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Divergence Property of Formal Solutions for
Singular First Order Linear Partial Differential
Equations

By

Masaki HiBiNnoO*

Abstract

This paper is concerned with the study of the convergence and the divergence of formal power
series solutions of the following first order singular linear partial differential equation with holo-
morphic coefficients at the origin:

d

P(x, D)u(x) = 3" a,(x)Du(x) + b(x)u(x) = £(x),

=1

with f(x) holomorphic at the origin. Here the equation is said to be singular if 4,(0) =0
(j=1,...,d). In this case, it is known that under the so-called Poincaré condition, if {a,(x)}f'=1
generates a simple ideal, every formal solution is convergent. However if we remove these
conditions, we shall see that the formal solution, if it exists, may be divergent. More precisely, we
will characterize the rate of divergence of formal solutions via Gevrey order of formal solutions
determined by a Newton Polyhedron, a generalization of Newton Polygon which is familiar in the
study of ordinary differential equations with an irregular singular point.

§1. Introduction and Main Result

In this paper we are concerned with a formal power series solution of the
following equation

(1.1) P(x, D)u(x) = f(x),

with f holomorphic at the origin, where P(x,D) is a first order linear partial
differential operator with holomorphic coefficients at the origin:
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d
P(x,D) = Za,-(x)D,- + b(x), x=(x1,...,Xq) € c?, D; = i
i=1
If a;(0) # 0 for some i, the solvability is well known by Cauchy-Kowalevsky’s
Theorem. Therefore we shall study the case where a;(0) =0 (Vi), which is
called a singular or degenerate case.
Concerning this problem, Oshima [8] studied a characterization of the
kernel and cokernel of the mapping

P(x,D): 0 — 0,

where O is the set of holomorphic functions at the origin. As main conditions,
he assumed that {a,-(x)}fl=l generates a proper and simple ideal of ¢ and the
so-called Poincaré condition for nonzero eigenvalues of the Jacobi matrix of
coefficients at the origin. Various generalizations are made for higher order
equations and nonlinear equations. The cases of higher order equations are
studied by Miyake [4] and Miyake—Hashimoto [5]. In Gérard-Tahara [1] and
Miyake—Shirai [6], the nonlinear equations are studied. Moreover, different
characterizations of convergence of formal solutions of singular equations are
obtained by Kashiwara—Kawai-Sjostrand [3] and Miyake—Yoshino [7] for linear
equations.

However, the cases without a Poincaré condition or a simple ideal con-
dition have not been studied. We shall study these cases.

More precisely, let Dya(0) := (D;a;(0)), ,_; , be the Jacobi matrix at the

origin of the mapping a = (aj,...,a;) and let its Jordan canonical form be
A
By
By
Op
where
A1 0 0 1
P . Ai # 0,
. 0 .
A= 2 . By= _ . d=0orl,
Im-1 B h=1,...k
j’"’l O

and O, is a zero-matrix of order p (m,k,p > 0;n, = 2;m+n;+- - -+m+p = d).
The Poincaré condition, in the above, demands

0¢ Ch(A1,...,Am),
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where Ch(4,...,4,) denotes the convex hull of the set {ii,...,4,} in the
complex plane. We remark that this condition is equivalent to

m
E Aitti
=1

for some positive constant 4, where N = {0,1,2,...}.
In this paper we also assume (1.2) if m > 1. In order to ensure the unique
existence of a formal power series solution of (1.1) we assume

(1.2) > Jlal, Yoo = (o0, ..., 0m) € N,

m
> Ao+ b(0) £0,  VaeN™
i=1

Note that 5(0) # 0. Precisely, throughout this paper we assume the following
condition (Po):

m

Aot + b(O)‘ >6la|, VaeN" (ifm=>1)
1

(Po)

i=

b(0) #0 (if m = 0),

where J is a positive constant independent of o« € N™. It should be noted that
under the condition (Po) the formal solution of (1.1) exists uniquely, while it is
divergent in general as we will see in the following examples.

Examples. In the following examples, each independent variable denotes a
one-dimensional complex variable.
(1) (the case (m,k,p)=(0,0,2)). For the equation

(1 —=x*Dy — y2Dy)u(x, y) = x + y,

we have the formal solution u(x,y) =5 (m—1)x™+5> 7 (n—1)Iy"

m=1

(2) (the case (m,k,p)=(0,1,0)). For
(1 — yDy, — x*D,)u(x, y) = x,

the formal solution u(x, y)=3",, ,>oUmnXx™ y" satisfies u(x,0)=3""_, (m—1)lx"

m=1

and u(0, y) » Yo7 nl(n— 1)!y", where 4 > B means that 4 is a majorant series
of B.

(3) (the case (m,k,p)=(0,1,1)). For
(1 — yDy — x?D, — 22D )u(x, y,2z) = x + z,

the formal solution u(x,y,z)= Zl,m,nzO Unx'y"z"  satisfies  u(x,0,0) =
SR (= Dx! u(0,y,0) » S°° ml(m— 1)y and u(0,0,2) = 3% (n—1)1z".
(4) (the case (m,k,p)=(1,0,1)). For

(1+ xDyx — x*D), — y>Dy)u(x, y) = y,
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the formal solution u(x,y) =), ,50UmXx"y" satisfies u(x,0)> Y} > 27"
(m—1)!x* and u(0,y) =32 (n— 1)ly"
(5) (the case (m,k,p)= (1,1,0)). For

(14 xDy — zDy — x*D, — y*D,)u(x, y,z) = ,

the formal solution u(x, y,z) = 37 . 150 Unx' y™z" satisfies u(x,0,0) > S22, -
2711 = D)Ix, u(0, y,0) =3°°_ (m—1)!y™ and u(0,0,z) » Y2 nl(n—1)iz".
(6) (the case (m,k,p)=(l,1,1)). For

(1+xDy — zD, — x*D, — y?D, — w?D,.)u(x, y,z,w) = y + w,

the formal solution u(x, y,z,w) = Y 4 ; n nso UkimnX* y'z™w" satisfies u(x,0,0,0)
»> S0 270k — 1)!Ix%*, u(0,,0,0)=>"72,(I— D!y, u(0,0,z,0)» >  m!-
(m—1)!z™ and u(0,0,0,w) = > 2 (n—1)lw".

