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Determinant Formula for Solutions of
the Quantum Knizhnik-Zamolodchikov
Equation Associated with U,(sl,) at |g| =1

By

Tetsuji Miwa*, Yoshihiro TAkKEYAMA*® and Vitaly TARasOV**

Abstract

We construct the hypergeometric solutions for the quantized Knizhnik-Zamolodchikov equation
with values in a tensor product of vector representations of Uy(sl,) at |g| =1 and give an explicit
formula for the corresponding determinant in terms of the double sine function.

Introduction

In this paper we study the hypergeometric solutions of the quantized
Knizhnik-Zamolodchikov (¢KZ) equation with values in a tensor product of
vector representations of Uy (sl,), see Section 1 for the precise formulation of the
problem. It is known that the gKZ equation respects the weight decomposition
of the tensor product. For each weight subspace we construct a fundamental
matrix solution of the gKZ equation and explicitly calculate the corresponding
determinant, see Theorem 3.1.

Formal integral representations for solutions of the gKZ equation in the s,
case, both in the rational and trigonometric situation, were constructed in [TV1].
Though to write down the phase function explicitly in the trigonometric sit-
uation it had been assumed in [TV1] that the multiplicative step p of the gKZ
equation is inside the unit circle: 0 < |p| < 1, all the construction in [TV1] used
only difference equations for the phase function and after obvious modifications
remained valid for an arbitrary step p #0,1. However, the problem of in-
tegrating the formal integral representations suitably and getting in this way
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actual solutions of the ¢KZ equation is much more analytically involved; one
can see this looking at the s/, case.

In the last four years the hypergeometric solutions of the gKZ equation in
the s/, case were studied quite well. The generic situation was considered in
[TV2] (the rational case) and in [TV3] (the trigonometric case for 0 < |p| < 1).
The construction was generalized to the trigonometric case for |[p| =1 in [MT1]
and to the elliptic case of the quantized Knizhnik-Zamolodchikov-Bernard
(¢KZB) equation in [FTV1], [FTV2].

If some of the representations are finite-dimensional, the situation is no
more generic. Rather detailed study of this case has been done in [MV1]; see
also [S], [JKMQ)], [NPT], [T1] for some important particular cases.

Less is known for the case of n > 2. Some integral formulae for solutions
of the gKZ equation were obtained in [S], [KQ], [N], [MT2], but in all the
considered cases solutions takes values in a tensor product of vector repre-
sentations. Recently Varchenko and the third author have managed to extend
the construction of [TV2], [TV3] to the higher rank case and get solutions taking
values in a tensor product of arbitrary highest weight representations [TV4].
Let us also mention a paper [M], where integral formulae for solutions of
another type of the ¢gKZ equation were suggested.

In this paper we evaluate a determinant of a certain matrix whose entries
are given by multidimensional integrals of g-hypergeometric type. In the case
of ordinary multidimensional hypergeometric integrals a problem of evaluating
similar determinants appears, say, in studying arrangements of hyperplanes, and
several results have been obtained in this direction, see for instance [V1], [L],
[LS], [DT], [MTV], [MV2]. In some particular cases these determinant for-
mulae have another meaning; namely they imply that under certain assumptions
the hypergeometric solutions of the differential Knizhnik-Zamolodchikov
equation form a basis of solutions [SV], [V2]. There are similar determinant
formulae for solutions of the gKZ equation in the s/, case. They have been
obtained for the rational case in [TV2], [T1], and for the trigonometric case in
[TV3] for 0 < |p| <1 and in [MTI1] for |p| =1. It turns out that there is a
nice connection of constructions given in [TV3] and [MT1], which in particularly
allows to derive the determinant formula for |p| =1 from the determinant
formula for 0 < |p| < 1. This subject will be addressed elsewhere [T2].

