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Strong Unique Continuation Property for
the Dirac Equation

Dedicated to the memory of Professor Nobuhisa Iwasaki
By

Laura DE CARLI* and Takashi Oxair*

Abstract

We discuss some Carleman type inequalities which lead to a strong unique continuation
property for Dirac operators with potential dominated by the Coulomb singularity.

§1. Introduction

Let o, j=1,2,3, f=a9 be anticommuting matrices which satisfy the
following relations.

(1.1) o = oy, 06,-2 =1, oo + oo = 0, j#k.

The Dirac equation which describes free relativistic electrons is represented by

ihdp(1,x) = Hob(t, %),

where Hj is given explicitly by the 4 x 4 matrix-valued differential expression

3
Hy = —ikc Z 0;0x, + agme?.
Jj=1

Here, ¢ is the speed of light, m is a mass of a particle and % is the Planck’s
constant.

More in general, let «;,j=0,...n be N x N symmetric matrices which
form a basis of the Clifford algebra. Namely, they satisfy (1.1). It is known
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that N is in the set DZ, where D = e xl Throughout this paper, we only
consider the irreducible cases. Namely, we assume that

(1.2) N =205,

The (n-dimensional) Dirac operator with which we are concerned is

(1.3) L=~i) ooy,
=1

which satisfies
L? = —A4lI.

Let 2 be a domain of R” containing the origin. We consider two
problems for strong unique continuation property. The one concerns the
differential inequality

(1.4) [Lu(x)| < |V (x)u(x)| xeQ

and the other is about the differential equation

(L.5) Lu(x)+ V(x)u(x) =0 xeQ.

In both cases, the singular matrix potential V satisfies
x|V (x) e L (RMN.

There are many works concerning the unique continuation properties for
single elliptic equations or for elliptic diagonalizable systems. For general
elliptic systems, however, we have only few works (c.f. [5]).

We note first that a simple calculation shows that

AN 22+ e, ifn=2 N=2
et( l;%é’> {(AZ+|:|2>2 ifn=3 N=4

The multiplicity of the characteristics becomes higher and higher as the space
dimension becomes large. This causes some difficulty in the study for the Dirac
operator by using the matrix diagonalization method. Furthermore, the
presence of a singular potential makes the problem more complicated. To
overcome these difficulties, we shall use eigenfunction expansions. The Dirac
operator has solutions corresponding to both positive energy and negative
energy. The potential V is assumed to satisfy, roughly speaking, that the
multiplication operator V transforms only a few negative states into positive
states when the absolute value of energy is high. We shall see that this
assumption ensures the strong unique continuation property. We hope that our
study throws new light on those problems for general elliptic systems.
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The plan of our paper is as follows. We first state the results for the
general space dimension in Section 2. When the space dimension is equal
to two or three, we can improve them. The precise results will be stated in
Section 3. In Sections 4-6, we shall give their proofs. In the final section,
some negative results will be presented.

§2. The General Space Dimension

Our first result is as follows. Let W be a spherically symmetric scalar
potential such that

W(x) =w(xDI,  |x{w(jx]) € L=(R").
We denote the operator norm in R” for the constant matrix ¥ by || V]|

Theorem 2.1. Let n>2 and Q be a domain of R" containing the origin.
Suppose V(x) satisfies |x|V(x) e L°(R)Y and

sup x| [[V(x) = W(x)|| < 1/2.

xeR"
1,2 N .
If ue{W, (Q)}" satisfies
Lu(x)+ V(x)u=0 in Q
and u vanishes of infinite order at the origin, then u is identically zero in Q.

Remark 2.1. O. Yamada obtained in a paper in preparation this result
when V =W and n=3.

Here and in what follows, we say that u e L} (Q) vanishes of infinite order at

loc
xo € R if

lim R~

|u(x)|2dx = 0
R=0 J {Ix—x0l<R}

for every ¢ > 0.

Next, we consider the differential inequality.