These results are proved by using the recursion formulas for the Taylor
coefficients of formal solutions and by estimating carefully the coefficients from

below.

We note that the Gevrey order gives the rate of divergence for a formal
power series. We say that the formal power series u(x) = >, ne¢ UaX® (X* =
x{...x3) belongs to G® (s = (s1,...,s4) € RY), if the power series

U(X) = Z Ua (aj;s—l

aeN/

)S—~1

converges in a neighborhood of the origin, where (a!)*" = ay!971 . ay!% !,

The main theorem in this paper is the following.

Theorem 1.1. Under the condition (Po), the equation (1.1) has a unique
formal solution which belongs to G@N-+2N) where

max{ny,...,ng} (if k=1)
N=<¢1 (if k=0and p=1)
1/2 (if k=p=0).
Remark 1. By our theorem we know that there exists a unique holo-
morphic solution if X = p = 0, which is a special case of Oshima [8]. In fact,
he studied the case k = 0 in our notation under the assumption that {a,‘(x)}fl=1

generates a proper and simple ideal of ¢. Here we have to mention that if
we remove the assumption that {a,-(x)},fi=1 generates a simple ideal, the formal

Example (4).

Remark 2. Precise estimates of Gevrey order in individual variables will be
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given in Theorem 2.1 after a linear transform of independent variables, which
reduces Dya(0) to its Jordan canonical form.

Remark 3. Our main result is a generalization of Hibino [2], where the
case (m,k,p) =(0,1,0) (nilpotent matrix of maximal rank) is studied. In [2],
we also study an asymptotic theory of formal solutions for a special type of
equations, which will be published in the forthcoming paper.

§2. Linear Transform of Operator and Newton Polyhedron

In order to prove Theorem 1.1 we shall transform the operator P(x, D) by
a linear transform of variables which reduces D,a(0) to its Jordan canonical
form. A reduced operator P; takes seven forms according to the values of m, k
and p, as follows:

(@ Thecase m>1, k=1, p>1:

m
0
Py = 'Ex iixi5;+b(0)+bl+P{+P{'+P;”+p;””
i=

i

where
m—1 d m finite
Pl = Z5ixi+1$+z Z cmﬂu_“ﬂky(x,yl,...,yk,z)
=1 D=L\ B B Y 2 2,0 2 1
1 A 0
x x*(yNE (V| =
(y) Y5z o
k finite
1 k
Pilzzz Z djhaﬂ‘mﬁ"y(xvy s Y 72)
h=1 ja=1 \ (o -+ [+ ¥ |+ 22, o 2 1
o
xx (Y LM | 5
ayjh

finite

P
+Z Z eqrxﬂ'...ﬁ"y(x’ylv'"aykaz)

a=1 \ Jol+ B! [+ B5|+HY 2 2, Ja 2 1

YRV A kﬂl‘y __a__
e o
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ny— finite
/N 1 k
Z Zyjma > 2 Ayt
=1 jp=1 yjh h=1 j=1 |ﬁl|+...+|/}k!+|y!22
| k 0
x (L0 | o
ayjn
2 & 1 k 1,8 kyB* 0
+Z Z e g6y, y52)(y)" () 2 Fra
a=1 \|p'[+-+| B4+ 17|22 1
m Sfinite . k 0
P”” Z Z ciﬁ]...ﬂky(xiyli' . -aykaz)(yl)ﬁ s (yk)ﬂ z? 'Ex__a
1

=1\ B+ B+ 22

b :bl(x,yl,...,yk,z)

finite .
- Z btxﬁl..-ﬁ"y(xvylv"'ay »Z)xa(yl)ﬁ "'(yk)ﬂ z,

lee|-+1 B -+ B+ pl = 1
where all coefficients c; g 4, etc., are holomorphic at the origin, and none of
them vanish at the origin unless they vanish identically. In the following
expressions, assume the same conditions for those functions appearing in the

coefficients.
(i) The case m>1, k=1, p=0:

let i )+b1+P1+P +P/II+P//II

where

finite

25 x,+1 +Z Z Ciaﬂlmﬂk(x,yl,...,yk)

=1\ |+ B! [+ | B4 22, o] 2 1
kB v

n, finite

P{/ ZZ z djhocﬂ'...,b"‘(xaylv""yk)

h=1 =1 \ |af+18"|+++| ¥ 22, e[ > 1

) S

h 9
Jh

x x*(y
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np—

P{” - Z Z y]h+1 ayj
O

=1 jp=1
finite . . d
+ZZ X dypplnyt 0N 0N o
=1 ju=1 \|B'|++|B¥|>2 Vi
m finite . . 3
P=3"1 Y gy 0N e

=1\ | B4+ =2

by :bl(x,yl,...,yk)

finite . . . ﬂ"
= Z baﬂlmﬂk(x,yl,...,y X (DE (M.

||+ B |+--+ B =1

(iii) The case m>1, k=0, p>1:

Z Aixim—+b(0) + by + P + P + P{" + P{",
i
where
finite

Zé x1+1 Z Z Ciay(xv Z)xazy %’

=1\ |a|+]y|=2,]a|>1

p finite 5
P = Z Z €quy (X, 2) %72 0z,
=1\ la+]7|>2,la|>1 q
p finite P
PI=3"| > eplx2)2 P
g=1 \Iy|>2 q
m finite 5
PI" = }: Z ci(x,2)z" =
i=1 \|y|=2 i
finite
by =bi(x,z) = Z boy(x,2)x%27.
o +y[ =1

