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On the Spherically Symmetric Solution to
the Mixed Problem for a Weakly Hyperbolic
Equation of Second Order
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Introduction

We consider the following mixed problem in the domain (0,7) x £:

(0.1) Plo(t, x)] = f (1 ]x]),
(0.2) v=20 on (0,7) x 022,
(0.3) v=0, v, =0 at t=0,

where Q = {x e R";|x| < 1},

n n

P[U] =Un — Z(a([’ ]xl)vz\‘,)x, + Z bi(tv x)vx. + bO(t’ lxDUt + C([7 l-xDU7

i=1 i=1

all the coefficients of P are real valued and a(t, |x|) > 0 for all (z,x) € [0, T] x Q.
In order to obtain the spherically symmetric solution of (0.1)—(0.3), P is reduced

to the following operator for re (0,1) =1, r = (x* +--- +x2)"/* and ¥ (1, |x|) =
o(t, x).

P,[V] = Vy—(a(t,r) V,.),.—.LG:% (x:bi(t,x)— (n—=D)a(t, ) Vi+bo(t,r) Vitc(t, 1)V,
i=1

where a(t,r), bo(t,r), c(t,r) are in B*([0,T] x I). We impose the assumption

on P,:
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(A-) r'(OCN, xibi(t,x) — (n— Da(t,|x|)) is a radial function in x and
belongs to #*([0,T] x I) as a function in (¢,7).
(0.1)—(0.3) is reduced to the following problem:

0.1y P[V(t,r)] = f(t,r) in (0,T) x I,
(0.2)’ Vi(1,0) = V(1,1) =0,
0.3)’ V(0,r) =0, V,(0,r) = 0.

Therefore in order to obtain the solution of (0.1)'—(0.3)’ it is enough to solve the
following mixed problem:

(0.4) L,[u(t,r)] = f(¢,r) in (0,7) x 1,
(0.5) u(2,0) =u(2,1) =0,
(0.6) u(0,r) =0, u(0,r) =0,

where L,[u] = u, — (a(t,r)u,(t,r)), + b(t,r)u, + bo(t,r)u, + c(t,r)u and b(t,r)e
A*([0,T] x I). We further impose the following assumptions.
(A-ii) (Oleinik [14]) For a positive constant #p < T it holds that

(0.7) ath®(t,r) < Aa(t,r) + a,(t,r),

where o > (2p + 6)"! (p being an integer >0), 4 is some constant if 0 < ¢ < #,
and o and A are some positive constants if tp <t < T.

(A-il)) 1) a(2,0) = a,(,0) = 0.

2) There exists an extension function a(t,r) € #%([0, T] x R) such that
a>0 and a(t,r) =a(t,r) in [0,T] x I.

(A-iv) It holds that ¢/f(¢t,r) =0 at¢t=0, j=0,1,...,p and 8/f(t,r) =0,
i=0,...,5s—1 on r=0 for an even number s.

Remark 1. If bi(t,x)=0, i=0,...,n, (A-) is satisfied because of
(A-iii)-1). An example of the case where a(t,r) and b;(t,x) £0, i=1,...,n
satisfy (A-1), (A-ii) and (A-iii) will be discussed in the last section in details.

Remark 2. If (A-ii) and (A-iii)-1) are satisfied, the assumption (A-iv) is
seemed to be natural in the following sence. It is well known that the mixed
problem for L, with the Dirichlet condition is reduced to the following type of
problem by the usual argument, if initial data, boundary data and the forcing
term are sufficiently smooth in [0,7],7 and [0,T] x I respectively and ap-
propriate compatibility conditions are satisfied (cf. [5], [7], [14]).

L,[u] = Fy(t,r),
(M){uzO on (0,T) x alI,

u=0,u,=0 at t =0,
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where Fy(t,r) is sufficiently smooth in [0,7] x I and satisfies the former part
of (A-iv). Then we can find an appropriate function U(¢,7) so that L,[u — U]
= Fy(t,r) — L,[U] = Fi(¢,r) satisfies (A-iv) and u — U satisfies (0.5) and (0.6).
This argument will be discussed in Appendix in details.