Theorem 2.2. Let n>2. Let ue {W,:,’CZ(Q)}N be a solution of the dif-
ferential inequality

C

(2.1) |Lu(x)| < mlu(xﬂ x € Q,
where C is a positive constant strictly less than 1/2. Then, u is identically zero if
it vanishes of infinite order at some point of Q.

Corollary 2.3. Suppose that there exist positive constants ¢ and C such that
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|Lu(x)| < [u(x)|, x€Q.

|x|]—6

Then, the same conclusion as in Theorem 2.2 holds.

Remark 2.2. V. Vogelsang ([13]) obtained the same result as in Corollary
2.3 when the space dimension is three.

There is also a related results by D. Jerison ([6]) who showed that the
differential inequality for the Dirac operator

|Lu] < |V (x)u

has the unique continuation property from an open set provided that Lu(x) e
3n—-2

L2(@Q)Y and ||V(x)|| € L7(Q) with ¢ >

There are a lot of works on the unique continuation properties for the
Laplacean or of a single elliptic equation. In fact, it is known that the dif-
ferential inequality

G

du(x)| < ‘%l‘z-lu(x)l + 2V,

V2

where C; and C, are positive constants, has the SUCP in W22 if C; < -5 ([11,

loc

(3], {71, [8], [4], [9], [10]). Moreover, we have counterexamples to SUCP when
n=2and C, > 1, ([2]), and in the higher dimensional case, except for n = 3, if
G, is sufficiently large ([15]).

In view of the relation Alu = —LLu, we can translate the negative results
for the Laplacean to the cases for the Dirac operator. Especially, when n = 2,
there is a counterexample which shows that the best constant C appearing in
Theorem 2.2 should be less than one. See the section 7 for the detail.

Furthermore, our Theorem 2.2 shows that we can take ||V(x)|| € L, * (),
which is the best possible choice in the scale of the L? spaces. We shall prove
this fact at the end of Section 7 using an adaptation of a famous counter-
example of D. Jerison and C. Kenig ([7]).

§3. Low Dimensional Cases

When the space dimension is equal to two or three, we have more precise
results. We begin with two dimensional case.
We define Pauli matrices, which are 2 x 2, by

o a() a-(CF) (9
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The two dimensional Dirac operator is given by
(32) P= —i{alax‘ + Gzaxz}.

The potential we consider is a two by two matrix having the following
form.

(3.3) V(x) = (V“(x) Vlz(x)).

Va(x)  Valx)
Set
V},j(x) = |x|V,-,j(x).

Let T(R, x S"') denote the set of all trigonometric polynomials like

> F(re*,  F eL”Ry).

k| <m
Let # denote the closure of the subset 7 in L®(R; x S"7').

Theorem 3.1. Suppose that each of Vi(x) is bounded in R2,

(34) x|Vied, j=12
and
1
(3.5) sup |x||Vi;(x)| < 5 if i+ j is odd.

2

Then, if ue {W,}]’CZ(Q)}2 satisfies Pu+ Vu =0 and vanishes of infinite order at
the origin, u is identically zero.

Corollary 3.2. In place of the condition (3.4), we assume that each of Vj
(j=1,2) is continuous in a neighborhood of the origin. Then, the same con-
clusion as in Theorem 3.1 holds.

We note that Theorem 3.1 does not follow from the result for the
Laplacian because the potential is not regular sufficiently.

Next, we turn to the three dimensional case. When n = 3, (1.2) implies
N =4. A basis of the Clifford algebra is given by

I 0 0 O'j A
oco-—<0 —I)’ ocj—<aj O)’ j=1,2,3.

Define the Dirac operator D by
3

D= —iZajaxj.

k=1

We consider a 4 x 4 matrix potential ¥ (x) with (i, /) component Vj(x).
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We define two subsets 4 and X of {1,2,3,4}2 by
(3.6) 4={(1,1),(1,3),(3,1),(3,3)},
2={(,)): (i,j)¢4 and (i—1,j—1)¢ 4}

Let Q be a domain of R? containing the origin. Let W be a 4 x 4 matrix
whose components W are spherically symmetric and, moreover, they satisfy

Wii(Ix[) = Wi j+1(lx])  for (i,/) e 4
and
(3.7) x| Wy(x) e L*(R®), (i, /)
with
Wi =0, if (i,j)e’.

