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An Integral Transformation and its
Applications to Harmonic Analysis on
the Space of Solutions of Heat Equation

By

Soon-Yeong CHUNG* and Yongjin YEoM**

Abstract

We introduce an integral transformation T defined by

(TN, t)=f8""‘"""2 f0)dy, feL'(R")

in order to do harmonic analysis on the space of C* solutions of heat equation.
First, the Paley-Wiener type theorem for the transformation T will be given for the C®
functions and distributions with compact support.

Secondly, as an application of the transformation the solutions of heat equation given on
the torus T" will be characterized.

Finally, we represent solutions of heat equation as an infinite series of Hermite temperatures,
which are to be defined as the images of Hermite polynomials under the transformation T.

§1. Introduction

By a temperature we mean a C® solutions of the heat equation. In this
paper we will do harmonic analysis on the space of solutions of heat equation
0,—A)u(x,t)=0 on R"x(0,T).

It is well known that the Fourier transform plays an important role in
the usual harmonic analysis. In order to do harmonic analysis on the
temperatures we need some integral transformation which maps the usual
functions or generalized functions on R" to temperatures. A point of this
paper is to combine advantages of the Fourier transform and standard properties
of temperatures so that we can obtain several parallel results as we might see
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in the usual harmonic analysis.
In this paper we first introduce an integral transformation T as a variant
of the Fourier transform, which is defined by

(TN (x, t)=je'“‘""”'2 f0)dy, feL'.

We introduce several interesting properties of such an integral transfor-
mation T which will be widely used throughout this paper.

As the first main theorem we shall give a Palay-Wiener type theorem of
this integral transformation 7. Especially, C* functions with compact support
and distributions with compact support will be characterized by entire
temperatures (see Definition 3.1) respectively, via their images of this integral
transformation 7.

Next, we shall characterize periodic temperatures on R"x(0,7) or
temperatures on the n-dimensional torus 7" without any condition on their
initial temperatures. The initial temperature of any temperature on the torus
will be identified with the help of the integral transformation 7'in an easy way.

In the last section, we introduce the Hermite temperature J#,(x,?) as an
image of the Hermite polynomial under the integral transformation 7. Then
it will be shown that Hermite temperature has a similar orthogonal property
and can be used to expand the temperatures with some growth condition into
infinite series of Hermite temperatures.

§2. An Integral Transformation T’

We start with a fundamental space on which we introduce the integral
transformation. For 1<p<oo the space LP(du) is the set of all functions
whose p-th power is Lebesgue integrable with respect to the measure p on
R". By ZP(R") or simply #? we denote the set of all functions f such that
for every € >0, f belongs L?(e ~***dx), where dx is the Lebesgue measure. Then
it is easy to see that

L¥dx) < &P

for each p>1. The topology is given on the space £ R") by the convergence
that f/;—0 in Z?(R") if and only if for every €>0, f;—0 in L?(e “*’dx). In
fact, the topology is the projective limit of LP(e~**’dx) as ¢—0. i..

LR =1im LP(e~ " dx).

-0
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Now we introduce the integral transformation as follows:

Definition 2.1. For fe Z'(R") and >0 we difine

@1 (T (%, )= j e~ =1 f(3)dy

From this we can easily see that (Tf) (x,?) satisfies the heat equation

@~ A)(Tf)(x,)=0 on R"x (0, o).

Definition 2.2. By J(R"'!) we denote the set of all infinitely differentiable
solutions u(x, ) of the heat equation (3, — A)u(x, f)=0 on R" x (0, 0) and we call
its element a temperature on R%"!. We give a topology on J(R%'!) with
the projective limit of the topology given by the semi-norms

a6, Dl o, e =Pl (x, )]
for each t>0. Then we have the following:

Theorem 2.3. The integral transformation T: % (R")—Z (R'') given by
(2.1) is linear, injective, and continuous. Moreover, we have

22) Sup| (7)) (5, )| < | cxe -z

for each t>0.

The transformation 7T plays a similar role as the Fourier transform in the
usual harmonic analysis, since it is actually the Fourier transform of f after
multiplication by the Gaussian function e **”, Thus the transformation T
can be extended to the generalized function in a natural way. For example,
for a tempered distribution ue ¥’ the temperature (7u)(x,?) is defined by

(Tu) (x, )= u,e™ ™~ >0

by considering the function e~ ~*PI* as a test function.

