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On Totally Characteristic Type Non-linear Partial
Differential Equations in the Complex Domain

By

Hua CHEN* and Hidetoshi TAHARA**

Abstract

The paper deals with a singular non-linear partial differential equation tdu/dt = F(t, x, u, du/dx)
with two independent variables ( t , x ) e C2 under the assumption that F(t,x,u,v) is holomorphic and
F(0,.\,0,0) =0. Set y(x) = (dF/dv)(Q,x<Q,Q). In case y ( x ) = Q the equation was investigated
quite well by Gerard-Tahara [3]. In case y(0) = 0 and Re/(0) < 0 the existence of holomorphic
solution was proved in Chen-Tahara [2] under a non-resonance condition. The present paper
proves the existence of holomorphic solution under the same non-resonance condition but using the
following weaker condition: y(0) = 0 and y'(0) e C\[0, x>). The result is extended to higher order
equations.

§1. Introduction and Main Result

Let ( t , x ) e Ct x C\, and let us consider the following non-linear singular
partial differential equation:

1 dt

with u = u ( t , x ) as an unknown function, where F(t,x,u,v) is a function with
respect to the variables (/, x, u, v) defined in an open polydisk A centered at the
origin of Cf x Cv x Cu x Cv. Denote: A$ = Ar\{t=Q,u = Q,v = Q}. We assume
the following conditions:

(H-l) F(t,x,n,v) is holomorphic on A\
(H-2) F(0,x,0,0) =0 on AQ.

Thus the function F(t,x,u,v) may be expressed in the form
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and the coefficients a(x), /?(*), y(x), ap^q^(x) are all holomorphic functions on

4).
In general, in case y(x) = 0 the equation (Ei) is called non-linear Fuchsian

type (or Briot-Bouquet type}', and in case y(x) ^0 the equation (Ei) is called
non-linear totally characteristic type. These names come from the following
facts: if y(x) = 0 the linearized equation of (Ei) is linear Fuchsian type (in
Baouendi-Goulaouic [1], Tahara [8]); on the other hand, if y(x) ^ 0 the lin-
earized equation of (Ei) is not linear Fuchsian type but is linear totally
characteristic type (in the sense of Hormander [7, section 18.3]).

Note that in case y(x) ^ 0 we have y(x) = xpc(x) with c(0) / 0 for some
pzZ+. Denote: Z+ = {0,1,2,...} and N = {1,2,...}.

The main theme is:

Problem. Under (H-l) and (H-2), find a holomorphic solution u(t,x) in a
neighborhood of (0, 0) e Ct x Cx satisfying w(0, x) = 0 near x = 0.

We already know the following results.

(1) (Gerard-Tahara [3]). When y(x) = 0, if jff(O) $N, the equation (Ei)
has a unique holomorphic solution u(t,x] in a neighborhood of (0,0) e Ct x C\
satisfying w(0, x) = 0.

(2) (by Cauchy-Kowalewski theorem). When y(0) ̂  0, for any holomor-
phic function $(t) with ^(0) =0 the equation (Ei) has a unique holomorphic
solution u ( t , x ) in a neighborhood of (0,0) eCr x Cx satisfying w(0,x) = 0 and

(3) (Chen-Tahara [2]). When y(x) = xc(x) with c(0) ^ 0, if
i) / - £(0) - 7"c(0) ^ 0 for any (z, j) e N x Z+,
ii) Re c(0) < 0

hold, the equation (Ei) has a unique holomorphic solution u(t,x) in a neighbor-
hood of (0, 0) e Ct x Cx satisfying w(0, x) = 0.

Remark 1. Yamane [9] has also discussed some problem concerning
holomorphic solutions of (Ei) under the condition: y(x) = 0 and j8(0) E N.

In this paper, by using an argument quite different from that in [2] we shall
improve the above result (3) into the following form.

Theorem 1. Assume (H-l), (H-2) and that y(x)=xc(x) with c(0)/0.
Then, if

(1.2) «- j8(0)-yc(0) |>(7(7 + l) for any (ij) e N x Z+

holds for some a > 0, the equation (E\) has a unique holomorphic solution u(t,x)
in a neighborhood of (0, 0) e Ct x Cx satisfying w(0, x) = 0 near x = 0.

Theorem 1 has the following obvious corollary:
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Corollary 1. Assume (H-l), (H-2) and that y(x)=xc(x) with c(0)^0.
Then, if

i) i ~ 0(0) - jc(0) * 0 for any (i, 7) e AT x Z+,
ii) c(0)eC\[0,oo)

hold, the equation (E\) has a unique holomorphic solution u(t,x) in a neigh-
borhood of (0, 0) E Ct x Cx satisfying w(0, x) = 0 near x = 0.