Theorem 3.3. Suppose V is a 4 x 4 matrix satisfying
(3.8) sup |x| |V (x) — W(x)|| < 1/2.
If ue {W,‘I,’CZ(.Q)}4 satisfies

Du(x)+ V(x)u=0 in Q

and vanishes of infinite order at the origin, then u is identically zero in Q.

§4. The Proofs of Theorems 2.1 and 2.2

First of all, we recall the fundamental facts about the properties of the
Dirac operator (c.f. [6]). Let n>2. We shall use the polar coordinates:

r=|x|, w = x/|x|, and y=logr.

Set P; = —ia;. P; is a skew symmetric matrix. In these coordinates (y,w) e
R x S"!, the Dirac operator can be written as follows.

L= 7 A(@)(0,] - G(@,3),

where
A(w) =) Poj,
j=1
and

0 0
G(w, 6w) = Z Pth (coh a—wk — %;) .

h<k
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Note that 4 is a unitary matrix and 4* = —4. A calculation shows that
4.1) —AI = (AL)* AL

= (0,1 — G)* e ¥ (8,] - G)

= {(~8, —n)I — G}e 2 (8,I — G)

= e P{(=8,+2—n) — G}(6,I — G).
Since

A4 =e2{0) + (n—2)d, + 4},
where A is the Laplace-Beltrami operator on the unit sphere S"~!, we have
G(G+n—-2)=—-4.

We know that the eigenvalues of —A are k(k+rn—-2), k=0,1,2,....
Therefore, it turns out that the eigenvalues of G are a subset of Z. In
particular, when »n =2, the spectrum of G is equal to Z. When n >3, it
coincides with the set Z\{—1,—2,...,2 —n}. Let 2 be the vector space of
harmonic C™-valued polynomials of degree k, and let s#; be its restriction on
S" !, #, is the eigenspace of —AI that corresponds to the eigenvalue
k(k+n—2). In particular, if Ej =ker(G—k), then E® E,_ ,y = #x.
Moreover, E_; =--- = FE;_, = {0} when n > 3.
Now, we establish a crucial relation between 4 and G.

Lemma 4.1.
AG=(1-n—-G)A.
Proof. A simple calculation shows that
A(w)G — GA(w) = 24G + (n — 1)A.

This implies the conclusion.
n—1

Let us define B= G+ 3

Then,

n—1
2

L= e‘yA{éy + - B} and AB=-BA.

2
(No+%>, where Ny ={0,1,2,3,...}. Let F; be the eigenspaces of B

. -1
The set of all the eigenvalues of B is equal to the set X = —<N0 +n )U

corresponding to the eigenvalue 4 for Ae 2. Then, in view of A"4 =1, we
see that A4 is a bijection from F; to F_; for any e X. Let {u,,}, .5 be the
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orthonormal basis of L2(S"™")" such that
Aul,fzu_,L/, /:1,...,d,{.

Here, d; is equal to the dimension of F;. Let IT; be the- projection on the
subspace F; of L2(S")". For an integer J, define

H;:@Azjnb H;2@1<JH1'

Summing up, we can conclude that if u e L2(R")" and

urw) =y > fuulo),

ler 1</<d,
then

0 =Y {0+ () fun

AeX 1<t<d;

where the prime stands for the derivative in y = logr.
Thus, it holds

Lu=e¢e"? Z{éy + (n ; ! — l) }AH,W.

rleX

If ue COR"\{0})" and (L+ V(x))u=r""g, then (4.2) gives
0

(4.3) {ay + <n ; L /1) }f—u =—(rV(X)u,uz¢) + (9, unr) 2 sm)

for Ae 2. We will show that the equation of (4.3) corresponding to A has
a better estimate for the negative A than for the positive A (Lemma 4.3). To
utilize this fact, we divide those equations corresponding to the negative A’s by
a large positive constant M which will be determined later. This simple trick
leads to the condition on the potential ¥ which concerns the interaction of the
projection operator I, with the multiplication by V.