Now we present some properties of the transformation 7, which will be
used later. From now on * denotes the convolution product with respect to
x variable.

(i) For feL'(R"
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(TN x0)= [e-"y" f(v)]A(x)

= fE(x -y, 0fp)dy

where *denotes the Fourier transform and E(x, f) denotes a fundamental
solution of the heat operator d,—A.

(i)
(Tx?) (x, )= E(x, ) «(— 1)D%s
=(=DDE, 1),
where & is the Dirac measure and D*=7i0*. More generally, if

P(x)= ), a,x"is a polynomial, then

la|<m
(TP (x, )= P(— D) E(x, 1).

(iii) For a function f and a distribution u the translation t, by heR" is
defined by

(@) x)=f(x—h),

and
<Thus ¢’> = <us T—h¢>
=<u, p(x+h))

for any test functions ¢(x) corresponding tou. Then for ue ¥’ we have

[Tt )](x, ) =iy e ™ E(x— &, ).
(iv) For ue&’ we have
T(x*u)=(—1YD*(Tu),
and
T(P(x)u)=P(— D)Tu,

where P(x) is a polynomial.
(v) For ue%’ and ¢e& we have

T(¢u)=(Tu) +$/(2n)"
= (T¢) =it/ (2n)"

But, we should note here that
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T(¢ *u)=E(x, f) * .
(vi) Using the semigroup property of the heat kernel E(x,¢) we obtain
(Tu) (x,t +5)=E(x, ) *(Tu) (x, 5)

for t>0 and s>0 when ue %"
(vii) An analogue of Parseval’s identity for the transformation T can be
derived as follows: For f and g in #?*R")

f (T)) (o, TR G Db = (1)) (T@)dx
@

1 f o~~~

= E xf E*¢d.
Gy ) B B

r

=2n)" [ —x)g(=x)e > dx

=2n)" | fix)gx)e ™ 2 dx

v

= <f;g>L2(e"|"|zdx)'
(viii) For feL!(R") we can take a (pointwise) limit

(T (x,0+)= lim fe‘“‘””"”'zf(y) dy

t—0+

= fe'“‘yf(v)dy-

Thus (Tf)(x, ?) is a temperature whose initial value is just f(x), so that
the integral transformation can be regarded as a generalization of the
Fourier transform.

§3. Paley-Wiener Type Theorems

The Paley-Wiener theorem characterizes distributions or functions by the
growth of their Fourier-Laplace transforms. Then it will be quite interesting
to consider an analogue for the integral transformation 7 introduced in the
previous section.

Let K be a compact subset of R" and ueé’(K). Then since the function
e~ "¢~ is (real) analytic everywhere in R” the transformation T
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(Tu) (¢, )= <uy,e""’5"|”'z> , LeC™

is well defined. Moreover, it is easy to see the followings:
(@) (Tu)((,?) is an entire function of { in C7.
(i) (0,—A)(Tw)(¢,))=0, on C;x(0, ).

Definition 3.1. An infinitely differentiable function u({,#) on C" x (0, c0) is
called an entire temperature if it satisfies (i) and (ii) above.

Now we state the Paley-Wiener type theorem for the transformation T
of the distributions and functions with compact support.

Theorem 3.2. Let K be a compact convex subset of R".
@) If feCP(K) then (Tf)(,?) is an entire temperature satisfying that for
any N>0 there exists a constant C>0 such that

G.1 (TN )1 < CL N2 <mD, - (e, t>0,

where {x)>=<{1+|x|>>? and H(&)=sup{x, &).

xeK

Conversely, if F((, 1) is an entire temperature satisfying (3.1) then there
exists a unique fe Cy(K) such that

(TN, O=F( 1) on C7x(0,0).

(ii) If u is a distribution of order N with support in K then (Tu)({,?) is an
entire temperature satisfying that there exists a constant C>0 such that

(3-2) |(Tu) (€, D] < CLON N FxIm0, - [eC™, £>0.

