C[x]® onto C[ y], where

P@ x), ...,a(x))=Pkx), (PEC[x]®). (8.5)
Theorem 8.4. Let —oo<t< oo, The elements &>° (1<r<I) mutually
commute and are algebraically independent generators of the algebra # ' *. Any

zonal (0, t)-spherical function ¢ *(A) E# ™ (1) (AEPK) is equal to a non-zero
scalar multiple of

B (~co, ~co — —
th( r, s & ,r; 1’ qz(n 21)’ 1’ q21+2(n 20 ; qz’ q2>’

where P2 (. ;a, b, c,d ; q,t) is the multivariable big q-Jacobi polynomial of degree 1
(cf. §3).
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Proof. The elements e”® (1<r<I) mutually commute for ¢ finite by Cor-
ollary 7.3. By the definition of the elements & ° (8.4), it follows that the & °
(1<r<D) also commute. Hence the element Q&7 7, ..., &) EH " for a
polynomial Q& C[ y] is well defined.

For o finite and A &Px', a zonal (g, 7)-spherical function % (A1) E# > (1) is
given by

_ b &
0 (W) 1= (—q )PP (ep”, ..., ef 75 1975 42 g) (8.6)

with PX(.) the Koornwinder polynomial of degree 1 (cf. Theorem 7.5). Using the
elementary properties of the Koornwinder polynomials given in Lemma 3.1, this
zonal (o, 7)-spherical function can be rewritten as

07 (W) =(s) "B s fty ooy LS 258D 5 07, 0,
where 5.:=¢q/¢ (cd)%, frr=(—s)"e?% e:=¢°" " and
ta(e) = ("' (gc/d)7, —& ' (g?d/c)7, ealgPd/c) T, —eblgPc/d)™),
with parameters a, b, ¢, d given by
ai=1, bi=¢g"* ", c¢:=1, di=¢"""?, 8.7

Observe thats.=q'~°77, hence by the definition (8.4) of &7, lim, , o ff =& * for all
r. Combined with the limit transition from Koornwinder polynomials to multi-
variable big g-Jacobi polynomials (3.19), we get that ¢> (1) ‘=1lim,- « @* "(1)
exists as limit in 4,(U), and that

(Dw’r()t): "fu ('é’fo’ 1:’ s é-lw,r; 1’ qz(n—zl)’ 1, q21+2(n—21) ; q2, q2) (88)

with PZ(.) the multivariable big g-Jacobi polynomial of degree «. It is clear that
= (A)E#>*(A), but it may be zero since the algebraic independence of the
elements &> (r&[1, I]) has not yet been established. To prove that ¢ *(1) is
non-zero, we compute the quadratic norm [l¢**(1)[*> with respect to the inner
product {@, ¢):=h(¢*¢), where h is the normalized Haar functional. Since all
highest weights A EPg are self-dual (i.e. ¥ (1) is isomorphic to its dual repre-
sentation), and since the two-sided coideal ¥° is t-invariant, we have (¢%*(Q))* =
¢©>°(1). Then it follows from the definition (8.6) of ¢**(1), Corollary 8.1 and the
definition (3.21) of Nk, that

lo® *() P =52 Nk Q5 128D 5 4, 4. (8.9
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The limit € | 0 (equivalently, ¢ — o) in (8.9) can now be computed in the left-
hand side and in the right-hand side (cf. Proposition 3.2). It follows that

“(000, r(x)”2:NB(lH ; 1, qZ(n—ZI), 1’ q2r+2(n—21) ; ng qZ)

Since Nz(1") is strictly positive, it follows that the quadratic norm [[¢* *(2)[|? is
non-zero, hence ¢ “(1) #0 for all A EP¢". Hence the elements 0™ *(1) E# ™ *(1)
are zonal (oo, 7)-spherical functions for all A EP¢".