Lemma 4.2. Let J =0. Our assumption on the potential implies that there
exists a positive constant Cy such that

(4.4) 1T x|V (x)ul| < &l[Hgull + Coll 5 ull
with ¢ < 1/2.

Proof. In view of the facts that
[T rV (x)ull < |HTgrV (x)Hgul| + | TgrV (x)5ul

and
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5w (|x) My ul| =0,

the conclusion is an immediate consequence of the condition (3.8).
We require the following Carleman estimate.

Lemma 4.3. For any real y, any f(y) € C(R) and a real constant u, we
have

Jw e 0, f + pf|Mdy = Jw P+’ ISP ) + 1P}y

—00 — 00

> [ el o.

—00

Proof. Let v=e?"f. Then, the desired identity follows from the facts
that

0 0
j o, f +ufPdy =10, +7+woPdy
—® -
and that
w _
R J (7 + wWo(») 7 (»)dy = 0.

—00

We divide each of the equations (4.3) with 1 <0 by a sufficiently large
positive number M which will be determined later. An application of this
lemma to the new system obtained from (4.3), together with Lemma 4.2 with
u=u =m—1)/2—2e€Z implies that there exist some 0< &< 1/2 and
positive constants C;, j =0,1,2 such that

“s) 3 <y+m>2je-zwun_lu||2dy
AeX, >0

< e (v eou+ 9Py

< Je—zwnnauuzdy + G Je~27y1|no+un2dy +c J‘-"z”ngnzdy

1 _
O 0 I a0 e L
AeX,A<0

IA

¢ || Iy (—rV (x)u + g)|*dy

IA
2= 5l

e{CIGU) + Gl Ty ull® + [lgl*}dy.
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Here, we have used the inequality

(a+b)235a2+%b2 for a,6 >0, 6 > 1.

Note that if 1 <0, then |y+ ;| >y for any y > 1. On the other hand, if
A >0, then |y+ ;| > 1/2 for any ye N+ 1/2 since u; € Z. Therefore, taking
both M >0 and ye N+ 1/2 to be large enough, we can conclude that

1 12 d, 1/2
(@7) (-7~ cm) {Z > | e‘zwv_l,;s?dy}

AeX (=1

) 1/2
<cf [ gt}

Now, we are in a position to prove Theorem 2.1. Choose ¢ € C®(R) such

that

(4.8) 0<g(r)<1
o) 1, if y> -1
V700, i y< -3

Define y € C*(R) by
x(y) =1 if y<—-3and =0 if y>-2.

Letue W,};cz(.Q)N be a solution to Lu + Vu = 0 and assume that it vanishes
of infinite order at the origin. Set

Ui(y, @) = o(»/)x(y/Ru(e’, w).

Here, we take R to be a large positive number such that the support of
Uj(log|x|,w) is a compact set of Q. The standard limiting argument implies
that the Carleman inequality (4.7) is still valid for U;. Applying the inequality
(4.7) to U;, we see that there exists a positive constant y, such that for any
y>7%, in N+ 1/2,

J e\ Ui(y, )| *dydw

<¢ J 3.dyJe_zyylj_l(/"(J’/j)x(y/R)ulzdcu
-

—2R

+ CRJ dyJe_zyylx’(y/R)ulzdw.

—00
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Let j — oo. Then, from the hypothesis that u vanishes of infinite order at the
origin, we see that for any fixed y > 1

Jj—o

4.9) lim J J e Pu(e’, w)|*dydw
y>-3j Jsm!

< lim e%0+7/2) J J lu(e”, w)|*e™dydw = 0,
y>-3j Js"!

Jj—oo

since there exists a positive integer # such that £ < y+n/2 < £+ 1 and e%0+%/2)
< {e¥}*. As a result, we obtain that

JI P |xi_2y—"\u(|x|,a])'2dx < éRJ lx|~2y_n|u(|x|,a))|2dx_

|x|>e3R

Thus, it holds that

e4R(y+n/2)J P dx < éRe3R(y+n/2)J uldx.

|x| <e4R |x| <e—3R

Dividing both sides of the above inequality by ¢>X(+7/2) and letting y — oo, we
have

u(x) =0  on |x| <e*k

This completes the proof of Theorem 2.1.
Now, we turn to the proof of Theorem 2.2. The analogous argument to
that in the preceding proof yields the following Carleman-type estimate.