The paper is organized as follows. The first section contains preliminaries
and precise definitions on the gKZ equation. In Section 2 we construct the
hypergeometric pairing and give integral formulae for solutions of the gKZ
equation. The main result of the paper is formulated in Section 3, see Theorem
3.1. We show that both the left hand side and the right hand side of formula
(3.2) satisfy the same system of difference equations and have to be propor-
tional. To compute the proportionality coefficient we study suitable asymp-
totics of the hypergeometric solutions. We see that the proportionality
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coefficient splits into a product of contributions of each tensor factor, which are
calculated in Section 5. In the last Section we complete the proof of Theorem
3.1. A short Appendix contains the necessary information of the double sine
function for the convenience of the reader.
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§1. The Quantized Knizhnik-Zamolodchikov Equation

Consider the vector representation V' of si,:

n—1
V = @ CU]'.
j=0
Let ¢p,...,¢&, be the fundamental weights of s/,. We consider the basis vectors
vo,...,Un—1 as weight vectors with respect to the Cartan subalgebra of s/, with

weights ¢,...,¢&,, respectively.
Fix a complex number p and a weight g = iujsj, (heR,j=1,...,n).
Consider a diagonal matrix -
D(f) = diag(e?™, . .. i)

and a matrix R (B) € End(V ® V) with the following entries: R(/’)(ﬂ)fjj =1,

sh’p
gy P
p n
for j # k,

2 2;
ol1/0B gy 2 o/ gy 2T
P (pVk — _ pn gl —

(1.2) RP(B)i - 270\ RO (B)ji T 2ni

sh™(p- " sh= (g — ==

P n p n

for j <k, and R () =0, otherwise. We have

Im

n—1
RO(BYo; @ vm =Y RV(B)1'0; ® vy

7k=0
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Fix a complex number 4 and define the gKZ operators Kl(p ), . KI(\f ) acting
in the tensor product V®V:

(13)  KPBroee o By) = R (B = By — 4) - RE) (B — By — )
X Dm(_,a/p)Rr(:])V(ﬁm - ﬁN) tee RSy/:,)m-H(ﬁm - ﬁm+l)'

In this paper we consider the ¢gKZ equation for a function f(f,...,[fy) taking
values in V'®V which is the following system of difference equations:

(1.4) fBys---Bu—rds. By) =KL By, B)f B By),  m=1,...N.

We also consider the mirror gKZ equation for a similar function g(f;,...,fy):

(1.5) g(Bi,---Bu—pis---By) = K& (Bis- .. Bu)g(Brs- - By),  m=1,...N.

The gKZ operators respects the s/, weight decomposition of the tensor pro-
duct. Therefore, one can consider solutions of the gKZ and mirror gKZ
equations taking values in a weight subspace (V' ®V )¢ for any given weight .

In this paper for any given weight & such that (V'®¥) ¢ 1s nontrivial we will
construct a function ¥(f,,...,By) taking values in (V®"), ® (V®),, which
solves the gKZ equation (1.4) in the first tensor factor and solves the mirror
gKZ equation (1.5) in the second tensor factor. Also we will compute the
determinant det ¥:(5,...,fx).

The matrix R (f) is the R-matrix associated with the tensor product of
the evaluation vector representations of Uq(El;) for

qg= e—27r2i/pn‘

Similarly, R®(B) is associated with U, (sl,) for

ql — e—ani/An_
All over this paper we assume that p and A are real positive. Thus, under our
assumptions we have that

lgl =1q'| = 1.

However, it is clear from the consideration that all our construction remain
valid if p and A have small enough imaginary parts of arbitrary sign.
Therefore, ¢ and ¢’ can deviate from the unit circle and vary in a narrow
annulus.

In addition to the reality and positivity of p and A we assume that both of
them and their ratio are not rational. Sometimes we take p and A to be
sufficiently large.
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§2. Integral Formulae for Solutions
For non-negative integers vy,...,v, 1 satisfying
(2.1) N=vw=v= - 2v1=2v,=0,

we denote by %, ., , the set of all N-tuples J = (Jj,...,Jn) € (Z;O)N such
that

(2.2) #{rJ, = j} = Vj.

For J=(J1,...,INn) € %, v, WE set

(2.3) N ={rJ, = j}
and define integers r/,,, (0<j<n—1,1<m<v) as follows:
(24) A?J - {r]{I, S ’rj{vj}’ r/{l << rj{w'

J

We have, in particular, ry,,

Now we set

= m.