We give simple examples of the equation (0.1).
D) v — X vt x) + (Y xwy, (%) €(0,T) x @,
i=1
d(r) e #°(I), keN=1{1,2,...}, lez,={0,1,...},

where especially we put #"!=1 for /=0 in the third term. Ebihara-
Kawashima-Levine [2] obtained the spherically symmetric solution of the mixed
problem for v, — |x|*4v+ |v|*v = 0 for a > 0. This type of equation is the
wave operator describing a model of wave phenomenon, on or through
inhomogenous medium, especially which is extremely dense near the center
(x =0) and then the speed of the wave vanishes near the center.

Also a(t,|x|) further admits the following degeneracy on the boundary.

ii) a(t, |x)) = X %2 (x| — D> = x|+ 0%, (,x)e(0,T)x Q
for ke N, k,/l and 8 Z,.
i) is reduced to the following equation:
i)’ Vi — r*2V,, + (rkt! =Y d(r) — (n — D)r*= 1201,
Also examples of L, corresponding to ii) are given as follows.
i) a(t,r) =2 -0 —r+0%, b)) =rf =D A —r+1)°
where especially we put t/~! =1 for / =0 in b(z,7).

O. A. Oleinik [14] considered the Cauchy problem to weakly hyperbolic
equation of second order admitting general degeneracy in (z,x) €[0,T] x R™

(0.8) vy — Z(A,-j(t, x)vx,),, + Z Bi(t, x)vy, + Bo(t, x)v, + C(t, x)v = F(t,x),
ij=1 i=1
assuming that the following inequalities hold

n 2 n n
(09) ot (Z B,‘(l, x)é') <4 (Z Aij(ta x)éiéj + Z Aijr(tv x)éiéj) )
i=1

ij=1 ij=1

0< Z Ay(t,x)E:E,

j=1
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for any £ e R" where all the coefficients of (0.8) are sufficiently smooth and
bounded. Note that (0.7) is the special case of (0.9). Then she proved that
there exists the smooth solution. Her result was extended to the equation of
higher order by Menikoff [10] and Ohya [11].

The well-posedness of the mixed problem for regularly hyperbolic equations
of second order was proved by Ikawa [3], [4]. But nothing is known about the
mixed problem corresponding to Oleinik’s result except for the simple degeneracy
case. In fact, Kimura [5] restricted degeneracy of (0.8) to the case where A;
and B; degenerate in ¢ only of polynomial order (cf. Chi Min-you [1]) and
impose the null Dirichlet boundary condition in a bounded domain in R"
with compact smooth boundary. Then she proved the well-posedness of the
problem (cf. [7]). The mixed problems of a weakly hyperbolic equations of
second order with other kind of degeneracy was studied by [8] and [9]. On the
other hand, Krasnov [6] and Oleinik [12] showed the existence theorems and
uniqueness theorems in the sense of a generalized solution to the mixed problem
for weakly hyperbolic equations under some conditions on the coefficients and
data.

Our purpose is to obtain the smooth spherically symmetric solution of the
mixed problem (0.1)—(0.3) corresponding to the Cauchy problem considered in
Oleinik [14]. Let us introduce some notations:

T

Dy = J JI h(t,r)g(t,r)drdt, (h,g),(t) = JI h(t,r)g(t,r)dr

0

A . 1/2 12
nhn,,k(r):{Z(azazh,azazh»(z)}, Ml = { |, W sC0at}

itj<k

”hHI;q,s,k(t):{ > (8lon0loih) }

i<q,j<s.q+s<k

1Al (zy; g,k = { > (0o djomh 1(1)}

i<q,j<s,q+s<k

0 0 0
0=, 0 =—, ==, i=1,...,n, *=0% ... 0%,
t ot or a),, aXi 1 1 n Dx (3xl a/\"
where o = (a1,...,0,) is a multi-index. Let 4;, j=1,2,..., be eigen values of
—63 with the null Dirichlet condition such that 0 < A; < 4, < --- and corre-
sponding eigen functions ¢,(r),¢,(r),.... We define a functional space

vk () = { Eg,(o, Xiy‘ <oorel}
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It is well known that ¥®(I) ¢ H'(I)N H*(I) and that the following inequality
holds. For some positive constants ¢;, i = 1,2 and v(r) € V%)(I) it holds that

(0.10) clloll} . < Zg, A2 < eollollF i

Theorem 1. Let f(t,r) be in ﬂ”pﬂ Ci([0, T); V&+P+1=0(I)) for any even

number s. Assume that (A-ii)—(A-iv) hold. Then there eixists a unique solution

€ iy CU([0, T); V(1)) of the problem (0.4)—(0.6) and satisfies the
following estimate for some constant M >0 and € [0, T]:

O11)  full7.5(2) < MU W7 ryo0,55 + A7 soa(2)+ omax, IS 117p s, p145(0)).

