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Harmonic Function Spaces of
Probability Measures on Fusion Algebras

By

Tomohiro HAYASHI*

Abstract

In this note, we study harmonic function spaces of probability measures on fusion algebras of
C*-tensor categories and show that almost ergodicity is equivalent to ergodicity for amenable fusion
algebras, which generalizes a result due to S. Popa for probability measures associated to subfactors.

§0. Introduction

Nowadays fusion algebras play an important role in the index theory of
subfactors. Roughly speaking, fusion algebras are a certain kind of discrete
hypergroups with dimension functions. An important class of examples is
provided by bimodules as follows. Let A4 be a II;-factor and € be a category
consisting of A4-A bimodules with finite index. We assume that € is closed
under direct sum, irreducible decomposition, conjugation and unitary equiva-
lence, and denote by S the set of all unitary equivalence classes of irreducible
bimodules. Then the free vector space C[S] over S becomes a fusion algebra,
where multiplication is defined by A-relative tensor product. The quantum
dimension provides a dimension function on S (see [11], [19]).

In [12], F. Hiai and M. Izumi considered random walks on fusion algebras
and extended concepts of “amenability” and “ergodicity” to abstract fusion
algebras. These notions were originally introduced by S. Popa for subfactors
in order to classify them. He showed that amenable, ergodic (i.e., strongly
amenable) subfactors have a generating property and hence they are classified
by their standard invariants. The importance of these two notions can be seen
also by Popa’s recent announcement that standard invariant is complete for
amenable subfactors ([30]).

Let N = M be an extremal inclusion of IIj-factors with finite index.
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Consider the lattice of finite dimensional C*-algebras {M;N M}, ; where
ccMiscMiy=NcMy=McMcMyc -+ cMyg

is a Jones tower and a tunnel sequence. In [26] and [31] S. Popa proved the
followings:

(1) The center of N'N M, is either atomic or diffuse (completely non-atomic).
(2) The von Neumann algebra (| J,,, M’, NMy)" is always a factor.

(3) If N © M has an amenable graph, almost ergodicity implies ergodicity, or
equivalently, the center of N'N M, is either trivial or infinite dimensional.

These facts are translated in terms of fusion algebras as follows. Let C[S] be
the fusion algebra generated by yL?(M), and u =0, 2(m), be the canonical
probability measure on S (see Section 1 for the definition of J,;2(s),). Then
the above facts imply the following statements respectively:

(1) The left (or right) u-harmonic function space is either atomic or diffuse.
(2) The (u,p)-harmonic function space is trivial.

(3) If €C[S] is amenable, the left (or right) x-harmonic function space is either
trivial or infinite dimensional.

In this paper, we will generalize these results to arbitrary probability measures
on fusion algebras of C*-tensor categories (in particular, on fusion algebras of
bimodules). The proof is simpler than Popa’s original one even if we restrict
our arguments to the subfactor case.

The author is grateful to Professor Shigeru Yamagami and Professor
Fumio Hiai for fruitful discussions and suggestions on the present subject. He
also would like to thank the referee for careful reading.

§1. Basic Terminologies

In this paper, we will freely use the notations given in [10] (C*-tensor
categories, Frobenius duality, minimal traces, quantum dimensions, etc.). We
also use the notations and the results in [12]. A tensor category consisting of
N-N bimodules with finite index (N being a II;-factor) has a C*-tensor category
structure in our sense (see [36] for the proof). It should be remarked that
in studying fusion algebras associated with C*-tensor categories, C*-tensor
categories may be assumed to be strict, thanks to the coherence theorem. (Any
C*-tensor category is isomorphic to a strict one. In particular, their fusion
algebras are isomorphic, see [39], [40] and [10, Theorem 1.4].) Thus,
throughout this paper, C*-tensor categories are always strict, semisimple and
they have conjugation and Frobenius duality. For the basic terminologies on
subfactor and bimodule theory, we refer to [4], [6].

Definition (cf. [16]). Let C[S] be a fusion algebra with the multiplicative



HarMONIC FUNCTION SPACES 233

unit / € S. Take two probability measures x, v on S and fix them. For a
function f € /®(S),
(1) fis (u,v)-harmonic if for se S,

fs) = uxdsxv(Df(0).

teS

(2) fis left y-harmonic if it is (u,dr)-harmonic.
(3) fis right p-harmonic if it is (J7, u)-harmonic.

The vector space consisting of all (x4, v)-harmonic functions is a closed subspace
of [°(S), which is referred to as the (u,v)-harmonic function space. The same
is true for the left or right harmonic function spaces.

Notations.