(iv Thecase m>1, k=p=0:
finite

P1=Z:A,-x,-£ )+ D ba(x)x" +Z(5x,+1

! | =1

m finite 0

+Z Zcm(x a_x,

i=1 \|a|=2
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900
(v) The case m=0, k>1, p>1:
P = ( )-f—b +P///
where
np— F ] k n, finite .
1
Py = Z Z Vier 3o + 2 Yo 052
=1 = i =S\ 1B 1 22
1 & 0
< (oM | =
ayfh
P finite | . . /)" . ﬂ" F
+E Z eqﬂlﬁky(y 7"‘7y 72)(y ) "'(y ) Zy gv
=1 \|B' [+ ¥ |+l 22 K
bl =b](y1,"'7ykaz)
finite . . ﬂl . ﬂk
= > by g, (¥, Y 2) (N (0P 2
(B! [+-+] B4+l 21
(vi) The case m=0, k>1, p=0:
Py =b(0) + by + PY,
where
np— 1
Py Z 2 yfm
=1 Jn= y]h
k ny finite . . ﬁ' . /j’k F
* D D DR A G LS L [0 LN 67 5
Jh

=1 A=l \|B! B4 =2
by=b(y',...,¥5

finite .
ST bp g YO L

B4+ g4 21

(vii) The case m=k =0, p>1:
P =b(0)+b1+Pi",
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where

P finite F
" o__
P=3 [ D enl2)? -

g=1 \ly>2

finite

by =bi(z) = Z by(2)z7.

[7/=1
Now we shall study the equation
(2.1) Piu=f,

with f holomorphic at the origin.

In order to give the Gevrey order in an individual variable for formal
solutions of (2.1), we study the Newton Polyhedron of the operator, which is
a generalization of the Newton Polyhedron introduced by H. Yamazawa [9].

Newton Polyhedron. Let

finite

P(E,De) = Y ay(¢)&*Df

(&= (&,..., &), DE=(8/0¢))" ... (9/0¢,)") be a linear partial differential
operator, where all coefficients are holomorphic at the origin and do not vanish
at the origin unless they vanish identically.

We put

0o f) = {(%,9) = (%,.... Z2,%) e R\ 2 > 0 — B, % < |B]}
and define the Newton Polyhedron N(P) by
N(P) = Ch{Q(a, B); (a, B) with a,p # 0},

where Ch(4) denotes the convex hull of a set 4 < R4

Now we shall apply the above general definition to the equation (2.1) for
the cases (i)—(vii). We remark that the correspondence of variables between
(x,y',...,y*,z) and ¢ is given by

i) (x,yl,...,yk,z)
i) | (x5
iii) (x,2)
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In order to state the main theorem in this section, we shall define the sets S;
(i1=1,2,3,5,6 and 7), S;, S/ and S/ (j=1,2 and 3) whose elements give the
Gevrey order of formal solutions of (2.1).

@ For (pol, .. e% 1) ell,00)? (p=(p,-- ) 0" = (af,...,0})

(h=1,...,k),T=(11,...,75)) We put

Ai(p,o',... 6% 1) = {(%,@1,...,@",9",«///) eRL(p-1)- &

k
+Z(a”—1>-@”+<r—1)~f—wfz-1},
h=1

Ai(p,6t,... 65 1) = {(%,@1,...,@",5,«///) eR™L(p—1)- &

M~

+ (a"—l)-@h+(1—1)-fl’—"//f20},

=1
where 1 = (1,...,1) and define
Sy = {(p,a‘l....,ak,t);N(P{ +P) < Ai(p,o!,... 6% 1)},
S ={(p.a",...,6%,1); N(P}") = Ai(p,a",... 6" 1)},
S| ={(p,e',...,6%,7); N(P!") < 4)(p,5',...,6" 1)},
S/ ={(p,a',...,6",7); N(P") < A1(p,6',..., 6" 7)}.

(i) For (p,6',...,6%) e[l,0)? we put

Ay(p,ol, ... 6%) = {(5{,@1,...,@",11/) eRL(p-1)-2
k
+Y (¢" 1) - > —1},
h=1
Ay(p,ol,... 6% = {(%,@1,...,@",% eR™(p-1)-7

+i:(a"—1)-@h—«t/fzo}

h=1
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and define
S, ={(p,e',... ,a'k);N(P; +P]) < Ax(p,6l, ... 65)},
S, ={(p,6',...,6");N(P]") < Ay(p,6",...,6%)},
S; ={(p,6',...,6%);N(P/") = As(p,6',...,6%)},
Sy ={(p,a',...,6*);N(P}") = Ax(p,a',...,6")}.
(i) For (p,7)€e[l,00)? put
A3(p,t) = {(%,Z,W)eR“ S (p—1) X+ (x—1)- Z —W > —1},
As(p,r) = {(%,Z,W)eR  (p—1) X+ (x—1)-Z —W >0}
and define
S5 = {(p, T N(P} + P) = As(p, 1)},
S3 ={(p,7); N(P{") = 43(p, 1)},
83 ={(p,7); N(P{") = A3(p,7)},
S5 = {(p,7); N(P{") = A3(p,7)}.
() For (a!,...,6% 1) [l,0)¢ put

k
As(e!, ... 6% 1) = {(@1,...,@",5,%) eRULD (6" - 1) @
h=1

+(1—H)-&”—‘///20}

and define
Ss = {(a',...,65,7); N(P]") = As5(a',...,6% 1)}

(i) For (¢!,...,6%) €[l,0)? we put

k
Ag(a!, ..., 6%) = {(@/1,...,@",% eRULD (6" 1)@ —“///20}
h=1

Se ={(a',...,6%); N(P]") = Ag(a',...,6%)}.
(vii) For te[l,0) put

A7) ={(Z,#)eR" T (z - 1) Z — W >0}
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and define
S7 ={t; N(P{") = 47(7)}.
Then we obtain the following result:

Theorem 2.1. For each case (i1)—(vii) let us assume the following condition:
(i) P"=0=s=(p,a',...,6%,7) €S NSy,
P/ =0=s=(p,a',....,657)eSiNS NS,
P" Pl #0=>s=(p,6',...,6%7)eSINS NS/,
(i) P"=0=s=(p,6',...,65) eS$NS,,
Pl =0=s=(p,a',...,65) e S$HNSNS},
P" P! #0=>s=(p,6',...,6") e S$NS,NSY,
(iii) P{"=0=s=(p,1)eS;NSs,
P/ =0=s=(p,7)eS;NS3NS},
P" P!l £0=s=(p,7) e S3NS3NSY,

(iv) s=(1,...,1),

(v) s=(al,...,6" 1) €Ss,
(vi) s=(a',...,6%) e Ss,
(vil) s=teS.