Replacing b(t,r) by Yor, r~ ! (xibi(t,x) — (n — a(t,r)) in (0.7) and going
back to the original problem through (0.1)'—(0.3)’, we have the following result.

Theorem 2. Let f(t,r)e ﬂis:OHp Ci([0, T); Vs+P+1=I(1))  for any even
number 5. Assume that (A-i), (A-iii), (A-iv) and (A-i) replaced by
S (xbi(t, x) — (n— 1)a(t,r)) instead of b(t,r) in (0.7) hold. Then there
exists a solution v(t,x) € C71([0,T] x Q) of (0.1)—(0.3).

Remark 3. (A-iii)-1) is required to prove (0.5) in Theorem 1 and to show
the regularity of the solution in Theorem 2. However even if (A-iii)-1) is not
satisfied, the proof of Theorem 1 guarantees the existence of a smooth solution
satisfying the mixed problem (0.4), (0.6) and u(z,0) =u(z,1) = 0.

Now let us explain our argument. In Oleinik [14] the energy estimate
played an essential role. If we try to derive the energy estimate for (0.8), (0.2)
and (0.3) in (0,7) x 2 following to her method in the usual Sobolev space,
integrating by parts we have many remainder terms of inner products defined on
the boundary. They are in very complicated forms and so harmful to deriving
the energy inequality of higher order. Hence crutial point in our problem lies
in treatment with them. In the first step, to simplify the form of them we
restrict our attention to seeking the spherically symmetric solution of (0.4)-
(0.6). For this purpose P is reduced to P, by r= (x? + - +x, )1/2. Since
r V(8 xibi(t,x) — (n— 1)a(t,|x])) may be regarded as a radial function under
the assumption (A-i), it is enough to consider L, instead of P,.

In the second step, we introduce the functional space V(*%)(I) spanned by
eigen functions of —83 satisfying null Dirichlet boundary condition. It holds
that afle(r)zo at r=0,1,/=0,1,...,jeN. By the use of this property
most of such simplified remainder terms become harmless and we obtain the
desired estimate. Consequently our main purpose in this paper will be carried
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out through (0.1)'—(0.3)’ by seeking the spherically symmetric solution of (0.4)—
(0.6) by Galerkin’s method. The energy inequality of (0.4)-(0.6) plays an
important role and it is derived according to Oleinik [14].

This paper is organized as follows. In the first section, we derive the basic
energy inequality for (0.4)—(0.6). In section 2, in the first subsection we obtain
the energy inequality of higher order with respect to . Most crutial point in
this paper lies here. Next, using it, we have the energy inequality of higher
order with respect to (z,7). By this estimate we obtain the existence of smooth
solution of (0.4)—(0.6). Finally, from this result the existence of solution of the
original problem (0.1)-(0.3) follows. We also give an example of a(,|x|) and
bi(t,x) #0, i=1,...,n, satisfying (A-i)—(A-iii).

§1. Basic Energy Inequality

1.1. Construction of Solution

f(t,r) is written in the form of ) 2, fi(¢)g;(r) where fi(t) = (f(t,r),0,(r)),.
Put f,(t,r) = XL, fi(®)e:(r) and set us(t,r) = 3o gnu(t)pi(r) for J=1,2,....
Then we construct u;(¢,r) so that uy(¢,r) satisfies the problem (0.4)-(0.6). For
this purpose, we consider (L,[us],9;); = (f;,9;);- The left hand side of this
equality is written in the form:

(Lr[us) 0); = 02g5i() + Pri(t; 9715907, 0415 - - -, 0eay),

where Py; is a linear operator in gy1,...,4ss, 0:9s1,... and 0,g;;. We determine
gs(t), j=1,...,J so that gj(¢) satisfies the following problem:

0795 (t) + Pri(t:901, - -, G55, 0091, - - -, 0ugus) = f,
g5 =0, gjj,:O at t=0,j=1,...,J.