(1) Let € be a C*-tensor category and C[S] be the associated fusion algebra.
For each X, Y € Object(¥), we write

XY=XQ®Y,

X
[ }:Hom(Y,X),
Y
.| X .
N;:dlm[y} = dim Hom(Y, X),

ox =d(X)' Y Nyd(s)d;.

seS

(2) For a von Neumann algebra M, we denote its center by Z(M).

§2. The Relation between Harmonic Functions and Elements in Z(4, (X))

Let € be a C*-tensor category and C[S] be the associated fusion algebra
with the unit 7 € S. Take and fix a symmetric, generating (equivalently, non-
degenerate) probability measure u on S such that I e support(x). By using g,
we can associate a von Neumann algebra 4., (X) and a Hilbert space X, to an
object X in ¥ as defined in [10] (see also [9]). For convenience, 44 (/) is often
denoted by A,. Since the ergodicity of u is not assumed, 4, (X) may not be
a factor. We summarize some properties of A, (X) and X, proved in [10].
(1) The von Neumann algebra A, (X) has a canonical tracial state
Tx (= T4, (x)), Which is constructed from minimal traces and the unique tracial
state on the AFD II;-factor R. (Sometimes we omit the symbol “X”,
“Aw(X)” and denote a trace simply by 7 if no confusion occurs.)
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(2) The Hilbert space (XY), is an Ay (X)-Ao(Y*) bimodule.
(3) End((XY) e 4,,(r+)) = 4w (X).
(4) The inclusion

Ap(X) € A (XY) < Ao (XY Y™)

is standard with the Jones projection given by d(X )_lsj{,ax.
(5) There exists a one to one correspondence between the left p-harmonic
function space and the center of A (X) such that

Ey,x)(x%) = Zf(S)IA;(X),

seS

where x € Z(A. (X)) (the center of A, (X)) and f is a left y-harmonic func-
tion. (“E” means the trace-preserving conditional expectation.)
(6)
AoXoo @ Yooy =~ 4 (XY)0u,
where the left hand side is a relative tensor product with respect to the canonical

trace explained in (1).
For each ne NN, define von Neumann algebras B, and B; (s€.S) by

Xp...x1X
Bn: @ [ n 1
x,yeS*

® xR
Yn---X Y

Zy Z]X
® | ®:R,
z,weS" | Wn WIY
Op...0 Y™
® @ ®aRﬂ
oc,ﬂeS"|iﬁn---ﬂ1X
n 71 *
@ ®,R;s
y,0e8" {5n 51 Y ’
and
s Xp...x1X
B;: ® ®ny
x,yeS"| Vn le B
K} Zn...21X
® e ® 2R
zwesS" | Wy... w1 Y Ky
@ N ® oc,,...aclY* ®.R
B
wfest | Bu-- - BrX s ’
S yn"'yl Y*
® ® ®,R;s
M@Sn [5,,.. d Y*] [ s ’
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Embedding maps B, — B, are defined in the same way as the definition of
An, — Apy1 in [10, Section 3]. The minimal trace and the unique tracial state
on R induce a tracial state on B, which is compatible with the embeddings.
Then the following statements can be easily checked:

(1) B, ~@@,.¢B; via the Frobenius reciprocity.

(2) B ~ R if s e support(u” *dx)Usupport(u” *dy-) and otherwise, BS must
be {0}.

(3) For each xe€ Z(By), there exists a unique left y-harmonic function such
that

Ep,(x) =) f(s)I5;

seS

Conversely, for each left g-harmonic function f, we can find xe Z(By)
satisfying the above equality.
(4) Let

F, = Z Z P*P ® ey.
xeS",seS pxy--x; X—s

where p runs through the set of coisometries whose initial spaces are mutually
orthogonal. Then F, = F,, for any n,me N. Thus we can define F = F,.
(5) FB,F ~ A,(X) and (I — F)B,(I — F) ~ A,(Y").
(6) Take a left y-harmonic function f. Let x€ Z(By), y€ Z(Ax(X)) and
z€ Z(Ax(Y™*)) be elements corresponding to f. Then, under the identification
of (5), we have xF = y and x(I — F) = z.
() FBorFL*(Boo)I = F)_pyp ) = 40) (XY ) o a, (v+)-

By the above consideration, we get the following proposition.

Proposition 2.1. Let X € Object(¥) and p e Z(A«). Consider p as an
element of the right action of A on Xo. Then we can find a unique element
pX € Z(Aw(X)) such that pX&=Ep for € Xo.  Moreover, p and pX corre-
spond to the same left p-harmonic function, i.e., there exists a left u-harmonic
Sfunction f such that

E4(p) = Zf(s)IA,faEA,,(X) (r*) = Zf(S)IA;(X)-

seS seS

Remark.
(1) In the above construction, we see that the correspondence

Z(Aw(X))2x+— f (a left p-harmonic function)
= yeZ(Ax(Y))

is a *-isomorphism of von Neumann algebras.
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(2) Under the natural identification L2(A4,(X)) < (XX*),, we have
0P, x) = p** for each peZ(Ay), where Jy (x) is a modular
conjugation.