Theorem 4.4. Let n > 2 and let r = |x|. There exists a positive number ¥y,
such that

1
(4.10) Sl < [ L

holds for every ue CP(R"™\{0})" and y > y, in N or N + /2 if n is odd or even,
respectively.

Proof. Keep the same notation in the preceding section. Since

Ln_l u(y.@)Pdo =2 > £

AeX 1<¢<d),

an application of Lemma 4.3 to the system (4.3) with ¥ =0 yields the con-
clusion of Theorem 4.4 because of

o0

_ 2 —(2y— 2
1] yu||L2(R..)N :J e ")y||u||Lz<S,.-1)~dy.
—0o0
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In view of Theorem 4.4, the proof of Theorem 2.2 follows from the
standard argument.

§5. The Proof for the Two Dimensional Case

For the two dimensional case, we can obtain precise information on the
eigenfunction of the angular part of the Dirac operator. Let us introduce the
. . x .
polar coordinates x = e’w, i.e, y =log|x| and w = lx—| = (cos @, sinf). Define

an orthogonal matrix 4 by

—if
(5.1) A = o101 + 03007 = ( ?9 € )
e 0

P can be represented by

8 0 4
P:—k”QmM+”Wﬁg+(maa+®&;D'

Since A% = I, the last expression is equal to

0 i 0\ 0
—ie VAl — il
ie A<0y12+<0 —i> 60)’

where we have used the relation

0 ON_(t 0)\Oo
N2 G “owy) " \o —i) e

In what follows, we denote

i 0 i 0\ 0
B - = —_—
<04> and G @-Jw
The equation Pu + V(x)u = 0 reduces to

—iA<~5—1+ G>u+ Vu=0.
dy

Here,

V(y,0) =e’V(e”cosb,e”sinb).

For each positive integer k, define the subspaces EF of L%(S!)* by

~ike i(k—1)0
L _[[ae™Y . - _ ae e
E; = {( et > ig € C} and E; = {(Cze_i(k_l)9> ig € C}.
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It is easily verified that E; is the eigenspace of G — 1/2 corresponding to the
eigenvalue +(k—1/2). Moreover,

) cle 0\ [ etk
cre®® ) T\ ¢pemite-1e )’
We shall use the following notation.
~ 174_ X 17 X
V(y,0)=<~() ~1()).
Va(x) Vo(x)

Let Qx be the projection on the subspace spanned by e *¢ of L?(S').
Define

Q5 = @kz.l Ok, 07 = Dy Q-

When the space dimension is two, the condition (4.4) can be translated as
follows. We assume that the potential V satisfies that there exist a nonnegative
integer J and two positive constants ¢, ¢/ and a positive constant C such that
e+ée <1/2,

(52) 197 V2 Qs qull < ellQyqull + ClIQZ ., yull

0=, V-0F,ull <&@y, ull + CllQy ul,

(5.3) 105 V105 qull < &1l + ClIQy.ull
102, V207, yull < &'l|Q . yull + ClIQT ., yull,

where the norm stands for the standard operator norm in L?(S™!).
First of all, we prove the following result.

Theorem 5.1. Suppose the conditions (5.2) and (5.3) hold. Then, if Pu+
Vu =0 and u vanishes of infinite order at the origin, then, u is identically zero.

Now, we proceed to prove this theorem. We shall decompose u(y, ) into
the sum of Fourier series. Recalling that L*(S') =@Z:°°_ w Ce ™ we can
write

ot =\ we (Y)Y i
(5.4) u(y,0)="(u",u )_1;2(“1:0’)>e ,
where

ui (y) € L*(— o0, +00;e™dy).