Conversely, if F({,1) is an entire temperature satisfying (3.2) then there
exists a unique ue&'(K) such that (Tu)({,0)=F((, 1) in C x(0, c0).

Proof. The uniqueness is easily obtained applying the well known
uniqueness theorems for temperatures (see [16]).
(i) First, we note that for a constant C>0

(3.3)

@, —s|x|?
sl

S
SC|¢|S|“|/2a!1/2 exp<—5|x|2>, s>0, xeR".

This inequality can be easily obtained by use of Cauchy’s integral formula. Then
we have

HINE = f(— D D; (e ®)e~ P f)dy



AN INTEGRAL TRANSFORMATION 743

= f e ®D; (e"'”’f(y)) dy

[ o (%) () s
K p<a ﬂ

Thus, for any N>0 and |¢|<N we obtain that

|C“(Tﬂ(c,t)lS€HK(lm§)f Z (Z) Clﬂltlﬁl/zﬁ!llze—élylz|5¢—ﬂf(},)|dy

K B=<a

< Clel(1 4 p)lo112q) 1/2Hx0mD f 6%~ f)ldy

K
< C(N, )ty 2etxmd  reCm
for some constant C; >0 and C(N,f)>0. Then it follows that
(TN (& )| < TN ~Netxtmd: - (e C™,t>0

for a constant C>0.
Now we prove the converse. Define

(3.4) flx)=e? je"xéf(c, dé, t>0.

The righthand side is independent of ¢>0, since
o (e F ¢ W(FE 1)=0

where & ;! is the inverse Fourier transform. This can be seen by taking the
Fourier transform on (6,—A,)F({,t)=0. By the decay condition (3.1) we can
see that f(x) is a C* function and (7f)({,8)=F((, 1) for (e} and t>0. Now
it remains to show that supp f< K. Fixing t=t, and shifting the path in (3.4)
we have

)| < ol

f eEIDRE 4 i, to)dE

< C< t())N/Zero]:qz —xq+HK(n).
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Now let x¢ K. Since K is compact and convex the Hahn-Banach theorem
gives a hyperplane {yeR"|{y,n,)=c} for some noeR" such that

oy <c, yek
and
{x, ey >c.
Then it follows that

Hl1o)=sup{y, o) <c<<{x,Mo)-

yek
Taking n=k#n, (k>0) in (3.5) we have
[f(X)] < C{t oY NI2e kol ~k(<xmo> — Hx(nol}

Then the righthand side goes to 0 as k£ goes to oo, which implies that f(x)=
0. Thus we have supp fc k.
(i) First, we choose a cut-off function y;e CP(K;) for 0<d<1 where
Ks;={x+ylxeK and |y|<é}, so that
x(x)=1, xeKy,
and
|0°(0) | < Cud ™1, aeNG.

Since ysu=u and u is a distribution of order N we have

[(Tu) (¢, )| = |<u, xse~ PPy
<C Y sup|de” ¥ ye™l)
la] <NyeKs

(e ~P)

=CY supy (“)w“*ﬂe-ivq-

la|] <NyeKsp<a ﬂ

<Ccy ||l Bl sup e y (ﬂ) |08~y 5()] - [07e =1
la|<N yeKs r<B \Y

<CcY eHx +alnl|r|lal = 1815~ 18=¥gM/211/2 gy e—%lyl2
lajcNy<B<a veKs

< C{EHNI2eHxm + )] Z SIBILEYN 1B

IBl<N
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where C denotes a constant which is not essentially the same in each step.
Then if we take 6=1/1+]|(| we obtain

|(Tu) (€, )] < CLONEHN2et =00,

which is required.

Now we prove the converse. Since F(-f) is a tempered distribution for
each 1>0 we can take the inverse Fourier transform % ;! with respect to
¢ variable. Put

u=e "PF R, 1)

Then u is also a tempered distribution and does not depend on the parameter
t>0 by the same argument before. Moreover, it is true that (Tu)({, )=F(, 1)
for all {eC" and ¢>0.

On the other hand, it follows from (3.2) that the usual Paley-Wiener
theorem gives w,e&’(K) for each >0 such that

(0)=F¢,1) =(e""‘"u)A ).