Corollary 2.2. Let f, g be left p-harmonic functions and p,qe€ Z(Ax) be
elements corresponding to f, g respectively. Then for X € Object(¥), we have

w(pg¥) = lim 3 f(s)g(Ou"(5)6, *Jx (1)

s teS

Proof. Thanks to the previous proposition, we have
w(pg*) = Jim 7(Ey, (P)E4,x)(@™))

_nlgg) Zf IA: IA'(X))

s,teS

whereas

Ly L) =Y. Y, >, H(p @) ' (p®1x) ®e)

xeS" pix—s plisX—t

- Z N} . Nhd(t) Md(,\/)—l

xesn d(xl) <o d(xn)
1 (s)d(s)"'d(X) " d(t) Ny
= u"(8)ds *dx (1),

showing the assertion. []

§3. Some General Properties of Harmonic Function Spaces

In this section, we will show some properties of harmonic function spaces.
The tensor category ¥ is always assumed to be finitely generated.

Proposition 3.1. Let X be an object in €. If XX* generates the category
%, then the inclusion Ay, = Aw(X) is connected, ie.,

Z(Aw)NZ(4x (X)) = C.

Proof. Take a projection pe Z(An)NZ(Ax(X)). Let f be the left u-
harmonic function corresponding to p. i.e.,

=Y f(9)ly

for n > 0. Then we get

P = Jho Pt ) € Z( Ao (X)) N Z(As (XX 7).
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By repeating this argument, we can prove
pe (2o Z(An((XX™)").

Because the left u-harmonic function corresponding Jy_((xx+)" PJa,, ((xx+)m) 18 also
f (here we use Proposition 2.1), we have

f(I)I = Ey4, (P) = EAo((XX*)Z")(p)

=2 S
seS
for any n. This implies that f(I) = f(s) for any s€ S such that s < (XX*)*"
for some n. Since XX * is a generator, f must be a constant function and hence
p is a scalar. []

Theorem 3.2. Assume that the tensor category € is finitely generated.
Then the left u-harmonic function space is either atomic or diffuse.

Proof. Take X € Object(%) such that XX * is a generator. By the remark
after Proposition 2.1, we have only to show that Z(4, (X)) is either atomic or
diffuse.

First we will show that the probabilistic index ([24]) of Ay (X) = A (XX ™)
is equal to d(X )2. The proof goes by the same line of that of Pimsner-Popa

inequality: Let e = %e}s x € Ao (XX™). Then the inclusion

Aw € Ap(X) € Axp(XXT)

is standard with the Jones projection e (but these algebras are not factors in
general). Take a positive element x € 4., (XX *). Thanks to a property of
basic extension ([14]), the *-algebra

{Zaiebi caj, b€ AQO(X)}

is weakly dense in A, (XX ™). Thus, for the proof of the inequality E,_ x)(x)
= —d(X)zx’ we may assume that there exist ai,...,a,,b1,...,b, € A (X) such
that

X = (Z aieb,-> <Z a;eb,~> = ij*EAw (aj*ai)ebi.
i i i

Let 4 ={E4,(a;a)};; and P=diag(e,...,e) (a diagonal matrix) be nxn
matrices. We also define a nx 1 matrix B by B='(by,...,b,). By the



238 ToMoHIRO HAYASHI

complete positivity of E,_, the matrix A is positive and hence there exists a
matrix C € Mat,(Ay) such that C*C = 4. Then we compute

x=B*"C*CPB=B"C*"PCB

<B°C'CB=) b'Es,(aja)bi
ij

= d(X)*E4,x)(x).

. . . . 1
Therefore we get the desired inequality. Since E4 (x)(e) = ——, the prob-

d(x)”

abilistic index of A (X) © A (XX*) is equal to d(X)2. )

Now we will show the assertion. Let p e Z(A4,(X)) and g € Z(A4,(XX*))
be the projections onto the atomic parts. If p(/ —g) # 0, there exists a
minimal projection p’ € Z(4,(X)p) and a sequence of mutually orthogonal
projections {g;};2; in Z(Aw(XX*)) such that p’q; #0. This contradicts the
fact that the probabilistic index of Ay (X) = Ao (XX*) is finite (see [2], [27]).
Indeed, since 4, (X)p’ is a factor, there exists a sequence of positive scalars
{4}, such that E, (x)(g:)p’ = A;p’. Then the inequality > ;4 <1 holds.
On the other hand, we have A;p’ = E,_ (x)(q:)p’ = d(X) *q;p’. This implies
that A; >d(X)™> and contradicts the inequality Y4 <1. Hence we get
p(I —g) =0. In the same way, we also have q(I — Jy_(xx-)pJy, (xx-)) =0 and
q(I —p) =0. (Here we remark that J;_(xx-)pJu, (xx-) is the projection onto
the atomic part of Z(A,(XX*X)), and the probabilistic index of A, (XX™*) <
Ao (XX*X) is shown to be finite in the same way.) By the above consideration,
we get p=gq. Moreover, by Proposition 3.1, Z(4x (X)) NZ(Ax(XX™)) = C.
Therefore, p is equal to 0 or 1. []

Remark. Let N = M be a II;-subfactor with finite index and denote its
Jones tower by

NcMc - cMy.