This problem is reduced to the following ordinary differential system in g;; and
GJ,-=6,gJ,-, j= 1,...,]:

0:955(1) = G;(1),
0,Gy(t) + Pi(t;gn,- -, 905, Gn1, - -, Gry) = f,
g5(0)=0,  Gz(0)=0, j=1,...,J.
It is well known that there is a smooth solution in [0, 7] of this problem. In

fact coefficients of Pj; are sufficiently smooth in . Since f;(z) e CP**5([0, T]),
we have gj;(7) e CPH3+5([0, T)).
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1.2. Basic Energy Inequality for 0 <z <1

For simplicity, put u;(¢,r) = u(¢,r) and put f;(z,r) = f(¢,r) again through
this section and next section. Then we have

(Lyfu, u); = (f,u))
u(2,0) = u(z,1) =0,
u(0,r) = u,(0,r) =0

In this subsection our desired estimate will be derived by the manner due to
Oleinik [14]. We have the following basic energy estimate of u.

Lemma 1. It holds that for 0 <17 <1ty < T we have for a constant M
2 2
(10) ol o(2) < M1 max 111 pu1.0,p11(0),

supposed that (A-iil) and (A-iv) hold.

Proof. Denote w(t,x) = [/ u(s,x)do for 0 <t <7t according to Oleinik
[14]. It is easily seen that it holds for 8 > 0

(11) (L[u]veetw)I(r) = (fv eetw)l(r)'
First we have
(Mzr., Weot)I(r) = —(u, Wgeet)m) + (s, ue )1(1)
= (u, —ube® + w02e9’)1(,) + (uyg, ueet)l(,).
On the other hand it holds

—(u, ube™) ;) + (u,ue™),(7)
5 .

[
(ur, ue 1)1(,) =

Therefore we have

3 1
(1.2) (s, wegt),(r) = —E(u, uﬁeo’),(r) + (u, w@zee')m) +3 (u, ue®),(2).

Next we estimate the elliptic part.
0 0
((a(t,r)uy),, we I)I(r) = —(auy, wye t)I(r)

= [(aw,, w,e?) ]y — (awy, 6,(wre9’))l(r) — (awy, wrem),(r)

Therefore we have

((0a+a)wr wie™) 1) (awy, w,),(0)
2 2

(1.3) ((a(t, r)uy),., we™) iy = =
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Lower order terms of L,[u] are estimated as follows.
(1.4) (bo(t, r)uy, wee’),(,) = (u, e%by(t,r)u — (bo(t, r)e"‘),w)l(r).

(1.5)  (b(t,r)uy, weg’),(f) = —(b,(t,7)u, wegt)l(,) — (b(, r)w,,ueet),(T)

1
< Myt (u, t_lueat),(r) ) (ath*(t,r)w,, w,e‘g’)l(r)

+ (22) M (u, t_lueor),(r).

Finally we estimate the right hand side of (1.1). By integrating by parts we
have

8 Wem)z(r) = (—1)p+1(5f'+1fv Wp+1)1(z)»
*wy(a,x)do and wy = we?. Then we have

J J J we®drdty . .. dt,

Ip+1 nJdn

where wp.1(f,x) = ||

5 2
[Wpe1]” <

T 2

r”+1e9’J u(t, x)dt
0

<

T 2
< P22 (J u(t, x)dt)

0

T
< vt J u?(t, x)dt.
0
Hence we have
T 2 T T
J 'wp-H} dt < TZp+46291J uzdt < T2p+5820rJ t_luzdt.
! 0 0
Therefore we obtain for a constant 6 > 0
e010T2p+6

_ 2
(s we™) o] < 6, 1™ ue™), ) + T omax 117 p+1,0,p41(0)-

Put 0= A4, for 1 <t and set y(z) = (u, t‘luee’)l(r). Then taking account of
(A-ii) we have

©y'(2) < (@7 +20)3(2) + Mszy(z) + Mar® max |If17per.0,p11(0)-
Term by term multiplying by =% —2e=Mst
T
~1425 T — 2 —a =28
(1.6)  y(z) <7* *2ett L <M4€ Mse omax. 1S 11Zps1,0,p11 ()07 >d0

2p+6 2
< Myt Ofsnf;o N7 p1,0,p+1(0)-

This completes Lemma 1. &
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§2. Energy Inequality of Higher Order

In this section we derive the energy inequality of higher order for L,[u],
provided that (A-ii), (A-iii)-2) and (A-iv) hold.

2.1. Energy Inequality of Higher Order in r-Derivatives for 0 <t <1y

In this subsection, we derive the energy estimate to r-derivatives of u of
higher order. For this purpose we prepare the following two lemmas.