Therefore, we have u=e'"’w,. But since ¢*I’#0 everywhere and supp
w,< K we can see that supp u< K which completes the proof.

§4. Periodic Temperatures on the Tours 7"

For a multi-index ae NV} by |«| we have denoted |¢|=0; +a,+---+a, But
for aeZ", |a| denotes the Euclidean length ie. |a|?=oa?+oad+ - +a?
throughout this section where Z is the set of all integers.

As an application of the transformation 7" we shall give a characterization
of periodic temperatures on R"x(0,7). Here by a periodic temperature we
mean the temperature u(x, ) such that

u(x+a,f)=u(x,f) on R"x(0,T)

for any aeZ”. A periodic temperature can be regarded as a temperature on
the n-dimensional torus T”. In fact, it is well known that if u(x, f) is a periodic
temperature on R x(0,7) with the initial temperature f(x)=u(x,0) which is
integrable on (0, 1), then u(x,?) can be represented by the Fourier series
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Y

(4 1) u (.X, t) = Z a,e —4n2n2t+ 21rinx,
where
4.2) a,= J1 f(x) e 2minxdy,

0

Here, we shall characterize arbitrary periodic temperature on R" x (0, T'), without
any condition on its initial temperature. More precisely, the initial temperature
of any periodic temperature will be given a meaning via the integral
transformation T.

In oreder to do this we first introduce some space of functions of certain
decay rate.

Definition 4.1. By 7 1 we denote the set of all C* functions satisfying
the following: for every oceN" there exists a>0 such that

4.3) Ipllga=sup |*¢()e "

xeR"

is finite and by J ; we denote the strong dual space of 7 , with respect to
the topology deﬁned by the norm (4.3).

Remark. (i) Each element u of the space I i belongs to the space of
Schwartz distributions, which is defined by the set of all continuous linear
functionals on the space C3. In fact, it can be represented by u=ad%f(x) for
some o and a continuous function f(x) on R" such that for some a>0and C>0

|f(x)| < Ce"**,  xeR".

This can be proved by the same method which was used for the structure
theorem for tempered distributions (see [13]).

(ii) It is easy to see that (T¢)(-,)eT 1 for each >0 and ¢eJ e Therefore,
the transformation T on I ; is also well defined as, for ueJ” ;,

(Tu’ ¢)=(u9(T¢)(1 0), ¢€’7-1'

(iii) The space Ty is a little different from the space S1 which was

introduced by Gelfand- Shllov([6]) But using the same arguments in [6] we
can see that the Fourier transform is an isomorphism between T and the



AN INTEGRAL TRANSFORMATION 747

space I : given by the set of all C® functions ¢ satisfying that for any eV}
there exist />0 and C>0 such that

1
sup|xP0*p(x)| < Chllal?,  aeNg,

xeR"

ie. .9"=.7'1'

Now we are in a position to state the main theorem in this section.

Theorem 4.2. Let u(x,t) be a periodic temperature on R"x(0,T). Then
we can find a unique distribution V(x)=Z,cznc,0(x +2na)e T} such that

4.9) (T9) (x, ) =u(x,1)
where c,’s are complex numbers satisfying the following: for every €¢>0
(4.5) led < Cetl2l?, aeZm,

Moreover, u(x,t) can be uniquely expressed as

(4.6) ux, )=y ce 4w llallPramiax (o e R x (0, T),

acZn

where
2 2 - i
c,=e*"lell 'J’---fu(x, e~ 2™*xdx, acZ”.
0 0

Proof. Since u(-,?) is periodic for each t€(0,7) it can be written as its
Fourier series expansion

4.7 ulx,0)=Y b(o, )e*™, xeR"

acZ”

for each te(0, 7), where
4.8) b(a, t)='r---f u(x, e~ "> dx  aeZ”
o Jo

Moreover, since u(-,¢) is C* in R" it follows that for any N>0
4.9) b, )| <bN(E)1 +]a)) ™7, aeZ”

for some constant by(f) depending on N and ¢.
We now apply the heat operator d,—A to (4.7). In view of the condition
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(4.9) the Laplace operator A and the seminorm in (4.7) can be interchanged
in their order of applications. But it may be nontrivial whether 0, and the
summation should be also interchanged. But since d,u(x, ) is also a periodic
temperature if we use the decay condition and the uniqueness of the coefficients,
they can be also interchangeable. Then,