Note that i) is a kind of non-resonance condition and ii) is the Poincare
condition on the vector field td/dt — c(Q}xd/dx.

We shall prove Theorem 1 in the next section, and in sections 3 and 4 we
shall extend Theorem 1 to higher order totally characteristic type non-linear
partial differential equations.

In sections 2 and 3 we shall use the following notations. We denote by
C[[r,x]] (resp. C[[A:]]) the ring of formal power series in the variables ( t , x ) (resp.
in the variable x). For formal power series

f(t,x) = ]T /,,/V, g(t,x) =

in C[[t, x}}, we write f(t,x) « g(t,x) if \ffj\ < gtj holds for all ( i , j ) e Z+ x Z+,
and we say that g(t,x) is a majorant series of f(t,x). Also we write

Clearly we have f(t,x) « \ f \ ( t , x ) ,

(1.3)

and the following: if f(t,x) is convergent then \ f \ ( t , x ) and S ( f ) ( t , x ) are also
convergent.

§2. Proof of Main Result

Under the condition y(x) = xc(x) with c(0) ^ 0 the equation (Ei) is written
as

(2.1) t- = *(

where
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H2(t,x,u,v) = ^ ap.q^(x}tpuq

Ri(t,x,u,v) =

First, let us find a formal power series solution of the form

(2.2) u(t, x) = ^ Ui(x)tf, ut(x) e C[[x}} (for / > 1).

Substituting this into (2.1) and comparing the coefficients of t1 (for / > 1) in the
both sides of the equation, we have the following recursh * orr u1^:

(^ ~L\ ( ' Qf \ ( \ S\ f(2.3),. \i-P(x) - c^x—jut = /;_

for * = 1 , 2 , . . . ,

where /0(x) = a(x) and fi_l (for z > 2) is a polynomial of Z / I ,
dui/dx, . . . , duf-i/dx. In particular, fi(x,u\,du\/dx) is given by

(2.4)

Note that (2.3), is expressed in the form

(2.5),.

If /;_! e C[M] is known and if / - 0(0) - c(0)j / 0 for all j E Z+, by a simple
calculation we see that (2.5)/ has a unique formal solution Ui(x) e C[[x]].

Thus, under the condition (1.2) we can solve (2.3), inductively on / and
obtain a unique formal solution u(t,x) of the form (2.2).

Next, let us prove the convergence of this formal solution.
Consider the following equation with respect to F = Y(t,x):

(2.6) oY = A(x)t + xB(x) Y -f \H2\(t, x, F, S( Y)) 4- \R3\(t, x, 7, S( F))

where a > 0 is the constant in (1.2) and

A(x) = a|W, B(x) = |5(/f)|(x) + \S(c)\(x).

It is easy to see that (2.6) has a unique formal power series solution

(2.7) Y(t,x) = ]T Yf(x)tl, Yt(x) E C[[jc]] (for / > 1)

and the coefficients Yj(x) (i > I) are determined by the following recursive
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formula:

(2.8) ( jy /=x5(x)r /+|/ /_1 | (x,r1 , . . . ,Y;-_i ,5(y1) , . . . ,s(y /_i)) for 1 = 1 ,2 , . . .

which yields

.-^(^-.)) f o r / = 1 | 2 ) . . . .
a — xx)

Moreover we have:

Lemma 1. Under the condition (1.2) we have for all i= 1,2, ...

(2.10),. w,(*)« TO,

(2.11),. |£(je)«S(y,)(*).

Proof. Let us prove this by induction on i. Put

7>0

First let us check the case i= 1. By (1.2) and (2.5)i we have

1/olW

and therefore by (2.9) we have

This easily leads us to (2.10)i and (2.11)i.
Next, let / > 2 and suppose that (2.10)^ and (2.11)^ are already proved for

all p < i. Then, by (1.2), (2.5)/ and the induction hypothesis we have
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«
V "*/

a,,.
«x\S(p)\(x)\ui +x\S(c)\(x)

dut

*~fa

~dx

Combining this with (2.9) we obtain

y>0 "~

This leads us to (2.10)/ and (2.1 l)z.

Lemma 1 implies that Y(t,x) is a majorant series of the formal solution
u(t,x). Therefore, to complete the proof of Theorem 1 it is sufficient to prove
that Y(t,x) is convergent near (0,0) e Ct x Cx.