25) WO UDmdiBrs- - By) = SkeWn_y 0 --- 0 Skews g ({2 )i Brs- - Bn)s

26) ¢ {rm}iBrs- - By)

n—1

_ 4 27i
= sh— Yiim' = Viim — 7
j 1<m<m’ <y, p

]=1 Vs
k] 7 ni
x e~ ®/P) @y m=r-t,m* . sm) H sh= <Vj,m — Yt + ;>
m=1 m' p
rjl—|,m’<rjjm
/4 174
X H sh— Yijm = Vi-lm' —
, p n
J ’nl
rla’"<rj~l,m’

The notation in the above formulae is as follows. The operator Skew; is the

skew-symmetrization with respect to the variables {y; ,},_i, ..,

(2.7) Skew; X (7 15---17,) = > (sgn o)X (3 (1) - Visot))-

oeSvI

The integer m*(J, j,m) is uniquely determined by the condition
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(2.8) r!

— }"J
Jim T j=1,m*(J,j,m)’

and 7y, = f,.  We abbreviate wi ({3; )i B, - - -, By) to w(By,.
the dependence on the abbreviated variables is irrelavant.

Set

(2.9) FP BB = > OBy ).

JeZ,

10 +¥n-1

In the following, we define a pairing between

P pA
210) wPeZP . (By,..../y) and WP eF® (p,...

We use

1 1

.., Bn) when

aﬁN)'

(2.11) g(x) = ; (ix—%)Sz <_ix_§> SNOE 5 <ix +%>Sz (—ix+3n7_f) ,

where S>(x) = Sa(x|p,A) is the double sine function with periods p and A.

For J,J' € %Z,,.. ., ,, We set

n—-1 v

(212) I(W(p) W.(Il’) - <HHJ dy] m> {yj m} ﬁlw"vﬂN;:ulv"'hun)

j=1m=1

X ki B B i B

Here the function K is defined by

(213) K({yj,m};ﬁlv-'-1ﬁN;/"l""hun)

n—1 Y

Zﬂ/p/l) > Z Wy (g1 —H4)

— =0 m=1

v V] 1

By).

x H H H y] m yj—l,m’) H lrb(yj,m - yj,m') )

m=1m'=1 I<m<m’<y,

where yy = 0. We say the variable y; ,, belongs to the point ;. Then, J, is
the number of integral variables which belong to the point r.
The contour C; for y; ,, (m=1,...,v;) is a deformation of the real line

(—o0,00) such that the poles at

i 27i
(214) yj—l,m’ — ;‘ +plZ>0 + /“Z;O, '})J m' +— + plZ>0 + }JZ>0
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are above C; and the poles at

i . . 2ni . .
(2.15) Vet + P PiL o — Al sy, Vim == Pil o — il

are below Cj, where y, ,, = B,.
These conditions are not compatible if all the poles really exist. Pinching
of the integration contours by poles occurs for each triple of variables y; ,, ,

Vj.mysVj—1,m- However, we can improve the definition (2.12) as follows. We
have that

n—1 v

I(wj ,wJ’}))_ Z (sgno) (sgno)(

o, a’eS.,l XX S

J dyj,m) FJJ’,a,a'({Vj,m})

Jj=1 m=1

Yn—1

n—1
where 0 = (01,...,0,-1) €S,, X --- xS, |, sgno = [](sgno;) and
j=1

Fy 166 ({Vm}) = K{jmbsBrs- s Bastas - -+ thy)
)
X gJ ({y] aj(m)} ﬁla s 7ﬁN)g.(I’)({yj,al’(m)};ﬁla oo 7BN)‘