Then the equation (2.1) with f in G® has a unique formal solution which
belongs to GY).

Remark 1. 1In the case (iii), when P{”,P{ # 0, s = (p,t) must belong to
S$3N 83N S5 not to S3NS3NS;. For example, let us consider the equations

(22) (1 +xDy — ysz)u(x5 y) = f(xv y),
(23) (1 +XDx_x2Dy)u(x’y) :f(xa y)a
(24) (1+ xDy — x’Dy — y*D)u(x, y) = f(x, y),

where (%, ) = Yonnso X" ¥"(= (1/(1 = x))(1/(1 - »))). Here —x2D, and
—y*D, correspond to P} and P;”, respectively. For (2.2) and (2.3), the formal
solution converges, but for (2.4) it diverges. More precisely, the formal so-
lution u(x, y) = >, .50 Umnx™y" satisfies u(0, y) » >, . n! y", which is proved
as follows: Let u,(x, y) = 3,1 5cp ulPLx™y" be the homogeneous part of u(x, y).
Then we obtain uy(x, y) = 1,u1(x, y) = (1/2)x+ y and the following recursion
formulas for p > 2:
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. 1)
Uy = == G+ D+ (P =+ Dl + 1,

1 1)
uilyy =5 (25, 5+ 1),

uf) =ul" )+ 1.

Therefore it follows that

Gr) o n-1) o Gn-2) 3n—3 (-3

Uy, 3n Z U3 Z Uy an g = T3 U033
3n—-3 3n—6 3n—3k (3n—3k)
> 3 T3 T3 Uy 3n—3k
3n—3 3n—(3n-3) g
2 3 PPN 3 u0,3
>(n-1),

which implies the conclusion.
The same is true for the cases (i) and (ii).

Remark 2. 1In each of the seven forms of the reduced operator P;, if we
assume that all coefficients of quadratic polynomials in the operators do not
m

A

vanish, we get the biggest Gevrey order given by p, = (W—I— 1/2,...,N +1/2),
m p
e e —N—
p=03/2,...,3/2), 6l = (N+1,...,N+m) (h=1,...,k), o=(N+1,...,N+1)
p

N
and 7; = (2,...,2). The “biggest” means that if s satisfies the conditions in
Theorem 2.1, the following inclusion holds for each case:

(i) G(s < G %o00%) (i PY #0), GO < GLoa-o.%) (if P =0),
(ii) G® = GPoo) (if P! £0), GO = GLo%-%) (if P! =0),
(ili) G® < GPrw) | (if Py #0), G = GL), (if P! =0),

(iv) G® =G0 = 0,

(V) G(s) - G(o'é ..... 0'0,1:0),

(vi) GO < Go-0),

(vii) G® < G,

In the following examples we will determine Gevrey order concretely.

Let p, g1, 02 and 7 denote the Gevrey order of the variables x, y,z and w,
respectively.

(1) (the case (vii))

P1=1+W2D\
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For the operator w?D,, we demand (1 —17)+ (1 —7)+7 <0, that is, 7> 2.
Therefore we have G < G?.
(2) (the case (vi))

Py =1+2zD, + y*D..

For the operators zD, and y2D,, we demand (1 — ;) +0; <0 and (1 —0y) +
(1 —a1) + 03 <0, respectively. Thus we obtain G172 < GG4),
(3) (the case (v))

Pi=1+4+zD,+ y2D, +w?D,.

For the operators zD, and y2D., we demand the same inequalities as above,
respectively. For w?D,, we assume (1 — 1) + (1 —7) + 02 <0. It follows that
Go1.02,7) = G(3.4.3)

(4) (the case (iii), P{” =0)
P, =1+ xDy + x*D,, + w?D,,.

For the operators xD, and x2D,,, we demand (1 —p)+p <1 and (1 —p)+
(1 —p)+7t <1, respectively. For w?D,, we require 7>2 as in (1). These
inequalities imply that G < G3/22),

(5) (the case (iii), P =0)

Py =1+ xDy + w?D,, + w?D,.

For xD, and w?D,,, we demand the same inequalities as above, while, for w?D,,
we assume the inequality (1 —7) 4+ (1 —17) +p <1. Thus G <= G2 holds.
(6) (the case (iil), Py, P{" #0)

Py =1+ xDy + x2D,, + w?D,, + w?D,.

For xDy, x*D,, and x2D,,, the same inequalities are demanded, while, for w?D,,
the inequality (1 —7) + (1 — 7) + p < 0 is required instead of (1 — )+ (1 — 1)+
p < 1. These inequalities imply that G»?) < G®/22),

(7) (the case (ii), P{" =0)

Py =1+ xDy + x*D- + zD, + y*D,.

For the operators xDy, x2D., zD, and »?D,, we demand (1 —p)+p <1,

(I-p)+(1=p)+02 <1, I-0)+01<0 and (1-0))+(1—-0g1)+02<0,
respectively. Thus we have G(P91.9) < G(3/2.3.4),

(8) (the case (ii), Py =0)
Py =1+xDy+zDy+ y?D, + z?D;.