To do so, we write Y(t,x) in the form

where

By the condition |/0|(x) = |a|(x) = A(x), (2.4) and (2.9) we have

( x ) = , ,
v ; d-xB(x) v }

This implies that Y\(x) and Y2(x) are holomorphic functions in a neighborhood
of x = 0 and therefore S(Y\)(x) and ^(r2) (jc) are also holomorphic near x = 0.

Let us show that W(t,x) is convergent near (0,0) e Ct x C*. By (2.4),
(2.6) and (2.8) we see that W(t,x] is the unique formal solution with
W(Q,x) =0 of the equation

(2.12) oW - jc^(jc) W + G(t, x, tW, tS( W)),
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where

+ t2S(Y2) Hh tX2).

In (2.13) we may regard Y\(x), 72(jc), S(Yi)(x), and S(72)(;c) as known holo-
morphic functions. Since W(t,x) » 0, to have the convergence of W(t,x) it is
sufficient to prove

Lemma 2. If e > 0 is sufficiently small, the power series W(sp,p) is con-
vergent in a neighborhood of p = 0 e C.

Proof. Set

We(p)=W(ep,p).

Then, by substituting t = Ep, x = p into (2.12) and by using the relation

pS(W)(ep,p) =

we have

(2.14)

Hence, instead of considering (2.14) we shall consider the following analytic
equation with respect to Z(p):

(2.15) oZ = pB(p)Z + G(ep, /?, spZ, eZ) .

Then, the proof of Lemma 2 can be reduced to the following lemma.

Lemma 3. If £ > 0 is sufficiently small, the equation (2.15) has a
unique formal power series solution of the form

(2.16)

and it is convergent in a neighborhood of p — 0 e C. Moreover we have WE(p) «
Z(p).

Proof. By (2.13) we see that G(t,x,X\,Xi} is an analytic function
with respect to ( t , x , X \ , X i ] in a neighborhood of the origin of C4 and that
G(0, 0,0,0) =0 holds. Put

* = jg(0,0,0,0).
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Then the equation (2.15) is written in the form

(2.17) ((j-fi tfJZ = /?(/>, Z),

where R(p,Z] is a holomorphic function with respect to (p,Z) in a neigh-
borhood of (0,0) e Cp x Cz which depends on e and satisfies the following:
R(p,Z) » 0, #(0,0) = 0 and (dfl/3Z)(0,0) = 0.

Hence, if we choose e > 0 so that

a ~ sK > 0,

we can easily see that (2.15) has a unique formal solution Z(p) of the form
(2.16). The convergence of Z(p) is obtained by the implicit function theorem.

Moreover, by (2.14) we have

(2.18) (a - sK) WE « R(p, We],

and therefore by comparing (2.17) and (2.18) we obtain the result:
Wt(p) « Z(p).

Thus, the proof of Lemma 3 is completed.
The proof of Theorem 1 is also completed at last.

§3. Case of Higher Order Totally Characteristic PDE

In this section, we shall extend the result of Theorem 1 to the case of higher
order totally characteristic partial differential equations.

Let (r, x) E Ct x Cx, m e N, put N = #{(j, a) E Z+ x Z+; j + a < m, j < m},
and denote

Z = (Z- V E C^

Let us consider

(•i)'—(--{(4)'(0-;
with u = u(t,x) as an unknown function, where F(t,x,Z) is a function with
respect to the variables (t,x,Z) defined in an open polydisk A centered at the
origin of Ct x Cv x C^. Denote: ^o = ^ H {r = 0, Z = 0}. We assume the
following conditions:

(Hm-l) F(t,x,Z) is holomorphic on A\
(Hm-2) F(0, jc ,0)=0 on AQ.

Thus we rewrite F(t,x,Z) near the origin as

F(t,x,Z)=a(x)t+ V bjot(x)Zjai +\ i 5 / \ / / ^/ y i ^ v / 7)^
y+a^m /M-H>2
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where

v = K.Wm e Z?, v| = £ v,,., Z* = JI (Z,,.)"' •
J<m j+aL<m j+oi<m

j<m j<m

and the coefficients a(x), bj^(x), gp,v(x) are all holomorphic functions on z/0-
For simplicity, we write

(
n \ y

^)cry

Then the equation (E,w) is expressed in the form

(3.1)

If ^^(x) = 0 for all (7, a) with a > 0, C ( x , t d / d t , d / d x ) is nothing but an
ordinary differential operator in t with a parameter x. In this case, the equation
(EOT) was studied quite well in Gerard-Tahara [4]. This is the higher order ver-
sion of non-linear Fuchsian type partial differential equations.