A vpartial integrand Fj ;40 ({7}, m}) does not have poles at some points (2.14)

and (2.15) because of the zeros of gJ ({y] otm }iB1s- -+ By)-  So, given J and o

there is a choice of integration contours CJ-J ) satisfying the required conditions

for the actual poles of Fj ;' o,0'({;,m}) for arbitrary J',¢’. Similarly, given J’
and ¢’ there is a choice of integration contours C; ;. satisfying the required
conditions for the actual poles of Fj s/ ({7;}) for arbitrary J,o. Finally,
one can easﬂy check that the integrals of the term Fj j o.0/({7;m}) Over the

contours C ) and over the contours C; i,(J',0ny are equal.
In thls paper we assume that p an A are large positive. Then, as we will
see in the next section, there is a region of the parameters y, ..., 4, where the

integral (2.12) is absolutely convergent (see (4.5)).
Consider the vector representation V of si,:

n—1
(2.16) V =@Cy,.
j=0

Theorem 2.1. For Je %, ., _,, we set

(2.17) fr= Z I(w(ﬂ),w(f))vjf, where vy = v @ @uyy
Ted,

V-1

Then f; is a solution to (1.4).
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Proof. For J = (J1,...,Jn) € Z\,..v,.,, WE set W(Jf,)m,JN =w'). In the same

way as the proof of Lemma 1 and Lemma 3 in [MT2], we can show the
following formulae:

)
(218) W.(Il.) ..... AR/ JN(ﬂh-..7ﬁk+l7ﬂk,-..;ﬁN)
J.J]
= Z R(p)(ﬂk —Bk+1)J:,J::11
‘Il:"]k,+l
)
X w(J’lJ _____ BT s (Brs- B Brrrs - B,

219) 1G5 g BB By ) WP By, B gy i

,,,,,

where w) e £ (B,,... By) and the left hand side of (2.19) is understood

Vigeens Vn—-1

as the analytic continuation of the integral. It is easy to prove Theorem 2.1
from (2.18) and (2.19). O

We note that the weight of the solution y; is given by
(2.20) > kg,  where 4 =vi1—v;
j=1

Now we set

(2.21) BB = Y. I Wi @of),
JJ'eZ, .,
where
(2.22) ="l
j=1

Then Y is the fundamental matrix solution mentioned in Section 1.

§3. Determinant Formula for the Solutions

In the following sections we calculate the determinant

A
(3.1) Dy 3,(Bis - By) = detd (W, wiD), o

tn-1"

The result is as follows.
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Theorem 3.1.

)
(32)  det(IwW¥ W), pica, |

(0)
— 2_d"|v !"n—lA).], JAn exp( N 2)( ) ,,,, }.,,)
<

4 . ZU D4 min{4, 1,4/}
A ' A
VP H i

a=0

52 ('“r = My —%(ir A — 2a)) () A a"/(":f")
X Sz(ﬂr — Wy —i—g(,{r A — 2a))

y n
2 b
l<r<s<NS2 (l(ﬁr - ﬂs) - _;)
where
n—1
=y =V by = Y2y ] = 3w),
J=
N 2) N -2
Aflo) 2 :( >’ AEI I ( :
breees AMyereyn Lo fn I <ih<n /11,...,/11'—1,...,/1k—1,...,;ln
Note that

At Ay N
) A(O) r r
(3 3) R }'"/< lr ) (Al,-'-,ir’~l,lr’+11--'1}"}‘—]’}'7‘4—17'"ainall"—’_ir)

is a positive integer.
First, we determine the dependence on f;,...,B8y of Dy
Theorem 2.1, we find that

2. From
n

.....

Dll ----- ln(ﬁl""’ﬂm_ ﬂN) (p)
G4 Dj,..., )»n(ﬂl""’ﬁmﬂ" ﬂzv) B detK Bro- B,
DM ..... ,,(ﬁla-- ﬂm pi, .. ﬁN) _ det K& (ﬁh" ] vﬁN)-

Dll ----- An(ﬂl"" my - ﬁN) """ "
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Here det;, ; K, stands for the determinant of the operator which is a

.....

restriction of the operator K,, to the weight subspace of the weight ) Aje;.
j=1
Using formulae (1.1) and (1.2), we have

27i & N -1
3.6 det KYB,..., =exp| —— .
( ) A 2, m (ﬁl ﬁN) p< p Z(A],...,ij—l,...,ln)#]>

----- =1
27
m—1 ShE (ﬁm - ﬁm’ - ’11’ +£)
pP n
* lr];;:[lshz ﬁ __ﬂ _A._gli
p m m' 1 n

Now we set

2 n N —1 N
(3.7 Ej...0,(Brs- -, By) :eXp<p_Z <j=l (Al,...,ij— 1’.'.’/1")!‘]) Eﬁm)

2n Aff]]‘ n
(06, - ) +7)

1<r<s<N S, <i(ﬁr - By) — 23)

n

X

Then by using (6.3) we can check that Ej,
(3.5). Therefore, we have

2, (B1s- ., Py) satisfies (3.4) and

.....