For z2D,, the inequality (1 — ;) + (1 —03) +p <1 is demanded. The other
inequalities are the same as in (7). It follows that G(:o1.72) = G134,
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(9) (the case (11), P{”Pim 3’50)
P =1 +xDx+xzDz+ZDy + y2D, + 22D,

For z2D,, we demand (1 —a3)+ (1 —0;) +p <0 instead of the inequality
(1-02)+ (1 —03)+p<1. By considering the same inequalities as in (7) for
the other operators, we obtain G(»91:92) = G5/2.3.4),

(10) (the case (i), Py” =0)

Py =1+ xDy +x*D, + zD, + y?D, + w?D,.

By the inequality (1 — ) + (1 — 7) + 02 < 0 demanded by w?D, and those in (7),
we have G#-o1.027) = G3/2:3:43)
(11) (the case (i), P{ =0)

P, =1+ xD, +ZDy + yzD: + WzDz + ysz-

By the inequality (1 —01)+ (1 —01)+p <1 demanded by y>D. and those
similar in (10), we obtain G997 < G(1.3:43),
(12) (the case (i), Py,Py" #0)

Py =1+xD, + x*D, + zDy, + 2D, +w?D, + y?D,.

As for y2D,, we demand the inequality (1 — 1) + (1 — 1) +p <0 instead of
the one (1 — 1)+ (1 —01) + p < 1. For other operators, the same inequalities
as in (10) are demanded. Thus G919 c G(/2:3:43) holds.

By using the above inclusion relations in Gevrey spaces and by the change
of independent variables we obtain Theorem 1.1 from Theorem 2.1 and the next
Lemma 2.1. Thus the proof of Theorem 1.1 is reduced to that of Theorem 2.1.

Lemma 2.1. Let u(x)=Y, niUsx*€ GO (s>1). Then for any
linear  transform L= (ly); ..y 4: C?Y - C? it holds that v(y)=u(Ly)e

.....

constants C and K such that
[u®(0)| < CK™|al!?, Vo e N9,

where u®(x) = D*u(x) = (8/0x1)* ...(8/0x4)*u(x). By an easy calculation,
we can obtain

[v®(0)| < Zd"u(0)],
where % = max{/;;i,j=1,...,d}, which implies
[v®(0)| < CL(dK)™ ||t

Therefore we obtain the Lemma. |
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In order to prove Theorem 2.1 in the cases (i)—(vii), we will prove the cases
(i), (ii), (iii) and (iv) by a same method. On the other hand, the cases (v), (vi) and
(vii) are proved by the same method different from the one used for the cases
()—(iv). Therefore we shall prove only the cases (ii) and (vi) in the following.

§3. The Banach Spaces G (R) and G(sl’sz)(Rl,Rz)

Theorem 2.1 is proved by a contraction mapping principle in a Banach
space. For this purpose we define two Banach spaces necessary in the proof,
and we prove lemmas needed later.

Definition 3.1. Let s=(si,...,5;) e RY (RJ.—{reR r>0}) (s',s?) =
(s},.. yshost ., s2) eRATE . R=(Ry,...,Ry) € (Ry\{0})? and (R',R?) =
(R,...,R},R},.. Rﬁz) e (R\{oH4 %, The spaces of formal power series
G®(R ) and Gs s )(Rl R?) are defined as follows:

We say that u(x) =), ne UaX® belongs to GO(R) if

lullg EZIa

aeN?

(lo| = a1 + -+ + ag, s-oc—Zflls,a,)
We say that u(x, y) =3, penae gpx®yP € G® S ) (R, R?) if
_ |o]!] B! R! 2
IHuIHR. Rz = Z ,uaﬂlm( )*(RY! <

() eN1*4

< ©

(ol =00+ +0aq, |B= +ﬁd27 = 111820% Z
where k! = (k+ 1), k> O Then G )(R) and G *)(R!, R2) are Banach
spaces equipped with the norms || - || and ||| - |||S1 ;2), respectively.

Similar definitions of Banach spaces of Gevrey type can be found in
Miyake—Hashimoto [5].

Lemma 3.1. (i) If s;,>1 for all i=1,...,d, then

G¥= () GYR.
Re(R.\{0)*
(i) Ifsl,st=1foralli=1,...,dy; j=1,...,dy, then
G(s‘,sz) _ U G(s',sz)(RI’RZ).
(R',R?)e (R, \{0}) 1"

Proof. (i): By Stirling’s formula we can easily show that

" (a)®
o <ol <dal and A4-B¥ < <C-DpH
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for some constants 4, B, C and D, where («!)®= (!)™...(2g!)*. This
completes the proof.
(i)): Similar to (i). |

Lemma 3.2. Assume that a(x) = ZﬁENd agx? and a(x,y) = 32, 5 eniiear -
ayaxyy‘s are holomorphzc functions on lel{xi eGC;|x;)| < T;} and Hidz‘,{xi eC;
il < T)) x T4 € Gyl < T2} (T = (T, Ta) € RA{ODY, (T',72) =
(1},...,T;, le, o Ti)e (R+\{0})d‘+d2), respectively.

() IfO<R <T; for all i=1,...,d, the multiplication operator a(x) is
bounded on G (R) for all s (Vs; > 1) wzth the norm bounded by 3 5 ni |ag| T?.

(i) If0<R1<T1and0<R2<T2f0rallz—1 Jdi; j=1,...,dy, the
multiplication operator a(x,y) is bounded on G"% (R1 Rz) for all (s!,s?)
(Vs},Vs} = 1) with the norm bounded by 3, 5 navse, |as](T") "(T2)°.

Proof. (i) is easily proved by the inequality

oo+ BI! ‘ﬂ' i (s-a+[B)! _ (s (@+p)
|or|! Pl (o +Fe) = ]:([:IlsoH—k (s-a)! = (s-a)t

Similarly we can prove (ii) if we note that

o + p|!|B + 4! - (s'-(a+79)+82-(B+9))
ot]!|B])! - (s'-o+s2-p8)!