If bj^(x) ^ 0 for some (7, a) with a > 0, the equation (Em) is called non-
linear totally characteristic type partial differential equations. This case is
divided into the following two cases:

Case (I) 6,^(0) ^ 0 for some a > 0.
Case (II) bj^(0) = 0 for all (7, a) with a > 0, but fyia(jc) ^ 0 for some

a > 0.

Gerard-Tahara [6] discussed the case (I) and proved the existence of holo-
morphic solutions and also singular solutions of (Em).

Here, we shall consider a particular class of the case (II) under the
following assumption:

(Hm-3) b^(x) = 0(x*) (as x -» 0) for all (7, a).

Then, bj^(x] is expressed in the form &/,a(*) = xac}^(x} for some holo-
morphic function cJiOL(x), and C(x,td/dt,8/dx) is written as

S\ ( d\( S

J « T- xir x^r -dt) ^ h \ dtj \ dxj\ dx I \ dx/ +K<m \ / \ / \ / \
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We write

Theorem 2. Assume (HOT-1), (Hm-2) awrf (Hm-3). Then, if

(3.2) |L(A:,/) |><7(*: + / + 1 ) I I I ~ 1 ( / + 1 ) /or any ( k j ) e N x Z+

holds for some a > 0, the equation (Em) has a unique holomorphic solution u(t,x)
in a neighborhood of (0, 0) e Ct x Cx satisfying w(0, x) = 0 near x = 0.

Denote by ci , . . . , c/77 the roots of the equation in X:

Xm - Y, <7,«(°)*y = 0.
y+a=/77

7</7?

Then, if we factorize L ( k , p ) into the form

L(A,/>) = (A -£,(,?))... (A -U/>)),

we see that

lim^-=Cl for i= l , . . . , m .

Thus, as a corollary to Theorem 2 we obtain

Corollary 2. Assume (Hm-l), (Hwl-2) awrf (Hm-3). 77?^ if
i) L(fc, /) / 0 /or any (k, I) E N x Z+,
ii) cl e C\[0, oo ) /or i= 1, . . . ,m

AoWj ^/i^ equation (Eni) has a unique holomorphic solution u ( t , x ) in a neigh-
borhood of (0, 0) e Ct x CY satisfying w(0, x) = 0 rcear x = 0.

Remark 2. The above corollary 2 is an improvement of Theorem 2 in
Chen-Tahara [2]. Recall that in [2] we have assumed the conditions (HW7-1),
(Hm-2), (Hm-3), i) and

ii)' Rec, < 0 for / = 1,. . . ,m.

Proof of Theorem 2. Denote

/ = {(7, a) eZ+ x Z+'J + ot, <mj < m},

p+\v\=2



TOTALLY CHARACTERISTIC NON-LINEAR PDE 631

Assume the conditions (Hm-3) and that bj^(x) — x*Cj^(x) for (j, a) e /. Then,
the equation (EOT) is written in the form

8
"Tx

r + #2(f, x, Du) -+- jR3(f,

First, let us find a formal solution of the form

(3.4) u(t,x) =^uk(x)tk, uk(x] E C[[x}} (for k > 1).
k>\

Substituting this into (3.3) and comparing the coefficients of tk (for k > 1) we
have the following recursive formula:

(3.5) L(k,x-f)uk
\ OX I

for k= 1 , 2 , . . . ,

where fo(x) = a(x) and /Ar_1 (for k>2] is a polynomial of {pj(d/dx)*up;
1 < / > < £ - ! , (y,a)e/}.

Since L(/:, /) + 0 for any /: e A^ and any / e Z+, we can solve (3.5) uniquely
and formally in C[[x\] by induction on k. Thus, we have obtained a unique
formal solution u(t,x] of the form (3.4). It remains to prove the convergence
of this formal solution.

Next, we consider the following equation with respect to Y = Y(t,x}\

(3.6) aY = xC(x)Y + A(x)t

where a > 0 is the constant in (3.2),

\a\(x), C(x)=

and S « ( Y ) is defined by S2(Y) = S ( S ( Y ) ) , . . . ,5a(F) = S ( S * ~ l ( Y ) ) . It is easy
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to see that (3.6) has a unique formal solution Y(t,x) of the form

k(x)tk, Yk(x)eC[[x]] (for k > 1),
k>\

and the coefficients Yk(x] (k>\] are determined by the following recursive
formula:

(3.7) aYk = xC(x) Yk + JA^K*, {Sa(I^)i 1 <p<k- 1, (y, a) e /}),

for fc= 1 ,2 , . . . .