838 LAURA DE CARLI AND TakasHl OKAI

It follows that

(5.5) —id{d,+Bdg}u(y,0)+V (y)u(y,0)
(—i(ay—k—l)u;+1(y)+(I7+(y)u+)k(y)+(Vl(y)u‘)k(y))e_,.kg.

kez \ —i(0y+k+1)ue, (9)+(V-(D)u) (3)+(Va()u) ()

Here, (f), stands for the k-th Fourier coefficient of f(6):

(M) = jf<y, 0)e*do.

Set g ='(9g*,9”). Therefore, Pu-+ Vu = e g implies

(5:6) > {=i(dy — k — Doy (3) + (Ve (D) () + (Di(p)u ) (»)}e ™ = g*
kel

SO {10y + k4 Dy (9) + (T-()us)e(0) + (T ) ()} ™ =g
keZ

Let J be a large positive number for which the condition (5.2) and (5.3) hold.
We divide each of the above summations into two parts:

(57 Y —i(dy —k— Dug,,(»)e™ = —0F (Vo (y)ut + N (»)u™ — g*)

k>J
> =iy + k= Dty (9)e™ = = Q7 (Vi (y)ut + Vi(p)u — g7)
k>-J
and
(58) > —i(dy+k+ Duf (n)e ™ = -0t (V_(y)u_ + Va(y)u” —g")
k>~J
D —i(@y —k+ Duty ()™ = -0, (V_(»)u-+ Va(y)u™ —g7).
k>J

Applying Lemma 4.3 to each left hand side of this system, we get

[c9] _ _ 1 B B
(5.9) ZJ ooe () —k — 1)uk+1i2dy = Z”e 7 Q7 u I2,
k=J-

(5100 > J N0y + k= DTy [Pdy = (v =T = 1) le Q7 w7 ||,
k>—J Y=

[e¢]
(1) Y[ eI@ ke Dupaldy > (-4 )20t
k>-Jv—®

and finally
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o0

_ | S

612 Y| eI ket Dty > gl Q|
k>J 4 —®

for any f(y) e C°(R) if ye N+ is greater than J+ 1. Let M be another
positive large constant which will be determined later. By virtue of (5.7) and
(5.8), we get

L e - - 5
e Qrau | < M1Qy (Vi + Vi —g),

y—J—-1 _ 1 = S

L e Qr | < 1105 (Pt + P — gl
y—J+1, _ 1 i o

T leQF it < 3107 (o' + Vo = g0)l

and
1 - N
Elle"yQImu*H < Q= ,(Vau" +V_u" —g7)|l.

Our assumption implies that

(513) Gy (Vawt + Vi — g <all@Q, |l + GIQY, ut )l
+oll Q7 || + Cal| @y |
+ Gllg™||

and

(5.14) 10=,(Vaut + Vou= —g)| < ell @yt | + G, |
+020|Q7 [+ Gl Q|
+ Gsllg™ ||
with
g+ <1/2, 01 +02 < 1/2.
Here, we have used the fact that
107, Vaut|| < sup | V2| [Ju* |

and etc..
Taking M to be large enough, we have

1 - ~ _
(5.15) Wi 10 (Viut + Viu —gh)| < es{|Q7, utl + ||QfJ+1”+||}

+03{1 Q7w || + 197w |I}
+ Callg™ I,
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1 - - +
M”Q:J(Vﬂ‘+ +Vou —g )l <e{llQ7,u | + 1107w}

+03{[1Q7 w1+ 19y |1}
+ Callg™ |l
with
e +e+e<1/2, 01 +0, +03 < 1/2.
Therefore, we can conclude
Lemma 5.2. There exists a positive constant C such that if Ue
{C (R2\{0})}?, then
J X["2|PU + VU2dx > C J x| 22| U 2dxe

for any large y e N +1.

The standard argument leads to the conclusion of Theorem 5.1.
Now, we are in a position to prove Theorem 3.1. What we have to prove
is the following result.