In [26] Popa proved that Z(N'NM,)NZ(M' N My) = €. (This corresponds
to Proposition 3.1.) By using this fact, he also proved that Z(N'N M) is
either atomic or diffuse. This implies that in the fusion algebra generated by
~L*(M),, the 0,2(m),,-harmonic function space is either atomic or diffuse.
Therefore, Theorem 3.2 is a generalization of his result.

Let v be a probability measure on S which satisfies the same assumption as
u. Take a family of mutually orthogonal projections {e!} ¢ from the AFD
II,-factor R such that
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where 7 is the unique tracial state on R. (This is “e;” for v.) We also define a
projection e, (x € S") by replacing x4 with v in the definition of e, and set

1 p®n,!
<R, = e,R®"e,
for x, y e S".

For each i,jeNU{0} ((i, ) # (0,0)), define von Neumann algebras
A;j(u,v) and A,-fj(,u, v) (seS) by

Aim)= D [x’ s }@R@R,.,

x.pzowest L Vi vt -
ol Xi X121 -
Aifen = @ [ ]®{1 ]@R@R;
’ x.y,zwesn LYit  YiWL - Wy s

For the initial algebra, we set Ao o(x,v) = 4§ o(4,v) = C (hence Ap o1, v) =
{0} if s #1). Two embedding maps A;;(u,v) — Air1,;(p,v) and 4;;(u,v) —
A;j1(p,v) are defined as the definition of 4, — 4,4+1. The tracial state v on
A; j(p,v) is also defined by using minimal traces and the unique tracial state on
R in the same way as in the construction of the tracial state on 4,,. Then it is
easy to check the followings

(1) A, j (1, v) ~ @, 545 5( ' (u,v) via the Frobenius reciprocity.

2) 47 (u ) ~ R if s e support(u' xv/) and otherwise, 47 ;(x,v) must be {0}.
(3) The family {4;;(u,v)};; forms commuting squares.

(4) For each x € Z(A ;j(u,v)), there exists a unique left y-harmonic function f
such that

EA,‘](,u,v)(x) = Zf(S)IAf‘j(u,v)-
seS
Conversely, for each left p-harmonic function f, we can find xe
Z(Aw j(u,v)) satisfying the above equality.
(5) For each y € Z(4; «(u,v)), there exists a unique right v-harmonic function
g such that

EA,/(/JV y) ZQS)IA‘(uv
seS
Conversely, for each right v-harmonic function g, we can find ye
Z(A; (1, v)) satisfying the above equality.
(6) For each z € Z(Aw, (1, v)), there exists a unique (4, v)-harmonic function
h such that

Ey, (un(2) = Z h(S)IA,{,(/Av)-
seS

Conversely, for each (u,v)-harmonic function 4, we can find ze
Z(Aw, o (p,v)) satisfying the above equality.
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Proposition 3.3. For each f €l®(S), f is (u,v)-harmonic if and only if f
is both left u- and right v-harmonic.

Proof. 1If fis (u,v)-harmonic, then by (6) there exists x € Z(A4w, w0 (4,V))
such that the above equality holds. Since E4, () (X) € Z(Aw j(#,V)), We can
apply (4) and show that f'is left yz-harmonic. By the same reason, f'is also right
v-harmonic. The reverse implication is obvious. []

Proposition 3.4. The (u,u)-harmonic function space consists of only con-
stant functions.

Proof. We have only to prove that Z(Ae (4, 1)) = C, thanks to (6).
Take x € Z(Aw,0(u,1)). Then there exists a unique (u, #)-harmonic function f
such that

EA:,/(#»,U) (x) = Zf(S)IAIfJ(y,y)'

seS

By this equality, for each i, j, we have

'EA'J(#,/‘) (x) - EAI,J+1(/‘v/‘) ()= Z 1f(s) - f(t)IIA,f,(#,ﬂ) 'IA,’,,J,,(/A#)'

s, teS§

Therefore,

VBt () = Bt 0l = im 37 1£(5) = () ()3 % )

s,teS

=lim 3" I£(5) — £’ (5)8, (o).

s,teS

This implies that [|E4,, (4 (%) = Ea, . (uu)(X)|l; does not depend on the choice
of j. Since the value in consideration tends to 0 as j — oo, we see that x e
Aw,o(p, ). In the same way, we can also show that x € 4g (4, u). Com-
bining these, we get x € Ag o(u,u) = C, ie., Z(Aw () =C.