Lemma 2.1. For k=0,1,2,..., we have

2k+1,, AZk+1 2k, 112 2k+2, 112
(2.0) (0; “lu, 0, - u)],o < 5 (llo; u”I,O + llo; - “||1,0)-

N —

Proof. Since 6r2ku =0 at r=0,1, we have
(02w, 02 ), o = (02w uly — (0%u, 02u), o = —(0%u, 0% ), .
By Cauchy-Schwarz’s inequality we have the desired result. H
Lemma 2.2. Suppose that g(r) =0, r € R and g(r) € #*(R). Then we have
(2.1) (0r9(n)* < 2{suplgnitg(r),  reR.

Proof. The proof is done according to Oleinik [13, Lemma 4]. Suppose
that (2.1) is not satisfied at a point ry € R, i.e., g2(ro) > 2{sup,cglgr|}g(ro)-
g(ro)
gr(ro)

Consider a point 7y = rg — 2 By Taylor’s formula for a point 7 between

7o and ro we have

2

o) = a0m) = 225 010 + 2500 0,(7) = =) (1~ 2 0" 0 ) ).
g(ro)
g3 (ro)
holds g(7y) < 0, which contradicts g(r) > 0. In case g(ro) = 0, g2(ro) > 0 holds,
which contradicts g(r) > 0 in a neighborhood of ry. Hence we proved that
(2.1) holds for re R. H

In view of the hypotheses 1 —2 grr(F) > 0 holds. If g(ro) >0, then it

Lemma 2.1 implies that to carry out our aim in this subsection it is enough
to derive the inequality for derivatives of even order of u with respect to . Put
7,(r) = (8)u,e?'17'0u);(,). We have the following result.

Lemma 2.3. There exists a constant Ms and a positive constant 0) such that
we have for v <s and t € [0, to]

2p+6 2
(22) yv(T) < Mst P Oénaasxto ||f|‘1;p+l,s,p+1+s(0)'
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Proof. Recall that s is any even number. Suppose that the following
inequality holds for v <s—2 for a constant E,.

2
(2.3) »(r) < EvT2p+6 Zogloa}to ||5f1f||1;p+1,0,p+1(0)-
g<v — 7

In the same way as derived (1.2) we have for a positive constant ¢,

1 30
(0 uy, afwe‘g")l(r) =5 (05u, Xue®"), (1) + (8fue‘9", 0205w — —ziaful( ;

Estimating the elliptic part we have
(05 (alt, ryur),, 0;we™) oy = ((alt,r)ojur),, we™") iy

+3 C(87ads " w, e wy) iy = T+ 11,

v<s

where C, is a constant. Then we have in the same way as derived (1.3)
1 1
I= —5((01(1 + a,)ajw,,a:w,ef’lf),(r) - E(a@fw,.,afwr)I(O).
In the case of v=1 in II, we have
((6,2)0° ' uy, eg"(?fwr)l(r)
= ((0:@)9;™ wr, ™10} wy) 1 (0) + ((9:0,@)0; " wr, €710} wy) )
+ ((a,a)aj‘lw,, aleeltaiwr)l(r) - ((ara)afﬂlwrvegltars”r)l(r)

considering that s is an even number

((0:07a)a; wr, egltasw)l(f)

((22a)a;" . 03),(0) — |

((02a)3; ' wr, 016 03W) 1) + ((0-@)0; Wir, €7 010)

1
2
1
2
+ ((02a)0  w,, ee'tarsu)z(r)
62 as—l . Ot ps 0
< (2% 00O | (3ya)og e 2 + 141
Here as well as below we denote by 4; the integrals which can be estimated

in the following way: |4;] < N;>°, _ 7(d/u, t‘lar”ue"”)l(r) for some constants
N; >0. By Lemma 2.2 and (A-iii)-2) we have

((2r@)0; ™ Wer, €%10]1)

< (a(a;vilw)rﬂ eglt(ai_lw)rr)l(r) + conSt.(eH"afu, a;'vu)l(r)‘
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On the other hand

((87)0; " wr, e'0}w), (0)
2

_[[a @ m o,
0o 2
(020:@)3} wr e 0)y  ((670)03 " w 10W)
2 2
((07a)0; 'wr, €' 0}u)yy  ((07@)0) ' wy, 01670} w) )
2 + 2 '

Hence we have
(@0} ur, €10}w,) 1y < (a(077'W),,, €71(8) W), ) gy + 142

Now let us estimate the case of v>2 in I

Z Cv((arva)af_vurveollaiwr)l(r)

s=v>2

== 3 (@05 "t 15wy < |43

s=2v>2
Combining above these inequalities we have
II < (a(ars_lw)rr’ealt(af_lw)rr)l(r) + |A4l
On the other hand we have
(07 (b(t, ), €10y w) sy < |(B(2,7)07u, €M 00wy ) gy + As|

in the same way as derived (1.5)

< %t(bz(t, r)0iwr, e? 05w,y + (200) (85w, €10 ) + |As].
Other lower order terms are estimated as follows.