§4. Proof of Theorem 2.1 (when m = 0)

In this section we shall prove Theorem 2.1 when m = 0 (i.e., the cases (v),
(vi) and (vil)). As mentioned in Section 2 we only consider the case (vi).
Furthermore, for simplicity we assume kK = 1. We denote a formal power series
solution as u(y) =Y, .n¢U4y* and use the Banach space G(®'(Y) instead of
G®)(R). Therefore u(y) e G (Y) means

P = 3 bl 2 <

o (e

We recall that the operator P; has the following form: P; = 5(0) + b; +
P}", where

181=2

d—1 d finite
PI'=3 Y5 +Z (Z dip(»)y )

finite

bi=bi(y) =Y bs(y)y*
e
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Our problem is the unique solvability in G} of the equation

(4.1 PU(y) = f(»),

with f(y) e G,
We assume that o satisfies the condition (vi) in Theorem 2.1.

Proof of the case (vi) of Theorem 2.1. We may assume b(0) =1 since
b(0) #0. Next we estimate the operator norm of »; and P{’ on the space
G)(Y).

By Lemma 3.2, it holds that by : G (Y) — G (Y) is bounded for suf-
ficiently small Y with the estimate

finite
15: U] < c{ 3 Yﬁ}nuuﬁ‘:)
isl=1

for some constant C. Here and hereafter ¥ = (Y),...,Y,) is taken so small
such that the coefficients of the operators 0/dy;, etc., and a function f(y)
belong to G)(Y). In order to estimate the operator norm of P;” we need the
following:

Lemma 4.1. Let o, B, and B’ satisfy
4.2) oi>1 (Vi=1,....d) and o -(B—f) =Bl

Then the operator yﬂDf’ is bounded on G'\°)(Y) and the operator norm is bounded
by YE/YF'

Remark 1. Put
N(PDEY = (@, %) e R¥\ 2 > B, — Blw < |B]}.
Ale)={(@.#)eR" (6~ 1) ¥ —# =0}
and
S = {5 N(*D') = A(o)}.
Then the condition ¢ € S is equivalent to (4.2).

Proof of Lemma 4.1. For U(y) =3, .n¢ Usy* € G9(Y), we have

|
Bns _ * atp—p'
YDl U(y) =) 7 Uny :
= (x—p)!

Here o > ' means that «; > f; for all i. Thus we have

BB (o) _ |O€ +ﬁ—ﬂ/|' atf—p'
ywDrU|y = —Y
Iv"Dy Ully gl (¢ (a+pB—-pB))

ol

(=g
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Furthermore, by (4.2) it holds that

o! . o+ B —B'|! < [oc]!
(@=p) (6-(@+B—-p) ~ (6-2)

Therefore we obtain

B B
()<~ Z,(T%WY“S—%HUH(?)-

The proof is completed. E

Proof of the case (vi) of Theorem 2.1 (continued). By the assumption
o € S, Lemma 3.2 and 4.1, it holds that P}’ : G)(Y) — G®(Y) is bounded for
sufficiently small Y and that

” @) d—1 Yj+1 d finite p 1
(4.3) 1P| < ¢ Z _+Z Yy 7 (

Therefore for sufficiently small Y the operator by + P}’ : G)(Y) — G(Y)
is bounded with the estimate

/// finite p Yj+1 d finite p
by + P < C ZY+ZY +Z Yy 7

[Bl=1 =t - 181=2

for some constant C. The constant K can be taken arbitrarily small by an
appropriate choice of Y. Hence, by taking Y so that K < 1 the operator T
defined by

TU(y) =—(b1 + P{")U(y) + f ()

is a contraction mapping on G{®)(Y) in the sense of ||TU — TV| < K||U — V|,
because f(y) € G (Y). Hence there exists a unique U(y)e G (Y) which
satisfies TU(y) = U(y). Thus U(y) € G is a solution of (4.1) by Lemma 3.1.
This completes the proof. ]

Remark 2. The cases (v) and (vii) are proved similarly as the case (vi).
Here we only refer to Banach spaces employed in the proof.

(v) Let us assume k=1. We use the Banach space G(*7)((Y,Z))
whose elements u(y,z) = Y, penrer Uapy®2? (n+ p = d) satisfy

|
”u“((o' 7)) = Iuaﬂ| (foc] + |B])! Y?ZP < o,
(¥.2) (a,/z)Z—l:\J"ﬂ’ (6-a+1-p)!

(vii) We use the Banach space G(¥)(Z) whose elements u(z) =Y, ¢ Usz®
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satisfy

Wl = 3l 2 < o
aeN?

Remark 3. In the above proof we considered the case Kk =1. In the
general case k > 2, for the variables (y%,..., y,’}h) (h=1,...,k) corresponding
to a nilpotent matrix By, we have a similar estimate as (4.3), which implies the
conclusion.

§5. Proof of Theorem 2.1 (when m > 1)

We shall prove Theorem 2.1 when m > 1 (i.e., the cases (i), (ii), (iii) and
(iv)). We consider only the case (ii). By the same reason as in the previous
section we consider the case k = 1. We denote a formal power series as u(x, y)
=2 (@ pyenmin Uapx®YP (m+n=d) and use the Banmach space GP(X,Y)
(resp. G o) ((X, Y))) instead of GG"% (R1 R?) (resp. G(S"S)((R! R2))).
Therefore u(x, y) € G»(X,Y) (resp. G{(»?)((X,Y))) means

|!1B1"
Il = gl — P X*YP < o0
o (ﬁ)ezﬁ Yo ato-p)
= (ol + B! avp
resp- ulieryy = gl XY < oo |
( o (O‘aﬂ)z;;"'*" i (p-ata-p)

We recall that the operator P; has the following form: Py =3[, -
2ixi(0/0x;) + b(0) + Py + Py + P{" + P{", where

m— m finite
Zé Xit1 5= Z( S cplx, y)X“y”) 5%,

i=1 \joa|+|f]=2,]a|>1

n finite
o 0
P = Z( > duplry)x y”) pa

o+ B =2, ] > 1 j

n finite
Py = Zy,+1 +Z(Z dig(x, y)y )

J=1 \18|=2

m finite F
P =33 epteny? | o
i=1 !