0b(a, 1)

@ —Aux,n=Y — e 1 Y An?||ar| 2b(a, He2rie

n n
acZ ° aeZ

-y {%g’;’ ) | 42l b, t)}ez""“

acZy
=0

on R"x(0,7). Thus from the uniqueness of the Fourier coefficients we obtain
an ordinary differential equation

%b(a, )+4n2 o) b, =0, 1€(0,T)

for each aecZ". Thus we have

d 4n|af|2 }
- 2 |a| 2tp, ,0e=0
dt{e (@, 1)

which implies that the function e***%II*®p(a, 7) is independent of ¢>0, so that
we may write

c,=e*"el?tp(q, 1),

This gives the expression (4.6). Moreover, it follows from (4.9) that for every
N>0

le| <ML+ )~ Vet NN, 0<t<T.

Since ¢, is independent of >0, we may choose ¢ arbitrarily, so that for every
€¢>0 and some constant C,>0 we have

le,| < Cetlel’, qeZ.

Now take w(x)=X, zc,0(x+2na), where c,’s are the constants given
above. For any ¢ in I 1 we have

[0, =Y. cop(—2m0)

acZn"
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< Y ledlillo g™ 4 elel?

acZn

<C,llplloq Y. e allall

acZn
< Cl "¢" O,a°

for some constant C, >0 and by taking ¢>0 so that e<4n?a. Thus v belongs
to .. Since
Z
TLO(y + 2n0)] = {8(y + 2mar), e~ 0>~ t1*y
—4n?||a| 2t + 2miax

=e

we get for (x,0)eR"x(0,7)

(TV)(.X, t)= Z Cae_4"2||¢||2t+ 2miax

acZ”
=u(x,1).

On the other hand, the uniqueness in the (4.4) and (4.6) is easy.
Using the above result we can find the inital temperatures of arbitrary
periodic temperatures. To be precise, the initial temperature of any periodic

1
temperature belongs to the space (77). Namely, we have the following:
Theorem 4.3. Let u(x,t) be a periodic temperature on R"x(0,T). Then
1
there exists a unique uye(J>) such that

(4.10) u(x, )= CugB(x—,0%  (x,0)eR"x (0, T).

Proof. By Theorem 4.2 u(x,?) can be written as (7v)(x, f)=u(x,?) for a
unique ve7 ;. Thus it follows that
z

u(x, 1) = (v, eI
= (5, B(x—,1)).

1
Taking u,= ¥ we can easily see that u, belongs to (7*) (see Remark above)

1
and u(x,?) converges to u,=" in () as t—0.
For a temperature u(x,f) on R"x(0,7) we say that it has the Huygens
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property if
u(x3 t) = J‘ E(X - t-—s)u(y, s)dy
RVI

for every ¢ and s with O<s<t<T.

Corollary 4.4. Every periodic temperature on R" x(0,T) has the Huygens
property there.

Proof. Using the semigroup property of E ie. )
E(x,t,+t,)=E(x,t,) *E(x,t,), t;>0,¢t,>0,
it follows from (4.10) that
u(x,f)=uy x E(x, 1)
=uqy % E(x,s) xE(x, t—s5)

=u(x,s) xE(x,t—s)
=J u(y,s)E(x—y,t—s)dy.
R

In fact, the last integral converges since
[u(x, ) <OV, x|Y,  xeR"

for some N>0 and C(N, ) depending on N>0 and >0
As an another application the backward Cauchy problem for the heat
equation on the n-dimensional torus 7" can be solved as follows:

Corollary 4.5. A solution of the backward Cauchy problem

{(a, —A)u(x,0)=00n T" x (0, ,)
u(x, to) =fo(x), xeT"

can be uniquely expressed as

u(x’ t)= Z aae—4n2||a[|zt+2niax, XET",[>0,

acZn

where

1 1
2 2 — 2
aa=€4" [leel| toJ f So(x)e 2miaxgy  aeZ™.
0 (o]
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§5. Hermite Temperatures

The Hermite polynomial H,(x) of degree n is defined by the Rodriguez
formula

H,,(x)=(-—1)"e"2(i> e ™ xeR
dx

for n = 0,1,2,... The orthogonality is defined by

CH), Hm(x)>>:=f° H.(H. (e~ dx

B {Z"n!\/;, ifn=m

0, ifn#m.

x2
Then it is well known that if e”* f(x) is a tempered distribution, then we
can write the distribution f as

6.1 /= ¥ a1
where
(5:2) ty=—(fie P H ().