Proposition 3.2.

(38) D/h ..... l,,(ﬁlv--vﬂN):c/h ,,,,, ln(iulv"v:un;p’l)Ell ,,,,, ln(ﬁlﬂ"'aﬂN)v

where ¢y, 1, (H1,s - i Py A) IS @ constant independent of B, ..., [By-

In order to determine c;, 4, (4, --,H,; P, 4), we consider the asymptotics
of D/E as
(3.9) By« - & By

This is in the next section.
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§4. Asymptotics of the Solutions

First, we consider the asymptotics of D, ;..
We denote the set of variables

4.1) Vjom O<gj<sn-L1l<m<y)
by y. Fix a set of permutations o = (01,...,0,-1); 0j €S, (I<j<n-1).
We use gy =1id. We denote
(4.2) Vg ~O<jsn—L1<m<wy)
by 7,-
Consider
(4.3) Fy50(v) = K()9s(7)90 (%),

where K(y) is given by (2.13).
In the following, we use the abbreviation f; = B, — §;.

Proposition 4.1. Suppose that f; <--- <, and y; ,,’s are all real. If 1 is
sufficiently large, then there exist positive constants &, C,x independent of the
variables § and y such that the following estimate holds.

(44) lFJ,J',U'l < CCXP —K Z ij,m - yj-1,m'(J,j,m)|
1<j<n-1

I<sm<y,
272
X €Xp _T Z (l _51 s ﬁsr Zﬂ]ﬁ—lﬁr
p I<r<s<N
if
2n 2n
(4.5) o (W1 — 1) > & p—i(un — W) < ne.

Proof. Throughout the proof, we set r; ,, = r’ We define new variables 7
by

(46) Yiim = Jjj,m +ﬂr,,,,,'
Note that j,, =0. From (6.2), we have

eXp Z (:uj+1 /"j)yj m
,0 0<j<n—1
I<m<y,
2n - 2n
= e&xp Y Z (ﬂj+1‘ﬂj)yj,m+7 Z Hy, 1B |
1<j<n-1 PAIGEN

1<m<vj
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(4‘7) |¢(yj m— yj—l m,)| < const. e—ﬂ((l/p)-‘-(1/1)4‘(27!/,01"))‘}7]',”-‘}7]*1 m’+ﬁrj.mr]—l.m’I’
lw(yj m— yj m’), < const. e_n((l/p)+(1/i)_(4n/pin))|i].m_?],)n’+ﬂ’:’."l':/,m/|’
]gJ(y)l < const. H H e_(n//’)(?j,m_);/rl,m*(J,J,m))
Igjsn—1 | 1<m<xy,
x H /PNy =Tt ! +BLm Tyt
I<sm<y,

1<m' <y
m' #£m*(J,j,m)

X e(n/p)ﬁ'],m‘};/,m"*“ﬂrj mly m!

1<m<m’<yv,

(4.8) |97 (y,)| < const. H

1<j<n-1
X H g~(n/}‘)(}7lv‘{,("l)_}7171,:7]4(m’(!’,;.:n))+ﬂr1,aj(ln) r/“-”j—l("'*(l'.J,m)))
Ism<y,
X H e(ﬂ/l)l};jvnj(m)_y/—l,aj_l(m!)‘f’ﬂl‘_,'q](m) "1,1",1_](,"/”
I<sm<y,

m' #£m*(J'j,m)

X e(”/l)bj/,m—?]'mr-%—ﬂr,,m rm!