(6f(b0(t,r)u,),8fwe0‘t)1(r)

= (0, (bou), "0, (u — 01w)) 1y — (0, (bou), "0} ),y = As.

Finally, choosing 6, sufficiently large we have by using Lemma 2.1 and (2.3) for
a positive constant C

(1) < (a7 +20)3,(1) + Coya(0) + Mgt Y max (16 117p.1.0,41(0)-
v<s

<o<Ily

Thus we have in the same way as derived (1.6)
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(24) Yo(@) < Myr? Y7 max 10} £17.p11,0,p41(0)-
v<s

<0<y

Considering into Lemma 2.1 we see that (2.2) holds.

2.2. Energy Inequality of Higher Order for 0 <7 <1

In this subsection, we derive the energy estimate of higher order derivatives
of u(t,r) in ¢ and r.

Lemma 2.4. There exists a constant Mg > 0 such that it holds for t € [0, to]

(2.5) Null} () < Ms(1F 1 Fiys0.5-1.5m1 FIANF 2@+ max [£17 a1 s prort (0))-

0<o<1y

Proof. 1In the case of v<s—1, we have for a positive constant 60,

1 \4 — v
(0w, e %' 0)ur) ) (a:u,,e-f’z'a:u,),(r)+§(a,u,,02e 2100 u1) 1 1ny-

1
)
Next we have

(07 (a(t, ), 0)we™") 1

1 | PP
=3 ((—6ra + a,)0;u,, 6,"u,e_02’)1(r) ) (aduy, 0, uy)(7)
+ Z Ck((a;{caarv—kur)rae_eﬂar"lul)l(r)'
I<k<v

On the other hand we have

(07 (b(t, rYuy), €0} ur) oy < |(0Yur, €0} ur) )| + Mo D (0w ™05 ) ),

v+l>k

(67 (bo (1, rur), €10 uy) ;) < Mo > (OFus, €' 0Fur) .-

vk

Taking Lemma 2.3 into account and choosing @, sufficiently large we have

26) > (3u, 00w, (7)

v<s—1
2 v v
< My <z-2p+6 Oglgai(toz 10 17 pi10p01 (@) + D (B2, arf)](to))'
==V v<s v<s—1

In order to estimate the derivatives of the form: 6,‘,’6{’*214, p=0,v+p<s—2
we apply the operator 0,07 to the equation (0.4) and we obtain

(2.7) 80P u = 0Y0" (L, [u] — 82u).
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Since in the right hand side of (2.7) derivatives of u are in the form: 6.6/u,
i+j<s, j<p+1, by using (2.7) we arrive at (2.5). &

2.3. Energy Inequality of Higher Order for 0 <¢ < T

We may obtain the desired estimate for 7 € [fp, 7] in a similar way as in
the above. But the estimate for (b(t,r)u,, we?) 1(x) should be derived as in the
following.

(b(tv r)urv Wegt)l(r) = —(br(t’ r)u’ Wew)[(r) - (b(tv r)uv wregt)l(r)

a
< Mi>(u, egtu)l(,) +3 (tb?(t, r)w,, wreet),(to)

1 o
+ (20)" (u, ¢t le(”u)l(to) +7(b2(t, r)w,,w,eg’),(,o,t)

-1
+ (20(1) (u7 uegt)l(to,r)

where «; is a constant and «; < ot for ¢ >ty and I(t,7) = (fo,7) x 1.
Set z = (u, ue"’),(T) for tp <7< T. By using the estimate (1.6) for y(%) =
(u, " 'ue®); ) we have for sufficiently large 6 and 7> 1

2'(7) < Mis(2(x) + y(t0) + (/5 i)

2
< Mi3(z(z) + (f, f)I(T)) + M4 oI<I§;a<Xto ||f”1;p+1,0,p+1(f7)-
Therefore we have

(u, u)I(‘L’) = M15< I<naa<xto ”f”lz;p+l,0,p+1(a) + (fnf)](T))'

0

Using the estimate (2.2), in the same way we estimate (0,u,0,u)(t) for v <
sin case T > tp. The derivatives of the form 8d,, v < s— 1 and 8}6""* p >0,
v+p <s—2 for t >ty are estimated in the same way as for t < fp. Then we
have the following result.