Remark.
(I) If C[S] is a group algebra, statements in Proposition 3.3 and Proposition
3.4 are already known (see [16]).
(2) If u=0dxx- for some X € Object(¥), Proposition 3.4 is reduced to [31,
Theorem 4.10, a)].

Corollary 3.5. If C[S] is commutative, u is always ergodic.

Proof. Since C[S] is commutative, the (u,u)-harmonicity is equivalent to
the left x%-harmonicity. Hence by applying Proposition 3.4, we see that u? is
ergodic. Then u is also ergodic. [
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Remark. In [12] F. Hiai and M. Izumi introduced the concept of weak
amenability for fusion algebras by requiring the existence of an invariant mean,
and this is equivalent to the existence of a generating, symmetric and ergodic
probability measure (see [10] [9]). Hence the above corollary implies that C[S]
is weakly amenable if it is commutative. Although we consider only fusion
algebras which come from tensor categories, this fact remains valid in general
(see [5]).

The next corollary is useful in Section 4.

Corollary 3.6. For any left u-harmonic functions [ and g, we have

lim lim Y f(s)g()u”(5)0s * u*(2) = f(Dg(I)-

k—o00 n—0
- s,teS

Proof. Define x € Z(Aw,o(p, 1)) and y; € Z(Ao,;(11) (=0,1,2,...)
by

EA,,o(/au)(x) = Zf(S)IA,’:O(,u,ﬂ)’

seS

Ey () = Zg IA ()
seS

Take an ultrafilter w. Because {y;}; is a norm-bounded sequence, it converges
weakly to some element in Z(A4 o (#,4)) = C as j — w, whereas

2(3,) = W(Eg, (u (7)) = D_ 9(8)’ () = g(I).
seS
Thus { yj}j converges weakly to g(I) as j — w. Since w is arbitrary, we also
have y; — g(I) weakly as j— oo. This implies
lim hm Z F()g(u"(5)d; * pu* (1) = hm 16379

k—co n= s,teS

= t(x)g(I) = f(D)g(I). O

§4. The Equivalence between Almost Ergodicity and Ergodicity
in Amenable Fusion Algebras

Let N = M be an extremal II;-subfactor of finite index and amenable
graph with the Jones tower denoted by Nc M c M) < --- €« M,. In [31,
Corollary 6.4], Popa proved that “the center Z(N'N My,) is either trivial or
infinite dimensional” by using his characterization of amenability. Equi-
valently, under the assumption of amenability, if dimZ(N'NMy) < oo
(he called this condition almost ergodicity), then Z(N'N M) must be one
dimensional (ergodicity). This fact implies that the harmonic function space of
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O,12(m), 18 either trivial or infinite dimensional if the fusion algebra generated

by yL*(M), is amenable. The aim of this section is to extend this fact to
arbitrary probability measures.

Let € be a C*-tensor category and C[S] be the associated fusion algebra.
Let u be a symmetric, generating probability measure on S such that support(x)
51. We assume that the left harmonic function space of u is finite dimensional
and denote its dimension by ng. Then Z(A) is finite dimensional and we
denote a basis of Z(A4) consisting of minimal projections by {p;,p,,- .., Py, }-
For each p;, there exists a unique left yu-harmonic function f; such that

Ea(p) =D fi(s)la-

seS

(Here we remark that 7(p;f) = t(E4 ) (p])) = fi(s) for any seS.) We also
assume that & is finitely generated.

Definition 4.1. For each X e Object(¥), we define ny x ny matrices as
follows:

M(X)(, ) = d(aupPiXeoPry )
C N 1/2
AX) (@ J) = 4epPiXDyy , 1"
L(X) (i, j) = dim 4, p; Xeo P},
R(X)(,)) = dimp:Xoop;, s

where d(-) denotes the quantum dimension (the square root of the minimal
index), [-] means Jones index, and “dim” is the coupling constant. Here we
recall that the Jones index [X] of an A-B bimodule X is given by

[X] = (dim4 X) - (dim X3).
Lemma 4.2. For each X € Object(%),

X' h.
0 200060 =2 a0 = i, 5, e GO 6900
(X))
() A(X)(l,J)—<———T(pi)T(pj) ) d(X)>.