I<m<m’'<y,
Therefore, we have

@n/pd) S =)t @u/pd) Y B,

1<j<n-1 1<I<N

(4.9)  |Fyy.6(y)] < const. e 1<m<y,

X H e”(z”z/ﬂl”)!?,,m—?k1,,,,r+/?r,,mr_,,,,,,
1<j<n—1
I<m<y,
1<m'<vy,
X H 472 [P I3, =5, 1 By Ty
1<j<n—1
1<m<m’<y,
X H e_(n/p)é(ij.n1“”7kl,m*(J,J,m))
1<j<n—1
I<m<y,
X H e_(n/i)é(ﬁl,a(m)—77/—I,a(m‘(!"],m))"‘ﬂ'},g(m) rl*Lo‘(lﬂ*(I’,_{,m)))'

1<j<n-1
I<sm<y,
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Here
(4.10) E(x) = x+ |x|

We apply —|4 + B| < |4| — |B| to the second line of (4.9), and |4 + B| <
|A| 4+ |B] to the third line. Then, we use

(411) Z Iﬁrj‘,,,r_lymr| = Z (2mln(Jr’JS) +1 —5Jr,Js)ﬁsr7
1<j<n-1 1<r<s<N
I<mxy,
I<sm'<v
(4.12) > By l= > min(,J)b,.
1<j<n-1 1<r<s<N

1<m<m’ <y,

We ignore the last line of (4.9). After all these steps, it is enough to show

27 ~ 2r? - -
(4.13) p— Z (ﬂj+1“#j)7j,m +m Z lyj,m_yj—l,m’l

1<j<n—-1 I<j<n-1
I<my, I<sm<y,
1<m’$vj_1

4n? - - T - -
+ m Z lyj,m - yj,m’l - Z é(yj,m - yj»l,m*(J,j,m))

1<j<n-1 1<j<n-1
I<m<m’'<y, 1<smxy,
<-K E [Vjm = Vjet,me (2 jm) |-
1<j<n-1
I<mxy,

The left hand side is not larger than

2n
(4.14) 1 Z 1 {ﬁ(ﬂjmx(.l,j,m)-ﬂ - ﬂj)(?j,m - yj—l,m*(.l,j,m))
<j<n—
lsjmivj

K n
+p_/1|yj,m - yj—l,m‘(],j,m)l - /_)é(yj,m - yj—l,m‘(.l,j,m)) ’

where
272 47
(4.15) K=— E 14+— E 1,
o G<na 1<j<n-1
I<m<y, I<m<m’'<y,
1<m'<v
and

(4.16) Jmax(J> Jym) = max{j’;rj m € N},
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Choose ¢,x so that

K 2=
4.17 ne+———< —«k,
(4.17) A s

K
4.18 -— .
(4.18) & p/1>K
This is possible if

2K 2=
4.19 —<—.
(4.19) o1 <7

Then, the estimate (4.13) follows from (4.10) and (4.5). O

ForJe %, ., ., we set

2

2n 27
(4.20) Py =exp (/ﬁ_ > (1=652)By 'EZI‘J,Hﬂr) :
r=1

I<r<s<N
The following is an obvious consequence of Proposition 4.1.

Corollary 4.2. The integral (2.13) is absolutely convergent. The conver-
gence is uniform in the variables [ if we multiply P; to the integrand.

Define a partial order in &, _,:
(4.21) J<J' ifand only if J,+---+JIy<J/ + -+ T} for all r.
Proposition 4.3. If J £ J', then we have
n—1 v
(4.22) limg, «..«p, Pr (H 11 JC dyjym) Fr7.0(y) =0.
j=1m=1"%

Proof: We follow the estimate in the proof of Proposition 4.1. When
we go from (4.9) to (4.13), we dropped the last line in (4.9). This time we
use that term. Namely, we can claim that (4.22) holds unless for some
o=1(01,.10n-1)

J J
(4.23) Tisam) < Tt 1 (me(0,j,m)
holds for all j and m. This is clear because
(4.24) ((x+y)=2(x+y) if y>-—x
We show that (4.23) implies J < J'. This will complete the proof.