181=2
finite
by=bi(x,y)= Y bylx,y)x*y.
lof+181 =1

Our problem is the unique solvability in G»? of the equation
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(5.1) Pru(x, y) = f(x, ),

with f(x, y) € G#9).
Now we assume that (p,o) satisfies the condition (ii) in Theorem 2.1.

Proof of the case (ii) of Theorem 2.1. First we define the operator
Ay : GP9) — Gro) by

m a
= Jixiz—+b(0
=1 0x;
Then by the condition (Po) the operator A, is bijective and A;' is given by
DM s
(a’ﬁ)ENln-Fn (“ ﬁ N771+ﬂ l a + b

where A-o= >, A
Keeping in mind the above expression we introduce a new unknown
function U(x, y) by

U(x,y) = Apu(x, y), that is, u(x,y) = 4;'U(x, y).
Then the equation (5.1) is equivalent to the following one:
(5:2) U(x,y) + b2 U(x, y) + PU(x, y) + Py U(x, y)
+Py'U(x, y) + Py"U(x, ) = f(x, ),

where

Ux,y) = Z&x,ﬂ AblU(x ¥)

m finite ‘s F .
+y Y. cupln x| 4, U, y),
i=1 !

lo|+[ Bl =2, || > 1

n finite P
PU(x,y) =) ( Y dmlx, y)X“yﬁ) a—yAEI U(x, »),
]

lo|+] B =2, e > 1

n finite P
Py Zy,+1 %, 41U Z(Z dig(x, y)y ) a—y;A;IU(x, ),

18122

m finite
o
PyU(x,y) =) ( > eplx, y)ﬂ*) 3 U, ),
i=1 i

1B1=2

finite

byU(x,y) = Z bog(x, Y)x*yP A U (x, ).
|l +181>1
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Next we estimate the operator norm of b, + Py + P} + Py’ + P;” on the
space G(X,Y), where

~(p, o) 3 4 : "
GX, Y) = G (X,Y) (%f Py #0, that ?s, P #£0)
G ((x,Y))  (if Py =0, thatis, P/ =0).
Hereafter X and Y are taken so small that the coefficients of the operators
and a function f(x,y) belong to G(X,Y).

Since |1/(A-fx+~b(0))| < C for some constant C, the operator
471 GPO(X, Y) = GOO(X, ¥) (resp. G (X, Y)) — GoD((X, ¥))) is

bounded and we have
45" Uley < cllul$y  (resp. 14" UL < ClUIER).

Therefore by Lemma 3.2, b : G»9 (X, ¥) — G»9 (X, Y) (resp. G{»)((X, Y))
— GUr9)((X,Y))) is bounded and we have

finite
luszinSf;?sC( 2 X“Y”) ey

o +[ Bl =1

finite
<resp. ||bzvn§§?‘;”<6‘< > X“Y”) HUHES?’:?)))-

o+ A= 1

In order to estimate the operator norm of P; + Py + Py’ + P;” we need the
following lemma:

Lemma 5.1. (i) Let p,6,7,0,y" and &' satisfy
(53)  ppoy=1 (Yi,j) and  p-(y—y)+6-(0-0") =y +dl.

Then the operator x'y°DJ D‘5 Ay' is  bounded on GPO(X,Y) and
GPo)((X,Y)), and the operator norm is bounded by CX'Y°/X7' Y%

(i) If [yl =1,
(54)  ppoi=1 (Yij) and p-(y—y)+6-(6-0)=]+0| -1,

then the operator x'y°D?’ D‘s Ab is bounded on G"?(X,Y), and the operator
norm is bounded by C,, X7 Y"/X "y,

(111) If [¥'| = 1 and (5.4) hold, then the operator x"y°D?’ D" A is bounded
on GUP2)((X,Y)), and the operator norm is bounded by C.ss XV Yo X7y,

Remark 1. Put
N("y’DIDY) = {(%, 9, W) eR™“ T >y, — 9, % > 6, — 3/, w < |y'| + 15|},
Alp,o) = {(Z, U, W) eR(p—1) T+ (6—-1)- Y —w >—1},
A(p,6) = {(Z, %, W)eR"(p—1) ZF+(6-1)- ¥ —Ww =0}
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and set

S={(p,6);N(x’y’DI' D) = A(p,0)},
S ={(p,0); N(x"y’DI'D}) = A(p,0)}.

Then the conditions (p,6) € S and (p,6) € S are equivalent to (5.4) and (5.3),
respectively.

Remark 2. In Lemma 5.1, (ii) does not hold on the space GPo)((X,Y)).
On the other hand, (iii) does not hold on the space G°)(X,Y). Therefore
the operator y°D} DS A, +x7y‘5D‘5A "(Iyl,17"] = 1) is bounded neither on
G{»9)((X,Y)) nor on G”“ (X, Y) even if (5.4) holds (cf. the example in
Remark 1 of Section 2).

Proof of Lemma 5.1. Because U(x,y) = 3, penm Unpx®y# satisfies

, ) 1 a! ﬂ' ’ ’
, 5Dy D5 A~1 U _ g aty—y' ,B+6—0
x'y’D} Dy A, U(x, y) = 7 atb(0) (a—y)! (B—3)! Uspx J ’

ax>y',f>d
we have

| Usgl o! B

llx?y° D2 DY 45" U7 = o VatbO)] (x =) (B—5)!

oo +y = y'[IB+9 =d"|!

at+y—y’ Y,/}+6—6"
-@rr—7)+a-(Bro-oN "

Similarly we have

1,07 1o 4=1771(2.9) _ |Usgl o B!
W DEDIA VIS = 2 s b0)] (e 7 B =)

axy',f>0

(lo+y =y |+ 1B+ -0
(p-(@a+y=y)+o-(B+6-0")!