=2”n!\/n
Moreover, the coefficients a, have an estimate that
la, < C(1+n)¥, neN,

for some N>0.

Definition 5.1. For each neN, we call the temperature (TH,)(x,?) the
Hermite temperature of order n and denote it by #,(x, ). In fact, we have

Hx, ) =<H,(y), e~ 701
=H,(—D)E(x, 1),

so that #,(x,0){E(x,))}~"' is a polynomial of degrec n. Although the
orthogonality of # ,(x, {) is not valid any longer they still satisfy the following:
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(5.3) (H[x, 1), H . 0)): = J H x, ) A fx, )dx

R

= J H(x)H,(x)e™ 21+ dx

B {2"n!\/}£, ifm=n,
0, ifm#n

when =4

Now we will show that if a temperature satisfies some growth condition
at inifinity, it can be expanded via Hermite temperatures as follows:

Theorem 5.2. Let T>% and u(x, t) be a temperature on R x (0, T) satisfying
that there exist M>0, N>0 and C>0 such that
(5.4 lu(x, )] < C{xDMt™N, xeR,0<t<T.

Then it can be uniquely represented as
[

(5.5) ulx, )=y a,H,(x, 1.

n=0

Here, the coefficient a, is given by

1 o]
(5.6) a,= - j u(x, Dot (x, He**dx
Z"n!\/n —
and satisfies that
la,|<C(1+n)E, neN,,

for some L>0 and C>0.

Proof. For a positive integer m we put

= m—1), t>0,

1= {0, 1 <0.

Multiplying f with a suitable C* function with compact support we obtain
functions w(¢) and w(f) with

(t)_{f(t), 1<T/4,
R N )
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and supp w<[T/4, T/2] such that

(5.7) (%)mv(t)=5(t)+w(t)

where 6 is the Dirac measure.
Now take the integer m>N+2 where N is the constant in (5.4) and
consider functions on R x(0,7/2)

T/2
G(x, t)=J u(x,t+s)v(s)ds
0
and
T/2
H(x, t)=J u(s, t+s)w(s)ds.
0
Then they are all temperatures on R x (0, 7/2) and satisfy
M T
|G(x, )| < C{xHM, xeR,0< t<5
and
M T
[H(x, 1) < C{x>Y, xeR,0< t<—i

Moreover, G(x, ) and H(x, t) can be continuously extended to R x [0, T/2) and

(=™ g G(x, )= ( —%)mG(x, 1)

ox*™
=u(x, )+ H(x,1).
Define g(x)=G(x,0) and h(x)=H(x,0). Then g and h are continuous and
lg(x)| < CCxY™,  |h(x)| < C<xHM, xeR.

This implies that g and A can be regarded as tempered distributions. By the
uniqueness theorem for temperatures (see [16]) we have

G(xa t)=J E(x =) t)g(y)dy=(g *E) (xs t)’

H(x, t)=f E(x—y,0)h(y)dy=(h +E) (x,1).
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If we define a tempered distribution u, by

to=(~ 1" g9 —h(x),

then

2m
uO*E=[o-ng§?ﬁg—h]*E

(=1 Gl )~ H )

=u(x,1),

which implies that the initial value u(x,0%) of u(x,?) is given by the tempered
distribution u,. Since the inverse Fourier transform & ~(u,) of u, is still a
tempered distribution we can write it as

(58) Fuo)= 3, a,H,9)

for some sequence a, such that |a,|< C(1+n)*, neN,. Now applying integral
transformation we have
T(gf——l(uo))=uo *E=u(x, t)

and

T( 3, a0 = ¥, a(TH)(. 0

= 3 ot ox),

which gives (5.5). Using the orthogonality (5.3) we also have (5.6). This
completes the proof.
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