Proof. First we introduce “the commutant of traces” according to [35].
Let N be a IIj-factor with the unique tracial state 7 and N acts on a Hilbert
space H. By a general property of normal representations (see [Takesaki’s
book]), there exist an index set J and a projection p e N such that

vH ~yLA(N)®* (1@ - - @1@ p).
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Then N’ can be represented by the right multiplication of elements in
diag(1,...,1,p) - Mat4;(N) - diag(1,...,1, p)

and hence the restriction of t ® Tr (Tr means the usual trace on Mat,;(C)) on
this algebra defines a trace on N'. We call this trace the commutant of 7 and
denote it by 7’. Then we have

dimyy f'H =7'(f")
for any projection f'e N'.
Now we will show the equality (1). Take Y e Object(%¢) and consider the
left module 4_,,p;(YY*),. Let e=d(Y) 'e}ey and 7’ = (tanp) (Awp; is a
I1,-factor). Since ep;(YY*), = p;L*(Ax), we get t'(ep;) =1. On the other
hand, we compute

Tho (YY) (ep;) = TAw(YY*)(epiYY*) = TAw(YY*)(epi) =d( Y)_ZT(P,')-

Thanks to the factoriality of A, (YY*)” p,, a trace on it is unique up to scalar
multiples. Hence we get

T = TAQQ(YY*)OP

on Ay (YY*)?p;.

Let Y =7/@® X. In the canonical way, X, and X} can be regarded as
submodules of (YY*)_. Let fbe a projection from (YY*)_ onto X,. By the
property of left dimensions, we have

.. , vy d(Y)2 -
L(X)(i,j) ="(pipj " f) = =) tanirr (2] f)
_d(yy .
= 2(p,) A= P Pien e (n)-

Here we remark that Jy_(y)fJy, (y) is a projection from (YY*)_ onto X and
we can consider Jy_(y)fJu, ()40 (YY) 4 (v)fJt(v) = Aw(X*). Under this
identification, it is shown that

2 D0 [ = PP

and
d( Y)zfAm(YY*) A (X~) = d(X*)TAw(X‘)~
Hence we get
. d)? dx . (X p;
L(X)(i, ]) = T(( p,)) ' d((Y))z ) (P 1)) =————-(T(P3D’)d(X)

showing (1). The relation (2) is a direct consequence of (1). [
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Lemma 4.3. For each X,Y € Object(¥), the following statements hold:
MX®Y)=M(X)+MY).

(1)

(2) M(XY)=M(X)M(Y).

(3) M(X~)="'M(X).

(@) A4(XY)(i, J) = (4(X)4(Y))(, j)-

(5) 4(X)(ij) = M(X)(i, J)-

6) AX)(, j) = (LX) HRX) G ).
(7) R(X)(i,)) = L(X™)(j, ).

Proof. Thanks to the additivity and the multiplicativity of quantum di-
mensions ([19], [11]), (1) and (2) are easily shown by using the isomorphism

A*”’p"(XY)"OPJ'Amp, ~ Ok Aop PiXeo Pk ® topi Pk Yoo Dy, -

The equality (3) is also trivial from the conjugation-invariance of quantum
dimensions.

For the proof of (4), we use the following well-known (and obvious) fact:
Let N be a II;-factor and y Xy, yYy be two N-N bimodules with finite index.
Then we have the inequality

[vXn @ v¥N]"? < [wXw]2 + [v¥n]'2,
Finally, (5), (6) and (7) are immediate from definitions. []

Lemma 4.4. For each X € Object(¥) such that XX* is a generator, the
following inequality holds:

IZyx-[| < IM(XX")| < [A(XX7)[| < d(X)

where Lyy- is the left reqular representation of XX* on 1>(S) (see the definition
of amenability of fusion algebras in [10, Definition 2.1]), ie

Lyx+0s =  Niy.6r.
teS
Proof. First we will show that M(XX™*) is an irreducible matrix. For
each i, set

Qi={j: p,-pj(XX*)n # 0 for some ne N}.

If Q; # {1,....m}, po, =) e, P; is not equal to I. On the other hand, it is
easy to see that p, is an element in (1) _y Z(4o((XX*)") = C (by Proposition
3.1). This is a contradiction. Hence we have Q; = {1,...,no}. If p,-pj(-XX*)
# 0, then p,(XX*)% p; # 0 and M(XX*)"(i,/) #0. This implies that M (XX *)
is irreducible. (Here we remark that by the same reason, 4(XX™*), L(XX*) and
R(XX*) are also irreducible.)

By the irreducibility and self-adjointness, we can apply the Perron-

Frobenius theorem to get
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[M(XX*)|| = lim {M(XX*)"(1,1)}'/"

n— oo

1/n
= nllnalo{ZN(XX,)nM(s)(l, 1)}

seS

\

lim (W) /" = | Lax-|
and
la(xX )| = lim {A(XX*)"(1, D}/

< lim {4((XX*)")(1, )}/

n— o0
T( (XX»)n ) l/n
— lim sup (—plr(p—)p‘—> d(X)? <d(X)%. O
n—oo 1

In the rest of this section, we always assume that € is amenable.
Corollary 4.5. For each X € Object(¥), we have
A(X) = M(X).