Lemma 5.3. Suppose that W(x)e A defined in §3. For any positive
number &, there exist a positive integer J and a constant C such that

107 W(x)Q— ;. ull < el Q= ull + C”QLH”H
and
10=, W (x)07, ull <ell @, ull + ClIQyull
for all ue L*(R?).

Proof. Let ¢ > 0 be given. One can find a trigonometric polynomial Wy
such that

(5.16) Ry(e?,0) = W(e?,0) — Wy,
Wy = > fi(e)e ™
k| <N
and

RNl L= sty < €/2-

It holds that

_ & _ _
195 W(x)Q ;qull < 5 1=, ull + 197 Wn QO qull.
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If we take J > 2N, we get

Q:}- WNQ:J-HM =0.

This completes the proof of Theorem 3.1.

§6. The Proof for the Three Dimensional Case

We borrow some facts concerning eigenfunctions for the three dimensional
Dirac operator from B. Thaller’s book (§4.6.4). In what follows, § stands for

the 4 x 4 matrix
I 0
b= (0 —1)'

With the same notation as in Section 4, the orthonormal basis {®}", },cz, jm< k]
of each eigenspace Ej corresponding to the eigenvalue k € Z of the operator
B(G +1) is described as follows. For each nonnegative integer k, define

.1 Nl 0
@,’c'f+=<l‘//'(;”>, <D,2’f_=<w],cn+>, for m=—-k—-1,—k,....k,k+1

and

.| m 0
Tk,+=(ll//6’+), '_"k‘_=(¢m ), for m=—-k—-1,-k,...,k,k+1.
k,—

Then, it holds
6.1) B(G+ 1)) = —nd, .

+ m — m
Vi, = <_5£’:ch+1 ) and ko= (g:zrgll )
with nonnegative constants u,f‘m and v,:—“,m whose explicit forms are given by
(6.2) tem=Vk+m/N2k -1, v, =Vk-m—1/V2k -1
W = Vi —m/V2k +1, Vim=Vk+m+1/V2k+1.

Here,

Y"(w) are the spherical harmonics of order k which form a complete ortho-
normal set in L2(S?): Using the polar coordinates (r, 6, ¢) such that the x; axis
corresponds to ¢ = 0, they are given by

2k +1(k —m)! .
Y,"(0,0) = ﬁe””‘@,ﬁ’(cos 0), for k >m >0,
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where

(P=D* and V"= (-D)"F

m m+k
63) Ppe) =S -y L

for |m| <k and define Y” =0 if |m| > k. Moreover, it holds that

{LZ(SZ)}4 = @kez Ej

and

(6.4) IA(‘”H):(w&) and (¢f+> (WIE)+)

These last expressions imply that the multiplication by A(w)|x|V(|x|)
operates invariantly on the sum of the two eigenspaces corresponding to two
eigenvalues having the same absolute value.

We split each of ue (L2(R x §?))* and Lu =& into two component,

() ()

where each of u*(y,-) belongs to (L2(S?))? and can be represented as the
partial wave expansion:

(6.5) @) =3 S W (@) + LoD (@)
=0 m——n

(o) =30 S G @) + G ().

n=0 m=—n

Then

el
n

Joo P = 3= 5= Uf a4 1l

n=0 m=—

and the analogous formula for »~ holds.
Since

Lu=—ie74(0,+1— (G+1))u=e"h,
(6.1) and (6.4) imply that

Slesmennia )+ emmenm(y, )} ()
—2{(6y+n+l)g;fm< §_>+(6y—n+l)g,:m< ,g+>}:<h(;>

n,m

and
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Denote by II} a projection onto the subspaces E,” spanned by
{y™ yrt! | and define IT; similarly. Set

n,+JIm=—n—
Pp— {H,g %szo
II; if k<0
and

P} =@®yss Pr and Py =@, Pk

for an integer J.
Split ¥ into the 2 x 2 blocks as follows:

MW@=(2 E)

Let Lu+ Vu=g. Then, we have
ht=—-Vou" —Viu +g* and h =-Vout —V_u +g .
The assumption (3.7) on the potential enables us to prove the following result.

Proposition 6.1. There exists a positive large integer J such that

(6.6) 1PVt < llP=ut| + CILP |
1PVl < el + CIP |
1P} Vi || < &P~ ||+ ClLPF |
|PEVou™|| < &'||P—ut || + C||PT ut

with

et+¢ <1/2.