It remains to prove that the &>° (1<r<I) are algebraically independent.
Consider the finite-dimensional subspaces

K= D  #>°Q), mEZ).
AEPY A<mm;
The dimension of the linear subspace #,, is equal to the number of positive integers
m=(my, ..., m) EZY with |m| :=X;m;<m, since @, <, for all r< [0, I]. For
such a sequence of positive integers m, set Q,(y) :=yT1...yl. Since &€
@0 #> “(w,) and

* TCU) H" rw/) guem‘e?swu' H= T(y)’ Cu ’ u,EPK+)
we have Q, (€77, ..., &™) EH,, for all m with |[m|<m. Hence the algebraic
independence of &% (1<r<[) will follow from the fact that the monomials
0,E7 ..., e (Jm| <m) span #, for all nEZ, .

Observe that #,, is spanned by the zonal spherical functions ¢ *(1) (A<
may). Since PZ(x) (WEPy) is of the form 7, (x) + 2ep & v<u€,y, (x) for certain
constants c,, it follows from the explicit expression (8.8) for > *(1) that each
¢~ *(1) with A <ma®@; can be written as a linear combination of the monomials
0.@"7 ..., &™) (Im| <m). Hence, the monomials @, (", ..., &~ ") (Im| <
m) span #,,. O

Theorem 8.5. The elements &~ (1<r<I) mutually commute and are
algebraically independent generators of the algebra #* *. Any zonal spherical
Sunction == (1) (AEPK") is equal to a non-zero scalar multiple of

BLEr ™, .., ¢, 1;¢%, ¢
where P} (. ) is the multivariable little q-Jacobi polynomial of degree u (cf. §3).
Proof. By Theorem 7.5 and by symmetry properties of the Koornwinder

polynomials (cf. Lemma 3.1), a zonal (o, 0)-spherical function ¢%°(1) E# % 9(2)
(AEPK) is explicitly given by
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. 1% 5
@@ o) = (s) WP e ff, ..., stfF 5 10(e) 5 42, g,

where PX(.) is the Koornwinder polynomial of degree ¢ (cf. §3) and e:=¢*’,
s.:=q/e, ffi=(—s.) "e° and t.(e):=(e"'q, —agq, ebq, —q) with a:=¢*""?
and b:=1. Using (3.20) together with the observation that lim,,ff=é&> =, the
proof is analogous to the proof of Theorem 8.4. O

Remark 8.6. Using the limits & * =lim, . &~ ° (1<r<I), Theorem 8.5 can
also be proved by sending 7 — o© in the results of Theorem 8.4. On the level of
multivariable orthogonal polynomials this limit corresponds to the limit from
multivariable big g-Jacobi polynomials to multivariable little g-Jacobi polynomials
proved in [SK, Thm. 5.1(3)].

Remark 8.7. As a corollary of Theorem 8.4 and Theorem 8.5, the restricted
Haar functional A : #%°— C for =00, —oo <7< o respectively for c=7=c0
can be expressed in terms of the orthogonality measure of the multivariable big
respectively little g-Jacobi polynomials (cf. Corollary 8.1).

Remark 8.8. In the last two sections we have interpreted the Koornwinder
polynomial resp. the multivariable big and the multivariable little g-Jacobi
polynomial

Pf( . ___qa+r+1’ _q—a—ﬁ-l’ qa—t—H’ q—0+1:+2(n—21)+1 ; qz, qz)’
PEC; L@, 1, g7 00 g2, ), (8.10)
PrC; ¢, 1547, gD

(—o0< g, < 0, uEPK) as a zonal spherical function on some quantum analogue
of the complex Grassmannian. For each of these polynomials, the classical limit
g1 1 can be computed using results from [Djl, §4] for the Koornwinder
polynomials and using [SK, Thm. 5.1(5) & (6)] for the multivariable big and little
g-Jacobi polynomials. The limits can be written in terms of the generalized Jacobi
polynomial P/ (. ;n—2I,0; 1) or, equivalently, in terms of the BC type Heckman-
Opdam polynomial P#°(.; n—2I, 1, 1/2). This agrees nicely with the classical
interpretation of the Heckman-Opdam polynomial P#°( . ;n—2I, 1, 1/2) as a zonal
spherical function on the complex Grassmannian U/K (see §2).
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