First we prove
(4.25) 1o <77 . for all m
by induction on j. The case j = 0 is obvious. Suppose that (4.25) is true for
j—1. Then we have
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’

J J J'
(4.26) i am) S Tta im0 om) S T tme (17 jom) = T

Therefore, (4.25) is true for all j. It follows from (4.25) that
(4.27) rl,<rl, forall jm

Finally, we prove J < J'. This is clear because

(4.28) Jrt Iy = #{(j,m);r],, > 1}

The proof of Proposition 4.3 is over. []

This proposition shows that in the asymptotic limit the matrix (/ (w(f ) wi 0% )) 70
is triangular.
We have also

Proposition 4.4.

(4.29) limg, «...«p, P, (1:[ H J dy;, m) Fru0(7)=0

unless a; =1id for all j.
Proof. Suppose that
(4.30) r!

<r .
Juaym) S Tj-1,0,2 (m* (J,j.m)

for all j,m. From the proof of Proposition 4.3 we have

(4.31) 1o STm  forall jym
This implies that o; =id for all j. O
Define

T+ _ J. J- _ J.
(4.32) vi, = #{seNir <s}, vi, = #{seNir>sh

From (6.2), we have
Proposition 4.5.

n—1

=

1 m=

(433) hmﬂl <<---<<ﬂNPJ ( J dyj,m) FJ,J,id(y)
1

= 27% o ex i—}—l éf{v(v — 1) —vi(v; — 1)}
= p 5 2) n - V-1 AN

J
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where

k
k dy; & @a/pA) > (s —))
(434)  Geltrop) = HL et - ne ,

~J __ J,e J,e 4 + 7
(4.35) Hir = Hy "‘—; ey = Vi) =9+ >

In the above formula of Gy,ypy =0 and the contour C; for y; is a deformation of
the real line (—oo, ) such that the poles at

(4.36) Y1 — % + piZsg + MZ 5
are above C; and the poles at

o .
(4.37) Y1+ o Pil o — MZ g

are below C;.

This proposition shows that in the asymptotic limit the diagonal element

I (wsp ),WS,) reduces to the one point functions G; (1 <r < N).
Now we consider the asymptotics of D;, , /E; ;. Hereafter we use
the notation ~ as follows:

N def . M =
(438) f(ﬂlv"'?ﬁN) g(ﬂla""ﬂN) <:hmﬁl«w«ﬁN{g(ﬂlv""BN)} :

From (6.1), we have

N-1 ~
(439) Eil ..... l,,(ﬂlv"'vﬂN) ~CXp< (Z</11 }« 4 )luj> zﬂm>
e di=1, A m=1

X

J=1

1 1\ 27% 4=n?
XexP({<;+Z>_r[_—n}TA Z B

1<r<s<N

We note that

440) T PJ—exp( D By,

JeZ, 1<r<s<N

A ERRLS |
2n [ & N-1 S
_=r K B |-
Py (122;(,11,...,1,-—1,...,/1") ’)2

Hence we find
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Dy, ..., (Bis-- - By)
4.41 Ll
(40 Ej.2,(Brs- -5 By)
1 1\ 27% ) )
~ CXp(— <;+1> TAM ‘‘‘‘‘ A, det(P]I(WJp s Wi ))J,J’Eﬂ’.,]v .

From Propositions 4.3, 4.4, and 4.5, we see that

(4.42)
det(PJI(WJ aW(J)))J,J'e:z’.,l, e H (the right hand side of (4.33)).
JeZu,
Therefore, we get
Proposition 4.6.
)
(443) ¢ 3l s p, ) = 2700 et B
1 W\ =% 2
X exp((N2 -N-2) (; I) 511),1)
N
X H H GJ, (,ui]ra 7/1;1, r)
JeZy, v, r=1
Proof.- Note that
0
(444) #"af"l ~~~~~ Voot T Agl?u-,ln'
We get the term
1 1\ =% @)
(4.45) exp <(N —-N-2) ( y A) - i A,,>

by using the following formulae:

n—1 n
1
(4.46) > i =) =y -1} = 3 (N2 - ZA}),
=1
Hine En:zz AY NN -1)4AP O
2 - j Moyordn AyeerAn”
=

§5. Proof of Theorem 3.1

First, we find an explicit formula for Gi(y,,...,u,). We set

k @n/pA) Y % (-7,-1)
(5.1) Hi(x1,...,x) = (HJ dy,)H(ﬂ ~yj-1)e s ,

J=1
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where y, = 0. Then we have
(52) Gultts - ) = Hilltgon — B, sl 1 — )-
The integral (5.1) is absolutely convergent if

(5.3) |Rex,-|<’%i+g, G=1,....n).