Lemma 2.5. We have for some constant Mg >0 and 0 <t <T

2
Jll7.6(2) < Mao(Uf Uy I UEsma(®) + X 717501 5 pi14s(0)

§3. The Proof of Theorems
3.1. The Proof of Theorems
First we discuss the convergence of formal series {f;}7,.

Lemma 3.1. It holds that
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p+lts
i) fy(t,r) = f(t,r) strongly in (| Ci([0,T]; VPH1+s7i(I)) as J — oo,
i) fi(t,r) — f(t,r) strongly in II;E‘I((O, T)x1I) as J — 0.
Proof. 1) Taking (0.10) into account, it holds that for ¢ e (0, T]
UNE pors () = > ‘Zj(a;‘f,)%f"

iHj<p+l+s I=1

- > Zaﬁzzzf If17 ps14s() @ T = co.

i+j<pt+l+s I=

Since maxog,sT|[f||12,p+1+s(t) < +00, we have

max ”f_fIHIZ,p+l+s(t = max Z Z lﬁ /12]—’0 as J — oo.

0<t<T 0<t<T
i+j<p+l+s I=J

ii) Considering into the proof of i) we have by Lebesgue’s convergence
theorem

T
J, 17 =507 1@ =0,

Hence we proved ii). B

Proof of Theorem 1. For any Jy,J; € N with J; > J,, from Lemma 2.5 it
follows that u; — uy, satisfies

G s = unlly (@) < My, — fulliayoss + 155 = fullf 1 (@)

+ 01<na<xz ”fJI sz ”1§P+1,S,p+l+x(o))'

Lemma 3.1 yields that the right hand side of (3.1) tends to zero as J;,J, — co.

Hence there exists a limiting function u(z,r) such that

S . .
u; — u strongly in () C'([0,T]; V*7'(I))  as J — oo.
i=0

Since f; — f in L?((0,T) x I), for any w(t,x) € 2((0,T) x I) we have
(Lr[us]s W) 0, 1951 = (F5:W) 0, 1)1
= (Le[ul, W)o, 1yxr = ([ W)o1ys 88 T — 0.
It is easily seen that

(3.2) u(t,r)=0 on r=0,1.
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From (A-ii) and (A-iii)-1) b(¢,0) = 0 follows for t€ [0, T]. Put v;(t) = &/u(t,0),
j=0,1,2,.... Suppose that v;=0, j=0,1,...,k—1 for s—1>k. Since
(01f)(2,0) =0, i=0,1,...,s — 1, differentiating the both sides of (0.4) in r of
order k, we have for z€ [0, T], taking (A-iii)-1) into account,

k . . .
Ofve+ Y o kC{(91b) (2, 0)vk1-i + (81bo) (¢, 0)8,vx—s + (8¢) (2, 0)ve—i}

= 8tzuk + kb, (t,0)vr + bo(2,0)0,vx + c(2,0)vx = 0,

Uk =0k =0 at t=0.
Then we have v;(¢) =0. Therefore we obtain
(3.3) du=0, i=01,...,s—1 onr=0.

Also the estimate (3.1) implies that (0.11) holds for u(¢z,r). Thus the function
u(¢,r) is the desired solution of (0.4)—(0.6). M

The proof of Theorem 2. By Theorem 1 we obtain the solution V' (¢,r) of
(0.1)'~(0.3)" in (;_,C([0, T]; V*=I(I)) N C*1([0, T] x I). Repeating the same
procedure from (3.2) to (3.3) we have

(3.4) 0l0/V (t,r) =0, i+j<s—1 onr=0.

Also (3.4) implies that for the solution V(z,r) of (0.1)'—(0.3)" the derivatives of
V(t,|x]) in x up to the order s — 1 are continuous at x = 0. In fact, we have

Yo DVl <C Yo e V) Ix))]

Jo] <s—1 i+j<s-2
by Ohya [11, Lemma 14.1]

s—1
<C [max [0, V)(¢t,7)| < +00.