Proof. Let Y be an object such that YY* is a generator. Then by the
previous lemma, we have

[Lyyll < [M(YY™)| < [4(YY")|| <d(Y)*.

Moreover, thanks to the amenability, |Lyy-|| = d(Y)? holds. Hence we get
IM(YY*)|| =||4(YY*)|l. By the Perron-Frobenius theorem, this equality and
Lemma 4.3 (5) imply that M(YY*) = A(YY*). This relation is equivalent to

the extremality of each bimodule 4., pi(YY"),p;, 0 i.e., the subfactor
L94]

Awp; © End(p,-(YY*)ooijmp,)

is extremal. By this fact, we can show that the bimodule 4, p; X p; , ) is also
F)

extremal for any object X. Indeed, for each X, there exists a generator YY*
such that X < YY*. Then
awp PiXoPiy , 3 aep P(YY )Py s
showing that 4., P; X« p; . is also extremal.
The extremality of Amp,/p,-Xoo Pig, is equivalent to
Py
M(X)(i,j) = 4(X)(i J),

whence we get M(X)(i,j) = A(X)(i, j) for any X. [
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Lemma 4.6. The number
%j =

does not depend on the choice of X whenever L(X)(i,j) # 0 and satisfies

-1

®ij - Ojk = i ks % = %,i
Proof. Thanks to the extremality of 4, 2; X p; , h for each subbimodule
P
AmprAoon j AwpzpiXOOijmpj’
we have

dim Hy,, dim p; X0 pj,
dim 4, H  dim 4, p: X0 p;’

By this property and the fact that X, and Y, are submodule of (X @ Y)_, for
any X, Y € Object(%), we get the first assertion. The second assertion follows
from

Awp,PiXoonAmp] ® Aoop, Awp, P YOOpkAwpk = AaoP:pi(XY)oopkAwpk

and the extremality of these bimodules. The last assertion is a consequence of
the property

dim 4, H = dim Hj . O

Lemma 4.7.
(1) The family of matrices {4(X)}ycovject(s) has a common Perron-Frobenius
eigenvector

Y= (yl,"-ayno)
(y; > 0) such that

(2) For each X e Object(%),
[4(X)]| = d(X).

Proof. Take a genmerator Xp= XX* and fix it. Let y=(y1,...,7,)
(y; > 0,|l7ll, = 1) be the Perron-Frobenius eigenvector of 4(Xy). For any ir-
reducible object s, there exists ne N such that s X Xj. Let Y =XJOs.
(@Y =X['.) Then we get
(4(s) + A(Y))y = A(Xg')y = d(Xo0)"y

=d(s)y +d(Y)y,
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while we have
d(s) +d(Y) = ||d(s)y +d(Y)yll, = [[(4(s) + 4(Y))7ll,
<41+ 14(Y)|| < d(s) +d(Y)

where the last inequality follows from ||4(Z)||? = [|4(ZZ*)|| and ||4(ZZ*)|| <
d(Z)* (see Lemma 4.2 (2)). Hence we get

[[4(s)7ll, = 14(s)]| = d(s),
[4(Y)7ll, = 14V = d(Y),
4(s)y + A7l = 147l + 14Xl

The last equality implies that there exists a scalar @ > 0 such that ad(s)y =
A(Y)y. Then we have

(1+a)d(s)y = (4(s) + 4(Y))y = (d(s) +d(Y))y
and
a-d(s) = llad(s)yll, = [[4(Y)yll, = d(Y).
These imply that A(s)y = d(s)y and we get (1). The equality (2) is a conse-
quence of (1) and ||4(X)|| <d(X). O
We are now ready to prove the following theorem.

Theorem 4.8. Assume that € is amenable. Let u be a symmetric
generating probability measure on S such that I € support(y). Then the left
u-harmonic function space is either trivial or infinite dimensional.

Proof. 'We have only to prove that, if the left u-harmonic function space is
finite dimensional, it is one-dimensional. We continue to use the notations as
above. Recall that p; e Z(A4y) corresponds to a left y-harmonic function f;.
For each probability measure v on S, define an ny x ny matrix L, by

L) = S 5 L))

seS

We remark that L(s)(i,j) actually depends on u. By Lemma 4.2, we get

Ly, j) = lim D v(s) (0 f)u" ()6 % 65(u)

‘L'(p,-) n_boos,r,ues

- lim > [0S (06, % v(w).