If we admit this proposition, the conclusion of Theorem 3.3 is easily
verified by the analogous argument to the one in the two dimensional case.

We turn to the proof of Proposition 6.1. We claim that for a 2 x 2
diagonal matrix T = diag[T}, T>] whose components are spherically symmetric
and 7; belong to L*(S?), we can easily verify the following result.

Lemma 6.2. For any positive integer J, it holds
(6.7) I1P7TP,|| < C|IPL,]|
with a positive constant C.
From this and our assumption on V, it follows that
(6.8) 1P7 1xIV ()P yull < &l PZyull + CI|PLul|
with & < 1/2.
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§7. The Negative Results

Theorem 7.1. Suppose that n =2. There exist a positive constant C > 1
and a (nontrivial) smooth function u vanishing of infinite order at the origin of
R? such that

[Lu(x)| < I—;lu(x)f in R2.

Proof of Theorem 7.1. As mentioned in the section 2, we will show that
our result cannot be greatly improved.

First of all, we recall the result due to S. Alinhac and M. S. Baouendi.
Let ¢ be an arbitrarily small positive number. They constructed in [2] a
nontrivial function uy(x) € C®(R?) which vanishes of infinite order at the origin
of R? and a(x) e C*(R*\{0}) satisfies

(7.1) Auy(x) + T—(Tzl@guo(x) =0,
X
where
PO
6 — X1 axz 2 axl L

and 1 +¢> |a(x)| > 1 in a neighborhood of the origin.
Using the polar coordinates x = (x,x;) = (rcosd,rsind) and setting y =
logr, we have

Auy = e-ZY(aj +02)uy=e YL L uy=e¥L_L,u,
where Ly =0, +i0g. The equation (7.1) implies

L.—L_

=0
2%

LiL_uy+ a(e’ cosb, e’ sinf)

and

—L_

. L
L_L,uy+ a(e’cosb,e’sin 9)+—21—u0 =0.

On the other hand, the calculation in §5 shows that

0 e YL
01+ a20,) =1 . .
|x|(0101 + 0202) (6'0L+ 0 )

Define V(y,0) by

a(e” cos B, e? sin ) ( —e 0 =10 >

2ie” —et? e
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Then, it is easily verified that

0 e 0y, L_uy L_u
0 = V(x) .
eL, 0 L uy Ly
In addition, we see that as the multiplication operator on C?

1e?V (y,0)| = |a(e” cos 0, e’ sin H)|.

Returning to the original coordinates (xi,x;), we obtain a desired function u =
t(L_uo, L+u0).

Finally, we shall give another counterexample which shows that the result
of Theorem 2.2 is optimal in the scale of the Lorentz spaces LP? to which

IV(x)|| of (1.4) belongs. Let n=3, U ="'(u(x),0,0,0), and L=P1—a—+

6x1
0 0
P2E+P3'§)—C‘;, where
10 0 0 0 0 1 0 00 0 1
01 0 0 0 0 0 —1 0010
= P,= =
P=lo o 21 ol 22501 0 0 o) P7lo1 00
00 0 -1 0 -1 0 0 1000
Then,
t
ou ou ou
LU = (72 (.02 (A2 ().
Let

u(x) = exp{—(~log|x|)"}.
Then, u(x) vanishes of infinite order at the origin of R?, and one can check that
LUG) = (1 + e)e-lospey'™ (108 x])* (ﬂ 022 13_)
|x] el ™ x] 7
Set
-1 €
w(x) = (1 +€)£_9_gﬁl)_‘
|x]
Then,
ILU(x)| = W(x)|U(x)|

and one can see that W(x) ¢ L,BO’:O (R%*). In fact, a measurable function f(x) on

R" belongs to L3’°°(R3) if and only if for any compact set K of R”

loc
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sups|{x € K; | f(x)| > s}|'"? < +o0,
s>0

where |E| denotes the (Lebesgue) measure of E. (c.f. [12], p. 132).
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