Moreover we have:

Lemma 4. Under the condition (3.2) we have for any k= 1 ,2 , . . .

(3.8), V (f)"uk(X) « S'( Yk)(x] for any (j, a) e /.
\OXJ

Proof. We will prove this by induction on k. It is easy to prove that
(3.8)fc holds for k = 1. Let k > 2 and suppose that (3.8)^ is already proved for
all p < k. Denote:

Also denote:

Then, by (3.2), (3.5) and the induction hypothesis we have

aUk(X)«L(k^x

« xC(x)C/fc(x) + |/,_,|(x, {Sa(7,); 1 < p < k - 1, (7, a) e /}).

Hence, combining this with (3.7) we can obtain

Uk(x) « Y k ( x ) ,

which immediately leads us to (3.8)^.
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By Lemma 4 we see that Y(t,x) is a majorant series of the formal solution
u ( t , x ) of (3.4). Thus, to complete the proof of Theorem 2 it is sufficient to
prove the convergence of Y(t,x) in a neighborhood of (0,0) e Ct x Cx.

Now, we divide Y(t,x) into

where

k>\

Then we have

w- A(x}
a - xC(x)'

and W(f, x) is the unique formal power series solution with W(Q,x) = 0 of the
equation

(3.9)

where

Since FI(A:) and I^W are holomorphic in a neighborhood of x = 0, to prove
the convergence of Y(t,x) we only need to prove

Lemma 5. If e > 0 is sufficiently small, the power series W(sp"\p) is
convergent in a neighborhood of p = 0 e C.

Proof. Set

We(p) = W(epm,p).

Note that the definition of Sol(W) implies

7=0 ^'
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and therefore we have

p"S"(W)(epm,p)

Combining this with (3.9) we obtain

aWE « pC(p)W£

Thus, if we consider the equation

(3.10) aZ = pC(p)Z + G(ep

and if we choose £ > 0 so that

f f -e ( ^-(0,0,0) ) > 0 ,

then by the implicit function theorem we can prove that (3.10) has a unique
holomorphic solution Z(p] in a neighborhood of p = 0 e C with Z(0) = 0;
moreover we can prove that WE(p) « Z(p] holds. This complete the proof of
Lemma 5.

Thus, the proof of Theorem 2 is completed.

§4. A Generalization

Let us consider the following two examples:

d 3\ d d
(4.1)

(4.2)v ;

where G(f, jc,JT) with ^ = (^0,^,... ,^4) or jr=(JT0, J T i , . . . ,X3) is a holo-
morphic function denned in a neighborhood of (t, x , X ] = (0,0,0) satisfying
G(0, x, 0) = 0 and (dG/dX)(0, x, 0) = ( 0 , . . . , 0) near x = 0.

We have:
(1) By Theorem 2 we see that (4.1) has a unique holomorphic solution

u(t,x) in a neighborhood of (0,0) e Ct x CY with t/(0,x) = 0.
(2) The equation (4.2) does not satisfy the condition (3.2) and so we

cannot apply Theorem 2 to (4.2). Though, by a calculation we can see that
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(4.2) has also a unique holomorphic solution u(t,x) in a neighborhood of
(0,0) E Ct x Cx with i/(0,jc) = 0.

Being motivated by this, let us give here a slight generalization of Theorem
2 so that we can apply our result to the equation (4.2).

Let m e N, let ^//l be a subset of {(7, a) E Z+ x Z+;j + a <m,j < m}, and
denote

Z = {Z/,a}(7,a)6 //' ^/,« e ^

Let us consider

This equation is a particular case of equations of type (E /w) and so the
assumptions (Hm-l), (H,,7-2) and (Hm-3) make sense. We set

= max

Then, by the same argument as in section 3 we obtain

Theorem 3. Assume (Hm-l), (Hm-2) and (H/w-3). T/z^ //

(4.4) \L(k, /) | > a<l>(k, /) /or a^ (fc, /) e N x Z+

holds for some a > 0, ?/?e equation (4.3) /za.s a unique holomorphic solution u(t,x)
in a neighborhood of (0, 0) e C, x Cx satisfying w(0, x) = 0 w^ar x = 0.

Note that in case (4.2) we have M = {(0,0), (1,0), (0, 1), (1, 1)} and
/?) = A(A + /?+ 1) and therefore we can apply Theorem 3 to (4.2).
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