This expression, together with the relation L« = (L,)¥, enables us to show that
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LE(i,)) = L,,k(z', 7)

lim Y f(0) S (00, * ()

( ) tueS
- T(Pj)

as k — oco. (Here we use Corollary 3.6.) For each probability measure v on
S, define

-

seS

Then we compute

a5, j) = a0) A(s)(i )

k
oK) 1/2 12k
—SGS d(S) (l ])—OC L (l .])

Thus Al'j(i,]) tends to ocl/z 7(p;) as k — co. On the other hand, by the defi-
nition of a;;, we have

o« = lim L/]f(*]’ l) — T(pi)
Y koo LRI ) T(py)

and hence
4%, ) — (x(p)r(p)) .

This implies that the common Perron-Frobenius eigenvector y obtained in
Lemma 4.7 is proportional to (r(pl)l/z,...,r(p,,o)l/z). Therefore, for each
s€e S,

d(s)r(p)'? =" A(s)(i, j)r(p) '
J

—EO(I/LS)ZJ )1/2

=5 (00} R 2D g
—~\(p)))  1(p) !
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and we have 7(p;) = t(p’). This is equivalent to the relation f;(I) = fi(s*).
Since s is arbitrary, each f; must be a constant function, showing that u is
ergodic. [J

As a direct application, we get the following result due to S. Popa ([31,
Corollary 6.4]).

Corollary 4.9. Let N « M be a II-subfactor with finite index and ame-
nable graph. If we denote the associated Jones tower by

NcMcMc---cMy,
then the center of N'N\ My, is either trivial or infinite dimensional.

Proof. Let X = yL*(M), and % be a C*-tensor category generated by X.
(Thus objects of ¥ are N-N bimodules.) The associated fusion algebra is
described by C[S]. The amenability of the principal graph means that € is
amenable ([12, Proposition 2.4 (4)]). Hence we can apply the above theorem
to show that the harmonic function space of dy is either trivial or infinite
dimensional. []

Remark.
(1) In the case that g =0dxx- for some X € Object(¥) (in particular, the
subfactor case), we can work with Ocneanu’s path-space construction of bi-
modules to get the result in Theorem 4.8: We just repeat our arguments by
replacing as follows:

4,(Y) {(XX*)HY}

(XX*)"Y

{(XX*)"Z
Z, &
(Xx=)"

(2) If we remove the assumption of amenability, Theorem 4.8 does not hold.
In fact, there exists a counter example constructed by U. Haagerup. See [12,
Example 8.11].

In the group case, Theorem 4.8 holds without the assumption of ame-
nability. More strongly, in [15] it is shown that the Poisson boundary is either
trivial or diffuse. Here we can present a direct proof of this fact by using our
methods as follows.

Proposition 4.10. Let G be a countable discrete group (G may not be
amenable) with the (algebraic) group algebra C[G]. Let pu be a symmetric,
generating probability measure on G such that I € support(u), where [ € G is a
unit. Then the left pu-harmonic function space is either trivial or diffuse.
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Proof. Let a: G — Aut(R) (R is an AFD II;-factor) be an outer action.
Then {zL?*(R)oyz} geG generates a C*-tensor category and the associated fusion
algebra is €[G]. Assume that the left y-harmonic function space is atomic. It
suffices to show that this space is trivial. We use the notations in this section.
Remark that the left g-harmonic function space may be infinite-dimensional
in this case. Since d(g) =1 for any g€ G, we get A(9) = Aw. From this,
for each g € G, there exists ie {1,...,n} such that p{ = p,. Hence we have
fi(g) € {f;(I)}, for any g € G. Consider the set of all values of f; and denote it
by Q2. Then the inclusion 2 < {f;(7)}, holds. On the other hand, since Q2 is
countable, we can write 2 = {a,},.,. Consequently,

Sans Y AN =) =1

By this inequality and the positivity of f}, f] attains its maximum. Hence there
exists go € G such that fi(go) = ||fill.- Then for each integer n, we have

f1(90) = > 1" %34,(9)11(9)

geG

< 3w #5,(9)£1(90) = fi(90).

geG

This implies that fi(g) = fi(go) if u" *d,4(g) # 0. Since n is arbitrary and u
is symmetric, generating and u(/) > 0, f; must be a constant function. By the
same argument, all f; must be constant, proving the triviality of the left u-
harmonic function space. []

Final remark. Although we consider fusion algebras coming from C*-
tensor categories (in particular, bimodules), there exist some fusion algebras
which do not admit a C*-tensor category structure (in particular, they cannot
be realized by bimodules). Fusion algebras of this kind are dealt with in [34],
for example. Our methods established in this paper heavily depend on the
properties of a C*-tensor category and we do not know whether the present
results remain true or not for fusion algebras which do not come from C*-tensor
categories.
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