By changing the integration variables y; to

(5.4) W =79 —%-1 (j=1,...,n),

we can see that

k
(55) Hk(X],...,Xk)an(xj),
j=1
where
(5.6) H(x) = J dug(u)e?/PHxu
c

In the above formula, the contour C is a deformation of the real line (—o0, 00)
such that the poles at

(5.7) —Fn—l+piZ>0 + AiZ 5o
are above C and the poles at
(5.8) % — pilso — MiZ s

are below C.
The explicit formula for the function H is obtained in [MT1].

Proposition 5.1.

S x+m—z
(5.9) H(x) = Vi 2( 2 ”>

S2<_2_7t) Sz<x+p—ﬁ+ﬁ)
n 2 n

From (5.2), (5.5) and (5.9), we get

Proposition 5.2.

(510) Gk(.ula"'uun): \/ﬂ




Quantum KZ EqQuaTiON 889

Now it remains to calculate

(5.11) I IIG.G@,..a).

JeZ,

1 Yn-1

We set
(5.12) M]{,’C’L_—. #{rJ, = jk<r}, J\lj{;{‘: #{r;J, = jk>r}.

Note that

n n

(5.13) SNgh=> -1k for all Je %, ., -

.....

From (4.33) and (5.10), we have

N
(5.14) 11 Ile.@,. .5
JeZy, v, r=l1
Joi ek
5 I I 1II
SZ (_ __> Isri<rsnleZ., k
n

Ji+1=r

Sz(llr — My +%(D;-I’,r,k - 1))

X T S y
\Y) (:ur = Uy +Z(Dr',r,k + 1))

J . .
where Dy, , is given by

(5.15) DrJ,’r’k = ZS(M,J/’_E”C - Mrj_‘ik) R o 2(]Mrj”—_l,k - MrJ;;,k)

e=+

for k satisfying Jy +1=r.
Now we rewrite

So(w, — pp + (DS, — 1
(5.16) I II =+ 072 D)

T J :
Jed, | JHﬁ:rSz (#r — My +;(Dr’,r,k + U)

Let us consider the following set:

(5.17) FU= || My MDYy (sr<r<n),
(J, k)
JeZ,,,

-1

Ji+l=r
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where | | means a disjoint union. For ae Z, we set
(5.18) mult™ " (a) = #{tre F"";1 = a}.
Then we have

VA mult? l")(a)~mult(’ g "N(a+1)
5.19) (516 =[] (ﬂ, o+ (s = 1 = 2a))
aeZ

We can show

mult”"(a) — mult™ " (a + 1)

{
A+i’ A—‘—l/
0) r r r r .
A (L)) e
= At a2+ A
Aﬁ?{.”ln<ll—a>/< l ) max{0, 4y — 4y + 1} < a <,

0, otherwise.

This completes the proof. [

Appendix

Here we summarize the property of the double sine function S>(x)=
S2(x|ewr, w2) following [JM].

We assume that Rew; >0, Rew; > 0. Sy(x|w;,w;) is a meromorpic
function of x and symmetric with respect to wj,w,. Its zeros and poles are
given by

zeros at x = w1 Zo + w2 Z <y, poles at x = w1Z> + wyZ>.-

Its asymptotic behavior is as follows (note that we corrected a sign in the
formula (6.1) cited from [JM]):

x2

6.1)  logSy(x) = ini( —‘“‘+”2x+i<ﬂ+@-+3)>+o(1),

2601602 2(01602 12

(x = o0, +Imx > 0).

This implies that

(6.2)
2a — w; —

w2x+o(1), (x = 0, +Imx > 0).
w17

log Sa(a+ x)S2(a— x) = +xi
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The following formulae hold:

Sz(x + 601) . 1
(63) Sa(x) 2 sinz)—x’
2
(6.4) Sy(x) = 2, +0(x*) (x—0).

V01002
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