The case (i) is proved by the following inequalities: 1/|1-a+ b(0)] < C,

Xa+y—y’ Yﬂ+§—6'

o! B! e +y = ¥[8+ —9"]! < ltBlt
@@=y B=0N(p-(aty=y)+a-(B+o-0)N" (p-ate-pB)
o! B! (lety=y[+1B+o=0Dt _ (ol + 1B

@=yNB=N(p-(at+y=y)+o-(B+5-0)" (p-ata-p)

which are obtained by the condition (Po) and the assumption (5.3).



916 Masak1 HiBINO

The case (ii) is proved by the inequality

aty=y| o B
22 B(0)] (=) (B—)!

(lety=y =D+ =01 . (a8
(p-(at+y=y)+a- B+~ " (p-ata-p)

which is obtained by the condition (Po) and the assumption (5.4). Note that
o+ —9'| —1=0 since |y| > 1.
The case (iii) is proved by the inequality

o lety=yI+1B+6 -0 (ol = 1)! |BI!
|4 a+b(0)] || + 1] e =1 B!

(ety=y|+B+6-01-D! _ . (o +|fl-1)
(p-(aty=7)+o-(B+6-0N =~ 77 (prata-p)’

which is obtained by the condition (Po) and the assumption (5.4). Note that
|o] =1 >0 since |o| > |y'| > 1. |

Proof of the case (ii) of Theorem 2.1 (continued). When P}” =0 (that is,
P!" = 0), it follows from the assumption (p, o) € SN S;, Lemma 3.2, (i) and (ii)
of Lemma 5.1 that the map b, + P5 + P} + Py : G»9(X,Y) — G»7)(X,Y) is
bounded. Moreover the operator norm is estimated as

llb2 + Py + Py + Py

finite m—1 X: m finite 1
<Cy Y xSyl Y x o
i=1 !

o+ 21 =1 = lof+[ 822, |« =1

n finite ﬂ n—1 Y+1 n Sfinite p 1
E : § : o J E : § : —
=1 \ ||+ 8122, el =1 =1 =1 \|f]>2 J

When PJ =0 (that is, P{ =0), it follows from the assumption (p,o)€
S$2NS, NS5, Lemma 3.2, (i) and (iii) of Lemma 5.1 that the map b, + Pj+
Py 4+ Py G (X, Y)) — G»o)((X,Y)) is bounded. Moreover the op-

=
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erator norm is estimated as
1b2 + P3 + Py" + Py

finite m—1 m finite

X; 1
scod Y x| Y xr)y
o+ B> 1 i=1 i =1\ Ju|+]B]=2,]a| > 1 Xi

n—1 Y. n finite 1 m finite 1

PIn OB PILE LA DI 3 Sl
P AV 7=l \|A22 '

When PJ”, Pj #0 (that is, P{", P{ #0), it follows from the assumption
(p,6) e S$,NS;NSY, Lemma 3.2, (i) and (ii) of Lemma 5.1 that the map
by + Py + Py + Py + Py : GP?)(X,Y) — G»°)(X,Y) is bounded. Moreover
the operator norm is estimated as

llb2 + Py + Py + Py’ + Pyl

finite m—1 Xin m finite 1
<c¢ Ny X“Yﬁ+z)’(—++ Xyt ¥
o+ 8= 1 i= i i=1 \ |o|+| B2, ie|>1 i
n finite 5 1 n—1 Y'+1 n finite P 1
Xyt | — = Y —
2l APSS RPN PIL L
=1 \Ja|+|B1=2,|a| =1 J=1 =1 \|fl=2
m Sfinite 1
DD FAEES
i=1 \|81=2 !

Finally we notice that we can take X and Y so that K; <1 (i=1,2,3),
which assure that each operator becomes a contraction on G(X,Y). This
completes the proof. B

Remark 3. The cases (i), (iii) and (iv) are proved similarly as the case (ii).
Here we only refer to Banach space employed in the proof for each case.

(i) Let us assume k=1. When P{ #0, we use the Banach space
G» D)X, (Y,Z)) whose elements u(x,y,z) = 2 (0 f.y) NI Uy, x*yPz7 -
(m+n+ p=d) satisfy

(el @) = 3 (18] + Iy])!

X.(Y.2) (p'a+a.ﬂ+1‘y)!|uaﬂylxayﬂzy< 00.

(d,ﬂ, }') € Nm+n+p
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When P} =0, we use the Banach space G(»*9)((X,Y,Z)) whose elements
u(x, y,Z) - Z(a,ﬂ‘y)eNm«pr uaﬁyxayﬂzy SatiSfy

,0.7)) _ (Jof + 18] + [y])! «y B
)2 2) = |t | X*YPZ7 < 00.
x.r.2) (mﬂqygmw (p-oato Bro P

(iii) When P! # 0, we use the Banach space G"”"?(X,Z) whose elements
u(x, Z) == Z((l,y)EN"'+p uayxazy (m + p - d) SatiSfy

o) _ Joc[! 1! "
lljul)] 2% = sy X*Z7 < 00.
X’Z (a’y§ll1+p (p ta + T- y)! Y

When P/ =0, we use the Banach space G(»?)((X,Z)) whose elements
U(X, Z) - Z(Q,Y)EN"HP uayxazy Satley

((p,7)) — (lO(' + |y|)| a7y
Hu”(X’Z) (a }’gmﬂa (p o+t y)' lu“V|X Zi <.

(iv) We use the Banach space G\V'(X) whose elements u(x) = Y, ¢ UaX*
satisfy

lull§ = 3 fualX* < 0.

aeN4
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