Similarly we have max, 5 >4 <1 |0/D2V (t,|x|)| < +o0. Therefore V(¢,|x|)
is our desired solution (0.1)-(0.3). H

3.2. Example of a(z,|x|) and b;(z,x)
Recall that in Theorem 2 (A-ii) is assumed to hold for >

i=1
Y (xbi(t,x) — (n — 1)a(t,r)) instead of b(z,r) in (0.7). In this subsection we
give an example of b;(z,x) and a(z,r) satisfying (A-i), (A-iii)-1) and (0.7) re-
placed by Y., r ! (x:bi(t,x) — (n— 1)a(t,r)) instead of b(z,r).

Assume that a(t,r) = r’5(t,r) for a function 5(z,r)(=0) e ([0, T]| x I),
which satisfies (A-iii)-1). Let p(z,r) belong to £%([0,T]xI). Define
bi(t,x)=xf/r, i=1,...,n. Then we have ., bi(t,x)0x, =p(t,r)0,
Therefore (A-i) is satisfied and P, is written in the form:
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P’[V} = VU - (a([ar)Vr)r+ (ﬂ(l,i‘) —r(n— l)ﬂ(tar))Vl‘+b0(t,r)Vf+c(tvr)V'

For a constant A’ >0 we see that a(z,r) satisfies (r'(n—1)a)® < A'a. We
assume that a(z,r) and f(z,r) satisfy

(3.5) 2atf* < (4 —24")a+ a,

where o > (2p+6)~' (p being an integer >0), 4 — 24’ is some constant if
0<t<ty, and « and 4 — 24’ are some positive constant if ¢ > #y. It is easily
seen that a(z,|x|) and b;(f,x) defined in above are our desired ones.

Appendix

Considering into (A-ii) and (A-iii)-1) we may assume that a(z,r) and b(z,r)
are denoted by r?4(t,r) and rB(t,r) respectively for A(t,r) and B(t,r) e
#%([0,T] x I). Then we have the following result:

Proposition. Assume that Fy(t,r) € B°([0,T] x I) and that (8:Fy)(0,r) =
0,i=0,...,I for a positive integer | > 2. For any positive integer k < /2, there
exists a smooth function U(t,r) such that for Fi(t,r) = Fy(t,r) — L,[U]

(6IF1)(¢,0) =0, i=0,...,k,
(81F1)(0,r) = 0, i=0,...,01-2k.
Proof. Note that
L, =8> — r2A(t,r)0% — r*4,(t,1)0, + r(B(t,r) — 24(1,7))d, + bo(t,7)d; + c(t,7).
Define operators L!'" and L?!, i=0,...,k as in the following.

LM =82 4 bo(1,7)0, + c(t,7),

L}V =02 + bo(t,r)0; + c(t,r) + (B(t,r) — 2A4(t, 7)),

LM = 0% 4 bo(t,r)0, + c(t,r) — i(i — VA(t,r) + i(B(t,r) — 24(1,7r)),  i>2,

rH L2 = L[] — r L], i>0.

Then we consider the Cauchy problem of the following ordinary differential
equation for i=0,...,k:

{L:"‘[w,(z, M) = (07F) (1,0) = iL} " wi-1],
(Li)

wi=w; =0 at t =0,

where L>~! =0. We see that there exists a unique smooth solution w;(z,r)
of (Li) (see Kubo [8, Proposition 1.1]). It is seen that (6/w;)(0,r) =0,

j=0,...,0+2-2i. Put U(t,r) = Z}‘:O w;(t,r)p(r)r//j! for a non-negative
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function p(r) € #°(I) satisfying p(r) =1 near r =0 and p(r) =0 near r=1.
Then we have near r =0

Folt, )~ L{U) = Folt, )~ Z( otF)0.0 -2 s v ] )

j=0 (]_1)'
i @R, 0 S g
Jj=0 K

Therefore we have Fy(t,r) = O(r**!) and (8.F,)(0,r) =0, j =0,...,/ — 2k hold.
Hence the proof is complete. B

Let u be a smooth solution of (M) in Remark 2. Proposition implies that
L u— U] =F, holds. Since it holds that L,[u]|,_o = L!°[u]|,_,, considering
into (L0) on r =0, from the uniqueness of the solution of (LO) restricted on
r=0 wy(z,0) =u(z,0) follows. Since it holds L,[u — U] = Fi, repeating the
procedure from (3.2) to (3.3) for u — U, we have é/(u— U) =0, j = .,k on
r=0. Thus we see that u — U satisfies (0.5) and (0.6).
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